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Preface

This book aims to be useful. This might appear to be a trivial statement (after
all, what would the alternative be?), but let us explain how this simple motivation
provides us with a rather ambitious goal. The central theme of the book revolves
around Stokes’s theorem, and it deals with the following associated paradox. There
are clear intuitive notions coming from the physical world and our own visual
geometric insight that tell us what a closed surface is, what the interior and exterior
of that surface are, what is meant by a flux across it, what a normal vector to it
is, and whether it points in or out—in other words, how to orient that surface.
The student of vector calculus is usually provided with a clear and useful set of
rules as to how to orient a surface in applying the divergence theorem, and how to
orient the boundary of a surface in the classical Stokes’s theorem. However, when
this student undertakes a formal study of orientation through mathematical analysis
and/or differential geometry, she or he then realizes that orientation is defined in
terms of the tangent space at each point of the surface, and the connection with the
practical rules of vector calculus is far from clear. To make things worse, the usual
closed surfaces used in R?, that is, those that are required for practical purposes,
have vertices and edges, the most natural example being the cube, and they are not
regular surfaces. Hence, a student of mathematics, formally at least, cannot apply
Stokes’s theorem to most natural situations in which it is required.

There is another element that deeply concerned the authors when they were
introduced to the subject, and that is the various notational conventions. Actually,
the problem is not just with notation. This is a subject that can be approached in
many different ways, all of which are equally valid, and each of which has its own
particular merits. There is undoubtedly an advantage in seeing a topic treated in
different ways, but unfortunately in this instance, it is all too common for a student to
become trapped with the particular notation and/or point of view used by one author
on the subject. For example, a recommended textbook may choose to use a vectorial
point of view, and employ integrals of differential forms, while another may opt for
scalar integrals and the use, or not, of tensors. There are several possibilities for the
definition of regular surface, from the very abstract notion of differential manifold
to the more familiar concept of differential submanifold of R”, and so on. A student

vii



viii Preface

will follow one approach, which uses one of the more or less equivalent definitions
available, but when the student tries to clarify an obscure point by studying another
good exposition, very frequently the notation is alien, or worse, inconsistent with
what the student already knows, so that the only option is to begin from scratch
with the alternative approach. Most of the time, the student becomes frustrated and
simply gives up.

This book is intended as a text for undergraduate students who have completed a
standard introduction to differential and integral calculus of functions of several
variables. We have written the book principally having in mind students of
mathematics who need a precise and rigorous exposition of Stokes’s theorem. This
has led us to choose a differential-geometric point of view. However, we have taken
great care to bridge the gap between a formal rigorous approach and a concrete
presentation of applications in two and three variables. We show how to use the tools
from vector calculus and modern methods that help to check, for example, whether
a particular set in R? is an orientable surface with boundary. In a less formal way,
we show how to apply the obtained results on integration over regular surfaces to
less amenable (but more practical) situations like the cube. We have looked at most
of the definitions of regular surface and shown the equivalence of them. We discuss
how one definition may be more convenient for solving exercises while another,
equivalent, definition may be more suitable in proving a theorem. We have tried to
include in each chapter as many examples and solved exercises as possible.

We have chosen the point of view of k-forms, but in each possible instance we
switch to employing vector fields and the classical notation coming from physics.
In general, we have made an effort to explain the connection between the usual
practical rules from vector calculus and the rigorous theory that is at the core of
vector analysis. This means that the book is also addressed to engineering and
physics students, who know quite well how to handle the familiar theorems of
Green, Stokes’s, and Gauss, but who would like to know why they are true and how
to recover these familiar useful tools in R? or R? from the mighty formal Stokes’s
theorem in R”. In summary, we have tried hard to show that vector analysis and
vector calculus are not always at odds with one another. Perhaps we should have
appended a question mark to the title.

The book contains some appendices that are not necessary for the rest of the
book, but will offer the student the opportunity to get more deeply involved in the
subject at hand.

While we are in great debt to many authors, including Do Carmo, Edwards,
Fleming, Rudin, and Spivak, we do believe that our approach is quite original.
However, we do not pretend that originality is our principal motivation. Only to
be useful.

Burjasot, Spain Antonio Galbis
Manuel Maestre
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Chapter 1
Vectors and Vector Fields

The purpose of this book is to explain in a rigorous way Stokes’s theorem and to
facilitate the student’s use of this theorem in applications. Neither of these aims
can be achieved without first agreeing on the notation and necessary background
concepts of vector calculus, and therein lies the motivation for our introductory
chapter.

In the first section we study three operations involving vectors: the dot product
of two vectors of R”, the cross product of two vectors of R>, and the triple scalar
product of three vectors of R3. These operations have interesting physical and
geometric interpretations. For instance, the dot product will be essential in the
definition of the line integral (Definition 2.2.1) or work done by a force field in
moving a particle along a path. The length of the cross product of two vectors
represents the area of the parallelogram spanned by the two vectors, and the triple
scalar product of three vectors allows us to evaluate the volume of the parallelepiped
that they span, and it plays an important role in calculating the flux of a vector field
across a given surface, as we shall see in Chap. 4.

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 1
DOI 10.1007/978-1-4614-2200-6_1, © Springer Science+Business Media, LLC 2012
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1.1 Vectors

Definition 1.1.1. The dot product (or scalar product or inner product) of two
vectors

a:(al,az,...,an), b:(bl,bz,...,bn)ERn

is defined as the scalar

a~b:<a,b> = Zajbj.
Jj=1

According to the Pythagorean theorem, the length of a vector a = (ay,az,a3) €

R3 is /a% + a% + a%. The next definition is a generalization of the notion of length
to vectors of R”.

Definition 1.1.2. The Euclidean norm of a vector

a=(ay,a,...,ay,) €R"

lal) = /@ a) = 21 &
|2

Theorem 1.1.1 (Cauchy—Schwarz inequality).

is defined as

[{a, b)| < llal|-|B]].

Proof. The inequality is trivial if either a or b is zero, so we assume that neither is.
b
If weletx = ﬂ%ﬂ and y = rzr, then |lx|l = lly|]| = 1. Hence

0< =yl = fr—y, x—y)

= [lxl* =2 ¢, y) + Iyl?

=2-2(x,y).
So (x,y) <1, that is,
(@, b) < |la] -[b].
Replacing a by —a, we obtain
— (@, b) < |- [B]
also, and the inequality follows. a

As a very important corollary to the Cauchy—Schwarz inequality we have the
following proposition.
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Proposition 1.1.1 (Triangle inequalities). Let x,y € R". Then
L eyl < [lxl[+[lyll;

2. el = Iy ll] < [l =yl
Proof. 1. As above,
le£yl® = (x£y.xty)
= [lx]* £2 (e.y) + Iyl
< el +21 Gey) | + I
< [l + 2]l [l + [y

= (Il«ll + IyiD*.
2. Since
[l = 1l e =y) + 31l < [le =yl + Iyl
we see that
[xl[ = [yl < [lx =l
Interchanging x and y, we also get

=kl =1yl = [yl =[xl < lly = x[| = [| = x =p)l| = le =¥l

and the inequality follows. a

Let us assume that @ and b are two linearly independent vectors in R3 and that M
is the plane spanned by them. The two vectors generate a triangle in M with sides
of length ||a|, ||b]], and ||@ — b||. If 6 € (0, 7) is the angle between the vectors a and
b in M, then the cosine rule gives

2 2 2
la —b[" = lla|” +[b]" — 2-cos(6) - |la] - [b].
However, we also have
2 2 2
la—b|" = (a—b, a—b) = ||a||" +[b[|" —2(a,b),
and a comparison of these two expressions gives

(@,b) = |la]|- [[b]| - cos(6). (L)

Indeed, (1.1) could be used to define the cosine of the angle between two vectors.

Definition 1.1.3. We say thata,b € R" are orthogonal if

(a, b) = 0.
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Fig. 1.1 Orthogonal
projection

Given two linearly independent vectors a,b € R”, we want to find the orthogonal
projection of a onto the line generated by b. To this end, we denote by M the plane
generated by @ and b and we consider an orthonormal basis {v;,v,} of M consisting
ofvi = ﬂ%W and a unit vector v, € M orthogonal to v (Fig. 1.1). Since {v{,v,} is a

basis of M, there are scalars o and 3 such that
a=ov, + B
The projection of @ onto the line generated by b is precisely av;. To determine

o, we simply take the inner product with b in the above identity. Since (v;,b) = ||b||
and (v5,b) = 0, we obtain

(a,b) = ab]|.
That is,
(a,b)
o=-—=
1Bl

represents the component of the vector a parallel to the vector b. This will be useful
in Chap. 2 when we calculate the component of a force in the direction tangent to a
given trajectory. Observe that in this way, we can actually construct an orthonormal
basis {v1,v2} of M by taking

@b b

a_ —

pim P and vy e 5] _TeT
1] H"_MLH

1T To

Definition 1.1.4. The cross product of two vectors

a=(ay,az,a3), b= (b1,br,b3)
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Fig. 1.2 (a) Canonical basis; a e=eXe b
(b) cross product A b
ax

ST

.

=& Xe € =63Xx €6

in R3 is the vector defined by the formal expression

€ € €3

axb:= ay aj as | .
by by b3
Here,
{er.ez,e3}

represents the canonical basis (Fig. 1.2) of R3, namely
€1 = (1,0,0), €2 = (07170)7 €3 = (07071)7

and we interpret that the coordinates of the vector @ x b are obtained after expanding
the determinant along the first row. That is,

axb:_(

It is a routine but laborious calculation to check that

a az
by b3

aj az
by b3

a a
by by

3 )

la x> = la|*- [B]]* ~ | (a.b) [
= llalP- o1 (1~ cos?(6))
— llal>- ] sin*(6),

where 6 € [0, 7] is the angle between the two vectors a and b. Consequently,

lla>b|| = lal|- B[l -sin(6).
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If a and b are linearly independent, this expression gives the area of the parallelo-
gram generated by @ and b (see Example 4.1.1).

Definition 1.1.5. The triple scalar product of three vectors a, b, and ¢ in R3 is the
scalar defined by

(a, b xc).

If we write

a= (alaa21a3)7 b= (blab21b3)7 Cc= (61162163)1

then it follows from the definitions that

by b b1 b b1 b
@ bxe)=a;| > —ay| "' P 4az| 2
€2 €3 C1 €3 Cc1 €2
ay az as
= |by by b3 |.
C1 €2 C3

From the properties of determinants we have immediately the following proper-
ties of cross product of two vectors.

Theorem 1.1.2. The cross product has the following properties:
(I)bxa = — (axb).

(2) a x b is orthogonal to the vectors a and b.

(3) a and b are linearly independent if and only ifa xb = 0.

The cross product of vectors in R? is not defined. However, as we will see in
Sect. 7.2, it is possible to define the cross product of n — 1 vectors in R” whenever
n>3.

The triple scalar product also has an interesting geometric interpretation. Let
a,b,c € R? be three linearly independent vectors. These generate a parallelepiped,
whose base may be taken to be the parallelogram generated by @ and b (Fig. 1.3).
The vector a x b is orthogonal to the plane generated by a and b, and as a
consequence, the height of this parallelepiped (with respect to the aforementioned
plane) coincides with the component of ¢ parallel to the direction +(a x b). That is,

the height is given by
axb
| peam)|
laxb|
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Fig. 1.3 Parallelepiped
generated by three vectors

a+b+c

The volume of the parallelepiped can now be calculated by
volume = base - height
=|laxbl|- h
= (¢, a xb)|
(@, bx o).

So the volume of the parallelepiped is the absolute value of the triple scalar
product of the three vectors. We will generalize this result in Chap. 4, Theorem 4.1.1.
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1.2 Vector Fields

Throughout, we assume that the reader has a basic knowledge of differential
and integral calculus in several variables, but in the interest of convenience and
consistency, we will recall the relevant definitions and results when they are
first encountered. We recommend to the reader the following excellent references
[1-4,8-10,12,13] and [18].

Definition 1.2.1. Given a € R", the open ball centered at a and of radius r > 0 is
the set
Bla,r)={xeR":|x—a| <r}.

The closed ball centered at a and of radius r > 0 is the set
D(a,r)={xcR":|x—a| <r}.

Definition 1.2.2. (i) A subset U of R” is called open if for each x € U there exists
r > 0 (which depends on x) such that B(x,r) C U.

(ii) A set Cin R" is closed if its complement R” \ C is an open set.

(iii) Givena € R", aset G C R" is called a neighborhood of a if there exists r > 0
such that the ball B(a,r) is contained in G. In particular, if the set G is open,
then it is an open neighborhood of all of its points.

(iv) If A is a subset of R”, then the interior of A is the set

int(A) := {x € A: Ais aneighborhood of x}.
(v) The closure of A is the set

A:={xeR": B(x,r)NA# o forevery r>0}.

Any open ball B(a,r) is an open set. Indeed, if x € B(a,r), then by the triangle
inequalities, B(x,r — ||x —a||) is an open ball centered at x contained in B(a,r).
Analogously, any closed ball is a closed set. In general, a set A is open if and only if
it coincides with its interior, int(A), and it is closed if and only if it coincides with
its closure A.

Now we recall the concepts of continuous and differentiable mappings.

Definition 1.2.3. Let M be a subset of R". A mapping f : M C R" — R" is
continuous at a point a € M if given € > 0 there exists 6 > 0 such that for every
x € M with ||x —a|| < 8, we have

If(x) —fla)]| <e.

We say that f is continuous on M if it is continuous at every point of M. Usually
when the range space is R we will say that f is a continuous function.
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Definition 1.2.4. Let M be a subset of R” and consider a € M with the property that

MnN(B(a,r)\ {a}) # @ for every r > 0. We say that the mapping f: M C R" — R"

has limit b € R™ at the point a, and write 1131 f(x) = b, if given € > 0 there exists
xX—a

& > 0 such that for every x € M with 0 < ||x —a|| < &, we have

[If (x) =Bl <&.

Definition 1.2.5. Let f : U C R" — R be a function defined on the open set U. We
say that f has a partial derivative in the ith coordinate ata € U if the limit

lim flay,....a;i1,a;+h,aiy,...,a,) — f(ay,...,a,)
h—0 h ’

exisats, and when the limit exists, we will denote its value (which is a real number)
by %% (a).

More generally, for f : U C R" — R and v € R”, we define the directional
derivative of f ata € U in the direction v to be

D,f(a) = lim flatw) - fla)

t—0 t ’

whenever that limit exists.

Definition 1.2.6. Letf: U C R" — R™ be a mapping defined on the open set U.

We say that f is differentiable ata € U if there exists a linear mapping 7' : R" — R”
such that

h) — —T(h

o flath)—fla) = T(h)

=0.
h—0 |I]|

In that case, we denote the (necessarily unique) linear mapping T by df (). We
say that f is differentiable on U if it is differentiable at each point of U.

A mapping f : U CR" = R™, f = (f1,..., fn), is differentiable at @ € U if and
only if each coordinate function f; is differentiable at a. If we denote by f”(a) the
matrix (with respect to the canonical basis) of df (a), the differential of f at a, we
then have that

9 9 fi 9 fi
Y@ @ - @

Fa— | B@ @ e

8',,1' 9,,,' . 8',,1.
% (a) 42 (a) ... %2 (a)

The matrix f’ (@) is called the Jacobian matrix of f ata, and in the case that m = n,
its determinant is called the Jacobian of f at a and denoted by Jf (a).
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In the scalar-valued case where f: U C R” — R is differentiable at a, f’(a) is
called the gradient of f at a. Usually this is denoted by Vf(a) and is treated as a
(row) vector in R", i.e.,

Via)= <5—xfl(a), g—i(a),...,g—i(a)) )

A very useful fact, which can be found in any textbook on analysis in several
variables (e.g., [15, p. 217]), is that if a mapping f : U C R" — R" is differentiable
at a € U, then the directional derivative of f at @ in the direction v exists for every
v € R" and

Dyf(a) = df (a)(v).

The condition for differentiability given in Definition 1.2.6 is not an easy one to
check, but the next theorem, which can be found in any textbook on multivariable
calculus, provides a sufficiency condition that is more amenable. We first require
another definition.

Definition 1.2.7. Letf: U C R” — R™ be a mapping defined on the open set U.
We say that f is continuously differentiable ata € U if there exists r > 0 such that
the ball B(a,r) is contained in U and all the partial derivatives % x)@=1,....,m,
j=1,...,n) exist in the ball and are continuous on a. Then f is ]said to be of class
C' on U if it is continuously differentiable at all points of U.

Theorem 1.2.1. Iff: U C R" — R"™ is a mapping that is continuously differentiable
at a point a in an open set U, then f is differentiable at a. In particular, if f is of class
C' on the open set U, then f is differentiable on U.

If f: U C R" — R™ is a mapping of class C' on an open set U, then we can
consider the continuous functions % :U — R. We will say that f is of class C> on
J

U if each % :U — Ris of class C! on U, i.e., if the functions
J

d (df
53 @)
Ix \ 9x;
(which we call second-order derivatives of f;) all exist and are continuous on U for
eachi=1,...,mand j,k=1,...,n. We denote the above second-order derivative by

*f;
8xk8xj x

One can clearly iterate this process in order to define a function of class C” on
U.If f is of class CP for every p € N, then we say that it is of class C* on U.

Definition 1.2.8. A vector field is a continuous mapping

F:UCR'—R".
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Fig. 1.4 Vector field of Example 1.2.1

The natural interpretation of this definition is that a vector field assigns a vector
to a point. Vector fields are useful in representing force fields or velocity fields.

The student of mathematics will find in his/her studies many instances of this
situation in which the same abstract concept can be interpreted differently through
the simple device of changing the name of that concept. Here a mapping from
R" into itself becomes a physical concept, just by calling it a vector field, and is
consequently visualized in a new way, as the following examples show.

Example 1.2.1. Let us consider the vector field (Fig. 1.4)

F:R?\ {0} = R?

defined by

F(x,y) = (_\/x2y+yz’ \/xszryz)'

Clearly, F(x,y) is a unit vector, and if we place this vector at the point (x,y), we
see that it is a tangent vector at (x,y) to the circle centered at the origin that passes

through this point.
Example 1.2.2 (Gravitational fields). Let us consider a particle of mass M located
at the origin. The force of attraction exerted on a particle of mass m located at
(x,y,2) € R?\ {0} is
GMm
F =
(x,,2) oL
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R i ==
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Fig. 1.5 (a) Gravitational field; (b) particle motion of a fluid

where G is the gravitational constant and u = (x,y,z) is the unit vector in

the direction from the origin to (x,y,z). That is, the vector F(x,y,z) always points
from (x,y,z) toward the origin, and its magnitude is inversely proportional to the
square of the distance to the origin (Fig. 1.5).

Example 1.2.3 (Velocity field of a fluid). For every point (x,y,z) of an open set U C
R? let F(x,y,z) represent the velocity of a fluid at the position (x,y,z) at a given
fixed time. Then

F:UCR' >R’
is a vector field.
Example 1.2.4. Let

g:UCR'"=R

be a function of class C! on the open set U. Then

F:=vg:U—=R"Fx)=vgk):= (g_)i(x)""’ g)i, (x)> ,

is a vector field and is called the gradient field of g.
Definition 1.2.9. Let
F:UCR'"—>R"

be a vector field with components
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F=(fi,f2-: /)

We recall that F is of class C? (respectively differentiable) on the open set U if
each of its components f; is of class C? (respectively differentiable).

Next we introduce two basic operations on vector fields; the divergence (which is
a scalar function) and the curl, or rotor (which is a vector field). These play a central
role in the formulation of two fundamental theorems of vector analysis, namely, the
divergence theorem, or Gauss’s theorem, and the classical Stokes’s theorem. These
results will be studied in Chap. 9, and they constitute the main purpose of this book.
As we will see later, the divergence and curl of the velocity field of a fluid give
pertinent information concerning the behavior of that fluid.

Definition 1.2.10. Let F: U C R" — R” be a vector field of class C' on the open

set U. The divergence of F is the scalar function

. < dfj
DivF = 3 2.
ng Jx;

Definition 1.2.11. Let F: U C R? — R3 F = (f1, f», f3), be a vector field of class
C! on the open set U. The curl (or rotor) of F is the vector field defined, formally,
by the determinant

€1 € €3
— |2 9 2
Curl F = | 5= Iy 92|

fi 2 fz

We interpret that the components of F are obtained after expanding the determi-
nant along the first row. Thus, Curl F is the vector field

cuir - (222,290 8 _0)

Usually we put V to represent the differential operator

_ (2. 2 9
V=\oxay o)
This, together with the cross product notation of Definition 1.1.4, suggests the

following symbolic representation for the curl of F :

Curl F = vy xF.

We note that the divergence is defined for vector fields in R", while the curl is
defined only for vector fields in R3.
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Fig. 1.6 Vector field of Example 1.2.5

Example 1.2.5. The vector field F(x,y,z) = (—y,x,0) represents a rotation about
N = (0,0,1). We observe that Curl F = (0,0, 1) gives the direction of the rotation
axis (Fig. 1.6).We will deduce from Stokes’s theorem that this is no coincidence (see
Corollary 9.4.1).

We next highlight an important relationship between divergence and curl, but for
that, we need the following theorem due to Schwarz about the symmetry of second
derivatives of a function of class C2. It is sometimes also called Clairaut’s theorem,
or Young’s theorem.

Theorem 1.2.2. Let f: U C R" — R be a function of class C* on the open set U.
Then forallx € U and all i,j =1,2,...,n,
2 2*f
x)= x
8x,'8xj 8x.,-8xl-

Theorem 1.2.3. Let F: U C R? — R? be a vector field of class C* on the open set
U. Then
Div (Curl F) =0.

Proof.' Since F = (f1, /2, /3), Schwarz’s theorem concerning the symmetry of
second derivatives gives

'In Chap. 6 we will present an alternative argument (Corollary 6.3.1) based on properties of the
exterior differential.
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o O O\, 0 (0% o
Div (Curl F) = ax(a_y az)+a (az 8x>+az(8x ay>
92 92 92 92
= B+ 2
dxdy dyox Jdz0x Jx 0z

02 02
+<8y dz 0z 8y>f1
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1.3 Exercises

Exercise 1.3.1. Find the divergence of the vector fields

(1) F(x,y) = (sin(x), e*7).
(2) F(x,y,z) = (sin(y), cos(z), 2°).

Exercise 1.3.2. Find the divergence and the curl at the point (1, 1,0) for the vector
field
F(x,y,2) = (wz, y,2).

Exercise 1.3.3. Check that
Div (Curl F) =0

for the vector field
F(x,y,2) = (¥’z, x, 2yz) .

Exercise 1.3.4. Let F: R® — R3 be a vector field and let g : R? — R be a scalar
function, both of class C' on R”. Check that

Curl (gF) = g(Curl F) + (Vv g) x F.
Exercise 1.3.5. If F,G : R? — R3 are vector fields of class C', prove that

Div(F x G) = (Curl F, G) — (F, Curl G).



Chapter 2
Line Integrals

In studying the motion of a particle along an arc it is convenient to consider the arc
as the image of a vector-valued mapping ¥ : [a,b] — R? defined on an interval of
the real line and realize y(¢) as the position of the particle at time ¢. This viewpoint
is also convenient in analyzing the behavior of a vector field along an arc and is the
main motivation for the definitions that follow.

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 19
DOI 10.1007/978-1-4614-2200-6_2, © Springer Science+Business Media, LLC 2012
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2.1 Paths

Definition 2.1.1. A parh is a continuous mapping y : [a,b] — R". We call y (a) the
initial point and y () the final point. The image of the path, y([a,b]), is called the
arc' of y. If ¥ ([a,b]) C Q, we say that y is a path in Q.

Example 2.1.1. The line segment joining two points x,y € R” is the arc [x,y] :=
y([0,1]), where yp : [0,1] — R" denotes the path

y(t)=x+tly—x)=1ty+ (1 —1)x.

Example 2.1.2. Let y; : [0,27] — R? be given by y;(t) := (cos(jit),sin(jt)). Then
for every j € Z\ {0}, the arc y;([0,27]) is the unit circle x> +y? = 1 in R?. As the
parameter 7 increases from 0 to 27, the point y(¢) travels around the unit circle ||
times (clockwise when j is negative and counterclockwise when j is positive).

We put

!

o y(h)—y(1)
r@ ._}llg}he[a,b] h—t 7

if the limit exists. We observe that if 7 € (a,b), then p’(r) exists if and only if p is a
differentiable mapping at the point ¢. In this case, p’(¢) is the n x 1 column matrix
of the differential at 7, which is naturally viewed as a vector in R". In particular, we
may consider y’ : [a,b] — R", and where the appropriate limits exist, repeat to find
higher-order derivatives of y. This prompts the following definitions.

Definition 2.1.2. A path y : [a,b] — R" is said to be a function of class C? on
[a,b] if the gth derivative y (%) (r) exists for every € [a,b] and y(? is continuous
on [a,b]. The mapping y is said to be a piecewise C? function if there exists a
partition a = #; < .-+ < f; = b such that y is of class C? on [t;,#;11] for every
1<i<k—1.

tistiy1]

Definition 2.1.3. A path y : [a,b] — R" is said to be smooth if y is a C! function
and y'(r) # 0 for every € [a,b].

Unfortunately, the notation is not standard in the literature. We follow Cartan
[7, 3.1, p. 48] or Edwards [9, V.1. p. 287]. However Fleming [10, 6.2, pp. 247-
249] refers to curves as equivalence classes and a path is interpreted as a parametric
representation of a curve. Marsden—Tromba [14, 3.1, p. 190] uses the term trajectory
instead of path and imposes no continuity condition, while Do Carmo [5, 1-2.
parameterized curves, p. 2] defines parametric curves (with values in R?) and uses
the expression regular curve instead of smooth path.

The next example, which is a reformulation of Edwards [9, V.1, example 1, p.
287], shows that a path of class C* can have corners. We first need a lemma.

1 Also called the track or trace of y.
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Lemma 2.1.1. Let ¢ be a real number. The function f : R — R,

1
ce ?,t<0,

f)=20, =0,
1
e 2, t>0,

is of class C* on the real line.
Proof. We show that for each n € NU {0} there is a polynomial P, such that

_1
hine=7 t <o,

C n
) =10, =0,
1
Blle @, 1>0.

In fact, this is obvious for n = 0. To apply induction, we assume that the result
is true for n = k € NU{0}. To deduce that the result is also true for n = k+ 1, it is
enough to check that f (k+1) (0) = 0. We are going to use that e’ diverges to infinity
faster than any polynomial in y as y tends to +-oo. Indeed, if P,(y) = a,)" + -+
ayy + ap with a, # 0, then

Py) Py 1
eyZ ey eyZ —y :

The function e "+ clearly converges to zero. On the other hand, by applying
L*Hopital’s rule n times, we obtain

P.(y) _ im nla,

lim i =0.
Yyt Y Yoo Y

Now by taking y = % whent >0ory= —% if t < 0 we obtain that

t—0 t t—0 t

Example 2.1.3. Lety : [—1,1] — R? be defined by

L 1
(—e t2+l,e r2+1), —1<r <O,
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It follows from the above lemma that y is a path of class C”. However, p is not
smooth, since y’(0) = (0,0). We note that y ([—1,1]) = {(x, |x|) : x€[-1,1]} hasa
corner at the point (0,0). Several more examples can be found in Marsden—Tromba
[14, 3.2, p. 205].

Our next task is to define and, if possible, to evaluate the length of a path y :
[a,b] — R". The basic idea consists in approximating the path by means of line
segments whose endpoints are determined by a partition of the interval [a,b]. A path
with finite length is said to be rectifiable or of bounded variation. We will show
that every piecewise C! path is rectifiable and will obtain a formula to evaluate its
length.

Definition 2.1.4. Lety :[a,b] > R"beapathandlet P:={a=1t <--- <ty =b}
be a partition of [a,b]. The polygonal arc associated with P is the union of the line
segments [y (¢;),¥ (ti+1)], 1 <i < k— 1. The length of this polygonal arc is

k=1
L(y,P):= ; y (1) = v (@)1l

Lemma 2.1.2. Let y : [a,b] - R" be a path and let P .= {a=1, < --- <t = b}
be a partition of [a,b]. If Q is another partition of [a,b] and P C Q, then L(y,P) <
L(y, Q).

Proof. We can assume without any loss of generality that Q is obtained from P by
adding a single point. Thus, we assume Q = PU {s}, where ; < s <t;;. Then

L(y.Q) = X[y (i) =y @)+ 1 7 (s) =y @) | + | ¥ (t00) = v () |

i#]
Since
ly () =y DI <y () =y @) | + ¥ Es1) —v(s) [,
the conclusion follows. O

Definition 2.1.5. A path p is said to be rectifiable or of bounded variation if
sup{L(y,P) : P a partition of [a,b]} < +oo.

If y is rectifiable, we will refer to this supremum as the length of y, and we will
denote it by L(yp).

Let y : [a,b] — R" be a path and a < ¢ < b. Then p is rectifiable if and only if
id lac] and y |[C A are. Moreover, in that case,

L(y)=L(y | [a,c]) +L(y |[c,b])'

We leave the proof to the interested reader.
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Definition 2.1.6. The norm of a partition P:= {a =1 < --- <t = b} is the length
of the largest subinterval defined by that partition, that is,

P = max{|t;1 —1;] : i=1,...;k—1}.

We are going to show that any path of class C' is rectifiable, but before we do
so, we need to remind the reader of the topological concept of compactness and of
some properties enjoyed by compact sets.

Definition 2.1.7. A subset K of R” is called compact if for each family .% of open
subsets of R” that cover K, in the sense that

Kc |JG,
GeF

there exists a finite subfamily Gy, ..., G, in .% such that K C U;-”:IG ;.

A subset M of R" is called bounded if it is contained in an open ball centered at
the origin. If K is a compact set, then it is bounded. This is an easy exercise, but far
more can be said. The proof of the following characterizations of compact subsets
in R” can be found in almost any book on calculus of several variables.

Theorem 2.1.1. Let K be a subset of R". The following conditions are equiva-
lent:

1. K is compact.

2. For each sequence (xj)‘j’-": | C K there exists a subsequence (xj,)7_, convergent
to a point xo € K.

3. (Heine—Borel-Lebesgue theorem) K is bounded and closed in R".

We also need the concept of uniform continuity.

Definition 2.1.8. Let M be a subset of R". A mapping f : M C R" — R" is
uniformly continuous on M if given € > 0, there exists § > 0 such that for every
x,y € M with [lx —y|| < 8, we have

If(x) —f)ll <e.

Uniform continuity of course implies continuity, but is, in fact, a stronger
property. Nevertheless, both concepts coincide if the set M is a compact set, a result
that we state here without proof.

Theorem 2.1.2 (Heine—Cantor theorem). Every continuous mapping f: K C
R"* — R™ on a compact set K is uniformly continuous on K.

We return to our study of paths.

Theorem 2.1.3. Let y : [a,b] — R" be a path of class C'. Then y is rectifiable and

)= [ Iyl
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Proof. We define F : [a,b]" — R by

F(s1,..0y80) =/ zn:l|y;(s,)|2

Then F(z,...,t) = ||y’(¢)||. Moreover, given a partition
P:={a=t < <ty =b},

we can apply the mean value theorem to deduce that for every 1 <i <k —1 and
1 < j <n, there exists sj; € [t;, ;1] such that

k—1 n
P~ S Iy -yl = 3 \/ > (o) 1)’

T

1
F(Stis--y8ni)(tiz1 — i)
1

T

1

lit1
/ F(Sli,...,sni)dt.

11

Since F is a continuous function on the compact set [a,b]", it follows by the
" That is, for

Heine—Cantor theorem that F is in fact uniformly continuous on [a,b]".
every € > 0 there is a > 0 such thatx,y € [a,b]" and ||x —y|| < & imply

|[F(x)—F(y)| <e.
Let us now assume that the previous partition P satisfies ||P|| < \[ Then
[1(2,. . st) = (S1is-- -5 8ni)|] < O,

wheneverz € [t;,1;,1]. Hence

b , k=1 rtigg
‘L(y,P)—/ Iy’ ()lde| < z/{ F (511, 5) — F(t,.1)|de
a =1/t

tit1
/ edt_eZt,H—t,)_s(b—a)
I =

To finish the proof, we fix a partition Py with norm less than - N For an arbitrary

partition P of [a,b] we then have

Ly.P) <Ly PUR) < e(o—a) + [ 1)
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which shows that y is rectifiable and L(y) < &(b —a) + [”||y'(¢)||dz. On the
other hand,

L) 2Ll 2 [y W]l e -a)

Taking limits as € tends to zero, we reach the desired conclusion. O

It is worth mentioning that many texts, for instance Do Carmo [5, 1-2, p. 6]
or Marsden—Tromba [14, 3.2, p. 201], define the length of a path of class C! as
L(y) = [?|ly(t)|| dz. While this point of view is very efficient, it can be puzzling
to the student as to why this should be the “correct” definition. In our opinion, the
polygonal arc approach to path length is far more intuitive, and as shown by the
theorem above, entirely consistent.

Corollary 2.1.1. Let y : [a,b] — R" be a piecewise C' path. Then y is rectifiable
and L(y / |y’ (1) .

Proof. Let{a=1 <ty <--- <ty =b} be apartition of [a,b] such that y; := Vi)
is of class C! for every j = 1,...,k— 1. By Theorem 2.1.3, every y; is a rectifiable
path on [t;,¢; 1] and

L(yj) = /t_tj+1 [[v'(t)]|dr.

Consequently, y is also rectifiable and

k

L(y)= Y L(y)) Z/t] ) ) dr.

The function 7 — ||y’ (¢) || is well defined at each point of the interval [a, b] except
for a finite set. Moreover, its restriction to each interval [t;,7;,] is continuous, and
hence Riemann integrable on [rj,7;,1] for every j = 1,...,k — 1. It follows that
the function is Riemann integrable on [a,b]. We can therefore deduce, from the
properties of Riemann integrable functions, that

n=[1yoie
O

Let y : [0, 1] — R? be given by y (0) := (0,0) and y () := (t,t cos £) when 0 < 1 <
1. We leave it to the reader to prove that p is a continuous path but is not rectifiable.

Although we focus attention on piecewise C' paths throughout the text, we have
found it natural to deal with the more general class of rectifiable paths for our
treatment of path length. The generalization is also of benefit in the next section,
where we consider work done by a vector field.



2.2 Integration of Vector Fields 27
2.2 Integration of Vector Fields

The line integral was originally motivated by problems involving fluid motion and
electromagnetic or other force fields.% Let us assume, for instance, that Y :la,b] —
R? is a smooth path contained in the open set U C R? and that there is present a
force field F : U — R3. We want to evaluate the work done by the force on an object
moving along the arc y ([a,b]) from y (a) to y (b). We will have to take into account
two basic principles:

1. The work depends only on the component of the force that is acting in the same
direction as that in which the object is moving (that is, the tangent direction to
the path at each point).

2. The work done by a constant field Fy to move the object through a line segment,
in the same direction as Fy, is the product of ||Fy|| and the length of that segment.

‘We recall that

Y
IO = 10

is a unit vector that is tangent to the path at y(¢), and so the component of F that
acts in the tangent direction to the path at y (z;) is

(F(y(t)),T(1;)).

If we consider a short interval [t;,7;,], then the length of AT, is approxi-
ol

mated by
[y ) (1 =17).
Hence, using the basic principles above on a very fine partition

P={a=t<- <ty =b}

of the interval, we see that a good approximation to the work done in moving the
particle along y is

k—1
gtl <F()’(lj)),)’/(l‘j)> : (l‘j+1 —lj).

The following result tells us the limiting value of this quantity as we take finer
and finer partitions (Fig.2.1).

2A force field is, mathematically speaking, the same thing as a vector field. The term is often used
when the field has a physical interpretation.
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Fig. 2.1 Vector field along A
a path I
I
I

Ky (¢))

()

Lemma 2.2.1. Let P:={a=1 <ty < --- <ty = b} be a partition of the interval
la,b]. For any continuous function f : [a,b] — R and for each selection u; € [tj,tj1]
we have

k=1

b
tim 3 (-1 fl) = [ f(e)ar.

[PII=0 =3

Proof. By the Heine—Cantor theorem, f is uniformly continuous, which means that
for every € > 0 one can find 6 > 0 such that

[f(s)=f(D)<e
whenever s,t € [a,b] and |s —t| < §. Consider now a partition
P={a=t<n<--<t=>b}

with 0 <|| P ||< 8. Then

k] b k=1 rtjy
j_z,l(ljﬂ—tj)-f(uj)_/a f@)| = H/tj (f(uj)—f(;)) dr
k1 et
<3 [t so)]
k—1
e 2 (ti1—1;) =€(b—a)
=1

Since ¢ is arbitrarily small, the result follows. O
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Lemma 2.2.1 and its preceding discussion show that the work done by the force
field F on a particle as it moves along p is

[ Fr @)y @)

This type of integral, known as a line integral, appears often in the sequel, and so
we make a formal definition.

Definition 2.2.1. Let F: U C R" — R” be a continuous vector field and let y be a
piecewise C' path in U. The line integral of F along p is given by

b
/},F::/a (F(y (1)), y'(1))dr.
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2.3 Integration of Differential Forms

In order to facilitate later calculations, and also to provide a better framework for
dealing with the general Stokes’s theorem, it is convenient at this point to introduce
the notion of differential form. A key observation is that any vector v € R" defines
a linear R-valued mapping, that is, a linear form,

o R" >R,

by
@u(h) = (v.h).
Conversely, any linear form L on R” coincides with ¢, for a unique vectorv € R".
Indeed, if L : R” — R, the mapping
o R"—= (R, v g,

maps the vector (L(ey),...,L(e;)) to the linear form L. Thus ¢ is a linear
isomorphism from the vectors in R” to the linear forms on R”.

We denote by dx; the linear form associated with the vector e; of the canonical
basis of R”. That is,

dx;(h) = (ej,h) = h;.

It easily follows that if v = (vy,...,v,), then @, is the linear form

n
D vj-dy;.
j=1

After identifying vectors with linear forms, it is quite natural to identify a vector
field on a set U with a mapping that associates to each point of U a linear form.

Definition 2.3.1. Let U C R” be an open set. A differential form of degree 1 on U,
or simply a 1-form, is a mapping

®:UCR"— Z(R"R) = (R")".

Given a 1-form @, a vector x € U, and an integer j € {1,...,n}, we will denote
the scalar w (x)(e;) € R by f;(x). Evidently, each f; is a function from U to R, and
by linearity of w (x) € (R")*, for any b = (hy,...,h,) € R" we can write

n

@ (x)(h) = Y o(x)(e)).hj = ilfj(x)hj = (éf;(x)@) (h).

J=1
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Hence @ (x) = X/7_, f;(x)dx; for all x € U, which we will abbreviate to
n
©=2 fj-dx
Jj=1

and call f; the component functions of .

The notion of differential form of degree 1 is, as we shall highlight below, a
generalization of the concept of differential of a function. It is a very powerful
algebraic tool for studying integration on curves or surfaces.

A 1-form @ is continuous or of class C? if its component functions f; are
continuous or, respectively, of class C?. From now on every differential form of
degree 1 is assumed to be continuous.

Observe that @ (x) is the linear form associated with the vector

F(x) = (fl(x)v"'ufn(x))a

where, as usual, the f; denote the component functions of @. Consequently, the
study of the 1-form w is essentially equivalent to the study of the vector field F, and
we may interpret differential forms of degree 1 and vector fields as two different
ways of visualizing the same mathematical object. Vector fields provide the most
appropriate point of view for formulating problems from physics or engineering,
but in order to solve these problems mathematically, it is often more convenient to
express them in terms of differential forms.

What we have just seen is another important example of changing the meaning,
or interpretation, of a mathematical concept by renaming it. We have moved from
the realm of linear algebra into that of differential geometry by viewing a linear
mapping, namely the projection i — hj, as a differential form, dx;.

Example 2.3.1. Let g : U C R" — R be a function of class C' on the open set U.
The differential of g at point x € U is the linear mapping dg(x) : R" — R given by

=L

Q.J
OQ

- dg
h= 2 5,

Hence

Since each partial derivative ng is a continuous function, we conclude that the
J

mapping U — Z(R",R), x — (dg)(x), is a (continuous) differential form of degree
1. We represent it by @ = dg (the differential of g).
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Definition 2.3.2. Let w be a continuous 1-form on U and let y : [a,b] — U be a
piecewise C' path. Then

b
Lo= [ o ee)w

We observe that the previous function is well defined and continuous except
on a finite set. Since it is bounded, it is integrable in the sense of Riemann and
Lebesgue. Moreover, expressing the 1-form @ in terms of its component functions,
w =X/, fjdx;, we have

/waf(iﬁwmmmwm0w=/(iﬁ@@ww0w
y a j=1 4 j=1
=./;<F(y(t)), y'(1)) dr,

where F := (f1,...,fy) : U C R" — R" is the vector field associated with . This
simple calculation highlights an important fact: when F is the vector field associated
with the differential form @ of degree 1, we have
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2.4 Parameter Changes

The line integral fy F depends on the vector field F and also on the path p. In this
section, we plan to analyze what happens on replacing y by some other path with the
same trace. Further results in this direction will be obtained in the optional Sect. 2.7.

Definition 2.4.1. Let & : [a,b] — R" and B : [c,d] — R" be two paths. We say that
a and B are equivalent, and write o ~ B, if there is a mapping @ : [a,b] — [c,d],
of class C!, such that ¢([a,b]) = [c,d], ¢'(t) > 0 for every t € [a,b] and @ = Bo @
(Fig.2.2).

By the mean value theorem, the conditions on ¢ in this definition ensure that
@ is strictly increasing, hence bijective, and that ¢ = ¢(a) and d = @(b). It then
follows that & ~ B implies B ~ a. Indeed, B = @ o @~ !, and ¢! has the necessary
properties for equivalence.

The next result is usually referred to as the chain rule or the composite function
theorem. Its proof can be found in any text on differential calculus of several
variables; for example [9, Theorem 3.1, p. 76] or [10, 4.4, p. 134].

Theorem 2.4.1. Let U and V be open subsets of R" and R™ respectively. If the
mappings F: U — V and G : V — RP? are differentiable ata € U and F(a) € V
respectively, then their composition H = G o F is differentiable at a, and

dH(a) = dG(F(a)) odF(a),
or, in terms of their associated matrices,

H'(a) =G (F(a))F (a).

Furthermore, if F and G are of class C?1 (1 < g < o) on their respective domains
of definition, then H is also C? on U.

Observe that the chain rule hypothesis involves functions defined on open sets.
Nevertheless, when the first function is defined on a closed interval [a,b], a variant
of the result is also true.

c d
I
a b

*r—p—=

Fig. 2.2 B and Bo ¢ are
equivalent paths
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Corollary 2.4.1. LetV be an open subset of R™, y : [a,b] — V a path that has a
derivative at each point of |a,b), and suppose G : V. — R™ is differentiable at each
point of y([a,b]). Then Goy : [a,b] — R™ has a derivative at each point of [a,b]
and

(Goy) (1) =G'(y(1)-¥'(1),

for every t € [a,b]. Here, the derivatives at t = a and t = b are understood to be
derivatives from the right and from the left respectively. Furthermore, if y is C? on
[a,b] and G is C? on the open set V, then Goy is also C? on [a,b].

Proof. We write y (1) = (vi(),...,%n(t)), where ¥; : [a,b] — R has a derivative
on [a,b] foreach j=1,...,n (or C? on [a,b] respectively).

Itis known that y; can be extended to 7; : R — R with a derivative at each point of
R (or C? on R respectively). We take y = (71,..., %) : R — R”. Now we define
U = (#)~'(V). Since y is continuous on R, U is an open subset of R containing
[a,b]. Moreover, we have  : U — V and G : V — R with y and G differentiable
(respectively of class C?) on their respective domains. Now the chain rule gives the
conclusion. (]

The same argument clearly proves the following further variation of the chain
rule.

Corollary 2.4.2. Let o : [a,b] — R be differentiable at each point of [a,b] and
let B : [c,d] — R™ be a path that has a derivative at each point of [c,d] with
o([a,b]) C [c,d]. Then Bo o : [a,b] — R™ has a derivative at each point of [a,b]
and

(Boa)(r) =p'(ax(r)) (1),

foreveryt € [a,b]. Furthermore, if o is C? on [a,b] and B is C9 on [c,d], then Bo o
is also C? on [a,b).
Proposition 2.4.1. If « and B are two equivalent paths and one of them, say B, is
piecewise C', then a is piecewise C' and L(a) = L(B).
Proof. Write @« = f o ¢, where ¢ is as in Definition 2.4.1 and let Q =
{c=u1 <--- <u=d}beapartition of [c,d] such that B, .., 1 is C'on [uj,uj1).
If we take ; := @ '(u;), then P= {a =1, < --- <t; = b} is a partition of [a, b].

Since a|[t,-,t,-+1] =(Bo (P)|[lj-,lj+l] = (ﬂ|[uj,uj+l]) o (P|[z,~,t,-+1] is the composition of
two C' mappings (on closed intervals), it is itself C' on [tj,tj+1], and thus a is
piecewise C'. Now,

d=¢(b) , k=1 ruji ,
LB = [, 1B wln=3 [ IF e

For each 1 < j <k — 1 we can apply the change of variable u = ¢(r) to obtain
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[ gl = [ 18 0wl 0

= [ B ene 0l = [ B o) 0

] v

1j+1
= [ o)

1j
Summing for all values of 1 < j <k — 1, we conclude that
b /
LB) = [ lla'@lldr = L(a).
O

Proposition 2.4.2. Let w be a continuous 1-form on U, and let a and B be two
piecewise C' paths in U with o ~ B. Then

o e

Proof. Let us first assume that & and B are paths of class C'. Then, employing the
same notation as the previous proof, we have

(®)
fo= [ @) (8'w) o
b

= [ o(Bow) (B (00)) o' 0)at

— [ o (Blow) (B0 ()
— /abw(a(t))(a’(t))dt:./o;w.

Again we are using the chain rule theorem for extensions of 8 and ¢ to the whole
real line. In the general case, we consider a partition

P={a=t << --<n=b}

of the interval [a,b] for which B is of class C' on each subinterval [uj,u; ] =
[@(t;),@(tj+1)]. Then & = B o @ is also of class C! on each subinterval [¢;,7;1]. We
therefore have from above that
/ w=| o,
B Ja

J
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Fig. 2.3 y and —p are
opposite paths

where B; = B8 uj 1] and a; = 0] Summing this identity for all values of j

from 1 to k— 1, we get
[o=[o
B o«

Notice that in the above proof neither ¢'(¢;) nor (B o @)’ (z;) is necessarily defined
forj=1,....k—1.

O

Definition 2.4.2. Let y : [a,b] — R" be a piecewise C' path. The opposite path
(Fig.2.3) is defined by (—y) : [=b,—a] = R", (—p)(¢) :=y(—1) .

The opposite path —y moves along y ([a,b]) in the opposite direction to that
given by the path p. The initial point of —y is the final point of y and vice versa.
The reader will note the difference between (—y )(¢) and —(p(¢)).

Definition 2.4.3. Leta : [a,b] — R" and 8 : [c,d] — R" be two piecewise C' paths
such that e (b) = B(c). By a union of the paths a and B, denoted by e U 8, we mean
any piecewise C! path & : [e, f] — R" with the property that for some e < r < f,

§l~a and &

It is obvious that® the trace of a U 8 is a([a,b]) U B([c,d]) and & U B consists of
tracing over « first and then over 8. Such a union of paths always exists, a concrete
example being given by £ : [0, 1] — R”", where

a(2t(b—a)+a), 0<t

IN

1
§0) = 2
B((2t—1)(d—c)+c), 3 <t<1.

Proposition 2.4.3. Let ® be a continuous 1-form on an open subset U of R" and

let o, B,y be three piecewise C' paths in U with the final point of & coinciding with
the initial point of 8. Then

0 [ o fo
o Lo o fo

3The right-hand side here is a normal set union. Note that unlike set union, path union is not a
symmetric operation.
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Proof. Since (—7)' (1) = —y/(—t), the substitution u = —1 gives

Also



40

2 Line Integrals



2.5 Conservative Fields: Exact Differential Forms 41
2.5 Conservative Fields: Exact Differential Forms

We begin this section with an example of a vector field for which the line integral
over two different paths from (0,0) to (1,1) is the same.

Example 2.5.1. Let F : R? — R? be the vector field defined by F(x,y) = (x,y) and
let us consider the paths (Fig. 2.4)
y1:0,1] = R? and > : [0,1] = R?

defined by y(t) = (,¢) and p»(t) = (¢,#*). Then

/}'IF—/01<(t,t)v(1,1)> dt:/ol(t—i-t) dr=1.

Also
/yzF: /01 {(t,%),(1,21)) dt = /01(t+2t3) dr=1.

The fact that the two line integrals here take the same value is not surprising if one
remembers that a line integral represents the work done by a force field in moving
a particle along a path, while it is well known from physics that under the action
of a gravitational field,* the work done to move an object between two different
points depends only on the difference of the potential energies at these points, and
is therefore independent of the path taken (see Example 2.5.4). Our next example, a
vector field for which the line integral over two different paths from (0,0) to (1,1)
is different, shows that this behavior is not universal.

%

%

Fig. 2.4 The paths of
Example 2.5.1

4 Although the vector field in our example is not the gravitational field of Example 1.2.2, it is similar
enough, in a sense yet to be defined, that the physical argument remains valid.
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Example 2.5.2. Let y; and y; be the paths given in Example 2.5.1 but let us
consider instead the vector field

F(X,y)—(—y—F%,X—%)

1 3 1 LS| 1

F = —t+-t—= ), (L1))dt=[| —-dt=—2

R G e e A S

while

1 1 3 1 1
—1? -z—— 1,2¢) ) dr = 24 )dt=<-—-.
Jr=f((cregmg) eonpo=[[(oreg)es—

Definition 2.5.1. Let F = (fi,...,f,) be a vector field on an open subset U of R”
with associated 1-form @ = f; -dx; +-- -+ f;, - dx,,. If there is a function of class cl,
f:U CR"— R, such that Vf = F (or equivalently, df = @) on U, then the vector
field F is said to be conservative and the 1-form  is said to be exact. The scalar
function f is called a potential of the conservative vector field F.

Conservative fields have a similar behavior to that of Example 2.5.1 in that their
line integrals are independent of path. This is an immediate consequence of the
following result, which is a generalization of the fundamental theorem of calculus.

Then

Theorem 2.5.1. Let g: U C R" — R be a function of class C' on an open set U
and y : [a,b] — U a piecewise C' path. Then

| ve= [ de=s(r () -slr(@).
4 4

Proof. Since dg is the 1-form associated to the vector field ¥ g, the first equation
follows from our observation immediately preceding Sect.2.4. For the second
equation, we take the usual expansion of the 1-form dg,

n ag
jg'lax]' /

and apply the chain rule,
n
Py a—g 1(6) = (goy) (1),

which is valid for all but a finite set of ¢ in [a, b], to obtain

/ydg /(ia—g ))dt /b(goy)’(t)dt.
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Let P:={a=1 < --- <t = b} be a partition such that 1] is of class C!
for every 1 <i <k — 1. The fundamental theorem of calculus gives

/y dg = kzll / M gop)(nar

k-1
; ((goy)(tir1) = (goy)(n)

= g(r (b)) —g(r(a)).

O

For our next result we recall the concepts of connected set and path-connected
set.

Definition 2.5.2. Let C be a subset of R”.

1. C is said to be connected if there do not exist two open sets V and W in R" such
that

a. CCcVuw,
b. CNV A and CNW # g,
c. CNVNW =g.

In other words, a set C is connected if and only if with the topology induced on
C by R”, the only subsets of C that are both open and closed are C itself and the
empty set &.

2. Cis said to be path connected if given x,y € C, there exists a path & : [a,b] — C
such that e(a) = x and «(b) =y. If the connecting path can be chosen to be
polygonal, then the set is called polygonally connected.

The continuous image of a connected set is connected, from which it follows that
every path-connected set is connected. For an open subset of R”, the converse also
holds, and the two concepts coincide. This result can be found, for example, in [1,
Theorem 4.43].

Theorem 2.5.2. Let U be a connected open subset of R". Then U is polygonally
connected.

Theorem 2.5.3. Let F: U C R" — R" be a continuous vector field on an open set
U. The following conditions are equivalent:

(1) F is a conservative vector field.
(2) Ify : [a,b] — U C R" is a piecewise C" path that is closed (y (a) = y (b)), then

/F:Q
JY
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Fig. 2.5 A polygonal path in
U from x to x

(3) If y1 and y, are two piecewise C' paths with the same initial and final
points, then
/ F=| F.
14! 14!

Proof. (1) = (2). By hypothesis, there is a C' function f on U,
fiUCR"—=R,

with Vf =F. Let y : [a,b] — U C R" be a closed piecewise C' path. According to
Theorem 2.5.1,

P =)~ @) =0
(2) = (3). If y; and y, have the same initial point and also the same final point,
then
Y =r1U(-»2)

is a closed piecewise C! path in U. Consequently,

/ F—/ F:/F:O.
g 2 Jy

(3) = (1). Let us first assume that U is an open and connected set in R”. Then U
is also path connected and polygonally connected. We fix a point xo € U and define
the potential function f: U C R" — R as follows (Fig. 2.5): For every x € U let y,
be any polygonal path in U from X to x and let

fx):=[ F.

Vx
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The hypothesis of (3) implies that f(x) does not depend on the particular polygonal
path p, chosen, and thus the definition is unambiguous. To prove the result, we
will show that f is a function of class C' whose gradient coincides with the vector
field F.

Givenx € U, we can find § > 0 such that the open ball B(x, §) centered at x and
with radius § is contained in U. Observe that for every 1 < j <nand 0 < |¢| < 6,
if y, is a polygonal path in U from point X to point x, then p, U [x,x +re;] is a
polygonal path in U from x¢ to x +te;. Hence

f(x+tej)—f(x)=/ F—/ F:/ F
JyxUx x+re;] Jy. [rx+re;]

Let us assume for simplicity that # > 0 and parameterize the line segment by
y(s) =x+se i, 0 < s <t. We also write F in terms of component functions, F =
(fi,---,fu)- Thenforeach 1 < j <n,

ﬂx+mﬂ—f@):A<F@+mﬂ@ﬁdy:%jﬂx+wﬂd&
It follows that

flx+rej) — f(x)

t

— fi(x)

2 i+ se) = £y as

1/t
g?ALﬁ@+w»—ﬁ@Wh
< foax |fj(x + se;) — fi(x)].

Since each f; is a continuous function, the above expression tends to zero as ¢
tends to zero. As a consequence,

%(x)—ﬁ(x)-

In particular, f is a function of class C' and W f = F on U. In the general case
in which U is not connected, the above argument can be applied to each connected
component of U in order to construct a suitable potential function (see, for instance,
Burkill [4, p. 60]). O

Definition 2.5.3. An openset U C R" is said to be starlike with respect to the point
a € U if the segment [a,x] is contained in U for every x € U.

We recall that the triangle with vertices a, x, and y is the set
{oa+Bx+7y : 0<a,B,yando+B+y=1}.

By its boundary we understand the closed polygonal arc [a,x] U [x,y] U [y,a].
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Fig. 2.6 Triangle of Lemma
2.5.1

Lemma 2.5.1. Let U be starlike with respect to the pointa € U. Ify € B(x,R) C U,
then the triangle (Fig. 2.6) with vertex {a,x,y} is contained in U.

Proof. Let z = aa + Bx + yy be given, where o,f,y > 0and c+f+y=1.If
o =1, then z=a € U. In other case, we put
B Y

1—ocx+1—ocy'

u =

Since

B Y

11—«

)

1

o
we obtain thatu € [x,y] C B(x,R) C U. Finally, fromz = 0@ + (1 — ot)u we conclude
that

zZ € la,u] CU.
(]

Theorem 2.5.4. [f the open set U is starlike with respect to the point a € U, then
the conditions of Theorem 2.5.3 are equivalent to the following:
(4) If y is the boundary of a triangle contained in U, then

/w:O.
y

Proof. Since condition (2) clearly implies (4), it is enough to prove that (4)
implies (1). We do this by arguing that the function f defined by

flx):= F

la.x]
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is, in fact, a potential for the vector field F. For every x € U we choose R, > 0 with
B(x,Ry) C U. According to the previous lemma, foreach 1 < j <nandforallz € R
with || < Ry, the triangle with vertices a, x, and x + re; is contained in U. Hence,
we deduce from condition (4) that

f(x—i—tej)—f(x):/ F—/ F:/ F.
[ax+re] lax] [x,x+re]

The argument now proceeds as in the proof of (3) = (1) in Theorem 2.5.3. [

Of course, Theorem 2.5.3 can also be interpreted as a characterization of those
differential forms of degree 1 that are exact.

Example 2.5.3. Let

y X
® = — -dx -d
x2+y? +x2+y2 >

which is a continuous 1-form in U := R?\ {(0,0)}. Then w is not exact, since
y £ [0,27] = B2, p(r) = (cos(r),sin(1),

defines a closed path contained in U for which / ® =21 #0.
Y

However, if we consider V := R*\ {(0,y) : y € R} and g:V — (-%,%)
defined by

glx,y) = arctanX7
X

then w =dg on V.

Thus, the fact that a vector field is conservative depends not only on the
expression of the field but also on the region U we are dealing with. That is, a vector
field admitting a potential function on a given open set may not be conservative on
some larger set.

Example 2.5.4. The gravitational field is conservative.
Let us consider a particle of mass M located at the origin. The force of attraction
exerted on a particle of unit mass located at point (x,y,z) € R*\ {(0,0,0)} is

GM

F =
(x,y,z) (xz +y2 —I—Zz)%

(x,3,2),

where G is the gravitational constant. Since the magnitude of the force is the same
at all points equidistant from the origin, it seems reasonable to expect that this is
also true for the potential function.
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Consequently, we look for a function of r = \/x2 +y2 + 72 whose derivative is
—Gr—lz"l. An example of such a function is %, and it is easy to check that

GM
X, 7Z =
fxy2) Ty
satisfies V f = F. That is, f is a potential function for the gravitational field.

One should remark that what is called the gravitational potential in physics is
the function V := — f. Hence, the work done by the field to move a particle from
point A to point B is independent of the trajectory of the particle, and its value is the
difference of potentials V(A) — V(B).

We now obtain a necessary condition for a vector field to be conservative.

Theorem 2.5.5. Let F: U C R" — R” be a conservative vector field of class C' on
an open set U and write F := (f1, f2,..., fn). Then

fj, \_ 9f
x5, ™)
forevery j.ke {1,...,n} and everyx € U.

Proof. By hypothesis, there is a function g : U C R” — R such that yg = F.
Therefore f; = %, and we can write
J

i, d%g

8xk x) n 8xk 8x.,- (x)
and similarly

fc, . d%g

8_)6]'x n 8xj 8xk

for all x € U. Since F is a function of class C' on U, it follows that g is of class 2,
and Schwarz’s theorem concerning the symmetry of second-order partial derivatives
gives our result. O

In particular, if F = (P,Q) is a conservative vector field on U C R? of class C',
then for every (x,y) € U,

0 JdP
a—f(x,y) = a—y(x,y)-

It also follows from Definition 1.2.11 and Theorem 2.5.5 that every conservative
vector field F = (fi, f>, f3) on the open set U C R of class C' satisfies

Afs _dfs fi _3fs fr 9
Curl F(x,y,z) = (9—’;3—9—?,%;—9—’3,3—&2—3—];})

for all (x,y,z) € U.
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In Example 2.5.3 we proved that the vector field

F=(P,Q):UCR*—-R?

defined on U = R?\ {(0,0)} by

y X
P = = = ——
(xy)=-- et ()= e
is not conservative. However,
a0 (x.) opP (x.) y? —x?
— (X = — X = 55
ox Y dy Y (2% +y2)?

Thus, the condition in Theorem 2.5.5 is not sufficient, in general, for a vector
field to be conservative. However, if we impose certain geometric conditions on the
domain U, then the condition of Theorem 2.5.5 is sufficient, as the next theorem
shows. Before stating the result, we need to recall the following fact about the
derivative of an integral (also called a parametric derivative).

Proposition 2.5.1. Suppose f : [a,b] x [c,d] — R is a function of class C' and g :
[a,b] — R is defined by J
g = [ o
Then g is of class C' on |a,b] and

dof
g (x) = ) —x(x,t)dt
Sforall x € [a,b).
The proof of this statement follows the proof of (3) = (1) in Theorem 2.5.3,
but the interested reader can find stronger results concerning the derivative of an
integral, for example in [15, Theorem 9.42, p. 236].

Theorem 2.5.6 (Poincaré’s lemma). Let F : U C R" — R" be a vector field of

class C', F:= (f1, f>,...,fn), on an open set U that is starlike with respect to the
pointa. If

A, I
Frli raod

for every choice of the indices 1 < j,k < nand forallx € U, then F is conservative.

Proof. We define g: U C R" — R by
1 n
¢(x) ::/0 S fila+1(x—a))- (xj—aj) dr.
j=1

It follows that g is a function of class C' on U and that
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E(x)zz(xj—a.,) /o a){;(tH—t(x a))t dt

9 J#k

+/01{g—f}:(a+t(x—a))f(xk—ak)+fk(a+f(x—“))} d
_/ li a—f a+t(x—a))t+fk(a+f(x—a))] dt

:/ di(fk(a—i-t(x—a))t) dr = fi(x),
o ar

for every x € U. This proves that Vg = F and F is a conservative vector
fieldon U. (]

Corollary 2.5.1. Let F: U C R? — R3 be a vector field of class C' on an open
starlike set U. Then F is conservative on U if and only if Curl F = 0.
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2.6 Green’s Theorem

This section constitutes a first approach to studying the result discovered in 1828
by George Green. This result is now known as Green’s theorem and can be viewed
as a generalization of the fundamental theorem of calculus. It states that the value
of a double integral over the region bounded by a path is determined by the value of
a line integral over that path. We will encounter Green’s theorem again in Chap. 9,
where it will appear as a particular case of the general Stokes’s theorem. The results
of Chap. 9 will allow us to apply Green’s theorem to more general regions than those
considered in this section, where we restrict attention to regions of type I (vertically
simple) and type II (horizontally simple) (see Marsden—Tromba [14, 8.1, p. 494]).
For each € > 0 let us consider the paths

ygz[ £ 8}—>R2

23
defined by
€ ) ) €
rii=(1-5) 0= (50) 0= (15) vt = (- 50).
Then

Ye = UyeU(—pd)U(—ys)

represents the boundary of a square oriented counterclockwise (Fig.2.7).
With this notation we have the following.

€
(0,2)

—y;
A (£
70

4

m Y

A 0.-3)
Fig. 2.7 The paths y}
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Proposition 2.6.1. Let F : U C R* — R? be a vector field of class C' on the open
set U with components F = (P, Q). Then for every (xo,y0) € U we have

1 B a0 oJP
lg%g/(xo,yo)wsF B (ﬁ - 8_y> (5,30)

Proof. The line integral F can be written as the difference between
(x0.Y0)+¥e

€

3 € €
/2 (Q(Xo-i-—,yo-i—l) —Q<X0——,y0+l))dl
J-¢ 2 2
and

5 € €
P t —|=P t,yo—= | |dr.
/‘5( (Xo—i- ,yo+2> (xo—i- , )0 2))

Foreveryt € (—%,%), we apply the mean value theorem to the functions Q(-,yo +

t) and P(xo +1,-) to obtain points x¢, ye (Which depend on € and also on ¢) such that
lxo —xe| <5, [yo—yel < §,and

1

1 /3 (00 oP
F:—/ <— vo+1t) ——=—(xo+1, >dt.
€% J(o.y0)+7e e/-g\ ox (Fes30 +1) dy o+ .5e)

Since %—g is continuous at (xg,yo), for every r > 0 there exist § > 0 such that
(x,y) € U and

90

d
‘g(xay) - a_f(x()ayo) < I

whenever |x —xo| < 6 and |y —yo| < 8. Then foreach0 < e < § andr € (—5,5),
we obtain
90

d
12 5e0+0) - G2 )| <

Now we can write

1 /50 0
p 72 g(xsvyw—f) df—a—g(xo,yo)

£
2

1 /5 (20 20 1 /3 B
E./g <$(x£a)’0+t)_$(x07)’0)) dr SE.[grdf—r-

2
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b b
We have used here the fact that / fr) de| < / |f(#)] dr. This proves that
Ja Ja
.1 3790 90
llg(l)g . g(xa)’O‘i‘f) dr = E(XO,)’O)-

A similar argument gives

£

1/7 opP opP
—(XO‘HJ )dt: _(-x()ay())a
-% dy i dy

lim

£—0 E
from which the conclusion follows. O

In some texts, the line integral / F is called the circulation of the vector field F
along the path «, and the limit *

lim —2/ F
€0 €7 J(x,y0)+¥e

is called the rate of circulation of the vector field F at the point (xo,yo). We refer to
the comments after Corollary 9.4.1 for the physical interpretation of this expression.
If f(x,y) denotes the density (mass per unit area) of a planar object U, then one

can evaluate its total mass as
[ 7 dtey).

By analogy, it seems reasonable to expect that the circulation of the vector field
F along a path bounding a region U can be obtained as a double integral over U of
the rate of circulation, that is, of the function

90 9P
ox dy’

Green’s theorem shows that this intuition is correct in some cases.

Up to this point, we have dealt with the integral only of continuous functions
on an interval [a,b], and so we have required only the elementary properties of
the Riemann integral. Henceforth, however, we will need tools from the theory
of integration in several variables. In that setting, one has to choose between two
possibilities: the Riemann integral and the Lebesgue integral. The Riemann integral
on an n-rectangle in R", and its extension to bounded subsets with Jordan content,
usually called Jordan measurable sets, is by far the more intuitive. On the other
hand, the Lebesgue integral on R", or specifically, on a measurable subset of R",
is the more powerful theory, even if less intuitive. We have decided to use the
Lebesgue integral. Why? A key point is that any open or any closed subset of R”"



54 2 Line Integrals

is Lebesgue measurable but, in general, not Jordan measurable. Moreover, every
continuous function on a compact set is Lebesgue integrable, and two of the most
important theorems of integral calculus, namely Fubini’s theorem and the change
of variable theorem, hold in far more generality for the Lebesgue than for Riemann
integral.

Notwithstanding the differences between the two theories of integration, and
our preference for the theory of Lebesgue, the reader should be aware that for our
purposes, and with enough hard toil, it is possible to show that most of the situations
we encounter in the text actually fit into the framework of the Riemann integral and
Jordan content, and so the reader may continue to think and visualize in terms of the
Riemann integral. But we are not going to bridge that gap explicitly here. A book in
which both theories appear and can be compared is that of Apostol [1].

Definition 2.6.1. (i) A set R = IT/_/; is called an n-rectangle in R" if each /;
is a bounded interval in R, i.e., if there exist a; < b; real numbers such that
(aj,bj) C€1;Caj,bj] forevery j=1,...,n. Inthat case, the Lebesgue measure
of R is defined to be

m(R) =IT;_,(bj—ayj).

(i) A subset N of R” is called a null set if given € > 0, there exists a sequence of
n-rectangles (Ry);._, such that N C Uy, R and

oo

z m(Rk) < E.

k=1

(iii) A property P(x), where x € R”, is said to be true almost everywhere if there

exists a null set N C R” such that the property P(x) holds for every x € R" \ N.

(iv) Given a subset K of R", the characteristic function of K, denoted by )k, is
defined by

() = { 1 ifxeKk,

0 ifx¢K.

(v) A function ¢ : R" — R is called a step function if ¢ is a linear combination of
characteristic functions of n-rectangles, i.e., if

¢ = z CjXR;s
k=1

where c¢; € R and R; is an n-rectangle.

(vi) A subset M C R" is said to be measurable if there exists a sequence (¢y);_, of
step functions and a null subset N of R” such that the sequence of real numbers
(@n(x)) converges to x(x) for every x € R"\ N, i.e., if the sequence (@)},
converges pointwise almost everywhere to y;.
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It can be proved that for every € > 0, a null set can be covered by a sequence
(Ri) of n-cubes, that is, n-rectangles with all sides of equal length, such that
Yoy m(Re) <e.

The family .# of Lebesgue measurable sets in R” is going to be very important
throughout, but we need only the following very basic facts about that family:

1. Every open subset and every closed subset of R" is measurable.

2. If M is a measurable set, then R" \ M is also measurable.

3. If (M), is a (countable) family of measurable sets, then N;”_; M and U}, My
are measurable sets too.

4. Every null set is Lebesgue measurable.

We will need to use Fubini’s theorem, and so we state it. We follow the notation
of Stromberg [18, Theorem 6.121, p. 352] and refer to that book for the definition
of the Lebesgue integral in R”. The space of Lebesgue integrable functions on R” is
denoted by L(R"). If A is a measurable subset of R”, we will say that the function
f A — Ris Lebesgue integrable on A if extended as 0 outside A and denoting that
extension by fya, then the function fy, is Lebesgue integrable on R”. In that case,

by definition,
Jri= [ rwax= [ pra

If A = [a,b], we keep the classical notation and write [, ,; f(x)dx = P f(x)dx
In the case that f has two or three variables, we will write

Jfi s aeyor [f] rlena) dtwa

We prefer to write d(x,y) instead of dxdy to avoid confusion with the exterior
product dx A dy (see Chap. 6).

Theorem 2.6.1 (Fubini’s theorem). Let f € L(R""7). Then

(i) fe(y) = f(x,y) belongs to L(RP) almost everywhere in R".
(ii) fy(x) = f(x,y) belongs to L(R") almost everywhere in R?.
(iii) F(x):= [gp fx(v)dy is defined (that is, the integral exists) almost everywhere
in R" and is Lebesgue integrable in R". Also G(y) := [gpa fy(x)dx is defined
almost everywhere in RP, and moreover, G belongs to L(RP).

(iv)
/n(/wf(x’y)dy)dx: ] 7)4E / /f x,y)dx

A variant of Fubini’s theorem particularly useful to us is the following. Let A C
[a,b] x [c,d] be a measurable set and f : A — R a Lebesgue integrable function on
A.Forx € [a,b],let Ay ={y € R: (x,y) € A}. Then

/fxy (x,y) / /fxydy
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Fig. 2.8 A compact set with
positively oriented boundary

The following concept will be discussed more precisely in Sect. 8.5.

Definition 2.6.2. Let K C R? be a compact set whose boundary dK is equal to
y([a,b]), where y : [a,b] — R? is a closed piecewise C' path. We say that y is
positively oriented if 7y traverses dK once in such a way that the region K always
lies to the left (Fig.2.8). To be rigorous one must to assume that the compact set k
satisfies condition (8.10), see for instance Cartan [7, 4.4.1]

Theorem 2.6.2 (Green’s theorem). Let K C R? be a compact set with positively
oriented boundary parameterized by 7 (as in Definition 2.6.2). Let ® = Pdx + Qdy
be a 1-form of class C' on an open set U C R? such that K C U. Then

[ pact 0= [ (222 o)

Using the notation of vector fields, this can be written as

feo= [l (5-5) s

The reader may feel ill at ease with Definition 2.6.2 and Theorem 2.6.2. This
is to be expected and welcomed. We have encountered for the first time a certain
dichotomy that is often overlooked or brushed aside, but which we must specifically
address in this book. Definition 2.6.2 and Theorem 2.6.2 have both an intuitive and a
mathematically rigorous formulation, and these are not easily reconciled. If we look
at Green’s theorem from an intuitive point of view (typically, this is the case within
the context of vector calculus), then there is generally no real difficulty. For example,
if we want to apply it to situations arising in physical problems, then it is obvious
what is meant by left and right, and we do not expect any trouble in deciding whether
a region K lies to our left. However, from a purely mathematical point of view
(i.e., within the context of vector analysis), the interpretation of “left” and “right”
is not clear at all, and will demand from us much effort in developing adequate
machinery to deal with the concept. Later, in Chaps.5 and 9, we will present a
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Fig. 2.9 A region of type I
and its positively oriented
boundary

/%)

Si)

rigorous definition of orientation and a general version of Green’s theorem. For now,
we content ourselves with working toward a proof of the theorem in some particular
regions K for which the orientation can be very easily defined, and for which that
definition of orientation coincides with our physical intuition.

Definition 2.6.3. A compact set K C R? is said to be a region of type I (Fig. 2.9) if
it can be described as

K={(xy) €R?: a<x<b, filx) <y < frlx)},
where fi, f> : [a,b] — R are piecewise C' functions, f; < f>.
The positively oriented boundary of K is the path union
Yy =71Ur2U(=y3)U(=r4),
where
yi:lab] = R, pi() = (1, /1(1));
y2: [fi(b), 2(b)] = R?, palt) = (b,1);
y3:la,b] = R?, y3(t) == (t, /»(1));
ya:lfi(a), (@) = R?, pa(t) := (a,t).

Lemma 2.6.1. Let K be a compact set that is a region of type I and let P

be a continuous function on K admitting continuous partial derivative ‘5—5 on a

neighborhood of K. Then
JdP
pac—— [ Lo
/ [ 5y
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Fig. 2.10 A region of type II —y
and its positively oriented 4
boundary

&y ()

Proof.  Since p5(t) = y4(t) = (0,1),y1(z) = (1, f{ (1)), and p5(r) = (1, f5(1)) for
all ¢, we have

/dex—/)’lde—/y}de—/abp(t,fl(t))dt—/abP(t,fz(t))dt,

On the other hand, every continuous function on a compact set K is integrable, and
according to Fubini’s theorem,

//K g—id(x,y) = /ab (/]:(i:) 3—§(x,y)dy> dx = /ab (P(x, f2(x)) = P(x, fi(x))) dx.

Comparing these two equations, we have

/dex-—//Kg—id(x,y).

O

Definition 2.6.4. The compact set K is said to be a region of type II (Fig.2.10) if it
can be analytically described as

K={(xy) : c<y<digi(y) <x< g0}
where g1, : [c,d] — R are piecewise C! functions, g1 < g».
The positively oriented boundary of K is the path union
Y =(=y1)Upy2Up3U(—p4),

where

yi:led] =R pi(t) = (g1(1),1);
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y2:[g1(e),82(c)] = R?, pa(t) = (1,¢);
y3:led =R, ps(1) := (g2(0),0);
ya:lgi(d),g2(d)] = R, pa(t) := (1,d).
We have the following analogue of Lemma 2.6.1.

Lemma 2.6.2. Let K be a compact set that is a region of type Il and let Q

be a continuous function on K admitting continuous partial derivative — on a

neighborhood of K. Then *
_ ([ 22
/dey = //Kgd(x,y)-

Theorem 2.6.3. Let K be a region of type I or a region of type Il and let w =
Pdx + Qdy be a 1-form of class C' on some open rectangle containing K. Then

./;’de+ Qdy = //K (g—f — ‘3—;3) d(x,y).

Proof. We choose a, b, ¢, and d such that K is contained in the rectangle R = [a, b] x
[c,d] and we assume that the 1-form @ is defined and is of class C' on the open
rectangle T containing R. We will present the proof in the case that K is a region of
type L. In the case that K is a region of type II, a similar argument does the job.

We have already proved that

/}'de——//Kg—id(x,y),

and so we need only to obtain

[ oav= [ Faw

Notice that we cannot apply the previous lemma, since K is not necessarily a
region of type II. We proceed as follows.

For (x,y) € T, we define V (x,y) := [J O(x,#)dt. The resultant function V has the
property that

dV(x,y) = F(x,y) dx+ Q(x,y) dy,

where
Y 0
Feey) = [ 220
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The expression for F' is obtained after applying Proposition 2.5.1 (see also,
Apostol [1, Theorem 10.39]). Since by Theorem 2.5.1,

/dV:O,
Yy

/}'Q(x,y) dy = —./yF(x,y) dx.

Moreover, K is a region of type I, and on a neighborhood of K,

we have

JF d
a_y(xuy) = a_g(-xay)u

because for each fixed x the function y — F(x,y) is a primitive of y — ‘;—g(x,y).
An application of Lemma 2.6.1 to F(x,y) dx gives

—/yF(x,y)dx-//Kg—i d(x,y).

Finally,
_[[ 22
[ oty av= [[ SEy) dey)

o I (325 s

and

O

Definition 2.6.5. A compact set K is said to be a simple region if K is a region of
type I and also a region of type II.

The hypothesis for Green’s theorem on simple regions can be relaxed somewhat,
since it is enough that the 1-form be defined on a neighborhood of K. Before
providing the proof, let us establish a notational convention that is valid by the
following fact (see Proposition 2.7.2). Suppose K is a simple region and y : [a,b] —
R2, y2:[c,d] — R? are two simple, closed, and piecewise smooth paths with

yi(la,b]) = y2([c,d]) = K

and such that y, and y, induce the same orientation on the boundary dK. Then
according to Proposition 2.7.2,



2.6 Green’s Theorem 61

[o=]o
JY1 J¥2

Consequently, it makes sense to write

| o
oK

if we interpret the integration as being done along any simple, (Definition 2.7.1)
closed, and piecewise C! path that gives a parameterization of dK such that the
region K always lies to the left.

Theorem 2.6.4. Let K C R? be a simple region and let @ = Pdx+ Qdy be a 1-form
of class C' on an open neighborhood of K. Then

hee= I (?;—f B 3—;’) d(x,y).

Proof. Since K is a region of type I, we have

JdP
Pdx=— [ =4
9K //K ay (xvy)a

and since it is also a region of type II, we obtain

It is enough to sum these two identities. (]

Green’s Formula® allows us to give a direct proof of the sufficiency condition for
a vector field to be conservative (Theorem 2.5.6) on an open and starlike set in the
plane.

Theorem 2.6.5 (Poincaré’s lemma). Let F = (P,Q) be a vector field of class C'
on the open and starlike set U € R? and suppose that

20 JdP
g(xay) = a—y(XJ)
for every (x,y) € U. Then F is conservative.

Proof. Let ® = Pdx + Qdy be the 1-form associated with the vector field F. It is
enough to prove that

SGreen’s theorem is essentially a number of different results, which hold in various domains with
different hypotheses, that establish a common integral identity. We shall refer to that integral
identity as Green’s formula.
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/w:O
Jy

whenever y is the boundary of some triangle K contained in U. Since K is a simple
region, it follows from Green’s theorem that

Aw-/A(%—S—%—i)d(x,y)—O.

O

A general version of Poincaré’s lemma on R” will be obtained in Chap.6
(see Sect. 6.6) after we have completed our study of differential forms.
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2.7 Appendix: Comments on Parameterization

If we ask a student to evaluate the integral of a vector field along the unit circle
oriented counterclockwise, and we don’t specify a parameterization of the circle,
the student will probably use the “natural” parameterization y : [0,27] — R? given
by y (1) = (cos(t), sin()). However, this is not the only parameterization available,
and it is quite natural to ask how this freedom in the choice of parameterization
might affect the solution to the problem posed. That is, suppose that we have another
path a whose trajectory is also the unit circle and with the property that we move
along the circle counterclockwise, but without any other obvious relation to the
original path y. Can we be sure that

LF:LF?

In this section, given from the point of view of vector analysis, we give a rigorous
answer to this question (Proposition 2.7.2), thereby showing why so much freedom
is typically allowed in parameterizing a curve.

Lemma 2.7.1. Let ¢ :[c,d] > R"andy : [a,b] — R" be two injective paths of class
C! such that

¥ ([a,0]) C o([c,d)).

Let us assume that there is 1 < k < n with @_(s) # 0 for all s € [c,d|. Then
¢ oy :a.b] = [c,d]

is a function of class C'.

Proof. Since ¢ is C!, the intermediate value theorem implies that @, (s) > 0 for all
s € [c,d] or @(s) <O forall s € [c,d]. Without loss of generality we will assume the
former. Since ¢, can be extended to a function of class C! on the whole real line and
@}, (s) > 0 for all s € [c,d], we have that @ is a strictly increasing bijection between
[c,d] and [e, f] := @x([c,d]) and also that its inverse 1 := ¢, ' is a function of class
C! on [e, f]. Hence ¢ is bijective onto its image. Let

R — R

denote the projection onto the kth coordinate. From the fact that the mapping ¢y o

¢! associates to each point in the range of ¢ its kth coordinate and y ([a,b]) C

¢([c,d]) we can deduce 0@ loy = m o y. Thatis,
¢ oy =homoy.

Now the conclusion follows by the chain rule. (]



64 2 Line Integrals

Proposition 2.7.1. Let ¢ : [¢,d] = R" and y : [a,b] — R" be two injective smooth
paths. If y ([a,b]) = @([c,d]) and both paths define the same “orientation” (that is,
o(s) = y(t) implies that ¢'(s) is a positive multiple of y'(t)), then @ and y are
equivalent paths.

Proof. The mapping ¢ : [c,d] — ¢([c,d]) is a homeomorphism because it is a
continuous bijection between two compact sets. Hence, the mapping

1

0:=¢ oy:la,b]—]cd|

is a continuous bijection and ¢ o 6 = y. We have to prove that 6 is a mapping of
class C' and 6’(¢) > 0 for all 7 € [a,b]. To do this, we fix 7y € (a,b) and we observe
that ¢’(6(zp)) # 0. Since ¢’ 0 0 is a continuous function, we deduce that there exist
I <k<nanda< o <1ty < <b such that

eL(0(1) #0

forevery t € [a, B]. We define

€.n] == 0([, B]).

Then the restriction of y to [cr, ] has the same trajectory as the restriction of ¢
to [£,1M]. According to the previous lemma,

6 :[o,B] — [, n]

is a function of class C'. Consequently,

for every 7 € [a, B]. Since, by hypothesis, p’(¢) is a positive multiple of ¢’(6(7)),
we deduce that 0’(¢) > 0 for every t € [o, B]. In particular, 6 is of class C' on a
neighborhood of 7y and 6'(y) > 0.

In the case fp = a we find a < B < b such that

P (6(1) #0

forallz € [a, B]. We now proceed as before but with & = a in order to finally deduce
that @ is of class C' on [a, 8] and 8’ > 0 at every point of [a, B]. A similar argument
covers the case 1y = b. [l

Definition 2.7.1. A closed path ¢ : [c,d] — R" is said to be simple if ¢ is piecewise
C! and q)|[c d) is injective.
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Lemma 2.7.2. Let ¢ : [c,d] — R" be a simple path. Then

¢:(c.d) = ¢((c.d))
is a homeomorphism.

Proof. Let {t,} be a sequence in (c,d) such that

lim ¢ (z,) = ¢ (10)

n—eo

for some fy € (c,d). In order to conclude that {7,} converges to 7, it is enough to
prove that each convergent subsequence of {#,} is convergent to 7y. Let us assume
that {n;} is an increasing sequence of natural numbers and that

fimin =&
Since § € [c,d] and ¢ is continuous, we obtain
@(&) = lim ¢(1,) = (to)-
[—o0

From the injectivity of ?lca) and P|(ca) Ve deduce & = 1y. Consequently, {z,}
converges to fy and

o go((c,d)) — (c,d)
is continuous. O

In saying that a path y : [a,b] — R" is piecewise smooth, we mean that there is a
partition
{la=1n<n <---<tp=>b},

such that there exists y’(r) # 0 for every ¢ # ; and y admits nonzero one-sided
derivatives at each point ¢;.

Let us now assume that y : [a,b] — R" and ¢ : [¢,d] — R" are two simple paths,
which are piecewise smooth and satisfy y([a,b]) = ¢([c,d]). We say that the two
paths induce the same orientation if whenever y () = @(s) for z and s such that y
is differentiable at ¢ and ¢ is differentiable at s, then (1) is a positive multiple of

@' (s).

Proposition 2.7.2. Lety : [a,b] = R" and ¢ : [c,d] — R" two simple paths that are
piecewise smooth and satisfy y (la,b]) = ¢([c,d]) C U, where U C R" is open. If the
two paths induce the same orientation, then for every differential form @ of degree
1 and class C' on U, we have
[o=]o
y ®
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Proof. Let us first assume that y and ¢ are two piecewise smooth paths with the
same initial point (and also the same final point, since they are closed paths). We
introduce partitions of the intervals [a,b] and [c,d] as follows. In the optimal case
that y and ¢ are smooth on their respective domains, we consider arbitrary partitions
{a=ap<a; <ay=>b}and {c =cy < ¢ < ¢y =d} with the property that y (a;) =
o(c1). In the general case that either ¢ or y is not smooth, let Q be a nonempty
finite set containing all the points of the form y (¢), where ¢ € (a,b) is such that y
is not differentiable at #, and also all the points of the form ¢(s), where s € (c,d)
for which ¢ is not differentiable at s. Then Q consists of m — 1 elements for some
m > 2. We can find partitions

{a=ay<a;<---<amw=>b}, {c=cy<c1<--<cyp=d}
of the intervals [a,b] and [c,d] with the property that

y({al,...,am,l}) :¢({Cl,...,cm,1}) :Q.

Observe that our partitions have at least three points and that

y|[“j71-,aj] and ‘p|[€j71,cj]
are injective and smooth paths. We now put
Ij:=(aj_1,a;), andhence I;=laj_i,aj].

By Lemma 2.7.2, y(I;) is an open and connected set in y ((a,b)) = ¢((c,d)),
and hence, after applying again Lemma 2.7.2,

is an open (and proper) subinterval of (c,d). It is obvious that y(I;) = @(J;).
Moreover, y (I;) = @(J;). In fact, if 1 = lim,_,.0 1, for t, € I;, then

y(t) = lim ¢(s,)

n—oo

for some sequence {s,} in J;. If {s,, } is a subsequence convergent to s € J;, then
y(t) = @(s) € @(J;). This proves that y (I;) C ¢(J;). A similar argument gives the
reverse inclusion. Since

Y, and ¢p7;
are smooth and injective, we can apply Proposition 2.7.1 to conclude that these are

equivalent paths. The sets {71 o, ,Jm—1} are mutually disjoint (or have at most
one point in common) and form a covering of [¢,d], so we can finally conclude that
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3 m m
/sz/ w:Z/ o
oy J=1"7; =195

We now analyze the case that ¢ and ¥ do not have the same initial (and final)
point, that is, ¢ (c) # y (a). We take a < o < b such that y (ty) = ¢(c) and we define

A= VY lig.b) UV fag)

which is a simple and piecewise smooth closed path. Moreover, the trace of A
coincides with

)’([avb]) = ‘P([Cvd])a

A and ¢ have the same initial (and final) point, and the two paths A and ¢ induce
the same orientation. Hence
[o=[o
A o

Finally, we obtain

and the proposition is proved. (]

Remark 2.7.1. Physically, one might wish to consider two particles moving along
the same closed trajectory with the same direction of movement but whose initial
(and hence final) points differ. In this case, the two paths y and ¢ are not equivalent.
In fact, it follows from Definition 2.4.1 that two equivalent paths have the same
initial (and final) point. For example, the paths y: [0,27] — R?, y(t) = (cost,sint),
and ¢ : [r,37] — R?, @(s) = (coss,sins), are not equivalent. Another example of
two inequivalent paths that satisfy the hypothesis of Proposition 2.7.2 are y and
B :[m,31] — R?, B(s) = (cos(s+ %),sin(s+ Z)).
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2.8 Exercises

Exercise 2.8.1. Evaluate the length of the path

v: [0, g} —R?, p(r) = (e cos(t),e' sin(r)).

Exercise 2.8.2. Obtain a parameterization, counterclockwise, of the ellipse

<2>2+<%)2_1 (a,b > 0).

Exercise 2.8.3. Integrate the vector field

F(xvy) = (yz,—ny)

along the triangle with vertices (0,0), (1,0), (0,1), oriented counterclockwise.

Exercise 2.8.4. (1) Find a path y whose trajectory is the intersection of the
cylinder x*> +y? = 1 with the plane x +y+z = 1 and with the additional
properties that the initial (and final) point is (0,—1,2) and the projection onto
the xy-plane is oriented counterclockwise.

(2) Evaluate

/xydx + yzdy — xdz.
y
Exercise 2.8.5. Let y be a simple path whose trajectory is the intersection of the

coordinate planes with the portion of the unit sphere in the first octant, oriented
according to the sequence

(1,0,0), (0,1,0), (0,0,1), (1,0,0).

Evaluate
/ zdx+xdy+ydz.
Jy

Exercise 2.8.6. Find a path whose trajectory is the intersection of the upper
hemisphere of the sphere with radius 2a,

R4+ =4,

with the cylinder

P+ (y—a)P?=d.



70 2 Line Integrals

Exercise 2.8.7. Determine whether the vector field
F:R?> > R?, F(x,y)= (x3y, x) ,

is conservative.

Exercise 2.8.8. Find a potential for the vector field
F:R* 5 R? F(xy) = (2xy, X —y2) .
Exercise 2.8.9. For the vector field
F:R' >R F(xyz) = (2xy, X*+22, 229),

(1) show that ¥ x F = 0;
(2) find a potential for F.

Exercise 2.8.10. (1) Show that the vector field
F(x,y) = (e“(sin(x+y) +cos(x+y)) + 1, e*cos(x+y))

is conservative on R? and find a potential.
(2) Evaluate the line integral
I
y

y:0,m] =R p(r) = (sin(nem(‘)),coss(t)) :

where

Exercise 2.8.11. Evaluate

/xdx+ydy+zdz,
y

where y (t) = (cos*(t),sin?(t) +cos’(r),¢) , 0 <t < 7.

Exercise 2.8.12. For the vector field

F=(fi,f2) : R*\ {(0,0)} = R?

defined by
- X

fl(x,y):m, fZ(X’y):)Cz—f—yZ’
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(1) Show that

d d
a—{f(x,y) = a—J;l(w)

for all (x,y) € R?\ {(0,0)}.
(2) Let y be the unit circle oriented counterclockwise. Show that

/F:27r.
Y

Is this fact a contradiction to Poincaré’s lemma?
(3) Argue whether this statement is true: for every closed and piecewise C' path
o« : [a,b] — R?\ {(0,0)} such that o (t) > 0 for all ¢ € [a,b],

/F:Q
Jo

(4) Evaluate jy F, where

()= (cos(t), sin7(t)), -

0y

<1<

K

Exercise 2.8.13. Let y(¢) = (cos(t), sin(¢)) be given and let us consider the paths

o= Y| nnq and B :=Y|02r)

(1) Are « and B equivalent paths?
(2) Justify why

AF:AF

for any continuous vector field F : U C R? — R? defined on the unit circle.

Exercise 2.8.14. Let y be the path whose trajectory is the union of the graph of
y = x° from (0,0) to (1,1) and the segment from (1,1) to (0,0). Using Green’s
theorem, evaluate

/ (x> +y%) dx+ (2xy+x7) dy.

Y

Exercise 2.8.15. Use Green’s theorem to evaluate the line integral
/ (¥ +3x%?) dx + (2% +x7) dy,
Jy

where y is the boundary of the region lying between the graphs of y =0 and y =
4 — x2, oriented counterclockwise.
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Exercise 2.8.16. Let K be a region of type I or type II and let y be a path whose
trajectory is the boundary of K oriented counterclockwise. Then

-1 g
area (K):/ E(—ydx—l—xdy):/—ydx:/xdy.
Jy y Jy

Exercise 2.8.17. Evaluate the area bounded by the cycloid y : [0,27] — R?,
y(t) = (at — asin(t),a — acos(t))

(@ > 0) and the x-axis.

Exercise 2.8.18. Evaluate the area bounded by the two coordinate axes and the path

Y. {0, g} —R?, y(t)= (sin4(t),cos4(t)).

Exercise 2.8.19. Evaluate the area limited by the circles
Ci:={(xy) € R? : x4 y? :az}

and
C = {(x,y) eER? : x2+y2:2ax} (a>0).



Chapter 3
Regular k-Surfaces

Roughly speaking, a regular surface in R? is a two-dimensional set of points, in the
sense that it can be locally described by two parameters (the local coordinates) and
with the property that it is smooth enough (that is, there are no vertices, edges, or

self-intersections) to guarantee the existence of a tangent plane to the surface at each
point.

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 73
DOI 10.1007/978-1-4614-2200-6_3, © Springer Science+Business Media, LLC 2012
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The objects we are interested in are usually referred to in texts on differential
geometry as k-submanifolds of R”, but several authors call them k-manifolds [9,10],
even if the concept of k-manifold is a more general one. Following Do Carmo
[6, p. 43], we prefer to call such a set a k-dimensional regular surface in R".

We need to remind the student of some concepts from general topology.
A bijective map f : A C R" — B C R”" is called a homeomorphism if both f and
f~': B— A are continuous mappings.

Given a subset A of R”, a set D C A is said to be open in A for the relative topology
if there exists an open subset U of R” such that D =ANU. Analogously, a subset £
of A is said to be closed in A for the relative topology if there exists a closed subset
C of R” such that D = ANC. An equivalent reformulation of these definitions is that
there are open, respectively closed, sets in the topology of the metric space (A,d),
where d(x,y) = ||x —y||, forx,y € A.

Definition 3.1.1. Let M C R" be a nonempty set and 1 < k < n. Then M is a
k-dimensional regular surface (briefly, regular k-surface) of class C? (p > 1) if for
each pointxo € M there exist an open set A C R¥ and a mapping of class C?,

¢ ACR 5 MCRY,

such that
(S1) there exists an open set U in R” such that 9(A) = MNU, xg € ¢(A), and

@:A—9(A)

is a homeomorphism;
(S2) foreach t € A, do(t) : RF — R” is injective.

The pair (A,@) is called a chart or local coordinate system (Fig.3.1). The
mapping ¢ is a parameterization, and @(A) is a coordinate neighborhood of xy.
A family {(A;, ¢;) }ier of coordinate systems with the property that

M =Joi(Ai)

i€l

is called an atlas of M.
The condition (S1) is equivalent to the following:

(S1) : xp € @(A), ¢ is continuous, and for each open set B C A there is an open
set V C R” such that
9o(B)=VNM.

Indeed, let us assume that condition (S1) holds and fix an open set B C A. Since
¢ : A — @(A) is a homeomorphism, it follows that ¢(B) is open in @(A) for the
relative topology. Hence there is an open subset W C R” such that
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Fig. 3.1 A local coordinate system

9(B)=@A)NW =MNV,

where V.= WNU is an open set in R". Conversely, assume that condition (S1)’
holds. Given an open subset B C A, take V as in (S1)". Then

(0 ) 7'(B)=0(B)=Vne),

which implies that
o o)A

is a continuous mapping. This together with condition (S1)’ implies condition (S1).
In general, condition (S1) is stronger than simply saying that ¢ ' : ¢(A) — A is
a continuous mapping.
Condition (S2) is equivalent to the fact that the Jacobian matrix ¢’(r) has rank k
foreveryt € A. If we set ¢ = (¢y,...,,), where

@ ACRF SR, j=1,....n,

it turns out that the jth column of the Jacobian matrix at € A coincides with the

vector
99 (9 9P
20 (50 520)
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Hence, condition (S2) means that the k vectors in R”,

do . do do
{0520, 30}

are linearly independent for each t = (¢y,...,#;) € A.
In the case that n =3 and k = 2, we usually denote by (s,t) the two variables of
¢, and then condition (S2) is equivalent to

de de
g(s,[) X W(SJ) 7& 0

for every (s,1) € A.

The regular 2-surfaces in R? are known simply as regular surfaces. The regular
1-surfaces in R? or R? are known as regular curves. Recall that an important concept
in our study of curves (Chap.2) was the notion of a path, that is, a vector-valued
mapping defined on an interval of the real line. However, a regular surface in R3 is
defined as a set of points rather than a mapping. This point of view leads to a better
understanding of orientation, a concept to be studied in Chap. 5.

It is worth mentioning that Definition 3.1.1 is one of three equivalent statements
given by Cartan [7, Proposition 4.7.1].

We need to recall one of the cornerstones of differential calculus in several
variables, namely the inverse function theorem. A proof can be found in most texts
dealing with analysis in several variables, for example [15, 9.24 Theorem, p. 221]
or [9, p. I11].

Theorem 3.1.1 (Inverse function theorem). Lerf: G C R" — R” be a function
of class CP on the open set G such that the linear mapping df(a) is invertible for
some a € G. Let b = f(a). Then

1. There exist open sets U and V in R" such thata € U, b €V, f(U) =V and the
restriction of f to U is bijective on'V.
2. If we denote the inverse of f: U — V by g:V — U, then g is of class CP in V.

Example 3.1.1. The regular n-surfaces of class C” in R"” are the open subsets of R".

In fact, let us assume that M C R" is a regular n-surface of class C'. According to
Definition 3.1.1, for each point xo € M there exist an open set A C R” and a mapping

9 ACR"—>R"

of class C! on A such that
xo€E@(A)CM (3.1)
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Fig. 3.2 Bernoulli
lemniscate

and dg(¢) : R" — R” is injective for all ¢ € A. It follows from the inverse function
theorem that for each ¢ € A, there exist two open sets W; C A and Z; C R” such that
teW; and ¢ : W; — Z; is a bijection. Hence

p(A) = UZz

tcA

is an open subset of R”. From condition (3.1), M is the union of a family of open
sets and thus M is open. On the other hand, every open set M is a regular n-surface
of class C*: we have only to consider (A,¢), where A := M and ¢ : A — M is the
identity mapping, ¢(x) =x, x € A.

Example 3.1.2. Let M be a regular k-surface of class C” in R” and let U be an open
set in R” such that MNU # @. Then M NU is a regular k-surface of class C? in R”.

Letxo € MNU and let (A, @) be a coordinate system of M such that xy € @(A).
We define B := ¢! (M NU), which is an open subset of A. If ¥ is the restriction
mapping of ¢ to the set B, then (B,¥) is a coordinate system of M NU and x €

¥ (B).
Example 3.1.3. The Bernoulli lemniscate is not a regular curve (Fig. 3.2).

The equation of the lemniscate in polar coordinates is
p? =2cos(26),
and it is given by
M:={(x,y) eR? : (*+y*)?=2(x>—)*)}.

If U is a ball centered at the origin of radius 0 < r < V2, then U N M is not
homeomorphic to any open interval of the real line, since

(UNM)\{(0,0)}

has four connected components. Consequently, there is no coordinate neighborhood
of the origin satisfying the conditions of Definition 3.1.1. (The reader might like to
compare Example 3.3.1.)
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Fig. 3.3 The graph of a
function

Example 3.1.4. Letg:A C R¥ — R" ¥ be a mapping of class C” on the open set A.
Then the graph of g,

Gy i={(t,g(t)) : tc A} CREXR"™F~R",
is a regular k-surface of class C? with the coordinate system (A, @), ¢(t) = (¢,g(t)).
In fact, we consider the mapping
¢:ACRF SR

given by
o(t) == (t.8(t)).

(1) Then ¢ is injective, and if B C A is an open set, then (Fig. 3.3)
o(B)={(t.g(t)) : te A}N(BxR"") = G,NU,

where U = B x R" ¥ is an open subset of R”.
(2) The submatrix of

1 00 .. 0
0 1.0.. 0
(pl(t) = 0 00 . 1
g a
?‘t,ll(t) ......... ?gtlkl(t)
A b
Bk (f) 250 ()

formed by the first k rows is precisely the identity matrix in R¥. Consequently, ¢’ (¢)
has rank & for eacht € A.
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Fig. 3.4 The unit sphere

One of our aims is to show that regular k-surfaces of class C” in R” are locally
nothing more than the graphs of C” mappings. In other words, locally, Example
3.1.4 represents all possible regular k-surfaces in R”. The next example shows more
clearly what is meant by being a graph locally.

Example 3.1.5. The unit sphere (Fig. 3.4) in R?,
S:={(x,y,2) €R® : P +y*+2 =1},
is a regular surface of class C~.

Consider A := {(s,¢) € R? : s> +1> < 1} and let g : A — R be the mapping of
class C” given by

g(s,t) = /1 —(s2+12).
By Example 3.1.4, (A, ¢),

‘Pl(sat) = (S7t7g(s7t))7

is a coordinate system of S. The set @;(A) is the open hemisphere above the xy-
plane. We plan to cover all the sphere with similar parameterizations. To this end,
we take

@a(s,1) == (s,1,—g(s,1)).
Then ¢ (A) U@, (A) covers all the sphere except the equator

{(x,3.2) eR’: x2+y2: 1;z=0}.

In order to cover the sphere, we have to consider also the following parameteri-
zations (all of them defined on A) (See Fig. 3.5):

¢3(57t) = (s,g(s,t),t), ¢4(57t) - (Sa_g(svt)at)v
¢5(57t) = (g(s,t),s,t), ¢6(57t) - (—g(s,t),s,t).
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Fig. 3.5 Some charts of the
sphere

@

¥2(A) —e3

We refer also to Example 3.3.2, where spherical coordinates are used to define a
coordinate system that covers the complete sphere except a semicircle. As already
mentioned, we will prove in Proposition 3.1.1 that every regular surface is, locally
and up to a permutation of coordinates, the graph of a function of class C'. However,
it is generally not obvious how the surface may be locally represented as a graph.
On the other hand, the surface often consists of the set of points where a certain
function vanishes (see Sect.3.2). In such cases, the local representation as a graph
is a consequence of the implicit function theorem that we will state in next section.

Proposition 3.1.1. Let M be a regular k-surface of class CP. For eachxo € M there
exist an open neighborhood U of xo, an open set Z C R¥, and a mapping of class
CP, g :Z — R such that (up to a permutation of coordinates)

MNU =G,

and the pair (Z,(1dz,g)) is a coordinate system of M.

Proof. By hypothesis, there is a coordinate system (A, @) of M such that xo = ¢(¢y)
for some £y € A. We put @ = (@1, @2, ..., @,). Since ¢’ (ty) has rank k, we can select
k indices iy,12, ..., i such that

d ((pilv(pizv---a(pik)
d (t1,t2,. .., 1)

(o) # 0.

(We refer to the comments prior to Theorem 6.4.1 for an explanation of this
notation.) For clarity of exposition we can assume, following a permutation of
coordinates, that

i1=1,hb=2,...,iy = k.
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Fig. 3.6 Illustration of the
proof of Proposition 3.1.1

‘We apply the inverse function theorem to the function

@ :=(01,...,0)

to infer the existence of an open neighborhood B of ¢, with the property that Z :=
@(B) is an open subset of R¥ and ¢ : B — Z is a bijection with inverse

h:Z—B

of class C? (Fig. 3.6). Finally, we consider
g:ZCRE SRF 25 (ry1 (R(2)), ... 0u(h(2))).
Then, for eachz = (z1,22,...,2%) € Z, we have
@oh(z) = (@1oh(z),..., 00 k), Pus1(h(2)), ... ou(h(2)))

=(21,---,2%:8(2) = (z,8(2)) -

In particular, the graph of g coincides with the set ¢ o h(Z) = ¢(B). Moreover,
by (S1)’ there exists an open set U in R” such that

MNU = (B) = G,.
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We observe that the identity ¢ oh = (Idz,g) obtained in the previous proof means
that

@ = (ldz,g)oh ' = (1dz,g) 0,

when ¢ is restricted to B.
Let m : R" — RX, x ~ (x1,...,x;), denote the projection onto the first k
coordinates. From the identity (3.2) it follows that

¢ '(x)=¢ '(ldz,8) ' (¥) =h(x1,...,5) =hom(x) (32)

forx € MNU. Thatis, ¢! = hom, when restricted to M N U.
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3.2 Level Surfaces

The level sets of a function f: U C R" — R are defined, for every real number c, by

fH)={xeU: f(x)=c}.

The aim of this section is to analyze under what conditions the level sets of
a function of two variables are regular curves in the plane and the level sets of
a function of three variables are regular surfaces in R> in the sense of Definition
3.1.1. We remark that several texts, for example Fleming [10], define a regular
k-surface in R" (or k-manifold in the notation of [10]) to be a set of points satisfying
the hypothesis of Proposition 3.2.1.

To prove that proposition, we need the implicit function theorem, which again
can be found in most textbooks on multivariable calculus, but the version we recall
here is the one stated by Fleming [10, 4.6, pp. 148—149], since it perfectly suits
our requirements. We employ the usual identification of R"” x R? with R"*”, and
if L : R""? — RP? is a linear mapping, we define linear mappings L; : R" — R?
by L;(h) :=L(h,0) and L, : R? — R? by L, (k) := L(0,k). Forf : G C R""? —
R? a function of class C? on the open set G and each (x,y) in G, we denote by

last p columns of the matrix of the linear mapping df{(x,y).

Theorem 3.2.1 (Implicit function theorem). Let f: G C R"™? — R? be a
mapping of class C? on the open set G. Let (a,b) in G be such that f(a,b) = 0 and
Jf(a,b) # 0. Then there exist two open sets U C R"™P and A C R", with (a,b) € U
and a € A, that satisfy the following conditions:

1. Jf(x,y) # 0 for every (x,y) € U.
2. For each x € A there exists a unique y € R? such that (x,y) € U and f(x,y) = 0.
In other words, there is a well-defined mapping g : A — RP such that

{xy) €U :fixy) =0} = {(xg(x)):x € A}.
3. The mapping g is of class C? on A, and letting L = df{(x,g(x)), we have
dg(x) = —L,' oL,

forall x € A.

Proposition 3.2.1. Let 1 <k <nand M CR", M # &, be given. Assume that for
each xy € M there exists a function of class CP on the open set U,

& :UCR' R
such that xy € U and the following conditions are satisfied:

(1) MNU = &~1(0),
(2) the rank of ®'(x) is n—k for everyx e MNU.

Then M is a regular k-surface of class CP.
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Proof. Letxg = (xV,...,x9) € M and @ = (&y,..., D, ) be as in the hypothesis.
After a permutation of the coordinates if necessary, we can assume that

I(Dy,... . Dy )

a(xkﬂ,...,x,,)

(x0) # 0.

By the implicit function theorem, there exist an open set A C R¥ with

to:=0",... ) eA,

anopenset V C R" V C U, such thatxy € V, and a mapping
g:ACRF s RV
of class C” such that g (f) = (x{, |,....x)) and
{xeV :d(x)=0}={(tg(t)) : tcA}.
Thatis, MNV = G,. Now we define ¢ : A — M by

() = (1,8(1)).

Then MNV = ¢@(A). Since (A, @) is a coordinate system (see Example 3.1.4), we
conclude that M is a regular k-surface. O

The previous result means that under certain conditions, the intersection of an
open set with a level curve is a regular 1-surface and the intersection of an open set
of R? with a level surface is a regular 2-surface. The next examples will clarify this
statement.

Example 3.2.1. Let f : U C R* — R be a function of class C” on the open set U
and let ¢ be a real number such that

r''={(xy)eU : f(xy) =c}

is nonempty and V f(x,y) # (0,0) for all (x,y) € I'. Then I' is a regular curve
(regular surface of dimension 1) of class CP. We refer to I" as a level curve of the
function f. To see this, it is enough to apply Proposition 3.2.1 with @ : U — R,

D(x,y) = f(x,y) —c.

The level curve is the projection onto the xy-plane of the intersection of the
graph of f with the horizontal plane z = c. The level curves of a function of two
variables provide information about the graph of the function just as contours on a
map indicate the topography of a landscape (Fig.3.7).
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f(x,y) =-0.25
fxy) =05
=

Fig. 3.7 Level curves

Example 3.2.2. The level surface

S:={(x,,2) €U : f(x,y,2) =c}

of the function f : U C R3 — R of class C? on the open set U is a regular surface of
class C? provided that W f(x,y,z) # (0,0,0) for all (x,y,z) € S. Again, it suffices to
apply Proposition 3.2.1 to @(x,y,z) = f(x,y,z) —c.

Example 3.2.3. For every a > 0, the cone

24yt =a
with the vertex (0,0,0) removed is a regular surface of class C*.
Let U :=RR3\ {(0,0,0)} and consider the function

D:U—R,

of class C~, defined by

D(x,y,2) ==x"+y* —az’.

Then the cone without the vertex can be described as (Fig. 3.8)
S:={(x,y,z) €U : ®(x,y,z) =0}.

Since
v ‘P(X,)’» Z) = (2)(, 2y7 —2(12) 7é (07 07 0)7
whenever (x,y,z) € U, it follows from Example 3.2.2 that S is a regular surface.

Example 3.2.4. The sphere

ST = () ER XA xp = 1)
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Fig. 3.8 The cone of Z
Example 3.2.3

is a regular (n — 1)-surface of class C* in R", n > 2.

Indeed, define @ : R"” — R by

Then §"~! = @~1(0) and @'(x) = (2xi,...,2x,) has rank 1 for every x €
R™\{0}.
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3.3 Change of Parameters

According to Definition 3.1.1, every point of a regular k-surface of class C?” in R"
belongs to a coordinate neighborhood, and each point of such a neighborhood is
uniquely determined by k parameters (its local coordinates). However, a point can
belong to two different coordinate neighborhoods, and we want to prove that certain
properties of the surface, expressed in terms of the local coordinates, do not depend
on the chosen parameterization. To this end, we show in this section that when
a point x belongs to two coordinate neighborhoods with parameters (1,2, ...,#),
(uy,uz,...,ux), it is possible to pass from one of these local coordinates to the other
by means of a transformation of class C”. The next lemma will be essential to this
process.

Lemma 3.3.1. Ler M be a regular k-surface of class CP in R", (A, @) a coordinate
system of M, and a : V C R™ — M a mapping defined on the open set V. If a(ug) €
©(A) and « is differentiable at uy € V (respectively & is of class C? on'V), then

¢ 'oa

is differentiable at ug (respectively it is of class C" on its domain of definition, where
r=min(p,q)) (Fig.3.9).

Proof. We provide the proof only for the case that « is of class C7 on V. We take
ty € A such that

a(up) = o(t).

‘We now set
Q= ((p17"'7(pk7(pk+17"'7(pn>'

|

Rm

Fig. 3.9 Illustration of Lemma 3.3.1
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Since (A, @) is a coordinate system of M, condition (S2) of Definition 3.1.1
implies that the matrix ¢'(fy) has k linearly independent rows. For simplicity we
assume that these are the first kK rows. This means that

(1, )
——(t 0,
Aty .. 1) (to) #
and consequently
@ :=(P1,---, )

has a local inverse of class C? in a neighborhood of #). According to (3.2), there
exist an open neighborhood B of ¢y, B C A, an open set Z C R¥, and a bijection
h:Z — B of class CP such that ¢! (x) = hom(x) for every x € ¢(B). We take
W := a~!'(@(B)), which is an open set in R™, since W = &~ ! (U), where U is an
open set in R” such that ¢ (B) = U N M (Definition 3.1.1) and e is continuous. Then
foreveryu e W,

¢ loa(u) =hon(a(u)),
which is obviously of class C". Since uy € W, this finishes the proof. (]
The first application of this result is the following important theorem.
Theorem 3.3.1. Let (A1,91), (A2,92) be two coordinate systems of a regular k-
surface M in R" of class CP such that

D:= (pl(Al)ﬁ(pz(Az) #+J.
Then
—1 a1 k —1 k
0, cp1:¢, (D)CR" = ¢, (D)CR
and
-1 o1 k -1 k
9 c¢2:9, (D)CR* =9 (D)CR
are functions of class CP, each of which is an inverse of the other (Fig. 3.10).

Proof. 1t follows from Lemma 3.3.1, with ¢ = ¢, and & = ¢, that q)z’l o isa
function of class C? on its domain of definition, which is precisely (pfl (D). (]

An understanding of the importance of the previous theorem has been fundamen-
tal in the development of differential geometry. In discussing the notion of a regular
surface in R, Do Carmo [6, p. 33] says the following:

The most serious problem with the above definition is its dependence on R3. Indeed the
natural idea of an abstract surface is that of an object, that is, in a certain sense, two-
dimensional, and to which we can apply, locally, the Differential Calculus in R?. Such
an idea of an abstract surface (i.e. with no reference to an ambient space) has been foreseen
since Gauss. It took, however, about a century for the definition to reach the definitive form
that we present below. One of the reasons for this delay was that, even for surfaces in R,
the fundamental role of the change of parameters was not clearly understood.
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Rn

m
Rk‘\_,_.

-1

Y o,

Fig. 3.10 TIllustration of Theorem 3.3.1

Below we present the definition of an abstract surface, also known in geometry
as a differentiable manifold, not necessarily contained in R” or endowed with a
topology. This general concept will not be used in the sequel.

Definition 3.3.1. A k-dimensional differentiable manifold of class C? is a set M
together with a family of injective mappings

foiAg CRE 5 M
such that:
(1) Each Ay is an open set and Ufa(Aa) =M.

o

(2) For each pair o, B with
U:= fu(Aa) N fp(Ap) # 2,

the sets f'(U) and I Y(U) are open sets in R* and

fo'ofs

is a function of class C?.

The inclusion of the change of parameters property in the definition above allows
one to develop a differential calculus for abstract surfaces, and while that is not the
direction that we focus on in this book, we do include the relevant definition of
differentiable function.
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Definition 3.3.2. Let M be a k-dimensional differentiable manifold of class CP. A
function f : M — R is said to be differentiable, continuous, or C” (1 < r < o0) if for
each a the mapping

fofu:Aq CRF SR

is differentiable, continuous, or C” respectively.

Let M be a regular k-surface in R”. The implication of our next result is that it is
not necessary to prove that ¢ : A — ¢@(A) is a homeomorphism in order to show that
a given mapping ¢ is a parameterization of M. More precisely, once we know that M
is a regular k-surface, then condition (S1) in Definition 3.1.1 can be replaced by the
injectivity of ¢. This makes it easier to conclude that ¢ is a parameterization of M,
which is an important fact, given that in practical examples, proof that ¢ : A — @(A)
is a homeomorphism can be rather difficult or tedious.

Corollary 3.3.1. Let M be a regular k-surface of class C? in R", A C R an open
set, and

9 ACRF S MCR

an injective mapping of class CP such that ¢'(t) has rank k for every t € A (i.e.,
condition (S2) for a regular k-surface is satisfied). Then (A,@) is a coordinate
system of M.

Proof. We fix ty € A and putxg := ¢(¢y). We may choose a coordinate system (B, ¥)
of M such that xy € ¥ (B). By Theorem 3.3.1, the mapping

f=vlop:WcRF5RK
is defined on an open neighborhood W of ¢, and is of class C”. Moreover, since

@' (to) = V' (f(to)) of (to),

and @' (to) has rank k, the rank of f’(fo) is greater than or equal to k. That is, the rank
of f'(to) is also equal to k, or equivalently, the Jacobian of the mapping f at the point
ty is nonzero. By the inverse function theorem, there exists an open neighborhood
W of ty, Wy C W, such that f(Wp) is an open set and

f:Wo = f(Wo)

is a homeomorphism. Consequently, after applying property (S1)" of Definition
3.1.1 to the coordinate system (B,¥), it follows that Qw, = ¥ ofw, satisfies
property (S1)’ too, and hence (A, @) is a coordinate system.

The next example shows that we cannot remove the hypothesis that M is a regular
k-surface from Corollary 3.3.1.
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(UnM)\ {(0,0)}

Fig. 3.11 (a) The curve of Example 3.3.1; (b) detail of that curve around the origin

Example 3.3.1. Let us consider the mapping
T
ol —=1,= R?
or(-15)-
9(1) = (¢,0)

o(t) = (tcost,t@)

defined by

for—1 < ¢t < Oand

93

for0 <t < Z.Then ¢ in injective, of class C! on (=1,%), and in addition, for
everyt € (—1,%),
¢'(1) #0.
However,

M:_q)<—1,§)

is not a regular curve in R? (Fig.3.11).

To see this, suppose there exists a coordinate system (A,y) with (0,0) € y(A).
Let U be an open ball centered at (0,0) such that UNM C p(A). Sincey :A — y(A)
is a homeomorphism and U NM is a connected set, it follows that y ~' (U N M) =
(a,b) and that y : (a,b) — U NM is a homeomorphism. We put zo = y ~1(0,0) €
(a,b). Then also y : (a,ty) U (t9,b) — (UNM)\ {(0,0)} is a homeomorphism. This

is a contradiction, since (U NM)\ {(0,0)} has three connected components.

This example is not a contradiction to Corollary 3.3.1, because in order to apply
that corollary to conclude that ((—1,7%),¢) is a coordinate system, one must know
a priori that M is a regular curve. Moreover, the previous example emphasizes the

importance of condition (S1) in Definition 3.1.1.
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Fig. 3.12 Spherical
coordinates VA

N
~
~

y\\\l’=(x,y,2)
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1
1
1
1
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1
1
1
1
1

/‘./ Rsin(s) Y
1) +

Next we parameterize the sphere of radius R centered at the origin in terms
of the geographical coordinates colatitude (the complement of the latitude) s and
longitude t. Recall that the Cartesian coordinates of a point on this sphere are given

by
Xx = Rsinscost, y=Rsinssint, z= Rcoss.

Example 3.3.2 (Spherical coordinates). Let S be the sphere with radius R centered
at the origin in R? (Fig. 3.12),
A={(s,t) ER? :0<s<m, 0<t<2r},
and let us consider
o(s,t) := R (sinscost, sinssint, coss).

Then (A, ¢) is a coordinate system of the sphere S.

We show that ¢’ (s, 1) has rank 2 for every (s,) € A. To this end, we determine that

905.0) :chosssins,
0

0:2) = R*sin’scost,
d(s,t)
0

(x,2) = R?sin’ssint.
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The three determinants do not vanish simultaneously, since for 0 < s < 7,

cos? ssin’ s 4 sin* scos? + sin* ssin®# = sin®s > 0.
It is rather intuitive that ¢ is injective and @ (A) covers all the sphere S except the

semicircle
{(xy2) €S y=0; x>0}
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3.4 Tangent and Normal Vectors

By a tangent vector to a surface we mean a tangent vector to a curve contained in
that surface. It may seem obvious that the set of all tangent vectors to a regular k-
surface at a given point is a k-dimensional vector subspace, but this statement is not
so easy to prove. The main objectives of this section are to present a proof of this
fact and to study the tangent plane at a given point of a regular surface in R3.

Definition 3.4.1. Let M be aregular k-surface of class C” in R". We say that h € R”
is a tangent vector (Fig.3.13) to M at xo € M if there is a function

@i (—8,8) = M,

differentiable at ¢t = 0, such that
a(0) =x( and o&'(0) = h.

The set of all tangent vectors to M at x is called the rangent space to the surface
at xo and is denoted by T, M. The set xo + T,M is called the tangent plane.
This distinction is not always made clear, and the reader will observe that what
is usually drawn in books as the tangent space 7, M is actually the translation of the
tangent space to the point xo, i.e., the tangent plane xo + Ty, )M.

Theorem 3.4.1. T, M is a k-dimensional vector subspace of R". Moreover, if (A, @)
is a coordinate system of M and xo = @(ty), then a basis of Te,M is given by

e e
{a—tl(t()),...,a—tk(to)}.

Proof. We will show that Ty,M = dg(ty)(R*). To do this, we first take v € R¥
and prove that de(t))(v) € Ty,M. Choose 6 > 0 small enough that £, + sv € A
whenever |s| < & and let us consider

w:(—8,8) > M

@(0)=h o X + T;M,

Fig. 3.13 (a) Tangent vector to a surface; (b) tangent plane
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defined by

a(s) =@ty +sv).
Then

a(0) =¢(f) =xo

and &’(0) is the directional derivative of ¢ at the point f; in the direction v. That is,
o'(0) = Dyo(to) = do(to)(v),

which proves that
de(to)(v) € Ty, M.

Let us now assume that b € T,,M and let us proceed to prove that there exists
v € R¥ such that

h=do(t)(v).

By Definition 3.4.1 of the tangent vector, there is a differentiable function
a:(—6,0) - M

with
a(0) =xo and &'(0) = h.

Since (A, @) is a coordinate system, there is an open set U in R” such that
9(A)=UNM.

Then
I'=a YpA)=a ' (UNM)=a"'(U)

is an open neighborhood of 0. By Lemma 3.3.1,
B:=¢ loa:ICR—RF
is differentiable at t = 0. Moreover,
B(0)=ty) and « =@op

on [ and hence
h =a'(0) = do(to)(B'(0)).

We finally obtain that
h € do(to) (RY).
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From the identity
ToyM = do (1y)(RY)

we deduce that T, M is a vector subspace. Moreover, since
do(ty) : RF — R”
is injective, we conclude that a basis of Ty M is given by the vectors
do
do(to)(e;) = g(to),
j
where 1 < j <k. O

This result explains why in Definition 3.1.1 we impose the requirement that the
differential of ¢ be injective; i.e. the rank of ¢’ is k at every point. This condition
guarantees that the tangent space at each point of the surface is a k-dimensional
vector space.

In the particular case n = 3, k = 2, that is, if S is a regular surface in R3 and

¢ :ACR? SR}

defines a coordinate system (A, ) of S, then a basis of the tangent space to the
surface at a point (xo,y0,20) = @(s0,%) of S is given by the vectors

de de
- 1), = 1 .
{ as (S07 0)7 at (S07 0)}
Consequently, the cross product

0 2]
a—?(sovto) X a_(f(s()ato)

is a normal vector to this tangent space (Fig. 3.14).

This fact will be crucial later in understanding why, from the point of view of
vector calculus, orientation is thought of in terms of normal vectors, while in vector
analysis we define orientation in terms of tangent spaces. See Chap. 5.

Example 3.4.1 (Tangent plane to the cone x> 4+ y* = 2z* at the point (1,1,1)). We
already proved in Example 3.2.3 that

S:={(x,y,2) # (0,0,0) : x*+y* =27%}

is a regular surface of class C*. We now choose a coordinate system for this cone.
We take
p

ACR? SR, ,0 ::< cos 0, sin@,—),
@ o(p,0):=(p p v
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Fig. 3.14 Normal vector P P
d¢  d¢
ds Ot

where
A:={(p,0) :p>0,0<0<2r}.
Then
ol ( ) 1 )
—(p,0) = cosB,sinfB, —
p (p.0) 7
and
de .
—(p,0) = (—psin6,pcos6,0).
a0
Observe that

a a el (5] es
—‘p(p,e)x%(p,e): cos® sinf %

ap .
—psinf pcosO 0
= (—%cos@,—\%sin@,p),

which is clearly nonzero. Consequently, the vectors

{520.00.550.0)}

are linearly independent for every (p, 0).

It is not difficult to show that ¢ is injective and hence (A,¢) is a coordinate
system of the surface (see Corollary 3.3.1). Since (1,1,1) = ¢(V/2, Z). we deduce
that a normal vector to the tangent plane is

BB (3 -er-ro
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Finally, the equation of the tangent plane is

<%(—l,—l,2),(x—1,y—l,z— 1)>=o,

x+y—2z=0.

or equivalently,

Definition 3.4.2. Let M be a regular k-surface in R". The normal space to the
surface at xo € M is the orthogonal subspace to the tangent space T,,M, and we
denote it by Ny,. That is,

Ny, ={heR" : (h,v) =0 forally € T, ,M}.

The set x( + Ny, is called the normal plane at x.

Proposition 3.4.1. Let 1 <k < n be given and let M = @~ '(0) be the regular k-
surface where

S UCR' =R & =(0,d,..., 0, 1),

is a function of class C' on the open set U such that the rank of ®'(x) is n— k for
everyx € M = @~ 1(0). Then for each xo € M, the vectors

{V@i(x0), VP2 (x0), ..., VPyi(x0)}

form a basis of the normal space to M at x.

Proof. Tt follows from Proposition 3.2.1 that M is a regular k-surface of class C' in
R". If e : (—8,8) — M is differentiable at = 0 and & (0) = xy, then

Dioa(t)=0
forallr € (—98,8). Hence
(®;0a)'(0) = 0.
According to the chain rule,
(V®;(x0),'(0)) =0,

for j =1,...,n—k. That is, every vector ¥V @;(x) is in the normal space to the
surface at xg. Since the rank of @'(xy) is n — k, these n — k vectors are linearly
independent and the dimension of the normal space is precisely n — k, giving the
conclusion. O
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Fig. 3.15 A basis of the
normal space to the circle (bl =0 V@Z(P)

1
<

T

L Vo P)

In Fig.3.15, v @ (P) is a normal vector at P to the sphere with equation
D (x,y,z) =0, while ¥ @, (P) is a normal vector to the plane @, (x,y,z) = 0. A basis
of the normal space at P to the circle obtained by intersecting the plane with the
sphere is given by the two vectors

{V®i(P), vV ®:(P)}.

Example 3.4.2 (Tangent hyperplane to a graph). Let g : A C R"! = R be a
function of class C' on an open set A and

9:A=R"; o(t) = (t,5(t))

a parameterization of the graph of g (see Example 3.1.4). Since the graph of g
coincides with @~1(0), for

DXy, yxy) = 8K, X 1) — Xn

and x = (x1,...,x,) € AxR, it turns out that the normal space to G, at the point
x0 = (t,8(to)) = (xY,...,x9) is the linear span of the vector

VP (xo) = (3—5(%),...,%@0),_1).

Finally, the equation of the tangent hyperplane to the graph of g at the point x is

d
(x1—x(l))—g(to)—i—---—i—(x,,,l—ngl) (to) = x, —x°.

Bz
8t1 al‘nfl

Example 3.4.3 (Normal vector to a level surface). Let f:U C R? — R be a function
of class C! on an open set U such that for all (x,y,z) € S,

Vv f(x,3,2) # (0,0,0),

where S represents the level surface

S:={(x,y,2) €U : f(x,y,2) =c} # 2.
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From Example 3.2.2, § is a regular surface of class C'. Moreover, the vector

V f(x0,Y0,)0)

is normal to the surface at the point (xg,y0,20). In fact, it suffices to apply
Proposition 3.4.1 with @ := f — ¢. The set { WV f(x0,Y0,Y0)} is a basis of the normal
space.

The last result of this chapter shows the equivalence between the different
definitions of regular k-surface (or k-submanifold of R") appearing in the literature.
Condition (2) coincides with condition (II) in the Proposition/Definition of Cartan
[7, Proposition 4.7.1], while condition (3) coincides with the definition of differen-
tiable manifold in R” given by Fleming [10, 4.7 manifolds, p. 153]. We note that
Edwards [9, I1.5, p. 10] uses condition (2) as his definition, and Spivak [17, Chapter
5, p. 101] defines differentiable manifold as we have defined regular k-surface.

Theorem 3.4.2. Let M C R" be a nonempty set and 1 < k < n. The following
conditions are equivalent:

1. M is a k-dimensional regular surface in R" of class CP.

2. For every xo € M there exist an open neighborhood U of x, an open set Z C R,
and a mapping of class CP, g : Z. — R X such that (up to permutation of the
coordinates) MNU coincides with Gg, the graph of g.

3. For every xy € M there is a function of class C?,

& :UCR'— R

such that xo € U, MNU = @~1(0), and the rank of ®'(x) is n — k for all x €
MNU.

Proof. Some of the necessary implications have already been proved. For example,
(1) implies (2) is proven in Proposition 3.1.1, while (2) implies (1) holds by Example
3.1.4. (3) implies (2) is contained in the proof of Proposition 3.2.1. We need only
show that (2) implies (3). To do this, we represent the points x € R" as

x = (x'.x"),

" € R"*, Now we define an open set

where x' € R¥, x
U:=ZxR"*

in R" and a function

& UCR'-R"*  &(x):=x"—g).



104 3 Regular k-Surfaces

Then @ is a function of class C” on U and
& '0)=G,=MnU.

Moreover,
—Vgl(x’) 1...0

and so the rank of @' (x) is n — k for every x € U. O
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3.5 Exercises

Exercise 3.5.1. (1) Show that the cylinder
S:={(x,y,2) €R*: x> +y* = d?}

is a regular surface.
(2) What about the portion of the cylinder

{(x,3,2) €S:0<z<1}?

Exercise 3.5.2. Show that the cone
S:={(x,yz) eR:x?+y? =2, >0}
is not a regular surface, but S\ {(0,0,0)}, the cone without the vertex, is.

Exercise 3.5.3. Determine whether the intersection of the cone

Ly =7
with the plane
x+y+z=1

is a regular curve.

Exercise 3.5.4. Let
Y la,b] = U CRx (0,+00)

be a path such that y ([a,b]) is a level curve . Show that the set obtained by rotating
y ([a,b]) around the x-axis is a level surface.

Exercise 3.5.5. Find a parameterization of the cylinder x*> + y> = a®

hood of (a,0,0).

in a neighbor-

Exercise 3.5.6. Let ¢ : R> — R be the mapping
o(s,t):=(s+1, s—1, 4st).
Show that (R?, ¢) is a coordinate system of the regular surface with equation
z=x> -y~

Exercise 3.5.7. Explain how to obtain a coordinate system of the ellipsoid

OEORER

from a coordinate system of the unit sphere.
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Exercise 3.5.8. Let0 <r <R.
(1) Show that the torus obtained by rotation of the circle

Pt (y—RP =7

about the x-axis is a regular surface.
(2) Find a coordinate system.

Exercise 3.5.9. Find the tangent plane to the paraboloid z = x> 4+ y? at the point
111

(3:3:2)-

Exercise 3.5.10. Find a tangent vector at (0,0,0) to the curve determined by the

equations
1=3x>+5y, X4y’ =4x



Chapter 4
Flux of a Vector Field

In this chapter we concentrate on aspects of vector calculus. A common physical
application of this theory is the fluid flow problem of calculating the amount of fluid
passing through a permeable surface. The abstract generalization of this leads us
to the flux of a vector field through a regular 2-surface in R3. More precisely, let
the vector field F in R? represent the velocity vector field of a fluid. We immerse a
permeable surface S in that fluid, and we are interested in the amount of fluid flow
across the surface S per unit time. This is the flux integral of the vector field F across
the surface S.

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 107
DOI 10.1007/978-1-4614-2200-6_4, © Springer Science+Business Media, LLC 2012
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4.1 Area of a Parallelepiped

One of the goals in this chapter is to evaluate the k-dimensional area of a subset of
a k-dimensional regular surface. The first situation to consider is that of a subset A
of a k-dimensional subspace V C R". In this case we proceed as follows. First we
choose a linear mapping

vV R

preserving the inner product: it suffices to select an orthonormal basis of V and
consider a linear mapping transforming such a basis into the canonical basis of R¥.
Then ¥ is an isometry, that is, it preserves distances, and it seems reasonable to
define the k-dimensional area of A as the k-dimensional Lebesgue measure of ¥ (A)
(Fig.4.1).

Next we proceed to develop this idea in the particular case that A = P is the
parallelepiped spanned by k vectors in R”. We proceed essentially as in Edwards [9,
p- 324], which we recommend for further details and related topics, in particular for
a general Pythagorean theorem [9, Theorem 3.11, p. 329].

Calculation of the area of a subset of a k-dimensional regular surface will be dealt
with in Sect. 4.2.

Definition 4.1.1. Let {a,...,a;} be k vectors in R" (1 < k < n). By the
k-dimensional parallelepiped spanned by ay, ...,a;, we mean the compact set

P:= {zk“tia,- L E [0,1]}.
i=1

A parallelepiped spanned by two vectors in R? or R? is called a parallelogram.
Let V C R” be a k-dimensional subspace of R” containing the vectors {ay,...,a;}

and let

V.V RK

Fig. 4.1 Isometry used to
define the k-dimensional area
of A
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be a linear mapping preserving the inner product, i.e.,

<!F(u), W(V» = <u7v>

forevery u,veV.

Definition 4.1.2. The k-dimensional area (or simply k-area) of the parallelepiped
Pis
k-area(P) := / t)dt= . dt.
(P) . RkXW(P)( ) Jo

If the vectors {ay,...,a;} are linearly dependent, then ¥ (P) is a compact set
contained in a hyperplane of R¥; hence its k-dimensional Lebesgue measure is zero.
The interesting case occurs when the vectors {ay,...,a;} are linearly independent
(and consequently, V' coincides with the linear span of these vectors). The following

theorem shows how to compute the area in this case, and actually shows that the
concept of k-area does not depend on the mapping ¥ preserving the dot product.

Theorem 4.1.1. Let P be the parallelepiped spanned by the linearly independent
vectors {ay,...,a;}. Then

k-area(P) = \/det(<a,-,aj>) = \/det(BT oB),

where B is the n X k matrix whose column vectors are [ay,. .. ay].

Proof. Let V be the k-dimensional vector subspace spanned by {a,...,a;} and let
¥ :V — R be a linear isomorphism preserving the inner product. Consider the
linear mapping

L:RF—R*

defined by

L(e):=¥(a;), 1<i<k.
Then

k
v (e)={ T : ve 0.1 f -1

i=1

because L(ty,...,t;) = YX_, ;% (a;). Since L is a linear isomorphism, we can apply

the change of variables theorem (Theorems 6.5.1 and 6.5.2) to conclude that

k-area(P) = / = | dr= / |detL| dt = |detL|.
Jw (p) JL(o.11%) Jio.1x
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Finally, let A be the matrix of L with respect to the canonical basis. Then A =
[¥(ay),..., ¥ (ay)], and denoting by AT the transposed matrix, we obtain

|det L| = |det A| = y/det (AT o A)
= \/det (¥ (@)% (a)))

= \/det ((a;,a;)),

as claimed. O

Theorem 4.1.1 implies that the definition of k-dimensional area of a paral-
lelepiped (Definition 4.1.2) is independent of the choice of the linear mapping ¥.

Example 4.1.1 (Parallelogram spanned by two vectors in R3). Let
a — (al,ag,a3) and b = (bl,bz,b3)

be two vectors in R>. Recall (see Definition 1.1.4) that the cross product of the two
vectors is defined by means of the formal expression

€] e e3
axb:= ap a az|.
by by b3
That is,
axh= (|92 _|aas] |araz))
by b3 by b3 | | by by

As already mentioned after Definition 1.1.4, one can see that
laxb|>=[la|®[|b]*—|(ab)

and thus deduce from Theorem 4.1.1 that the 2-dimensional area of the parallelo-
gram spanned by a and b is

—llaxb].
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4.2 Area of a Regular Surface

When investigating the concept of area for k-dimensional regular surfaces one might
expect to take an approach analogous to that of path length, with suitable inscribed
parallelepipeds taking the role of inscribed polygonal lines. However, such an
approach has some very counterintuitive consequences. A very instructive example
can be found on page 119 (and on the cover) of the book of Spivak [17], where it
is shown that in contrast to the usual procedure in topography, it is not a good idea
to triangulate a terrain in order to approximate its area. We must therefore employ a
slightly different method. The basic idea consists in generalizing the formula given
in Theorem 2.1.3 after replacing the length of the vector tangent to the curve by
the area of the k-dimensional parallelepiped spanned by an appropriate basis of the
tangent space to the surface.

To obtain a better intuition of this viewpoint we first analyze the particular case
of a regular 2-surface in R® and restrict our attention to the situation in which the
surface is defined only by a coordinate system (A, ¢), that is, S = ¢(A). Moreover,
we assume that

K :=la,b] x [c,d]
is contained in A.
Let
a=sp<s1<--<tp=b

be a partition of the interval [a, b] into subintervals of length 4 and
c=fhh<nh<--<tp=d

a partition of the interval [c,d] into subintervals of length k. We put I j := [s;,si11] X
[tj,tj41], and so
m—11-1
oK)= Ul

i=0 j=0

The portion of the surface ¢(/; ;) can be approximated by the parallelepiped
spanned by the vectors

de de
{h'g(&m) k- E(Siatj)}
(suitably translated so that the point ¢(s;,7;) is one of its vertices). As proven in

Sect. 4.1, the area of that parallelepiped is given by

de de
hk - Hg(é‘l,t‘/) X E(Sl,tj)
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p o¢
2 0 14
P« , 3_@
N .;M--R““E (9 Y
~

Fig. 4.2 Approximation of a small piece of a surface with a parallelogram in the tangent plane

Therefore, a good approximation to the area of ¢ (K) should be (Fig.4.2)

m—11-1

d
Zth H (sistj) x a(f(Si,fj)

i=0 j=0

‘. @.1)

We evaluate the limit of the above expression as 4 and & tend to zero.

Lemma 4.2.1. Let K := [a,D] X [c,d],
a=sp<s1<--<tp=b

a partition of |a,b] into subintervals of length h, and
c=thy<h<---<tj=d

a partition of [c,d] into subintervals of length k. If F : K — R is a continuous
function, then

m—11-1
lim zzhk F(si,t}) :/ F(s,1) d(s,t).
JJK

hk)=(0,0) i =p i=o
Proof. Define I,',j = [Si,S,‘Jrl] X [t,iatj+l]- Then

m—11—1
/Fst st ZZ//Fst st
i=0 j=0

and

hk-F(si 1) = /1 F(sit;) d(s,1).
ij
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Hence

ZthFs,,tj /Fst (s,1)

i=0 j=0

is less than or equal to
11 1
/ \F(si1;) — F(s,)] d(s,1). 4.2)
=l 0/ 0°

By the Heine—Cantor theorem, F is uniformly continuous on K, which means
that for every € > 0 there exist 49 > 0 and ko > O such that

S

|F(5,7) = F(s,t)| < b-a)d—o)’

whenever
|§—s| < ho and |f—t| < ko.
Therefore, if 0 < h < hy and 0 < k < kg, then

S

|[F(si,t)) = F(s,0)] < B=a)d=0)

for every (s,7) € I; j, and the expression (4.2) is less than or equal to

m-11-1 .
E)%m/ﬂ,jd(S’f)'

From

m—11-1
33 [ o <r,+1—rj><sl-+1—sf>=<b—a><d—c>,

we conclude that

m—11-1

ZthFs,,tj /Fst (s,1)

i=0 j=0

a

By Lemma 4.2.1, the limit, as 4 and k go to zero, of the expression (4.1) is the
integral

‘f(s )

d(s,z).
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We are ready to introduce the concept of area of a regular surface. Again we refer
to [9] for further details.

Definition 4.2.1. Let (A, @) be a coordinate system of a regular 2-surface S in R
and let K be a compact subset of A. The area of (K, @) is defined by

area(K, @) (tp(s )| d(s,1).

Next, suppose (A, @) is a coordinate system of a k-dimensional regular surface.
It is natural to proceed as in Definition 4.2.1 but integrating instead the area of the
k-dimensional parallelepiped spanned by the vectors

{g—z(t),...,g—z(t)}.

Since {g—;’l’ ®,..., at £ (¢)} are the column vectors of the Jacobian matrix ¢/(¢), it
follows from Theorem 4 1.1 that the area of this k-parallelepiped is
\det(@T(1) 0 9/(0)).

This leads to the following.

Definition 4.2.2. Let (A,¢@) be a coordinate system of a k-dimensional regular
surface M and let K C A be a Lebesgue measurable subset. By the area (actually
k-area) of (K,¢) we mean

area(K, @) : /\/det T(t)o g (t))dt,

where ¢'T () denotes the transposed matrix of ¢’ (¢).

In cases in which the positive and continuous function f(¢) := \/det(¢'T(t) 0 ¢'(£))
is not integrable on K, we take area(K, @) = +-co.

The quantity area(K,¢) is well defined, because if (U, y) is another coordinate
system of M and B C U is a measurable subset such that ¢ (K) = y/(B), then

area(K,@) = area(B,y).

A proof of this fact will be provided in Chap.7. The main reason for this
postponement is that a direct proof using the change of variables theorem is rather
tedious, while a more satisfying proof can be given once elementary properties of
differential forms (Chap. 6) and the theory of integration of forms (Chap.7) have
been developed.

Example 4.2.1. Let ¢ : RK — R” be a linear mapping preserving the dot product.
Then V = ¢(R¥) is a k-dimensional vector subspace of R" and (R¥ ¢) is a
coordinate system of V. If K is a measurable subset of RX, then
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area(K,@) = - xk(t) dt.

In fact, since ¢ is a linear mapping, we have that ¢'(¢) is the matrix of ¢ with
respect to the canonical basis for every ¢ € R¥. From the fact that ¢ preserves dot
products we deduce that

¢ ()00 (t) = (((ei).0le;)))), ;

= (<ei’ej>)i,j

is the identity matrix. Therefore
area(K,9) = [ \/det(9T(0)0¢/(0))a
K
= XK (t) dt.
Rk

Next we discuss how to evaluate the area of a k-dimensional regular surface that
is not covered by a unique coordinate neighborhood. The reader may wish to recall
the notion of atlas given after Definition 3.1.1.

Lemma 4.2.2. Let M be a regular k-surface in R" with a finite atlas

{4 @)} =1
Then there is a partition of M into subsets {B;} with the property that Bj =
@;(Kj), where K; is a measurable subset of A ;.

Proof. According to Definition 3.1.1, for every j = 1,...,m there is an open set U;
in R” such that ¢ j(A;) = UjNM. Define B := ¢1(A1), and foreach j =2,...m,

Bj:=9;(Aj)\ ( U ¢i(Ai)>

1<i<j

=MNU;N <R”\ U U,»).

1<i<j
Some of the sets B; may be empty, but the nonempty sets of the family {B; :

j=1,...,m} constitute a partition of M, and since B; C ¢;(A;), we can put B; =
¢;(K;), where K; = Ay, and for every j # 1 such that B; # &,

KjZ(ﬂ}l <Ujﬁ<Rn\ U U,')).
1<i<j
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Finally, observe that K; is a measurable subset of A}, since it is the intersection of
an open set and a closed set. O

Definition 4.2.3. Let M be a regular k-surface in R” that admits a finite partition
into subsets B, 1 < j < m, such that B; = ¢;(K;), where (A;,¢;) is a coordinate
system of M and K; is a measurable subset of A ;. The k-dimensional area of M is
defined by

m
area(M) := Y area(K;, ;).
Jj=1

Here we follow the convention a + co = oo 4 co = oo,

This definition of area (Definition 4.2.3) is independent of both the concrete atlas
and the selected partition. Again, we postpone a proof of this fact to Chap. 7.

Let us say some words of justification about the name “k-area” that we have
associated to a regular k-surface M in R”. Another natural name could be k-volume
of M in R". But what we have in mind is the generalization of the concept of area
of a surface in R3, and we have already used the word k-surface in R” to generalize
that classical concept of surface. Hence, we feel that the word k-area is the best to
generalize the concept of usual area. Moreover, speaking in an informal way, the
word “volume” conveys intuitively the idea of the “measure” of sets with nonempty
interior in R3. But in our case, except in the trivial case k = n, our k-surfaces have
empty interior in R”. The reader must be also aware that the concept of 1-area of a
1-surface in R” is the generalization of the length of a set in R.

Example 4.2.2 (Area of the sphere with radius r in R3). Let S be the sphere with
radius r,
U:={(s,1) :0<s<m,0<t<2rm}

and let us consider
o(s,t) ;= (rsinscost, rsinssint, rcoss).

As we proved in Example 3.3.2, (U, ¢) is a coordinate system of S. Also, S is the
union of @(U), the two poles of the sphere and a meridian. Since the meridian can
be obtained as ¥ (B) where (A, ¥) is a coordinate system of S and B is a null subset
of A (see Exercise 4.4.2 for fuller details), the previous definitions give

area sphere = area(U, 9).

From

we obtain

b 21
area sphere = / (/ 2 sins dt) ds = 4mr?.
0 0
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Example 4.2.3. Let g: A C R?> — R be a mapping of class C' on the open set A.

Then § := Gy is a regular surface in IR3. We plan to express the area of S in terms of
the function g. We already know that

@ ACR =R, (s,0) = (s,0,8(5,0)),

is a parameterization of S and that

€] ey €3
a—"’( ,t)xa—q’(s,t): 10%
d ot gs
01 %

Hence

(s,1) X a—‘p(s,t)

de
ds

—\/1"’(%(5‘,[)) +(§(S,l)> .
‘We conclude that

area(S) = //A \/1 + (%(s,t))z—i- (%(s,t))z d(s,t).
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4.3 Flux of a Vector Field

Suppose that a surface S, contained in a plane of R?, is submerged in a fluid having
constant velocity field Fo. We fix a unit normal vector N to the plane and are
interested in the amount of fluid crossing the surface per unit time in the direction
given by the vector N.

We begin with an analysis of the simplest case, which occurs when the fluid is
moving in the direction given by N, that is, Fo =|| Fy || -N. We imagine the fluid
as a solid block that in time # moves a distance || Fy || -7 in the direction given by
N. Hence, the amount of fluid crossing S in time ¢ coincides with the volume of the
moved block, precisely || Fy || -t - area(S). Thus the amount of fluid crossing S per
unit time is

|| Fo || -area(S).

Similarly, if Fo = — || Fo || -N, we get — || Fo || -area(S), where the minus sign
indicates that the fluid is moving in the opposite direction to that given by N.
For arbitrary Fy we decompose it as

Fo=(Fy,N)-N + G,
where Gy is a vector parallel to the plane containing the surface S. It is rather clear
that the movement in a direction parallel to the surface does not contribute to the

total amount of fluid crossing the surface, which is (Fig.4.3)

(Fo, N)-area(S).

Fig. 4.3 Amount of fluid crossing the surface per unit time
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Suppose now that F is an arbitrary continuous vector field representing the
velocity field of a fluid, and let us consider a regular surface S submerged in that
fluid. To begin with, we restrict our attention to the case that the surface S is
covered by a unique coordinate system (A, @), that is, S = ¢(A). We also assume
that K := [a,b] X [c,d] is contained in A. Consider the unit normal vector to S at the

point @(s,1):

Let
a=s0<s1 < <spu=h

be a partition of [a, b] into subintervals of length 4 and let
c=thy<h <---<tp=d

be a partition of [c,d] into subintervals of length k. Put [; ; := [s;, ;1] X [tj,2j41], s0
that

The portion of the surface ¢(/; ;) can be approximated by the parallelepiped
spanned by the vectors

8(p 8(p o
{h 35 ——(si,tj) , k- 5 (s,,tj)}

(translated so that the point ¢ (s;,7;) is one of its vertices). As we proved in Example
4.1.1, the area of that parallelepiped is

Moreover, if h and k are small enough, we can assume that F is constant on
@(1; ;) and the amount of fluid crossing ¢(/; ;) in the direction of vector N(s;, ;) is
approximately

e e
hk - H ER (si,2) x 5 —=—(si,1})

(o) Nt} | 52 5.0 % 52 5.1

From Lemma 4.2.1, the limit as 4 and k go to zero of

m—11-1 a a(p
2 <F((p(s,‘,lj)) , N(S,‘,l‘j)> hk - H 95 (S,,tj) o (S,',tj)
i=0 j=0
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is given by the integral

//K (F(o(s,1)), N)- Hg—(ﬁ(s,t) X aa_‘f(s’t) d(s,1).

This discussion justifies the next definition.

Definition 4.3.1. Let (A, @) be a coordinate system of a regular surface S := ¢(A)
in R3, F a continuous vector field defined on S, and

The flux of the vector field F across the surface S in the direction of the unit
normal vector NV is defined by

Flux:://A (Fo(s,1)) , N(s,t))-Haa—?(s,t)xaa—(tp(s,t) d(s,1),

when this integral exists (in the sense of Lebesgue).

We observe that if F = (f1, />, f3) and @(s,t) = (x,y,z), then the flux can be
written thus:

Flux ://A <F((p(s,t)) ,g—‘f(s,t) x ‘Z—‘f(s,t)> d(s,1)
hf

A
A g@g’

9x 9y
Jdt dt

d(s,1).

yey &

When M is a compact set contained in the regular surface S, the set K := ¢~ (M)
is compact (by property (S1) in Definition 3.1.1) and then we define

Fluxy := //qu(M) <F((p(s,t)) ,3—?(s,t) X aa—‘tp(s,t)> d(s,z),

which always exists. This situation is frequently the case in applications.

In Chap.7 we will show that Definition 4.3.1 is independent of the chosen
parameterization but it does depend on the field of unit normal vectors N. We will
also discuss the case in which the surface cannot be covered by a unique coordinate
neighborhood.
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4.4 Exercises

Exercise 4.4.1. Find the area of the triangle in R? with vertices
Pi,=2e3,Py=e1—ey+2e3,P3=¢;+3es.

For the next exercise, one needs the following fact concerning the Lebesgue integral.
If N is a null subset of R", then any function h : N — R is Lebesgue integrable and
its Lebesgue integral on that set is 0, i.e.,

/h:O.
N

This statement may sound surprising, but it is an immediate consequence of the
fact thatif f and g : R" — R are two functions that coincide almost everywhere (that
is, there exists N; null such that f(x) = g(x) for all x € R"\ N}), then f is Lebesgue
integrable if and only if g is Lebesgue integrable, and in that case,

/nf: RS

Indeed, the function hyy vanishes outside the null set N and hence coincides
almost everywhere with the constant function 0 (which is Lebesgue integrable).
Thus hyy is Lebesgue integrable on R” and its integral is equal to 0:

/h: th:/ 0=0.
JN JR? JR

Exercise 4.4.2. Let M be a regular surface of class C' in R® and suppose that (W, @)
is a coordinate system of M,

0 WCR> S MCR?,

with the property that M \ ¢ (W) can be decomposed as the union of a finite family of
subsets of M each of which is the image of a null set through some parameterization
of M. Then

area M = area (W, ¢).

Exercise 4.4.3. Let y = (1,%) : (a,b) — R? be a parameterization of a regular
curve of class C!, with 7 > 0. Evaluate the area of the surface of revolution formed
by rotating y (Ja, b[) around the x-axis.

Exercise 4.4.4. Find the area of the part of the plane

Xy z
TR AT |
a+b+c

(a,b,c are positive constants) that lies in the first octant.
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Exercise 4.4.5. Evaluate the area of the part of the cone x*> +y? = z” that lies above
the plane z = 0 and inside the sphere x> +y? + 7> = 4ax with a > 0.

Exercise 4.4.6. Find the area of the part of the cylinder x* +y*> = 1 bounded by the
planesx+y+z=0andx+y+z=1.

Exercise 4.4.7. Determine the flux of the vector field
F(x,y,2) = (x,,22)

across the part of the sphere
Xy =1

that lies in the first octant.

Exercise 4.4.8. Let M be the part of the paraboloid
X+ +z7=4R?
that lies inside the cylinder

(y—R)?*+x* =R

(1) Find a coordinate system of M such that the associated vector field N of unit
normal vectors points upward.
(2) Evaluate the flux of the vector field
F(x,y,z) = (x,0,0)

across M in the direction of N.



Chapter 5
Orientation of a Surface

We know from Chap. 4 that in order to evaluate the flux of a vector field across a
regular surface S, we need to choose a unit normal vector at each point of S in such
a way that the resulting vector field is continuous. For instance, if we submerge a
permeable sphere into a fluid and we select the field of unit normal outward vectors
on the sphere, then the flux of the velocity field of the fluid across the sphere gives
the amount of fluid leaving the sphere per unit time. However, if we select the field
of unit normal inward vectors on the sphere, then the flux of the velocity field of
the fluid across the sphere gives the amount of fluid entering the sphere per unit
time (which is the negative of the flux obtained in the first case). So, it is a natural
question to ask which (if not all) regular surfaces admit a continuous field of unit
normal vectors. The regular surfaces admitting such a continuous vector field are
called orientable surfaces. Most common surfaces, such as spheres, paraboloids,
and planes, are orientable. However, there do exist surfaces that are not orientable.

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 127
DOI 10.1007/978-1-4614-2200-6_5, © Springer Science+Business Media, LLC 2012
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5.1 Orientation of Vector Spaces

Before we present a formal definition of orientation for a real vector space, we
discuss the particular cases of a line and a plane in R?.

To orient a one-dimensional vector space means to choose a direction in that
space, and it is obvious that there are two possibilities.

If our objective is to obtain a version of Green’s formula from which we can
calculate the work done by a force field on a particle as it moves along a circle
contained in a plane of R?, then a quick look at Theorem 2.6.2 will convince us of
the need to interpret what is meant by moving along the circle counterclockwise.
This is not so obvious; indeed, it rather depends on our point of view. After all, a
sheet of paper has a (very small) thickness, and all of us would agree whether a circle
is traversed clockwise or counterclockwise (this is because the circle appears on one
side of the paper only), however the situation is completely different if we replace a
sheet of paper by an abstract plane in R3, which has no thickness and so the same
circle can be viewed from both sides of the plane, leading to different interpretations
of whether a motion is clockwise or counterclockwise. To fix an orientation of the
plane means to choose one interpretation over the other. In a sense, this is rather like
placing a mark to indicate which is the appropriate side of the plane. Mathematically,
this is done by fixing a basis of the plane (a two-dimensional vector space) and
identifying this basis, via some linear isomorphism, with the canonical basis of R2,
or equivalently, ordering the basis.

Definition 5.1.1. Let V be a n-dimensional real vector space. The ordered bases
{vj}i_; and {w;}}_, of V are said to have the same orientation, denoted by
{vj}i_i ~ {w;}j_, if the unique linear transformation f : V' — V that takes v; to
w; has a positive determinant.

That is, the change-of-basis matrix has a positive determinant.

The property of having the same orientation is an equivalence relation, and there
are two equivalence classes. These classes are the two possible orientations of V.
If & is one of the orientations, we will write — & for the other.

Definition 5.1.2. An oriented vector space is a pair (V, ), where V is a real vector
space and ¢ is one of the two possible orientations. A basis % = {v;}"_, of V is said
to be positively oriented if & € & In that case, we usually write & = [vy,...,v,].

It is natural to call the chosen orientation & the positive orientation and the
other orientation —& the negative orientation. Let us emphasize that the notion
of positively oriented basis depends on the choice of positive orientation &' and is
not an intrinsic property of the basis.

Example 5.1.1. The bases {vi,v2,v3} and {v3,v;,v2} of R’ define the same
orientation. However, {v{,v,,v3} and {v,,v,v3} define different orientations.
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In the first case, the change-of-basis matrix is

010
001 |,
100

which has determinant equal to 1. In the second case, the change-of-basis matrix is

010
100 |,
001

which has determinant —1.

Unless we indicate otherwise, R” is always taken to have the orientation defined
by the canonical basis, and we will call this orientation the positive orientation
of R”™. It follows from Definition 5.1.2 that a basis {v{,v2,...,v,} of R" is positively
oriented if and only if the matrix with vector columns [vy,vy,..., v,] has positive
determinant.

Proposition 5.1.1. Let
@: [0, ] > R"XR"x - xR", @ =(@1,--,0n)

be a continuous mapping such that {;(t)};_, is a basis of R", ¢(0) = {e;}|_,
(canonical basis), and ¢(1) = {Vj}7:1- Then the basis {Vj}7:1 is positively
oriented.

Proof. Let f(t) denote the determinant of the matrix with vector columns [ (¢),
©2(t),...,9,(t)]. Then f is a continuous function on the closed interval [0, 1] that
does not vanish; hence f(0) and f(1) have the same sign. Since f(0) = 1, we have

det [vy, va, ..., vy] = f(1) >0,

which means that {v;}_; has the same orientation as the canonical basis of R"
(Definition 5.1.1). ]

One interpretation of Proposition 5.1.1 is that taking the parameter 7 to represent
time, if we begin with the canonical basis and as time goes on we continuously move
the basis vectors in such a way that at all times we still have a basis, then all of these
bases are positively oriented. Let us consider the canonical basis of R® and imagine
that the index finger of your right hand points in the positive direction of the x-axis
while the middle finger points toward the positive direction of the y-axis. Then the
thumb points toward the positive direction of the z-axis. Since a basis (vi,v2,v3) of
R3 is positively oriented when (v{,v2,v3) € [e1,e2,e3], Proposition 5.1.1 provides
the following practical rule to determine the orientation of an orthogonal basis of R?:
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Fig. 5.1 (a) Basis positively a
oriented; (b) basis negatively V3
oriented

Vi V)

In R3, an orthogonal basis (v{,v2,v3) is positively oriented if the three vectors
{v1,v2,v3}, in this order, correspond with the directions of the index finger, middle
finger, and thumb of the right hand.

This rule can also be expressed as follows:

If we stand at the origin with our head pointing in the direction of v3 and face in
the direction of v, then the vector v, lies to our left (Fig.5.1).

Next, we consider the orientation of a given two-dimensional vector subspace V
in R, Since V is generated by two linearly independent vectors, the following result
will be useful.

Proposition 5.1.2. Let {v{,v,} be two linearly independent vectors in R3. Then the

ordered basis {vi x v3,v1,v2} of R3 is positively oriented.

Proof. With respect to the canonical basis, the matrix of the linear transformation
f:R?> = R3 defined by f(e;) = v| x v, f(e2) = v1, and f(e3) = v, has the vector
columns [v; X v,v1,¥;]. Since the determinant of a matrix does not change under
matrix transposition, we get

det f = det [Vl X V2,V1,V2]

V1 XV
= det Vi
V2

Hence detf coincides with the triple scalar product (Definition 1.1.5) of vectors
{vi X v2,v1,v,}. Finally,

detf = (v] X vp,v1 X )
=||V1><VZ||2>0. O
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Fig. 5.2 Orientation of a
two-dimensional vector
subspace

Proposition 5.1.3. Let V be a two-dimensional vector subspace of R® and let
B = {v1,v2} and B, := {w1,wy} be two ordered bases of V. The following are
equivalent:

(1) The two bases B, and P, define the same orientation on'V.
(2) Thereis A > 0 such that vy X vy = A (w1 X wy).

Proof. Both v{ X v, and wi X w; are orthogonal vectors to V, and so (since V has
a one-dimensional orthogonal complement) there exists A # 0 such that vy x v, =

A(w1 X wy). We denote by
B— {bn 1912}

by1 by

the change-of-basis matrix from {v;,v,} to {w;,wy}. If A is the change-of-basis
matrix from {v; X vp,v{,v2} to {w; x wo,w,w,}, then

A0 O
A=1{0b1 b1 |,
0 bay by

and therefore
detA = A detB.

Since the two bases {v; X v,,v1,v2} and {w| X wy, w1, w; } define the same (positive)
orientation in R, we have that det A > 0 and det B and A have the same sign. We
deduce from Definition 5.1.1 that the bases % and %, define the same orientation
on V if and only if A > 0. O

We note that an ordered basis & := {vi,v2} of a two-dimensional vector
subspace of R? defines a unit normal vector to that subspace:

B V1 XV
Co x|

According to Proposition 5.1.3, two ordered bases of V define the same
orientation if and only if they define the same unit normal vector N. In other words,
to specify the orientation of a two-dimensional vector subspace V of R3, it suffices
to select a normal vector to that subspace (Fig. 5.2).



5.2 Orientation of Surfaces 133
5.2 Orientation of Surfaces

If we choose an orientation of the tangent space T,M to a regular surface M C
R? (i.e., a regular 2-surface) at a point p € M, we are effectively orientating the
surface in a neighborhood U, of p. If it is possible to choose an orientation of each
tangent space so that on the intersection of two arbitrary neighborhoods U, and U,
the orientations induced by T,M and TyM coincide, then the surface M is said to
be orientable. In this section we formalize this intuitive idea and we show that the
orientable regular surfaces are those admitting a continuous vector field consisting
of unit and normal vectors.

If xo € M and (A, ) is a coordinate system of a regular k-surface M in R” such
that

xo = @(to),

then on 7,,M we consider the orientation defined by the ordered basis

de de
{a—tl(t()),...,a—tk(t())}.

We need to find conditions that ensure that the orientation of 7y M is independent
of the coordinate system chosen.

Lemma 5.2.1. Let V and W be n-dimensional real vector spaces,
L:V—>W

a linear isomorphism, and {u;};_,, {v;}_, two bases of V. Then

{u;tioy ~A{v;}j=1 ifand onlyif {Lu;}i_, ~{Lv;}}_,.

Proof. Denote by f : V — V and g : W — W the linear isomorphisms defined by
fw;) =v;, g(Lu;) = Lv;. Then (L~ ' ogoL)(u;) = f(u;) for every 1 <i < n, and
hence L~! og oL = f, from which it follows that
detf =det (L 'ogoL) =det(L™") det(g) det(L)
= (det(L))~" det(g) det(L)

=detg.
f
Vv — >V
o—_—
g
W —mmmm>> W
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Proposition 5.2.1. Let M be a regular k-surface of class CP in R" and let (A, @)
and (B,¥) be two coordinate systems such that D := @(A) N Y (B) # &. Let xo €
D, ty € A, and uy € B be given with xo = @(ty) = ¥ (ug). Then the following are
equivalent:

(1) The bases
[ de ¢ [y Iy
@ = { 22 o) 3 (to>} and B = {am (w0) 5 )
of TyyM have the same orientation.

(2) J(@~ o) (uo) > 0.
Proof Put L :=de(ty), T := d (ug), and R :=d(¢ ' o) (up). Since
V(@)= (pop ' oy)(u)
in an open neighborhood of u and (¢ ' o ) (uo) = to, we can apply the chain rule
togetT =LoR. Also
331 = {Lel, e ,Lek},
while
DBy ={Te,,...,Te;} = {L(Re,),...,L(Rey)}.

By Lemma 5.2.1, | ~ %, if and only if {e,...,e;} and {Rey,...,Re;} are two
bases of R¥ with the same orientation. This in turn is equivalent to

J(@ o) (ug) = detR > 0.
(]

Definition 5.2.1. Let M be a regular k-surface of class C” in R”. Then M is said to
be orientable if there exists an atlas {(A;,¢;) : i € I} such that for each x € M there
is an orientation 0y of T, M with the property that whenever (A, ¢) is a coordinate

system in the given atlas and x = ¢(¢), one has 6, = [g—;’l’(t), - g—;’;(t)} (Fig.5.3).

Definition 5.2.2. Under the conditions of the previous definition, we say that the
atlas defines an orientation on M. Moreover, an arbitrary coordinate system (B, ¥ )
of M is said to be compatible with that orientation if for every ¢ € B, the basis

{37'”1(:),...,37'/:(:)}

of the tangent space Ty, ;)M belongs to the orientation Oy ) (Fig.5.4).

From Proposition 5.2.1 we get the following characterization of orientable
surfaces.
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Fig. 5.3 We choose an
orientation at each tangent
space

Fig. 5.4 (a) Compatible coordinate system; (b) incompatible coordinate system

Theorem 5.2.1. Let M be a regular k-surface of class CP in R". Then M is
orientable if and only if there exists an atlas {(A;,9;) : i € I} such that for each
pair of coordinate systems (A1, 91) and (A, @2) with @1(A1) N@2(A2) # D we have
J(@, ' 0 @2) > 0 on its domain of definition.

Remark 5.2.1. In some texts (for instance Edwards [9]) the orientable surfaces are
defined as those regular k-surfaces which have an atlas {(A;, ;) : i € I'} such that for
each pair of coordinate systems (A1, 1) and (A2, @2) with @1 (A1) N@2(Ar) # S we
have J(@; ' 0@2) > 0 on its domain of definition.

The orientable regular 2-surfaces in R? are precisely those that admit a continu-
ous vector field of unit normal vectors. To prove this, let us first show that there is a
simple way to reverse the orientation defined by a coordinate system. !

'Reverse orientation and opposite orientation are terms used synonymously to indicate the
orientation with negated sign.
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Lemma 5.2.2. Let (A, @) be a coordinate system of a regular k-surface M in R" and
define L : R¥ — RK by L(t) = (t1,...,tx_2,ti,tx—1). If B=L"'(A) and ¥ = @ oL,
then (B,¥) is a coordinate system of M, @(A) = ¥ (B), and (B,¥) reverses the
orientation induced by (A, @).

Proof. Tt is clear that (B,¥) is a coordinate system of M. Set S := @(A) = ¥ (B).
For every
x=g(t) €S,

the orientation of T, M given by the coordinate system (A, @) is
de de
6= |=—(t),...— ()] -
o= |50 520

We put s = L~ (¢). Then the orientation defined by (B, ¥) on the tangent space
at the same pointx = ¥ (s) is

d d d d
Ve = —'/,s),..., L4 s), L4 s,—w()
8s1 8sk,2 8sk,1 8sk
_ 8¢( 99 99y 99
N oh B al‘k,Z ’ 8tk ’ 8tk,1
= _ex.
That is, 6, and v, are different orientations of the tangent space. O

The following lemma is not used in this chapter but will be required in Chap. 8.

Lemma 5.2.3. Let M be an orientable regular k-surface of class CP and let (A, @)
be a coordinate system with A C R* connected and open. Consider L : R* — RF
defined by L(t) = (t1,...,tx—2,tk,tx—1). Then either the coordinate system (A,@) or
the coordinate system (L™'(A), @ o L) is compatible with the orientation.

Proof. Let {0y : x € M} be the orientation of the regular k-surface. Fix xo € @(A)
and choose #y € A with ¢(#y) = xo. Either

~ [de do B
0 [Sw..... 22w =6,
or
. [de e 7
(ll) |:a—t1(to), ceey a—tk(to):| = _Gx()'
In the second case we would have (by Lemma 5.2.2)

2B 1), 2O )| = 6,
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and so by switching coordinate system (if necessary) we can assume that we are
dealing with case (i). We need to show therefore that

de de B
{a—tl(t),...,a—tk(t)} = Oy (s

forallt € A. Givent € A, we know that there is a polygonal arc
[wo,u | U fuy,ux]U---Ulug_,us] CA

with uy =ty and ug = t. By induction, it suffices to prove

de de
|:a—t1(ll1),...,a—tk(u1):| = 6¢(u1)-

For this, let

B:= {u € [ug,uy] : [g—z(u),,g—z(u)] = 6¢(u)}.

From uy € B we have B # &. The set B is open relative to [ug,u]. Indeed,
given x = @(u), u € B, there is a coordinate system (G, V¥ ), compatible with the
orientation, with ¢ (u) € ¥ (G). By Proposition 5.2.1 we have

J(¥ og)(u)>0.

Select r > 0 such that the open ball in R¥ centered at # and with radius r satisfies
B(u,r) C A and @(B(u,r)) C ¥ (G). Then J(¢ "' 09)(t) # 0 for all t € B(u,r) and
J(¥ ' o@)(u) > 0; hence, due to the continuity, J(¢¥ ~' 0 @)(£) > 0 for every t €
B(u,r) and we obtain, by Proposition 5.2.1, that

B(u,r)Nug,u;] C B.

The same argument shows that the complement of B in [ug,u], namely

{u € [uo,u] : [g—z(u),,g—Z(u)} = _ev’(u)}’

is also open relative to [ug,u;]. Hence B is closed.

We have proved that B is a nonempty open and closed subset of the connected set
[uo,u;], from which we conclude that B = [ug,u], and thus the orientation defined
by the coordinate system (A, @) in @ (u;) is compatible with the orientation of M. [J

Lemma 5.2.4. Let f,g: A C R? — R"\ {0} be continuous on the open set A and
let h: A C R?” — R be such that f(x) = h(x)g(x) for every x in A. Then h is also
continuous on A.



138 5 Orientation of a Surface

Proof. For any xo € A there exists j € {1,...,n} such that g;(xo) # 0, and by
continuity, there then exists 7 > 0 with g ;(x) # 0 for all x € B(xo,r). It follows that

fi(x)

h(x) ==~ forallx € B(anr)a
8j(x)

which shows that % is continuous on the ball B(x, r), since it is the quotient of two
continuous functions. O

Theorem 5.2.2. Let M be a regular 2-surface of class C' in R3. Then M is
orientable if and only if there is a continuous function F : M — R3 such that F(x) is
orthogonal to TeM for eachx € M and ||F(x)|| = 1 (in particular, {F (x)} is a basis
of NxM for every x € M).

Proof. Suppose that M is orientable and let {(A4;,¢;) : j € J} be the atlas whose
existence is guaranteed by Theorem 5.2.1. For each j € J we put M; := ¢ (A;) and
define F;: M; — RR? as follows. We first consider

which is a continuous function on A ; because ¢ ; is of class C on Aj. Then we take

Fi(x):=Gj(p; ' (x)) forx € 9;(A)).

For x = @(s,t), it is obvious that F;(x) is a unit vector that is orthogonal to the
tangent space TyM. Also, since F; = G o q);l, we conclude that F; : M; — R3 is
a continuous function. If ji, jo € J, then F;, coincides with F;, on M; NM;, by
Proposition 5.1.3. Since the sets {M; : j € J} are open in M and they cover all of
M, it turns out that there is a unique continuous function

F:M— R

such that F(x) = F j(x) wheneverx € M;.

Suppose now that there is a continuous function F : M — R3 such that F(x) is
orthogonal to .M and ||F(x)|| = 1 for each x € M. For every x € M we select a
basis {v;,v,} of the tangent space T,M with

F(x)= _Vixva (5.1
[ v v |

and we consider the orientation 6 := [v;,v3] of T,M. By Proposition 5.1.3, the
chosen orientation 6, does not depend on the chosen basis of the tangent space
as long as condition (5.1) holds. Now we fix xo € M and let (A, @) be a coordinate
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system of M withxo € ¢(A). Take (so,%) € A withxo = @(so, ) and r > 0 such that
B :=B((s0,f),r) C A. Finally, we consider the coordinate system (B, ¢) and put

Since N(s,t) and F(¢(s,7)) are both unit vectors orthogonal to the tangent space to
M at ¢(s,1), it follows that for every (s,7) € B,

N(s,1) = A(s,1)F((s,1)),

where
A(s,t) = *1.

Lemma 5.2.4 guarantees that the scalar function A is continuous on B. Since the ball
B is connected, there are only two possibilities. Either

A(s,t) = 1forall (s,t) € B (5.2)

or
A(s,t) = —1forall (s,7) € B. (5.3)

In the first case, (5.2),
N(s,t) = F(p(s,1))

for every (s,7) € B, which means that

0= | 32 5, 2 5|

for all x = @ (s,7). However, when case (5.3) prevails, the basis

{ S0 0]

does not define the orientation 6, and we define
C:={(t,s) : (s,t) € B}

and

Y (t,s) == o(s.1).
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Fig. 5.5 Unit normal vectors
to a surface

Then by Lemma 5.2.2, (C,¥) is a coordinate system of M, xo = ¥ (#9,5¢), and for
each

X = ![I(I,S) = (0(S,t)

do do ¥ Y
{8 (s,1), = P (s,t)} and {8 (t,8), =— o5 (t,9)
define different orientations in 7M. That is,

0= | 0.9 55 9]

the bases

According to Definition 5.2.1, M is orientable. O

Remark 5.2.2. Let M be a regular surface in R? that is orientable and connected.
Then an orientation of M is determined by choice of a normal unit vector at any
single pointxg € M (Fig. 5.5).

Theorem 5.2.2 motivates the following definition.

Definition 5.2.3. Let M be a regular surface in R and let F : M — R be a
continuous function such that for every x € M, F(x) is orthogonal to T,M and
||IF(x)|| = L. By the orientation induced by F in M we mean the orientation with
the property that for all x € M, the orientation of the tangent space T, M is

0, = [vl (x),vz(x)] s
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where {v{(x),v,(x)} is a basis of T, M such that

{F(X),Vl (X),VQ(X)}
is a positively oriented basis of R>.

This last condition is equivalent to the fact that F(x) is a positive multiple of the
cross product v; (x) X vz (x).

Example 5.2.1. The sphere M := {(x,y,z) € R?® : x> +y? + 7> = R?} is orientable.

Proof. It suffices to consider the continuous vector field F : M — R defined by
F(x,y,z) := }—Q(x, y,2). It is obvious that F(x,y,z) is normal to the sphere at the
point (x,y,z). We could also apply Proposition 3.4.1, after considering the function
®(x,y,7) = x> +y*> + 72 — R? and observing that

vV @(x,y,2)
F - —
) = @) |

Moreover, if we consider the orientation of the sphere induced by the vector field
F (see Definition 5.2.3), then the coordinate system (A, ¢) of M (see Example 3.3.2)
defined as

A:={(s,t) :0<s<m,0<t<2m}

and

o(s,t) := (Rsinscos?, Rsinssint, Rcoss)

is compatible with the orientation of M. For this, it suffices to show that

do do
(E X E) (S,l)

is a positive multiple of F(¢(s,7)), and this follows from

e e e
de J¢ : 2 >
—— X —— | (s,¢) = | Rcosscost Rcosssint —Rsins
ds ot . .
—Rsinssint Rsinscost 0

= (R?sin’ scost, R?sin’ ssinz, R%sinscoss)
= R?sins F((p(s,t)) :
O

We will not prove the following result. A proof can be found in Samelson [16].

Theorem 5.2.3. Every compact regular 2-surface in R is orientable.
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(—a,l) (0,1) (a,1)

(—a,l—e€)

A ()

(—a,0) (0,0) (a,0)

Fig. 5.6 Forming a Mobius strip

Fig. 5.7 The Mobius strip is
not orientable

Example 5.2.2 is contained in Do Carmo [5, p. 106]. There, one can find a
detailed description of an atlas of the surface and a rigorous proof that it is not
orientable.

Example 5.2.2 (A nonorientable regular surface: the Mobius strip). We consider a
circle centered at the origin in the xy-plane and a line segment (without endpoints)
in the yz-plane whose center is located at a point of the circle (Fig.5.6). We move
the center of the segment along the circle, and as we do so, we rotate the segment
about the tangent line to the circle in such a manner that when the center of the
segment has rotated on the circle by an angle 0, then the segment has rotated by an
angle %. The surface thus obtained is called the Mdébius strip. It can also be obtained
from a rectangle [—a,a] x (0, 1) in the xy-plane by joining the two vertical sides so
that the point (a, €) coincides with (—a, 1 — €). (That is, we join the two ends of the
rectangle but incorporate a “half twist” in doing so.)

If the surface is orientable, then there is a continuous field F of unit normal
vectors to the surface (see Theorem 5.2.2). An analysis of these normal vectors
along the circle used to generate the Mobius strip allows us to conclude that after a
complete revolution of the strip, the normal vector F returns to its original position
as —F, which is a contradiction (Fig. 5.7).
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To finish, we mention that a coordinate system of the Mobius strip is (A, ¢),
where A = (0,27) x (—1,1) and

o(s,1) = <<2—tsin <%)> sin(s), (2—tsin <%)> cos(s),  cos (%) >

This coordinate system is sufficient to draw the surface (with the help, perhaps, of
some graphical software), since ¢ (A) covers all the surface except an open segment.
In [5] it is proved that the Md&bius strip admits an atlas with only two coordinate
systems (A,¢) and (B, ) with the property that ¢(A) Ny (B) has two connected
components.
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5.3 Exercises

Exercise 5.3.1. If V is a two-dimensional vector space and %, = {v{,v,} is a basis
of V, does the basis B, = {v| +v,,v; — v, } have the same orientation as %, ?

Exercise 5.3.2. The sets
{e1—er,e1 —e3} and {e; —e3,2¢; —er —e3}

span the same vector subspace V of R3. Determine whether the two bases define the
same orientation in V.

Exercise 5.3.3. Determine whether the following coordinate systems of the cylin-
drical surface

S:={(x,yz) eR ;x> +y*=1,0<z<1}
define the same orientation in the tangent space to S at each common point
(x0,50,20) = @(s0,20) = ¥ (0, vo) :

1. ¢:(0,2m) x (0,1) =S, @(s,t) = (coss,sins,z),
2.9 :(0,1)x(0,1) =S, ¥(uv)= (u,\/l—uz,v).

Exercise 5.3.4. Find a parameterization of the paraboloid
=1-x"—y* (0<z<1)

compatible with the orientation induced by a field of normal vectors pointing
inward.

Exercise 5.3.5. Prove that any level surface M in R is orientable.



Chapter 6
Differential Forms

6.1 Differential Forms of Degree k

The expression

N R B
dx dy 9dz
J|% 3 &6
dx dy dz
Jdt  dt Jt

obtained in Chap. 4 for calculating the flux of a vector field across a surface defined
by a unique coordinate system suggests that it may be convenient to identify
the vector F(x) = (fi(x),/2(x),f3(x)) with the alternating bilinear form on R3
defined by

fi(x) fa(x) f3(x)
(w,v) = | uy Uz |,
Vi v2 w3

where x = (x,y,z). It is natural then to identify a vector field on an open set U C R3
with the mapping that to each point x of U associates the bilinear form defined
above.

More generally, we will study mappings @ defined on an open set U C R” that
associate an alternating k-linear form on (R")¥ to each x € U.

Definition 6.1.1. We denote by A¥(R") the vector space of all alternating k-linear
forms, that is, the mappings ¢ : (R")f — R that satisfy the following conditions:

@ Qi,...,vi+wj, . vi) =01, Vs Vi) F O W),
®) eWi,...,avj,...,vi) = Q(Vi,...,V},...,Vk),
©) @i,y Viseo Vs Vi) = —Q(V1, . V) Vi V),

forevery vi,...,v,w; € R", aj € R, and j € {1,...,k}.

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 147
DOI 10.1007/978-1-4614-2200-6_6, © Springer Science+Business Media, LLC 2012
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Definition 6.1.2. Let ¢; := dxij :R" = R, 1 < j <k, be given and define the
k-linear mapping

PIAGA Ay (R R

by

((Pl /\(Pz/\"'/\(Pk)(Vla"'Za--- ,Vk) = det ((pl(vj))
for every (vi,...,v;) € (R")K. This operation is called the exterior product of
{(plv "'7‘/’/(}

From the properties of determinants we get
PLAPIA - Ay € AKRM).
For each k-tuple I = (iy,..., i), 1 <i; <n, we put

dxy ;= dx,‘l /\---/\dx,'k S Ak(R”), ey = (eil,...,eik) S (R”)k.

It is natural to ask why we did not allow arbitrary linear forms ¢y, ..., @ on R"
in Definition 6.1.2. The answer is in Corollary 6.2.1.
For the following proposition, recall that if 7 is a permutation of I = (iy,..., i)

and we express 7 as the product of ¢ transpositions, i.e., of permutations
(L,2,siyeeeyyeesn) = (1,2, sy ym),

then the signature of r is the number o.
Proposition 6.1.1. (1) If f,g € AK(R") and f(er) = g(ex) for any strictly increas-
ing k-tuple 1, then f = g.
(2) If any index in 1 is repeated, then dx; = 0. In particular, dxy = O whenever
I=(i1,...,ix) and k > n.
(3) Let 1t be a permutation of 1 = (iy,...,i;). Then
doiy A= Ad = (=1)%dog () Ao Adxg

i)

where O is the signature of the permutation.
(4) Let 1= (i,...,ix), J= (J1,---,Jjx) be given and suppose 1 < i} <ip < --- <
iir<nand1< j; < jo<--<jiy <n Then

dri(ey) = Loifiy =1, ik = jis
0 otherwise.

That is, using Kronecker & notation,

dxi(ey) = by
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Proof. (1) After applying property (c) of Definition 6.1.1 as many times as
necessary, we deduce that f(e;,,...,e; ) = g(e;,,...,e; ) forallij,...,i. It then
follows from properties (a) and (b) that f = g.

(2) From Definition 6.1.2, dxy is the determinant of a matrix with two identical rows
and hence it vanishes.

(3) This is a consequence of the fact that the sign of the determinant of a matrix
changes if two rows are interchanged.

(4) If ji < iy, then dx;(e;,) = 0 for all / and dxg(ey) is the determinant of a
matrix with a zero column. Hence dxj(ey) = 0. If i; < ji, then dx; (ej,) =0
for all / and dxg(ey) is the determinant of a matrix with a zero row. Hence
dxi(ey) = 0. Finally, in the case i; = j; we have that the first row in the
matrix (dx;, (ej,)) is (1,0,...,0). It follows from the properties of determinants
that dxy(ey) = dxy(ey ), where I = (i, ...,ir) and J' = (j2,...,ji). Now an
induction argument provides the conclusion.

Let _# denote the set of strictly increasing k-tuples.

Proposition 6.1.2. For anyn € N and 1 <k < n, the set

{de 1e /}
is a basis of A¥(R").
Proof. Let us assume
2 aIde =0.
Ie 7

Then for each strictly increasing k-tuple J we have
0= ( D dldxl) (ey) = ay,
Ie 7

which shows that the family {dx;} is linearly independent. On the other hand, given
f € AK(R™), we consider

g:= Y fler)dx.
Ie 7
Then g € A¥(R") and g(ey) = f(ey) for each strictly increasing k-tuple J, which
proves that f = g. O

It follows from this that A¥(R") is a vector space whose dimension is (Z) if
1<k<nandOif k > n.

Definition 6.1.3. If 1 < j <n, we denote by dx; A--- /\d/);,- A- -+ Adx, the differential
(n — 1)-form obtained as the exterior product of the n — 1 differential 1-forms
{dxi,dxs,...,dx;j_1,dxj;1,...,dx,}, in the order in which they appear. Analogously,
d/;l Adxy A+ A--- Adx, is the exterior product of {dx,...,dx,}, and dx; A--- A
dx,_1 A d/;,, is the exterior product of {dx;,dxy,...,dx,_1}.
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Proposition 6.1.3. (1) There is a linear isomorphism from R" to A'(R"), given by

n
R" - AYR") , a=(a,...,an) > Y, a;-dx;.
j=1

(2) There is a linear isomorphism B : R" — A"~1(R") defined by

a=(ay,...,an)— ¥ (=1)a;-dx; A--- Adxj A~ Adx,.

™=

1

J

The first of the isomorphisms given above was important in the study of line
integrals, while the second will prove essential when we study the divergence

theorem.

Example 6.1.1. Leta = (ay,as,a3) be a vector in R and
w =a; dyAdz + ap dzAdx + a3 dxAdy € A%(RY).
Then for each pair of vectors

u:(M17M27u3)7 v:(V17V27V3)€R3,

we have
up u3 uy u3 uy Uy
oWu,v)=a - +as .
V) V3 Vi V3 Vi V2
That is,
ap az as
oWy) = |uyyuwuy| = (@, uxv).

Vi V2 V3

Observe that if B : R” — A"~ !(R") is the isomorphism given in Proposition 6.1.3,
then forv/ = (v{,...,v) €R", j=1,...,n— 1, we have

aq a) ... dp
1.2 1 V% V% Vl
n—1\ _ cee Wy
B(a)(v' v, ") = ,
n—1 _n—1 n—1
viotvs vy

which is a natural generalization of Example 6.1.1.
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Definition 6.1.4. A differential form of degree k (briefly a differential k-form) on
R" is a mapping
w:U CR" = AKR").

By Proposition 6.1.2 we can write

o= S fia@)d A Ady.

1<ii<-<ix<n

In shortened form,

®(x)= Y filx)dx,
Ie 7

where each f;: U C R” — R is a unique mapping. A mapping @ is said to be
continuous if each f;, . ; (x) is continuous. If U is an open subset of R” and each
function f;, . ; is differentiable (respectively of class C”) on U, then w is said to be
differentiable (respectively of class CP) on U.

It follows from Proposition 6.1.3 that there exists a bijection between vector fields
in U and 1-forms, as well as a bijection between vector fields in U and (n—1)-
forms. In particular, for n = 3 it turns out that a vector field on an open subset of
R? defines in a natural way a differential 1-form and also a differential 2-form on
R3. It was this that allowed us in Chap.2 to express the line integral of a vector
field in terms of integration of 1-forms. It will also allow us in Chap.7 to write
the flux of a vector field across a surface as the integral of a differential form of
degree 2. Notwithstanding this fact, for 1 < k <n— 1, it is not possible to obtain an
isomorphism between R” and A*(R"), since the differential forms of degree k do not
define a vector field in a natural way. In spite of this, the integration of differential
forms will be an essential tool in the integration of vector fields.
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6.2 Exterior Product

The notation used to represent the elements of the basis of A¥(R") provides us
with an exterior product, which is a natural way of combining differential forms of
degrees k and s to create a differential form of degree k + s. This exterior product can
be defined in a basis-free manner, as for example in the excellent book by Spivak
[17]. However, we choose the basis-oriented approach to the exterior product, since
it allows us to expressly deduce the properties of the exterior product that we need.

Definition 6.2.1. Let @(x) = Yjc » fi(x)dx be a k-form and @(x) = Yjc »
gj(x)dxy an s-form on the set U C R". The exterior product of @ and ¢ is the
(k+ s)-form given by

[ONN = z 18y dxi]/\"'/\dxik/\dle/\"'/\dxjm
Lle 7

where the summation is over all strictly increasing tuples
I:(ila"'vik)v 1§ll<<lk§n7

and
J:(j17"'7js)7 1§]1<<]S§n

Proposition 6.2.1. Let @ be a k-form, ¢ an s-form, and @ an r-form on U C R".
Then:

(1) (@N@)NO =& N(9N0),
2) oN(@+0)=wAp+wANb ifr=s,
(3) (@hg)=(-1)"(p ).

Proof. Leaving the other parts to the reader, we will prove (3) by way of an informal
induction argument. In shortened form, we can write

wANg= 3 3 figydxaAdyg
e 7)e g

and also

pA® = > figgdegAd
Ie 7 Je 7

Let I = (i1,...,ix), J = (ji,...,Js) be given. Observe that since dx; A dx; =
—dxjAdxi,

dxy A dxy :d)ci1 /\---/\d)C,’k/\Cl)Cj1 /\~~~/\dxjs
= (—1) dx;; A--- Adxj Adxj, Adx, Adxj, A--- Adx;
= (=1)%dxj; A Adxy, Adxj, A Adxj Adx, .

s
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Repeating this process k times, we get
dap Adxy = (—1)%dx;, A+ Adxj Adxg, A+ Adxg,
= (—1)Mdxy Adxy.

We denote by (R")* = .Z(R",R) the dual space of R". In the next result we
identify a linear form ¢ € A'(R”") with the constant degree-1 differential form o :
R" — A'(R"), @ (x) = ¢, for all x € R".

Corollary 6.2.1. Let ¢y,...,¢n € A'(R") be given. Then for each (vi,...,v;) €
(R™¥, and each x € R"

(@1 A A@)(x)(v1,...,v) = det(@i(v))).
(Observe that @1 N\ --- N\ @ is a k-form constant in x.)

Proof. We fix vy,...,v;, € R" and consider the mappings
ST:RY x---x (R =R

defined by
S((pl, e (pk) = det((pi(vj))
and
T(@1, @) == (@1 A A@) (W1, Vk).

Both § and T are alternating k-linear mappings. Moreover, it follows from
Definition 6.1.2 that

S(dxi,,...,dx; ) = T(dx;,,...,dx;,)

for each 1 <ij < --- < iy < n. From the fact that {dx;} is a basis of (R")*, we
deduce S=T. O
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6.3 Exterior Differentiation

Already we have seen in Chap. 2 how one can obtain a differential form of degree 1
(the differential of g) from a differentiable function g. We are going to generalize this
mechanism for differential forms of degree k. In addition, we will see that exterior
differentiation can be viewed as a generalization of the operations of divergence and
curl that were studied in Chap. 1.

Definition 6.3.1. Letw : U C R" — A¥(IR") be the differentiable differential form
of degree k on the open set U given by

0@ = Y foa(®)Ady A Ady,

1§i1<---<ik§n
The exterior differential of @, dw : U C R"* — AKt] (R™), is defined as

dw(x) = Z df,-l’_,_’,'k(x)/\dx,'l /\---/\dxl-k.

1<ij<--<ix<n

It should be clear that de is a differential form of degree k + 1.
Example 6.3.1. The exterior differential of a differential form of degree 1 on R?.
Let
=(P.Q)

be a vector field of class C' on an open set U in R? and let us consider the associated
differential form of degree 1,

o (x,y) = P(x,y) dx+ Q(x,y) dy
Then

dw =dPANdx+dQANdy = ((31) dx—i—? d ) Adx

aQ Q

_JP a0
(9 dy /\dx—i—a— dxAdy

(8Q JapP

o ay) dx A dy.
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‘We have used that
dxAdx=dyAdy=0

and
dy Adx = —dxAdy.

We observe that the differential form de is determined by the same function

90 P
dx dy
that appears in Green’s Theorem (see Sect. 2.6).

We recall that if F = (fy, >, f3) : U C R® — R3 is a vector field of class C' on
an open set U, then the divergence of F is the scalar function

. dfi [ dfr  9fs
DivF = — + ==+ ==

M= oy Ty Tz
(Definition 1.2.10) and the curl of F is the vector field defined by the formal
expression
ey ey e3
999
ox dy dz |
h 2 f

Curl F:=yY xF =

That is,

_ (95 _9f of 9fs dfr N
C“ﬂF_<ay_az’az_ax’ax_ay

(Definition 1.2.11). We also recall that, according to Proposition 6.1.2, the differen-
tial forms of degree 2

{dyAdz, dzAdx, dxAdy}
are a basis of A2(R?).
Example 6.3.2. The exterior differential of a differential form of degree 1 on R3.
Let
F=(fi,2./3)
be a vector field of class C' in an open set U of R3. We intend to calculate the

exterior differential of the associated differential form of degree 1,

® = fi dx+ fr dy+ f3 dz.
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‘We obtain
do =dfi ANdx + dfp Ady + dfs Adz

afl af1 af1

+ (afzdx—i- 912 4y +ﬁdz>Ady

ox dy
(95 g 4 9B gy +£dz Adz
ox dy

from whence it follows

dfs dfs afi  9dfs afr Ifi
dw = (a—y—a—z> dyAdz + (a——x dzAdx + Fr ay dx A dy.

Finally, de is the differential form of degree 2 associated to the vector field
Curl F=v xF.

Example 6.3.3 (The exterior differential of a differential form of degree 2 on R3).
Let
F=(f1,/2/3)

be a vector field of class C' in an open set U of R3. We intend to calculate the
exterior differential of the associated differential form of degree 2,

® = fidyAdz + fo dzAdx + f3 dxAdy.

We get

do = fl dxAdyAdz + aa—fdy/\dz/\dx + a—ﬁdz/\dx/\dy

Using
dy AdzAdx= —dy AdxAdz= (—1)*dxAdyAdz,

we conclude that
dw = (Div f) dxAdyAdz.

Proposition 6.3.1. Let @ and N be two k-forms, ¢ an s-form, and f a function,
each of class C' on an open set U of R". Then

(1) dlw +1n) =dw +dn,
(2) d(fo)=df \w + fdw,
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(3) d@Ag)=dw Ag+(—1)kw Ade,
(4) d(dw) =0 ifw is of class C* on U.

Proof. (1) This is a simple verification.
(2) It suffices to consider the case

w(x):g(x)dxil/\---/\dxik, 1< << i <n,

where g : U — R is a function of class C' on U. Keeping in mind that g(x),
f(x) €R, and df(x),dg(x) € A'(R"), we obtain

d(f@)(x) = d(g)(x) Adiy A+ A d
= (8(x) 4/ () + £(x) dg() ) Adhriy A+ A
=df(x)A (g(x)dxil A-ee /\dxik) + f(x) (dg(x) Adxi A Adxik)

= (df A@)(x)+ f(x)(d)(x),
foreveryx € U.

(3) We will use some shorthand notation already introduced. It suffices to consider
the case

®(x) = f(x) dxx , @(x) = g(x) dx,

where
I = (i;,....ig) and J = (jp,---,Js)

fori; <---<ig, j1 <--- < jsand f,g: U — R of class C' on U. Then

(@ AN @)(x) = f(x)g(x) dux A dxy,

and by the formula of the differential of a product,
d(w N @)(x) =d(fg)(x) Adxr Adxy
= (8(x)df (x) + £(x)dg(x) ) A dr A dy

=df(x) Adxr A (g(x) dxy) + f(x)dg(x) Adxy Adxy.

We have
df(x) Adxp = dw(x),
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foreachx € U. Also

= (—1)kdxy Adg(x).

Observe that we have used the fact that the permutation (I,iy,..., i) —
(i1,...,ix,!) has signature k. Now we can conclude that

dwAg)=dw Ap+ (—1)'w Adg.

(4) Supposew (x) = f(x)dx, I=(iy,... i) wherei} <---<irand f:U CR" =R
is of class C> on U. Then

®(x)=df(x)Adx = Z ) dx;j Adxg

and therefore

for every x € U. Now, using
dxj~/\dxj =0 and dxk/\dsz —de/\dxk,

we are left with

_ ’f *f .
d(dw)(x) = ISE@ ( P (x)) dij Ad Aday

for all x € U, and it follows from Schwarz’s theorem that d(dw ) (x) = 0 for all
xeU. ad

Corollary 6.3.1. Let F := (f1, f>, f3) be a vector field of class C* in an open set U
of R3. Then
Div(V xF)=0inU.
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Proof. If
w = fidx+ fody+ f3dz

is the differential form of degree 1 associated to the vector field F, then Y x F is the
vector field associated to the differential form (of degree 2) dw . Now the conclusion
follows from

0 =d(dw) =Div (V x F) dx Ady Adz. O
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6.4 Change of Variables: Pullback

Definition 6.4.1. Let 7T : U C R™ — G C R" be a mapping of class C! on the set U
and let @ : G C R" — A¥(R") be a differential k-form on the set G. The pullback of
® under T is the differential k-form T*w : U C R™ — A¥(R™) defined by

To@)(vi,...,v) == w(T(u))(dT(u)(vl), . ,dT(u)(vk)),

for every u € U and every (vy,...,v;) € (R™)K,

Observe that the set G in this definition does not need to be open. If f : G — R"
is a function, we put T*f :=f o T. Also we will refer to f as a differential form of
degree 0, or a O-form.

Example 6.4.1 and subsequent results show that the operation of pullback is, in
fact, a change of variables.

Example 6.4.1. Let T : U C R™ — G C R" be a mapping of class C', T =
(Ti,...,T,). Foreach 1 <i <n we have T*dx; = dT;.

Foru € U C R we write x = T'(u), so x; = T;(u). By definition,

(T"d) (@) () = (T (@) (AT (@)(v) ) = dxi (4T (w)(v))
for each v € R”. But

dT(u)(v) = (dTl (w)(v),... ,dTn(u)(v)),
and hence

dx; (dT(u)(v)) = dTi(u)(v).
This proves that T (dx;) = dT;.

Corollary 6.4.1. Let T:U C R™ — G C R" be a mapping of class C' on the open
set U and let @ : G C R" — AK(R") be a differential form of degree k on the open
set G. If

ox)= Y foo @) Adu A Adg,

1<ip<-<ig<n

for every x € G, then

T'(@)u)= ¥ fi.ioT@) AT A AdT,
1<ii<--<ix<n
foreveryueU.

Proof. Consider the differential 1-form ¢; = dx;;, j = 1,... k. Clearly @;(x) = dx
for every x € G. Now,

Lj
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T*((pl/\---/\(pk)(u)(vl,...,vk)

by corollary 6.2.1, coincides with
(91 A+ A @) (T(w)) (AT (w)(v1)..... 4T () ()
= det((T@)) (0T @), 4
= (T*(@) A AT*(@r)) (@) (v1,- .., vk)
= (AT, A---AdT) (@) (V1. i)

for every u € U and (vy,...,v;) € (R™)K. O

If T and w are of class CP, 1 < p < o, then T*(w) is a differential k-form of
class CP1.

Example 6.4.2 (Polar coordinates). Let T : R(Zp o) = R(Zx ;) be the mapping de-
fined by

T(p,0):=(pcosH,psindh).

Denote by (p, 6) the coordinates of an arbitrary point in the domain of T and by
(x,y) the coordinates of an arbitrary point in the range of 7, so that

{dp,d6}
. . 1 2
is a basis of A (R(p,e)) and
{dx,dy}
is a basis ofAl(R(zx y)). According to Example 6.4.1, since T} (p,0) = pcos6 and

Ir(p,0) = psin®,
T*(dx)(p,0) =dTi(p,0) = cosOdp — psin 6dO

and
T*(dy)(p,0) =dTr(p,0) =sinOdp + p cos 6d06.

We observe that if we put x = pcosf, y = psin6 and we perform a formal
calculation

ox ox
dx = %dp + %dﬂ,

P) P)
dy = %dp n %de,
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we obtain
dx =cosOdp — psin6d0,
dy =sin0dp + pcosd6.

Thus, in changing coordinates, we are effectively calculating the pullback T*(dx)
and T*(dy).

Prompted by this, and other similar examples, at times we will informally refer
to the pullback as a change of variables, despite the fact that the pullback is also
defined in the case that T is not a transformation of coordinates.

The basic properties of the pullback are the following (compare with Edwards

[9D.

Proposition 6.4.1. Let T:U C R™ — G C R" be a mapping of class C' on the open
set U and let @ and o j be differential forms of degree k on the open set G in R".
Further, let @ be a differential form of degree s and f a function of class C' on G.
Then:

(1) If S:GCR" =V CRPisofclass C' and @ :V C RP — AX(RP) is a differential
form of degree k on 'V, then

(SoT)"(0) =T"(S°(6)),

(2) T
(3) T
(4) T
(5) T

fo)=T"(f)T"(w),

aw) =aT*(w),a € R,
wi+w) =T (@) +T(w2),
o ANQ) =T () \T*(p).

Proof. (1) is a consequence of Definition 6.4.1 and the chain rule, while (2), (3),
and (4) are immediate from the definition.
For (5), write

P

w= Y fida, o= gydx.
Ie 7 Je 7

Here I = (iy,...,i) and J = (jy,..., js), where
I<ii<---<pp<nand 1 <jj < js<m.

Then
wA@= fi-gydxyAdxy,
L)

and it follows from properties (2) and (4) that

T (wA@)= (fioT)(ggoT) T*(dxy Adxy).
L)

As we already proved in Corollary 6.4.1,
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T*(dxg Adxy) = (dT;, A--- AdT;,) A (dTj, A--- AdT,).

Applying Corollary 6.4.1 again, we get

N (fieT)dT; A+ AdT;, =T (w)

Ie 7

and
Y, (ggoT) dTj A---AdTj, =T ().
Je s

Thus

T (@) AT*(¢) = Y (fioT)(gyoT) T*(dxy Adxy)
L
=T"(w No).
O

Proposition 6.4.2. LetT:U C R™ — G C R" be a mapping of class C* on the open
set U and let w be a differential form of degree k and class C' on the open set G of
R". Then T*(dw) = d(T"w).

Proof. We first prove the result for differential forms of degree O (functions). To
this end, let
f:GCR"—=R

be a function of class C' and write x; = T;(u). After applying Proposition 6.4.1(2),
Example 6.4.1, and then the chain rule, we obtain

o 1 2]
ron-r (3 ) -3 (L)en
i=1 9Xi i=1 i
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We now proceed by induction on k. Assume that the statement of the proposition
holds for differential forms of degree k — 1 (k > 1) and consider

w(x) = f(x) dojy A Adxg | Adxg,

We take
n(x):= f(x) dxj, A---Adx;,_,

which is a differential form of degree k — 1 and satisfies
® =15 Adx;,.

Then, by Proposition 6.3.1(4) we have d(dx;) = 0 and we deduce from
Proposition 6.3.1 (3) that

dw = dp Adx;, + (= 1) g Ad(dx;,) = dy Adx;,.
Applying Proposition 6.4.1 (5) yields
T*(dw) = T*(dy Adx;) = T (dy) AT*(dx;,)
=d(T*n) NdT;,

by the induction hypothesis. Also from Proposition 6.4.1 (5) and Example 6.4.1, we
obtain

d(T*) = d(T* (g Adx;)) =d(T*n AT*(dx;,))

=d(T*p AdAT;,).

Now Proposition 6.3.1 (parts (3) and (4)) allows us to conclude, since T is of
class C% in U, that

d(T*®) = d(T*n AdT;,)
=d(T"n) AT, + (=1)* ' Ty Ad(dT;,)
=d(T"n) NdT;,.
Consequently T"(dw) = d(T"w). O
Example 6.4.3. In this example we will show that the definition provided in Chap. 2

of the integral of a differential 1-form ® along a path y (or equivalently the integral
of its associated vector field F along p) can be written in terms of the pullback.
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Let y : [a,b] — R” be a path of class C' whose arc is contained in an open set U
andlet F = (fi,..., f,) be a continuous vector field on U with associated differential
form of degree 1:

n
© =2 fidy;.
=1

We consider the restriction of y to the open interval (a,b). Then y*(w) is a
differential form of degree 1 on the interval (a,b), and hence for t € (a,b),

where 4 : (a,b) — R is a continuous function. We claim that

/yw:/};F :/abh(z‘)dt.

In fact,

= ((Foy)(1),y'(t))-dt.

Thus h(t) = (Foy)(t),y'(t)) for every t € (a,b). But by definition,

b
7= [ reno.ro)
Y Ja

The reader should be aware that the integrability of the function / above, and its
integral, does not depend on the values taken by & at x = a and x = b or even on
whether the function is defined at these points.

Example 6.4.4. Let S be a plane in R? that contains the point P and let M denote

the underlying vector subspace, that is, M = S — P. We consider a linear isometry L :

R? — M and assume that the surface S is oriented according to the parameterization
T:R>— S, (s,) — P+L(s,1).

This means that the orientation of § is determined by the unit normal vector

N:=L(e)) x L(ey).
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For a given continuous vector field F = (fi,f»,f3) in R3 with associated
differential form

® = fidyAdz+ fo dzAdx+ f3dx Ady
of degree 2, we are going to evaluate 7™ ().

Since T*(w) is a differential form of degree 2 on R?, then, denoting by (s,) the
coordinates of an arbitrary point,

T*(w)=H-dsAdr.

The function H : R?> — R can be evaluated from the fact that dT'(s,¢) = L, for
every (s,¢) € R? and

H(s,t) =T"(@)(s,t) (e1,€2)
=w(T(s,1)) (dT(s,1)(e1),dT(s,1)(e2))
= w(T(s,t)) (L(el)vl‘(ez))

= (F(T(s,t)), L(e1) x L(e2)).

This means that
T"(w)=((F,N)oT)-dsAdt.
We have proved that the pullback of w is given by the component of the vector

field F in the direction of a normal vector to the plane.

Recall the following notation that is commonly used in the study of functions of
several variables. If

T:UcCRSR”

is a C! mapping in U, with k < n, we let

T aT;
ATy, Ty) VI @)\ | ) ()
el gy g |0 =] T T
v T; (u) Iy (u) T (u)

Theorem 6.4.1. Let T:U C R¥ — G C R" be a mapping of class C' (x = T(u)) in
an open set U and let ® : G C R" — AX(R™) be the degree-k differential form

w(x):f(x)dxil/\---/\dxik, 1< <~ <ip <n.
Then:

(1) (T () = f(T(a)) - DTz Ti)

~dug A - Adug.
A, ) W4 e
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(2)Ifk=nand o (x) = f(x)-dx; A--- Adxy, we have
(T"0) () = F(T())-JT(@)-duy A+ Adug

foreveryueU.

Proof. It suffices to prove (1). Recall that A¥(R¥) is a 1-dimensional vector space
and a basis is given by

{duj A Aduyg}.
By Corollary 6.4.1,

(T"w)(u) = f(T(u)) (dT;, A--- AdT;, ) (u)
for every u € U, and hence by Corollary 6.2.1,
dT;, (u)(v1) ... dT;, () (v)
dTik('lb(Vl) . dTy () )

<VTI'1 (”)7v1> <VT11 (”)7vk>

= f(T(u))
(VT (), v1) ... (VT (u),ve)
VT (u)
= f(T(u)) det : det(vy,...,v)
VT (u)
oT,,...,Ty)

= 1T) 5 (u)~du1/\---/\duk(v1,...,vk)

..,uk)
forevery u € U and (vy,...,v;) € (RE)K. O

Corollary 6.4.2. Let T:U C R¥ — G C R" (k < n) be a mapping of class C' on
the open set U and

w(x) = Z ﬁ|7...7ik(x) dxil /\/\dx,k

1<ii<--<ix<n

a differential form of degree k on G. Then

(T*w)(u) = < 2 lezk(T(u))m(u)> dul/\---/\duk.

1<iyj<-<ig<n
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6.5 Appendix: On Green’s Theorem

The perplexed student might question the purpose of the rather nonintuitive
algebraic machinery developed up to this point and even venture to ask whether
it can be avoided. To a limited extent, it can—it is true that in the case of two
variables, in proving the following result relating to Green’s theorem, the theory of
differential forms can be avoided. However, the calculations that are then necessary
are extraordinarily difficult. We expect to convince the student of the utility of
the algebraic language introduced and also of the close relationship between the
operation of pullback and that of changing variables. Let us begin by recalling the
change of variables theorem in the setting of Lebesgue integration.

Theorem 6.5.1. LetT:U C R" — T(U) C R" be a bijective mapping between two
open sets U and T(U) such that T and T~" are both of class C'. Let f : T(U) — R.
The mapping f is Lebesgue integrable on T(U) if and only if (f o T)|JT| is Lebesgue
integrable on U, and in that case,

/. e | (e

where JT(x) is the determinant of the matrix of dT(x), x € U.
A very useful variant for measurable sets is the following theorem.

Theorem 6.5.2. Let T: U C R" — T(U) C R" be a bijective mapping between
two open sets U and T(U) such that T and T~ are both of class C'. Let K be a
measurable subset of U and let f : T(K) — R be integrable on the measurable set
T(K). Then (f o T)|JT)| is integrable on K, and

/T(K)f=/K(foT)|JT|-

Let us observe that part of the above theorem asserts that if K is measurable, then
T(K) is measurable too.

Example 6.5.1 (Invariance of Green’s theorem under transformation of coordi-
nates). Let U and V be open sets in R? and T : U — V a transformation of class
C? on U with strictly positive Jacobian. Let (x,y) = T(s,). Suppose that K is a
compact subset of U whose (topological) boundary coincides with the arc defined
by a closed piecewise C' path y and assume also that Green’s formula

o= I ()
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holds whenever § = fids + f>dt is a differential form of degree 1 and class C' in the
open set U. Then Green’s formula also holds in the region T(K) whose boundary is
T oy (see Example 6.3.1). Or equivalently,

[ (222

for every differential form @ = Pdx + Qdy of degree 1 and class C! in V.

In fact, we consider 5 := T*w = fids+ f>dr, which is a differential form of class
C'inU. According to Example 6.4.3, *(3) = h(t) - dt for some continuous function
h: (a,b) — R. Then from Proposition 6.4.1, we deduce that

(Toy)w=p"(T"0)=y"(n) =h(t)-d,

and another application of Example 6.4.3 gives

/Toywz/abh(t) dtz/yn. ©.1)

/yr;://KH(s,t) d(s,1),

and our objective is to prove that

./;w @ = .//T.(K) G(x,y) d(x,y).

According to Theorem 6.4.1,
dp =T"(dw) = (GoT)JTds Adt,

which means that
H(s,t) = G(T(s,1))JT(s,1).
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Finally, since the Jacobian of T is positive, we deduce from the change of
variables theorem that

/Toy“’ - /y n= / /KG(T (5,0))JT(s,1)d(s,1)
= //KG(T(s,t))|JT(s,t)|d(s,t)

= [}, G,

The example that follows is based on Example 6.4.4.

Example 6.5.2. Let S be a plane in R? that contains the point P, and let M denote
the corresponding vector subspace. Let L : R> — M be a linear isometry and assume
that the surface S is oriented according to the parameterization

T:R*> =S, (s,t) = P+L(s,1).
This means that the orientation is determined by the unit normal vector
N:=L(e)) x L(es).

If C. denotes the circle in R? centered at the origin and with radius € > 0,
oriented counterclockwise, then ye := C¢ o T is a circle in the plane S, centered
at P and with radius €. Let F be a vector field of class C' in a neighborhood of P.
We want to estimate

. 1
lim —
e—0t WE” Jy,

3

which is the work per unit area done by the vector field F in the plane S at the point
P. To this end, let

®=fidx+frdy+f3dz

be the differential form of degree 1 associated to F. Put v := T*(w), which is a
differential form of degree 1, v = P-ds+ Q-dt, on R2, so that by (6.1),

/Fz/ V.
Ve Ce

Moreover, since dv = T*(dw) (see Proposition 6.4.1) and dw is the differential
form of degree 2 associated to the curl ¥ x F (by Example 6.3.2), it follows from
Example 6.4.4 that

dv =(V xF,N)oT-dsAdt,
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and this implies

90 0P
x—g—<v XF,N>OT.

Green’s formula allows us to conclude that
/ F= / v =/ ((V xF,N)oT)(s,t) d(s,1),
Jye JCg¢ D¢
where Dg is the disk of radius € centered at the origin. It is easy to deduce

1
lim— | F= F P).
lim e | F= (VX FN)(P)
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6.6 Appendix: Simply Connected Open Sets

We saw in Chap. 2 that if F is a vector field of class C' on an open set U C R?,
then a necessary condition that F' be conservative is that its curl be zero. We intend
to examine the class of open sets for which the converse holds, those open sets
for which every field with vanishing curl is conservative. For simplicity, we will
formulate the results in terms of differential forms of degree 1 in R".

Definition 6.6.1. A differential 1-form  of class C' on an open set U C R" is said
to be closed if dw =0in U.

Since if g : U C R” — R is a mapping of class C? on the open set U, then
d(dg) =0, every exact differential 1-form of class C' (see Definition 2.5.1) is
necessarily closed. Also, if

n
@ = z fj : d.Xj,
j=1
then the condition dw = 0 in U is equivalent to
9fj i
a5 ) = 5, @)
for every x € U and for each selection of the indices j and k in {l,...,n}.

Consequently, Theorem 2.5.6 can be reformulated as follows:

Theorem 6.6.1. Let U C R" be an open set that is starlike with respect to a point
a cU.Ifw is a closed differential 1-form of class C' in U, then ® is exact.

That is, for a starlike open set, the exact differential 1-forms coincide with the
closed differential 1-forms. The objective of this section is to study the most general
class of open sets for which this equivalence remains true. In view of the existing
relation between differential 1-forms and vector fields, it is clear that what we are
asking for is the most general class of open sets U C R" with the property that
whenever

F = (flufZa"'ufn)
is a vector field of class C! in U, then F is conservative if and only if

i oy O
oxy X)= 8xj(x)

for every x € U and for every choice of the indices 1 < j, k < n.

Definition 6.6.2. Let ,f : [a,b] — U C R” be two continuous paths with a(a) =
B(a) and a(b) = B(b). Then e is said to be homotopic to B in U if there exists a
continuous function

H:[a,p) x[0,1] 5 U
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B =HC.1)

0

Fig. 6.1 Homotopy between paths ¢ and 3

with the following properties (Fig. 6.1):
(a) H(s,0) = a(s) y H(s,1) = B(s)
(b)H(a,t) =a(a) = B(a) and H(b,t) = a(b) = B(D).
The mapping H is called a homotopy. A homotopy can be considered a family of
curves parameterized by ¢ € [0, 1]. More precisely, for each 7 € [0, 1],

H(-1):la,b)] U

is a continuous path with initial point & (a) = B(a) and with final point e () = B (b).
Moreover, for t = 0, the path H(-,0) coincides with &, while the path H(-, 1) that we
obtain for r = 1 coincides with 8. We can envisage this as H continuously deforming
the path « into the path B, without leaving the open set U while keeping the initial
and final points fixed.

Proposition 6.6.1. Leta,B,y : [a,b] — U C R" be three continuous paths.
(1) If a is homotopic to B, then B is homotopic to o.
(2) If a is homotopic to B and B is homotopic to y, then a is homotopicto y.

Proof. (1) If H : [a,b] x [0,1] — U is a homotopy from & to B (Definition 6.6.2),
then H : [a,b] x [0,1] — U, H(s,t) = H(s, 1 —t), is a homotopy from f to a.

(2) IfH; : [a,b] x [0,1] = U is a homotopy from e to g and Hy : [a,b] x [0,1] = U
is a homotopy from § to y, then H : [a,b] x [0,1] — U defined by

is a homotopy from & to p.

O

Example 6.6.1. Let U C R" be an open set and « : [a,b] — U C R” a continuous
path. Then & is homotopic to a polygonal arc contained in U.
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In fact, for each s € [a,b] take r; > 0 such that B(«(s),2r;) C U. The family
{B(a(s),rs): s € [a,b]}

is an open cover of the compact set &([a,b]); hence there are finitely many points
&1,...,&; such that

k

a([a,b]) C | B(e(&),re,)-

i=1

Let € be the smallest of the radii rg ;s 1 < j < k. By the Heine—Cantor theorem,
« is uniformly continuous, and hence there exists 8 > 0 such that |e(s) —a(r)] < &
whenever s,¢ € [a,b] and |s —¢| < §. Finally, we take a partition P := {a = sp <
s1 < -++ < 8 = b} with the property that ||P|| < § and consider the polygonal arc,
denoted by B, with vertices at(a), e (s1),...,0t(sp—1),0(b), that is,

m
ﬂ:Uﬂj, where ﬂjl[Sj,I,Sli]%Rn
j=1

is the segment from e¢(s;_1) to ee(s;) defined by

S—S8j-1

Bj(s) ==a(sj—1)+ (a(s;) —elsj1)).

Sj—Sj-1

For each j = 1,...,m there is i € {1,...,k} such that a(s;) € B(e(&;),rg,)-
This implies, by construction of the partition, that a([s;_i,s;]) is contained in
B(a(&;),2rg,) C U, and also B([sj_1,s;]) is contained in B(a(&;),2r¢,). Since the
ball is a convex set, we can define

Hj . [Sj,I,Sj] X [0,1] —)B(OL(S,’),ZF&) cU
by
H(s,t) = (1—1)oe(s)+1B(s).
Finally, we define
H:[a,b] x[0,1]=U
to coincide with H; in [s;_1,s;] x [0, 1], for each j = 1,...,m. Then H is a homotopy
on U from & to the polygonal arc .

Definition 6.6.3. Leto, B : [a,b] — U C R” be two continuous closed paths. These
are said to be strictly homotopic in U if there exists a continuous function

H:la,b]x[0,1] > U
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with the following properties:
(a) H(s,0) = ae(s) and H(s,1) = B(s).
(b)H(a,t) =H(b,t) forevery 0 <t < 1.

The mapping H is called a strict homotopy. Condition (b) means that each path
H(-,1) is closed. Obviously, two closed paths that are homotopic are also strictly
homotopic.

The next result tells us that the integral of a closed differential form of degree 1
along two homotopic paths (piecewise of class C!), or two strictly homotopic paths,
coincide.

Theorem 6.6.2. Let o, p : [a,b] — U C R" be two paths that are piecewise of class
C' and satisfy (a) or (b):
(a) a(a) = B(a), a(b) = B(b) and a, B are homotopicin U.
(b) @ and B are strictly homotopic closed paths.
If w is a closed differential form of degree 1 in U, then

o e

dw =0,

Proof. Since

it follows from Theorem 6.6.1 that w is exact on each ball contained in U. Let
H:[a,b]x[0,1] > U

be a homotopy according to Definition 6.6.2. For every x € R := [a,b] x [0, 1] take
rx > 0 such that B(H(x),2ry) C U. The family

{B(H(x),rx): x €R}

is an open cover of the compact set H(R), and so there are finitely many points

X1,...,Xr € R with
k

H(R) C | JB(H(x:),rx,).
i=1

Let € be the minimum of the radii ry;, i = 1,..., k. By the Heine-Cantor theorem,
H is uniformly continuous and there is & > 0 with

[H(x)-H(y) | <e,

wheneverx,y € R, || x —y ||< §. Observe that if A is a subset of R with diameter less
than &, then H(A) is contained in some ball

B;:=B(H(x;),2ry,) CU.
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Fig. 6.2 Grid used in the Qj il

i+1,k+1
proof of Theorem 6.6.2 Ot

Ojx Ok

In fact, it suffices to fix a point xo € A and select the index i = 1,...,k such that
H(xo) € B(H(x;),ry,). Ilf x €A, then || x —xg || < & implies | H(x) —H(xo) || < € <
ry,, and consequently H(x) € B;.

Now using appropriate partitions of the intervals [a,b] and [0, 1], we divide the
rectangle R into subrectangles R ; ; with diameter less than 6. Consequently, for each
subrectangle R; ;. there exists an open ball B; such that

H(Rj,k) CB;CU.

Denote by
{Qji=(sj,1) : 1< j<m;1<k<p}
the vertices of the grid, so that (Fig. 6.2)

Ql,l = (Cl,()) ) Ql,p = (Cl,l) ) Qm,l = (b,O) ) Qm,p = (bvl)'

Next we consider the following paths contained in U, which are associated to the
segments determined by the previous grid. Foreach | <k <pand 1 <j<m—1
denote by

Qjk

the segment from the point H(Q; ;) to the point H(Q, | ;). By the way in which we
have selected the grid, this segment is contained in an open ball that is contained in
U. For k =1 and k = p we proceed differently. For k =1,

Pj1

is the restriction of the path « to the interval [s;,s;, ], while for k = p,

Pij.p
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is the restriction of the path B to the interval [s;,s;;1]. Then

m—1
U @j1~a
j=1
and
m—1
U Pjp~B
j=1
Also, for every 1 < k < p,
m—1
U Pjk
j=1
is a polygonal arc contained in U. Now we proceed to associate a path contained in
U to each one of the vertical segments determined by the grid of the rectangle R.

Fix 1 < j <m, and for each 1 < k < p, denote by

Yk

the segment from the point H(Q ;) to the point H(Q, ;). In this way

p—1
U v
k=1
is a polygonal arc in U from the point H(Q; ) = a(s;) to the point H(Q; ,) = B(s;).

Given 1 < j <mand 1 <k < p, the four piecewise C 1 paths

Pik, Pikrt, Yk Vitik

are contained in a ball B; that is contained in U. By Theorem 6.6.1, @ is an exact
differential 1-form in B;, while

Qi IV i1,k U(=@jkr1)U(=Vjx)

is a closed path contained in B; that is piecewise of class C'. Hence

/ w—/ w + w—/ w=0.
Pk @jkt1 Vitik ik

Consequently, summing for all the values of 1 < j <mand 1 <k < p, we obtain

S0 d) B b b
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Moreover,
m—1 m—1
Ueii~a, Jojp,~8.
j=1 j=1

We first suppose that we are in case (a). Then the paths ¥, and ¥, are
constants, and we can conclude that

/uw—/ﬁwzo.

Finally, suppose that we have case (b). Then the condition H(a,t;) = H(b,1;)
implies that

p—1 p—1
Uvic~ U ¥
k=1 k=1

We again conclude that

/w—/sz. O
o B

Definition 6.6.4. An open set U C R" is said to be simply connected if every closed
path & : [a,b] — U is strictly homotopic to a constant path.

An immediate consequence of Theorem 6.6.2 is the following.

Theorem 6.6.3. Let U C R” be a simply connected open set and suppose that » is
a closed differential form of degree 1 and class C'. Then  is exact in U.

Proof. 1f a is a closed path that is piecewise of class C! and contained in U, then

/sz
o

by Theorem 6.6.2, since « is strictly homotopic to a constant path. Without loss of
generality we can assume that U is connected (for if not, we can repeat the argument
for each connected component). We fix xo € U and define

FUSR S = .

X

where ¥ is an arbitrary path of class C! contained in U whose initial point is x
and whose final point is x. From the previous considerations, the definition of f(x)
is independent of the chosen path. Moreover (see the proof of Theorem 2.5.3), f is
differentiable in U and df = . O
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Example 6.6.2. (a) Every open convex set is simply connected.
(b) R?\ {(0,0)} is not simply connected.
(c) R*\ {(0,0,0)} is simply connected.

(a) Let U be an open convex set and let e : [a,b] — U be a closed path. We let
x0 := a(a) = a(b) and define

H:[a,b] x[0,1] U

by
H(s,1) = (1 —1)o(s) + txp.

Since U is convex, H(s,t) € U for every (s,t) € [a,b] x [0,1]. Moreover, H is a
homotopy (in the sense of Definition 6.6.2) between the path & and the constant
path B : [a,b] — U defined as B(s) = xo.

(b) If U :=R?\ {(0,0)} were simply connected, then according to Theorem 6.6.3,

/w:0
Jo

for each closed path o contained in U and for every closed differential form @
of degree 1. However, as we saw in Example 2.5.3, this is not true.

(c) From Proposition 6.6.1 and Example 6.6.1 it suffices to show that each closed
polygonal arc « : [a,b] — R3\ {(0,0,0)} is strictly homotopic to a constant
function. We proceed in two steps: first we move the polygonal arc away from
the origin and later we contract it to a point. Since the polygonal arc is a finite
union of segments and we are dealing with three dimensions, we can select a
point v € R? such that the straight line that passes through the origin in the
direction v does not intersect «([a,b]) and ||v|| > |lee()|| for every ¢ € [a,b].
Then the translated arc, v 4 a([a, b]), is contained in an open half-space U that
does not contain the origin. It is the existence of this vector that differentiates
this example from that of part (b). We consider the strict homotopy

H, :[a,b] x [0,1] — R*\ {(0,0,0)}

defined by
H(s,t) =oa(s)+1v.

Since U is convex, we can find a (strict) homotopy
H, :[a,b] x [0,1] = U CR*\ {(0,0,0)}

between the closed path v+« and a constant path. Finally, as in Proposition
6.6.1, define

H:[a,b] x [0,1] = R*\ {(0,0,0)}
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by
e {631 05151
Hy(s,2t—1), 1 <t <1,
In this way we obtain a strict homotopy in R\ {(0,0,0)} that transforms the

polygonal arc & into a constant path.

From Theorem 6.6.3 it follows that a vector field F = (fi,..., f,) in a simply
connected open set U C R”" is conservative if and only if the differential 1-form
w =3, fjdx; is closed. In particular, we have the following corollaries.

Corollary 6.6.1. Let U C R? be a simply connected open set. A vector field F =
(f1, /) of class C" in U is conservative if and only if

0 0
a—fyl(x,y) = a—f(x,y)

Jorevery (x,y) € U.

Corollary 6.6.2. Let U C R3 be a simply connected open set. A vector field F =
(f1, /2, f3) of class C' in U is conservative if and only if

(V% F)(x,y,2)=0
forevery (x,y,z) € U.
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6.7 Exercises

Exercise 6.7.1. For
© =dyAdz—2dzAdx+3dxAdy € A2(R?)

find w (u,v), whereu = (1,—1,0) andv = (2,1,1).

Exercise 6.7.2. Let F = (F},F,,F3) and G = (G1,G,,G3) be vector fields on an
open set U C R and let @, ¢ be the associated differential forms of degree 1. Find
the relation between the vector field F x G and the vector field associated to the
differential form of degree 2,® A ¢.

Exercise 6.7.3. We consider in R?" the differential form of degree 2
w = dx; Adxy +dxz Adxg + -+ 4+ dxp,— 1 Adxoy,.

Evaluate the exterior product of n copies of @.

Exercise 6.7.4. Let @ be the differential form of degree 1 on an open set U in
R? associated to the vector field F and v the differential form of degree 2 in U
associated to the vector field G. Find the relation between the scalar product (F, G)
and the degree-3 differential form @ A v.

Exercise 6.7.5. Consider the following differential forms in R3:
(1) @ =dx — zdy.
) v = (¥ +y*+7%) dx Adz+ (xyz) dy Adz.

Evaluate

do , o Adw , dv , ® Av.

Exercise 6.7.6. For the differential form
® = dx+ (x> +y?) dy — sinx dz,
find the associated vector field F' and show that
VvV xXF

is the vector field associated to the differential form dw.

Exercise 6.7.7. Deduce from the previous exercises and the properties of the
exterior differential that if F and G are vector fields of class C! on an open set
U C R3, then

Div(F x G) = (G, V x F) — (F, ¥ x G).
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Exercise 6.7.8. Let
w=xzdy—ydx;v = x> dz+dx

and
@(s,t) = (coss,sins,1)

be given. Evaluate each of

¢'(@), ¢'(dw), @ (@wAV), ¢ (wAdv).



Chapter 7
Integration on Surfaces

We intend to study the integration of a differential k-form over a regular k-surface
of class C' in R”. To begin with, in Sect.7.1, we undertake the integration over
a portion of the surface that is contained in a coordinate neighborhood. Where
possible, we will express the obtained results in terms of integration of vector fields.
For example, we study the integral of a vector field on a portion of a regular surface
in R? and also the integral over a portion of a hypersurface in R”. In Sect.7.3 we
study the integration of differential k-forms on regular k-surfaces admitting a finite
atlas. We discuss the need for the surface to be orientable so that the defined integral
makes sense in this more general situation. Although the requirement of having a
finite atlas seems rather restrictive, all compact surfaces fall into this category, as
do almost all the surfaces that one might naturally encounter (including many that
are not compact). Thus, in the context of vector calculus, where applications play
a key role, this restriction is not as great as it first appears. The advantage of this
approach is that we don’t have to consider convergence of infinite series and we
can also avoid the intensive use of Lebesgue integration theory required in working
with a general atlas. Addressing these difficulties might produce a more satisfactory
theory from the point of view of vector analysis, but the time and space invested
would yield virtually nothing in the way of applications, and it is these on which
we wish to focus. Partitions of unity will be indispensable in the presentation of the
general theorem of Stokes’s (Chap. 9), but we think that is not a good idea to utilize
them at this point to define the integral (as is done, for example, in Fleming [10]).
We prefer instead to present the definition of integral in terms of divisions of the
surface, because this is what is done in practice when one wishes to solve a concrete
integral.

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 185
DOI 10.1007/978-1-4614-2200-6_7, © Springer Science+Business Media, LLC 2012
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7.1 Integration of differential k-forms in R”

We first introduce the integral of a k-form on a coordinate neighborhood of an
oriented regular k-surface.

The following definition is a generalization of the integral of a differential form
of degree 1 along a curve (Definition 2.3.2).

Definition 7.1.1. Let M be an orientable regular k-surface of class C! and (A,¢) a
coordinate system of M that is compatible with the orientation. Let

w:MCR"— AR

be a continuous differential k-form in M. For a measurable subset A C A we define

/W"’—/ w—/ <8t1 t)""’g_z(t))dt’

whenever this integral exists.

Already we have seen in Example 6.4.3 a particular case of the theorem that
follows.

Theorem 7.1.1. Under the conditions of Definition 7.1.1, let
(@ w)(t) =g(t) -dry A~ Adty

fort € A. Then

Proof. Let
wX)= Y fip®)-dr A Ad

1<ip<--<ig<n

From Definitions 6.1.2 and 7.1.1,

/ w_/ <8t1t) ’g_Z(t)>dt

d d
=/, it (@(8)) (dxiy A+ - Adx; )(a"’(),...,a—t"’(t))dt
1<11< <ix<n | k
o ) 8((p,~1,...,(p,~k)
ﬁ17.-.7zk(‘ﬂ(t))m

A 1<11< <ix<n

(¢)dt.

From Corollary 6.4.2 with T = ¢ : A C R — M C R”, we have

(P w)(t) =g(t) -dy A+ Ady,
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where

d= 3 ialel) Pl

1<ij<--<ix<n ...,tk)

/w(mw :./Ag(t) dr.

An alternative proof is possible if we apply first the pullback

[ o= o) (g—;’:@,...,g_z(t))dt

= [ (o) (do)(er).....dp()(ex)

Hence

:/(tp*w)(t)(el,...,ek)dt
A

- / g(O)dn A~ Adi(er, ... e) df = / g(t) dr.
A Ja
O
Proposition 7.1.1. Definition 7.1.1 is independent of the chosen coordinate system

(provided that it is compatible with the orientation of M).

Proof.  Suppose that (Aj,¢) and (A, ¢,) are two coordinate systems of M (each
compatible with the orientation) and let A; C A, Ay C A, be measurable subsets
such that @1 (A1) = @2(Az). If we put

(p1@)(t) =g(t) -dti A+~ Ndy
and
(030) () = h(u) - duy A+~ A dug,
then we have to show that

/ eydt= [ h()du.
A

Ay

To this end, put
D:=@i(A1)N@a(A2)
and consider the open sets B; = ¢, ' (D) and B, = ¢, ' (D) in R¥ and the invertible
C' mapping
T:B,— By, T(u):= (¢, 0@2) (u), ucBb,.
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Then T(A;) = A; and @ o T = ¢,. Consequently, from Proposition 6.4.1 and
Theorem 6.4.1,

P () = (@109 opr) o) =(p1oT) »(u)
=T (¢pjw)(m) =g(T(w)) - JT(u) duy A--- Aduy,

which proves that
h(u) = g(T(u))-JT(u).

By hypothesis, the two coordinate systems are compatible with the orientation
of M, which means that the Jacobian JT (u) is positive at each point u € By (see
Proposition 5.2.1). It follows from the change of variables theorem, Theorem 6.5.2,
applied to A} =T(4;)

[, strar= [ s(r) )

= | &(T(u))JT(u)du
Ay

= [ h(u) du,
Ay

as was required. O

The reader will be aware that this proposition, by itself, justifies all the orientation
machinery introduced and developed in Chap. 5.

Example 7.1.1. Letw = fdt; A--- Adt; be a continuous differential k-form
w: W C R 5 AK(RK)

with compact support contained in the open set W. Then

Juiag® = b7

Indeed, every continuous function with compact support is Lebesgue integrable;
hence the integrals exist, and

Jld dld
/WId w—/ (1d(e <8t1() ’atk(t))dt
:/Wf(t)dt1/\---/\dtk(el,...,ek)dt

— [ s
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At this point, we change our way of thinking very slightly, and proceed from the
point of view of vector analysis.
Let

F= (f17f27f3)

be a continuous vector field on an open set U C R* and M an oriented regular surface
of class C! contained in U. We consider the degree-2 differential form

w = fi-dyAdz+ fo-dzAdx+ f3-dxAdy

associated to the vector field F and a coordinate system (A, @) of M compatible with
the orientation. For each measurable subset A C A, we intend to express

[ e
®(4)
in terms of the vector field F. In order to do this, we first evaluate
¢'®:ACR? = A%(R?).
Denoting by (s,7) the coordinates of an arbitrary point, it turns out that
(@ w)(s,1) = f(s,t)-dsAds,

where

— (o) G200 x i)

for every point (s,7) € A (the last identity following from Example 6.1.1). According
to Theorem 7.1.1, we can conclude that

/«»<A>w _ //A <F((p(s,t)),?9—(f(s,t) x ‘;—‘;’(s,t)> d(s,1). (7.1)

Also, if we put @ (s,7) = (x,y,z), then the integral can be written as

h L f3
_ dx 9y 9z
/(p(A)w_//A ds ds ds d(sat)' (7.2)

dx dy 9z

dt dt ot
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The previous expression coincides with that obtained after Definition 4.3.1 in
evaluating the flux of the vector field F across a regular surface with a unique
coordinate system.

The reader can treat the following section as optional at this point; it is not
required until one undertakes the divergence theorem. It is based, in part, on
Edwards [9, Chap. V, Sect. 7] and also on exercises contained in Spivak [17].
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7.2 Integration of Vector Fields in R"

We intend to extend the study of the previous section to the case in which we
integrate a differential form of degree n — 1 on an regular (n — 1)-surface in R”.

Definition 7.2.1. Letvy,...,v,_ be linearly independent vectors in R”. The vector
product (also called cross product)

2=V X XV

is defined as the unique vector z € R" with the property that

for every w € R".

We observe that the mapping

w

T:R"> R, T(w):=det &

Vin—1

is a linear form, and consequently, the components of the vector z are given by

zj=T(ej).
In the case thatvy,...,v,_; are linearly dependent, we define v; X --- xv,_| :=0.
If we putv; :== (vj1,...,Vvin), then

(3] e €5 . €y

Vit ««« V1j -« VIn
VI X XV = ’ ’ ’ ’ ’ . (7.3)

Vil e Vijoooeo Vip

Vn—-1,1 -+ Vn—1,j -+ Vn—1n

Of course, this is a formal expression, since the entries {e;} are not numbers
but vectors in the canonical basis of R"”. We interpret the formal expression
by understanding that the coordinates of the vector product are obtained after
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expanding the determinant along the first row. Thus, the jth coordinate is the product
of (—1)/~! and the determinant of the numerical matrix that we obtain on deleting

the first row and the jth column. Hence, for every @ = (ay,...,a,) € R",
aj S N ]
Vit --« V1j -+ VIn
(a,vy X - Xv,_1) = D . (7.4)
Vit --o Vij ... Vin
Vn—-1,1 --- Vn—1,j -+« Vn—1n

Proposition 7.2.1. The vector v| X --- X v,_| is orthogonal to each of the vectors
ViyeooyVpn—1.

Proof. 1t suffices to observe that
V1 X X vp,vi)

is the determinant of a matrix with two equal rows: both row 1 and row i+ 1 consist
of the coordinates of the vector v;. O

The next result generalizes Proposition 5.1.2 to include the vector product of
n— 1 vectors in R".

Proposition 7.2.2. Let vy,...,v,_1 be linearly independent vectors in R". Then
{Vi X XVy_1,V1,...,Vu_1} is a positively oriented basis of R" (i.e., has the same
orientation that the canonical basis of R").

Proof. If vy,...,v,_ are linearly independent vectors in R", then by Proposition
7.2.1, {vi X -+ X Vy_1,v1,...,v,_1} is a basis of R"”. The matrix of the linear
mapping L : R” — R” determined by L(e;) =v; x --- X v,_; and L(e;) =v;_; for
Jj=2,...,n, is the transpose of the matrix in (7.4), where we take (ay,...,a,) :=
v; X --- X v,_1. Hence,

det(L(ej)) = |[vi x --- % vn_t1|> >0,
and so, by definition, {v; X --- X v,_1,v1,...,v,_1} is a positively oriented basis
in R”. Il

The notation used in the next proposition was introduced in Definition 6.1.3. The
result itself should be compared with Example 6.1.1.

Proposition 7.2.3. (1) Letvy,...,v,_| be vectors in R". Then the jth coordinate of
V| X - X V,_1 is given by

(=17 iy A A A Adxy (01, V1)
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(2) Leta= (ay,ay,...,a,) be avector in R" and

n
= 2(—1)171aj~dx1/\~~~/\dxj/\---/\dxn
=1

the associated element of A"~ (R"). Then
@ Vi, Wno1) = (@) X - XVp_q).
Proof. From Definition 6.1.2, we have that
Ay A AdGA - Adxy (01,0 1)

is the determinant of the matrix obtained by deleting the first row and the jth
column in the matrix (7.3), from which we deduce (1). On the other hand, (2) is
an immediate consequence of (1) and the definition of the scalar product. (]

Definition 7.2.2. Let M be an orientable regular (n — 1)-surface of class C! in R”
and (A, @) a coordinate system of M compatible with the orientation. For every x :=
o(t) € M we define the unit vector N(x) (orthogonal to the tangent space T, M) by

X x Z2 )

J oty
N(x) = 9; ;¢‘ .
|30 =% 20
Let
F:= (fluqu"wfVl)

be a continuous vector field on M and

(—1)j71fj'dxl/\"'/\d/;j/\"'/\dxn

W =

™

j=1

the associated differential form of degree (n— 1). For each measurable subset A C A,
we intend to express the integral

[ o

Jo(4)

in terms of the vector field F. In order to do this, we first evaluate the differential
form

o ACR"! 5 AR
of degree n — 1 in R"~!. For every t := (t1,...,t, 1) €A,

(0"@)(t) = (&) -dry A= Adty -y,
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where

— w(p) (%ﬁ(t),...,%(t)).

It follows from Proposition 7.2.3 that

1710 = (Flo), 320 x 5220 ).

Consequently,

/«w“’ = [[(Flo0)  Nio(®))- \

de de
8_t1(t) X+ X T (t)H dt

This motivates the following definition.

Definition 7.2.3. Let M be an oriented regular (n— 1)-surface of class C' in R”. Let
F:=(f1,f2,-..,fn) be a continuous vector field in M, (A, ¢) a coordinate system of
M that is compatible with the orientation, and A C A a measurable subset. Then

F-NdV,_,:= /
Ja

de e
» Flo(0) No0)- | 520 % 5720

Here V,,_; stands for the (n — 1)-dimensional volume element.

That is,

F-NdV,H::/ 2(—1)1*‘]3--dxl/\---/\d/;j/\---/\dx,,.
@ (4) Jo(A) i=

Of course, it is also possible to define the integral of a scalar function on a surface
(see for instance Definition 7.3.3), but a vector-based approach better serves our
purpose. For the scalar approach we recommend the book of Fleming [10].
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7.3 Surfaces with a Finite Atlas

If we intersect a compact regular surface with an open set, we obtain a new regular
surface that in general, is not compact but on the other hand can be covered with a
finite number of coordinate neighborhoods. For example, a cone without its vertex is
anoncompact regular surface that has a finite atlas. On the other hand, the boundary
of the unit cube is a compact set that is not a regular surface in R>. One can obtain
a regular surface from this object by eliminating the edges and vertices, but of
course this means we lose the property of compactness. Nevertheless, the surface
so obtained can be covered with six coordinate neighborhoods. These examples
justify the development of a theory of integration for regular surfaces admitting a
finite atlas. Such a theory will encompass compact surfaces and, in addition, allow
the treatment of most interesting examples where compactness fails.

We recall (see Lemma 4.2.2) that if M is an oriented regular k-surface admitting

a finite atlas
{(Aj, @)}

that is compatible with the orientation, then there exists a partition of M into subsets
{Y;} such that Y; = ¢ (A;) with A; a measurable subset of A ;. Moreover, according
to the proof of Lemma 4.2.2, we can take A; to be the intersection of an open and a
closed subset (for the relative topology) of A ;.

Under these conditions, the following definition makes sense, provided all the
Lebesgue integrals involved are finite.

Definition 7.3.1. For a continuous differential k&-form @ : M — A¥(R"), we define

W= .
/M ) /q;,-(A,-)

=1
Proposition 7.3.1. Definition 7.3.1 is independent of the chosen atlas.

Proof. Let{(Aj,¢;)}"_; and {(U;,¥)};_, be two atlases of M, each one compat-
ible with its orientation, and let {Y¥;} and {X;} be two partitions of M such that
Y; =¢;(4;) and X; = ¥;(A;), where A; is the intersection of an open and a closed
subset (for the relative topology) of A, and A; is the intersection of an open and a
closed subset (for the relative topology) of U;. Assume that each integral [, 0(4)®
is finite. Foreach 1 < j <m, 1 <i <s, put

Aij=o;'(YiNX), Aij=v;'(Y;inX).

Then A; ; is a measurable subset of A j, and A; ; is a measurable subset of U;. Since
forevery i and j, 4; ; is a measurable subset of A;, by the properties of the Lebesgue
integral, we have that each integral |, 0(8,)® is finite. According to Proposition
7.1.1,

®.

I
0;(Ai)) ¥i(Aij)
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M-

Since A; = U;_,4;j and A; = U7, A; j, and both of these are disjoint unions, we
conclude that

m m

O CED DY

=1/9j =1i=1/9j(

1/2‘1/1(/‘1/

]

T
P
>
<
)
<
T

©

(Ai)

I

-

<
S

Observe that in addition, we have proven that each of the integrals in the above
sum is finite too. (]

Theorem 7.3.1. Suppose that M is a compact and oriented regular k-surface and
® : M — AX(R") is a continuous differential k-form. Then the integral [, exists.

Proof. For every x € M, one can find a coordinate system (Ay, @) of M, compatible
with the orientation, and an open set V in R¥, contained in a compact subset of Ay,

Ve C Ve C Ay,
such that x € @y (Vy). For each x € M there is an open set Uy in R” such that

ox(Ve) =Ur NM.

Then
{Uy :x e M}
is an open cover of M, and since M is compact, we can find {x,...,x,;} such that
m
McC Uy,

J=1

Hence, if we let V; :=Vy;, A := Ay, and @, := @y, then {(A;,¢;)}7_; is a
finite family of coordinate systems of M and {(V},¢ J)}'" | is an atlas of M. If
{@;(4;)}}_, is a partition of M, where A; is a measurable subset of V;, then the

integral
/(p
(45

is well defined because @ is continuous and A_j is a compact subset of A;. The
conclusion follows. O



7.3 Surfaces with a Finite Atlas 199

Let us suppose that M is an oriented regular (n — 1)-surface admitting a finite

atlas
{(Aj, @)}

(compatible with the orientation). We can decompose M into disjoint subsets {Y;}
such that Y; = @ (A;), where A; is a measurable subset of A;. Now we can extend
Definition 7.2.3. In what follows, Vj,_ stands for the (n — 1)-dimensional volume
element.

Definition 7.3.2. Given a continuous vector field F = (fi,..., f,) in M, we define
the flux of F across M as

m
/F-Ndvn,l ::2/ F-NdV, |,
M j=1/9j(4))

whenever each of the integrals on the right-hand side exists and is finite.
As in Proposition 7.3.1, can be checked that this definition does not depend on
the chosen partition.

Here, N represents the continuous vector field of unit normal vectors to M as in

Definition 7.2.2.
/F-NdV,,,lz/w
M M

We observe that
for
(=177 dxp Ao Adig A+ Ad,.

w =

-

j=1

Example 7.3.1. Let M be an oriented regular surface contained in the open set
U CR F=(f1,f>,f3) acontinuous vector field in U, and

= fi-dyAdz+ fo-dzAdx+ f3-dxAdy

the differential form of degree 2 associated to the vector field F. Then

/ w = / F-N dv,.
M M
We also use the notation

/Mw :./A./I<F,N) dS:./A;IF-dS.

Hence, if M = ¢(A), where (A, @) is a coordinate system of M compatible with the
orientation

/M<F,N>dszA<F(¢(s,z’)),g—?(s,z)x‘;—‘f(s,t»d(s,t).
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From the expression for the integral obtained in Sect. 7.2 and from the discussion
relating to the area of a surface in Chap. 4, one is led to the next result.

Proposition 7.3.2. Let M be an oriented regular surface contained in the open set
U C R3 and let F = N be the continuous vector field of unit normal vectors defined
by the orientation of M. If M admits a finite atlas, then

area M = / (F,N) dS.
M
(This may be finite or +oo.)

Proof. Ttsuffices to show that if (A, @) is a coordinate system of M compatible with
the orientation and A C A is a measurable subset, then

area (A, @) = /w(A) (F,N) dS.

We putF: (f15f27f3) and
© = fi -dyAdz+ fo-dzAdr+ f5 - dxAdy.

Then, since

F(o(s,1))

we obtain from Definitions 4.2.1 and 4.2.2 that

/(p(A)<F,N> dS:/(p(A)w
(7. 1)// < a_‘/’(s,,) X %—?(s,t)>d(s,t)

2 (50 2 s,

d(s,t)

=area (A,9).

Definition 7.3.3. Let M be an oriented regular surface in R? and
f:MCR’*—=R

a continuous function on M. If (A, @) is a coordinate system of M and A C A is a
measurable subset, we consider the vector field
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Fig. 7.1 Vector field of Example 7.3.2

F:=f-N

and define

/ de:z/ (F,N) ds,
o(4) o(4)

whenever the integral on the right-hand side exists and is finite.

Thus,

d(s,1).

This definition is independent of the chosen coordinate system and also of the
orientation of the surface, since a change of orientation implies also a corresponding
change in the vector field N. Hence, the last expression obtained can be used to
define the surface integral of a scalar function even in the case that the surface M is
not orientable.

Example 7.3.2. Consider the vector field F(x,y,z) = (x,yz,z) and the cylinder
Mi={(xy2) eR® : P+y*=1,0<z<1}.

Choose an orientation for M and evaluate the integral

/F-dS
M

according to the chosen orientation (Fig.7.1).
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Solution: Put U := {(x,y,z) € R® : 0 < z < 1}, which is an open set, and
D(x,y,2) =2+~ 1.

Since
M ={(x,y,z) €U : @(x,y,z) =0}

and V@(x,y,z) = (2x,2y,0) # (0,0,0) for every (x,y,z) € M, it follows from
Example 3.2.2 that M is a regular surface of class C*. Also, according to Example
343,

vV P(x,y,2)

N = YEWRY 50

is a continuous vector field of unit normal vectors to M. We suppose that M is
oriented according to this vector field N (see Theorem 5.2.2). To evaluate the
integral we need an atlas of M, so consider the mapping ¢ : R — R3,

o(s,t) := (coss,sins,t),

and the open sets

Ih:®JMX@M,Ay:Gg§)MQu

Since ¢4, and @4, are injective functions of class C* and

p) p) el e e3
a—?(s,t) X a—‘f(s,t) = | —sins coss 0
0 0 1

= (coss,sins,0)

is nonzero, we conclude, using Corollary 3.3.1, that (A;,¢) and (A;,¢) are two
coordinate systems of M and they form an atlas. Moreover, since

g—f(s,t) X %—?(S,t) =N(o(s,1)),

the two coordinate systems are compatible with the chosen orientation for M (see
Definition 5.2.3). Finally, we observe that

M =g(A1)Up({0} x (0,1))
is a partition of M. Keeping in mind that

F(o(s,1)) = (coss,tsins, )
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and {0} x (0,1) is a null subset, we deduce from Definition 7.3.2 of the surface

integral that _
/ F.dS— / F.dS
JM @A)

coss tsins t

=// —sins coss 0] d(s,7)
M0 01

:// (cos?s+tsin’s) d(s, )
Ja,

2 1
:/0 <coszs—|—§sin2s> ds:%r.

To finish, we include some remarks relating to integration on regular curves,
that is, regular 1-surfaces of class C!. It can be shown that every regular curve is
orientable.

Lemma 7.3.1. Let M be an (orientable) regular curve in R". Then there is a
continuous function
T:M—R"

such that for each x € M, T(x) is a unit tangent vector to M at x. Moreover, the
orientation 6y of the tangent line to M at the point x is precisely 0, = [T(x)].

Proof. For every x € M let ((a,b),y) be a coordinate system of M, of class C',
compatible with the orientation,

y:(a,0) > R,
such that x = p (¢) for some # € (a,b). Now we define

0
T = Ty

which is a unit tangent vector to M at x. The definition of T(x) does not depend
on the chosen coordinate system, as long as it is compatible with the orientation,
because the tangent space to M at x is one-dimensional. Thus, the defined function

T:M—R"
has the required properties. O

Example 7.3.3. Let M be a regular curve in R" of class C! and F = (fi,...,f,) a
continuous vector field in M. We consider its associated differential form of degree 1
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n
w = Z fj dx e
j=1

Take a coordinate system ((a,b),9),
y:(a,b) > R"

of M compatible with the orientation. Now we evaluate the integral of the differen-
tial form @ on the path ¢ (see Example 6.4.3)

/y‘" :/YF:/ab<F(r(t)),y’(t)> dr

- ,/; (F(y(@).T(y))- 1y @) || dr.

From now on, we may use any of the following expressions to represent the
integral of the vector field F over the regular curve M:

/MF-ds::/M<F,T> ds::/Mw.
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7.4 Exercises
Exercise 7.4.1. Find / ®, where
M

w=x>dyAndz—ydxAdz

and M is the portion of the plane x4y +z = 2 whose projection onto the xy-plane is
the triangle with vertices (0,0),(0,1), (1, 1), oriented according to the normal vector
(1,1,1).

Exercise 7.4.2. Find the height of the center of gravity of the portion of the
paraboloid 2z = x> + y? that is under the plane 2z = 1, assuming that the density
(mass per unit area) is constant. Hint: The third coordinate of the center of gravity
of a surface M with constant density is given by

1
7= —x ds
¢ area(M) /MZ

(see, for instance, Marsden—Tromba [14]).

Exercise 7.4.3. Integrate the vector field F(x,y,z) = (0,0,z) over the ellipsoid
of Exercise 3.5.7, oriented according to the coordinate systems described in that
exercise.

Exercise 7.4.4. Determine the flux of the vector field

F(xvyvz) = (x,y,z)

across the surface x2 + y2 472 =R2.

Exercise 7.4.5. Find the flux of the vector field F(x,y,z) = (1, xy, z?) through the
square in the yz-plane defined by 0 <y < 2, —1 < z < 1 and oriented according to
the normal vector (—1,0,0).



Chapter 8
Surfaces with Boundary

One of the objectives of this book is to obtain a rigorous proof of a version of Green’s
formula for compact subsets of R? whose topological boundary is a regular curve
of class C2. These sets are typical examples of what we will call regular 2-surfaces
with boundary in R?. The analogous three-dimensional example would consist of a
compact set of R? whose topological boundary is a regular surface of class C2. The
following example is perhaps instructive. Consider in R? the portion of the cylinder
x? +y? = 1 limited by the planes z = 0 and z = 1; that is,

M:={(xyz) eR: ¥ +y*=1,0<z<1}

The set M is not a regular surface according to Definition 3.1.1. However, we can
decompose it as M = M| U M,, where

My ={(xy2) eR: P+’ =1,0<z<1}

is a regular surface and M;, being the union of two circles, is a regular curve. This
set M is an example of what is called a regular 2-surface with boundary in R3.
Here, boundary refers to the curve M,, which, in this case, does not coincide with
the topological boundary of M. In general, a regular k-surface with boundary in
R" (2 < k < n) is the union of a regular k-surface in R" and a regular (k— 1)-
surface (called the boundary) that are “glued” together in a very particular way (see
Definitions 8.2.1 and 8.2.2, and Theorem 8.2.1). The concept of regular k-surface
with boundary in R” is essential to the formulation of Stokes’s theorem.

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 207
DOI 10.1007/978-1-4614-2200-6_8, © Springer Science+Business Media, LLC 2012
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8.1 Functions of Class C? in a Half-Space

The domain of parameters of a regular surface with boundary in R? will be a subset
of the half-plane formed by the points of R? whose first coordinate is less than
or equal to zero. In general, the domain of parameters of a regular k-surface with
boundary in R”, with n > k, will be an open subset (for the relative topology) of
the closed half-space H* formed by the points whose first coordinate is less than or
equal to zero. We will need to develop a differential calculus for functions defined on
such a set before investigating further the notion of regular surface with boundary.

Definition 8.1.1. The half-space H¥ is defined by
H* .= {(r1,...,5) €RY : 11 <0} = (—o0,0] x REL,

Since the half-space is not an open set, we must clarify what is meant by saying
that a function defined on HF is differentiable. We recall that a set A C HF is open in
HF for the relative topology if there exists an open set A C R¥ such that ANH¥ = A.

Definition 8.1.2. Let A be an open set in H¥. The mapping
¢:ACH - R"
is said to be differentiable (CP) if there exist an open set A C R¥ and a differentiable
(CP) mapping
g:ACR 5 R”
such that ANH* = A and g|, = ¢.

Implicit in this definition is the fact that the domain A of ¢ is an open subset of
H¥ with the relative topology.

We next verify that the partial derivatives of g at £ € A C H* are determined by
the restriction g, = ¢. This allows us to refer to the partial derivatives of ¢ : AC

HF — R” att € A without any ambiguity. We fix ¢ € A C H¥ and suppose
2<j<k

Since A C R¥ is open, there exists 8 > 0 such thatt+s e j € A whenever s € R
and |s| < §. Since the first coordinate of £+ s e; is #; < 0, we have

t+se; cANHF = A

for every |s| < 8. Now,

98 . glt+se;)—g(t)
8tj (t) a slﬁO s
— jim 2 3¢1) 00 8.1)
s—0 N

Notice that the last limit does not depend on the concrete extension g of ¢ that
we are using.
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Analysis of the partial derivative with respect to the first variable is slightly
different. As before, there exists 6 > 0 such that £ 4 se; € A whenever |s| < 0.
However, the first coordinate of £+ se; is t; + s, and if #; = 0, we are guaranteed
that ¢+ se; € A C H* only if we restrict ourselves to negative values of s. So, for
—0 < 5 <0, we have

t+se, cANHF = A,

and we can write

an):img0+ﬂﬁ)—g@
atl s—0 N
— lim w (8.2)
s—0 N
when 11 < 0, and
an): oy 8 ser) —g(t)
atl s—0~ s
— lim w (8.3)
s—0~ N

when 1 = 0.
This discussion justifies the following definition.

Definition 8.1.3. Let A be an open set for the relative topology of HF and ¢ : A C
HK — R". The partial derivatives of ¢ at t € A are defined as follows (assuming
existence of the corresponding limits):

If2<j<k,
t i)—olt
atj s—0 N
Ify <O,
t —Q(t
99 () i @ 501) ~ (0
atl s—0 s
Ify =0,
90, olt+se)— ()
—():=1
atl s—0~ N

It is obvious how the partial derivatives of higher order can be defined. According
to the discussion prior to Definition 8.1.3, if A C R¥ is an open set such that ANH* =
A and

g:ACR S R”

is a differentiable function on A with the property that g, = ¢, then the partial
derivatives of ¢ exist at all points of A and coincide with the partial derivatives of g.
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Definition 8.1.4. Let ¢ : A C H* — R” be a differentiable function on A according
to Definition 8.1.2. For every ¢ € A, the differential of ¢ at t is defined to be the
linear mapping de (¢) = dg(¢) : R — R”, where g is the function of Definition 8.1.2.

It follows from the previous discussion that the differential does not depend on
the choice of the function g associated to ¢.

Lemma 8.1.1. Let a > 0 and suppose the function f : (—a,0] — R has derivative
of order p at each s € (—a,0) and left derivative of order p, 1 < p < eo, at s = 0.
Then there exist numbers 0, 04, ..., 0 such that the function

f(s), s<0

8(s) = a0 f(0) + i oy f(—1ls) , s >0,
=1

is well defined and of class CP on the open interval (—a, %)
Proof. We can select scalars o, ..., 0, such that
o+ 0+ oy =1

and

forevery m = 1,2,..., p. Indeed, this linear system has a unique solution, since the
determinant of the matrix of coefficients is a Vandermonde determinant different
from zero. For 0 < s < % we have

6(5) = 00f(0) + 3, cuf(—1s).
=1

Then
8(0) = (oo + oy + -+ 0p) £(0) = £(0),

and foreverym=1,2,...,p,
P
g (s) = 3 (~1)"a f (~1s),

whenever 0 < s < % Moreover, g has one-sided derivatives at the origin up to order
p given by

The conclusion follows. O

We are going to show that if a function has continuous partial derivatives (up to
order p) in A, then there exists a function g defined on an open set of R that satisfies
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Fig. 8.1 Illustration of the
proof of Proposition 8.1.1

Definition 8.1.2. Thus, the differentiability of a function (and the degree thereof) on
A can be established infernally without recourse to an open set containing A.

Proposition 8.1.1. Given ¢ : A C HF = R”", and 1 < p < o the following conditions
are equivalent:

(1) @ is a function of class CP on A.
(2) @ has partial derivatives of order < p, which are continuous functions on A.

Proof. Itis obvious that (1) implies (2). Indeed, if g is as in Definition 8.1.2, then the
partial derivatives of ¢ up to order p are the restrictions to A of the corresponding
partial derivatives of g in the open set A C R¥.

Suppose now that (2) holds. In order to deduce (1) we will construct a set A and
a function g that satisfy the conditions in Definition 8.1.2. We first consider the set

A =An ((-«»,0) x R’H) ,

which is open in R¥. For every ¢ € A with t; = 0, take & > 0 and B; C R*~! open
such that
te (—61,0] x By C A.

We first analyze the case p = 1, that is, ¢ admits continuous partial derivatives
of first order on A. In this case, consider (Fig. 8.1)

Az ZZU{(—@,@) XBy :te A ZO}

and ; ~
A:=ATUA,,

which is an open set in R¥,
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It is easy to check that ANHF = A. Now define g : A C R¥ — R” as follows. For
s€A; CAletg(s):=¢(s), while if s € A, (thatis, s € (—&, &) x B for some t € A
with #; = 0), then put

(s) = {w(S) ifs; <0,
& ' 2(/)(0,.3‘2,...,Sk)—(p(—sl,SZ,...,Sk) if0 <5 < .

By this construction, g : A C R¥ — R” is a mapping of class C' on A whose
restriction to the set A coincides with ¢. In the general case, p > 1, we pro-
ceed essentially as before but with some slight variation. Again A; := AN
((—e0,0) x R¥1), but now

A, ::U{(—ﬁ,, %) X By : tEA,n:O}.

As before, A := A; UA; and g : A ¢ R¥ — R” is defined in such a way that
g(s) = ¢(s) whenever s € Ay, but this time, if s € (— &, %) x By for some t € A with
1 =0 we let

9(s) ifs; <0,

g(s) = &

p
00@(0,52,...,5,) + ZOclgo(—lsl,sz,...,sp) if 0 <s1 <3,

=1

where 0,0, ...,0, are the scalars provided by Lemma 8.1.1. Their properties
allow us to conclude that g is a function of class C” on the open set A, which is
an extension of ¢@. O

Proposition 8.1.1 allows us to deduce that a function
¢:AcCH - R"

is of class C? if and only if each point of A has an open neighborhood for the relative
topology in H¥ in which ¢ is of class CP. That is, the property of being of class C” in
an open set of the half-space, which was defined globally, is, in fact, a local property.

Corollary 8.1.1. Given ¢ : A C HF — R”, the following conditions are equiva-
lent:

1. A is an open set in H* and ¢ is a function of class CP on A;
2. for every ty € A there exists an open neighborhood U of ty in R¥ such that

UNHf c A

and
¢:UNHf c HF - R"

is a function of class CP on U NHF.



214 8 Surfaces with Boundary



8.2 Coordinate Systems in a Surface with Boundary 215
8.2 Coordinate Systems in a Surface with Boundary

Having now dealt with the necessary technical preliminaries, we are in a position to
formally define the main concept in this chapter: a regular k-surface with boundary
in R” (Fig. 8.2).

Definition 8.2.1. Let2 <k <nand M C R", M # &, be given. Then M is said to
be a regular k-surface with boundary of class C? if for every x € M there exists an
injective mapping

o ACH - McCR"

of class C? in A such thatx € ¢(A) and the following hold

(SB1) There exists an open subset U of R” such that ¢(A) =M NU and ¢ : A —
©(A) is a homeomorphism.
(SB2) Foreverytc A, do(t) : RF — R” is injective.

The pair (A, @) is called a coordinate system. An atlas of M is a family of
coordinate systems

(Aaa(oa)ae/\

such that
M= ¢a(Aq).
oEN
In analogy to the definition of a regular k-surface, continuity of ¢ implies that
condition (SB1) is equivalent to the following condition:
(SB1’) Given an open subset B of A for the relative topology, there exists an open
subset V of R” such that ¢(B) =M NV.

Example 8.2.1. The first and most natural example of a regular k-surface with
boundary of class C* is the half-space HF itself. Indeed we can take as coordinate
system (H¥, 1d ), where Idy is the restriction to H¥ of the identity mapping on R¥.

Fig. 8.2 Coordinate system of a regular surface with boundary
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Remark 8.2.1. Recall that the injectivity of de(¢) is equivalent to the matrix

I
Po)
<atj i=1,n =1,k

being of rank k, that is, having a k x k submatrix with nonzero determinant.

Proposition 8.2.1. Let 2 < k < n and let M C R" be a regular k-surface with
boundary of class CP. If (A, @) is a coordinate system of M, ¥ : B C HF — M C R”
is of class CP, such that

D:=¢(A)NY(B) # ¢,

then ¥~ (D) is an open set in H* and
o loy:y (D) cH - R

is a mapping of class CP in ¥~1(D). Moreover, if (B,¥) is a coordinate system,
then

J(@ toy)(s) #0
at each points € y ~ (D).

Proof. Letg:A C R¥ — R" be the C? extension of ¢ to an open set A of R¥ given by
Definition 8.1.2. We fix so € ¥ ~' (D). Then s¢ € B and there exists £, € A such that
o(to) = ¥ (so). Since (A, @) is a coordinate system of M, we can assume, following
a permutation of the coordinates, that

d(g1,---,8k)
———2"(ty) #0.
31, i) 07
Hence g := (g1,...,8x) admits a local inverse of class C” in an open neighbor-

hood of #y. More precisely, there exists an open neighborhood U C R¥ of #, such
that V := g(U) is open in R* and g : U — V has inverse h : V — U of class CP.
Observe now that

goop !

transforms ¢ () in its first k coordinates. This suggests that we consider the mapping
TR R w(xy, . x) = (x1,.. 0,0,

that is, projection onto the first k coordinates. We take an open set B C R* and a

function f : B C R* — R" of class C? such that BNH* = B and f = ¥ in B. Since

(@ o) (so) =ty € U and

(7 of)(s0) = (@(t0)) = &(to) €V,
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there is an open neighborhood W of s in R¥, W C B, with the following properties
for D =¢@(A)NyY(B):

1. WnHCcy1(D);
2. (p ' o) (s) € U whenevers € WNHE,
3. (mof)(s) € V foreverys € W.

‘We note that
gog lov(s)=moy(s) (8.4)

for each s € ¥ ~!(D), because for every s € ¥ ~!(D) there is ¢ € A such that ¥ (s) =
¢ (). Consequently,

9 oy =homof

in the neighborhood W NHF of s in H¥, which proves that ¢ ~! o ¥ is the restriction
of a function of class C? in a neighborhood of s¢ in R*. It follows from Corollary
8.1.1 that ¥~ (D) is an open set in H¥ and

o oy vy (D) cHF - R

is a mapping of class C” in ¥ ~!(D). In the case that (B, ) is also a coordinate
system, we can exchange the roles of ¢ and ¥ to conclude that

¥ lopie (D) CH -y (D)

is also a mapping of class C” in ¢~ !(D), inverse to ¢! o 9. If P W; C R¥ —
R¥ (j = 1,2) are functions of class C” on the open subsets W; of R¥ such that
Wi NHK = @~ 1(D), ", NHF = ¢~ (D) and &, (t) = ¥ ' o g(t) forallt € ¢~ (D),
D5(s) =@ loy(s) foreverys € ¢y~ (D), then @0 P (t) =t foreveryt € 9! (D).
As in the discussion preceding Definition 8.1.3, we see that J(®; 0 @1)(f) = 1 and

d(¢2 o ¢1)(t) = Idp«
for every t € ¢~ !(D). Hence the chain rule applied to @ and @, gives
J(@2)(D1(1)J(P1)(t) =1 Vte @ (D),

ie., fors = @(t),
Jo o)) (¥ o)) =1,
and in particular,
J@~ ow)(s) #0
ateachs € y (D). O
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Definition 8.2.2. Let M be a regular k-surface with boundary. The point xo € M is
said to be in the boundary of M (which we denote by dM) if for some coordinate
system (A, @) of M there is a point (0,£),...,70) € A such that

x0=0(0,89,....10).

The following result guarantees that the set of boundary points is independent of
the chosen coordinate systems.

Lemma 8.2.1. Let M be a regular k-surface with boundary of class CP. Let xo € M
and (B, ¥) a coordinate system of M such that

¥ (x0) = (0,59,....s9).

Then for each coordinate system (A, @) with xo € ¢(A) we have

0" (x0) = (0,18,....10).

Proof. Let
D:=9¢(A)NY(B)
and put
so:=¥ '(x0), to:=¢ '(xo)=(].1,....10).
We already know that t? < 0. Arguing by contradiction, we suppose that
1) <0.

From Proposition 8.2.1 there exist an open set B C R, w’l(D) C B, and a
mapping
g:BC RF — R¥

of class C? such that
gs) =0 ov(s)
for every s € ¥ (D). Since the set ¢ (D) is open in H* and #{ < 0, there exists
r > 0 such that the open ball in R* with radius r and centered at ¢y, denoted by
B(to,r), is contained in ¢~ (D). Thus, the mapping
¥ log
is well defined and of class C? in B(ty,r). Also

go(¥ log)(t)=t
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for every t € B(ty,r). Consequently,

JW o)) #0

for every t € B(ty,r). By the inverse function theorem (Theorem 3.1.1), the set

U:=(y 'og)(Blt,r))

is open in R¥ and (0,s9,...,sY) = (¥ Lo g)(ty) € U, so there exists § > 0
such that 0 < s; < & implies (s1,s3,...,s7) € U, which is a contradiction, since
U C HE = (—o0,0) x RE1 0

Remark 8.2.2. Given a subset A of R”, the topological boundary is defined to be
d"P(A) = A\ int(A).

That is, the topological boundary of A consists of the points in the closure of
A that do not belong to the interior of A. It is important to note that this is a
different concept from the (nontopological) boundary dM of a regular k-surface
with boundary M. For example, the unit sphere S, = {(x1,...,%,) € R" : 23 + -
+ xﬁ = 1} is a closed set with empty interior, and hence coincides with its
topological boundary, 9"P(S, 1) = S,,_;. However, we know from Example 3.2.4
that the sphere is a regular (n — 1)-surface in R”, and so by Proposition 8.2.2, S,,_;
has no boundary, i.e., dS,_; = @. In Examples 8.3.1 and 8.3.2, the topological
boundary of M coincides with all of M and is different from the boundary dM.
There is, however, a prominent case in which the two notions coincide, and this is
given in the following example.

Example 8.2.2. Let M be a compact regular n-surface with boundary in R”. Then
M\ dM is an open set in R” and dM coincides with the topological boundary of M.

We first show that M \ dM is an open set in R”". For every xo € M \ dM let (A, @)
be a coordinate system of M,

o ACH'—R",
such that xo € @(A). Define
B:={tcA; 1 <0},

which is an open subset of R”. Since xo ¢ dM, we have, according to Definition
8.2.2, that
X0 €@(B) C M\ JIM.

Moreover, the Jacobian of ¢ is nonzero at all the points of B, and by the inverse
function theorem, ¢ (B) is an open set in R”. Tt follows from this that M \ dM is the
union of a family of open sets. Consequently,

M\ M C M\ 9°P(M),
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where 9"P(M) is the topological boundary of M. Now we prove the reverse
inclusion. For every xy € M \ 9"P(M) there exists r > 0 such that the open ball
B(xg,r) is contained in M\ 9"°P(M). Let R : R" — R" be an affine transformation
such that

A :=R(B(xo,r))

is contained in the interior of the half-space H”". Finally, define
¢ =R ':ACH" = B(xo,r) C M.

Then (A, @) is a coordinate system of M according to Definition 8.2.1 and x¢ €
o(A). Since A is contained in the interior of the half-space H", we conclude that
X0 € M\ oM.

Proposition 8.2.2. Let M be a regular k-surface of class CP in R". Then M is a
regular k-surface with boundary of class CP and oM = &.

Proof. According to Definition 3.1.1, for each xo € M there is coordinate system
(A, @) of M such that xo € ¢(A). Take ty € A and r > 0 with B(fy,r) C A and xp =
o(tp). Then for the mapping

R:R¥ R R(t)=t—ty—re,
we have that
B :=R(B(ty,r))
is contained in the interior of the half-space H¥. Now define
¥ :=¢oR ":BcH - R"

Then (B,¥) is a coordinate system of M according to Definition 8.2.1 and
¥ (B) = @(B(to,r)). Also, since ¥ ~!(xo) is in B, and so contained in the interior
of HF, it turns out that the first coordinate of ¥ ~!(x() is strictly negative, and
consequently,

X0 §é oM.

0

The following proposition will be very useful in the exercises. It allows one to
replace the half-space HF provided by Definition 8.1.1 and used in Definition 8.2.1
of a regular surface with boundary by an arbitrary half-space.

Definition 8.2.3. A half-space in R is a set S of the form

S:={teRF : n(t) <a},



8.2 Coordinate Systems in a Surface with Boundary 221

where 7 : R — R is a nonzero linear form and a € R. The boundary of the
half-space is defined by

dS:={teR" : n(t) = a}.

An example of a half-space is HF, introduced in Definition 8.1.1. Another
example is a set of the form

S:={teR" : 1;>b}

for a fixed 1 < j < k. In fact, it suffices to consider the linear form 7(f) = —¢; and
a = —b. In the last example, the boundary coincides with the set of points ¢ € R¥
such that¢; = b.

A mapping

9o:ACS—>MCR"

is said to be of class C” in A if there exist an open set A C R¥ and a mapping
g:ACR 5 R”
of class C” in A such that ANS = A and g|, = ¢.

Lemma 8.2.2. For each half-space S in R there exists an affine mapping
R:RF 5 RF

such that R(H*) = S, R(9H¥) = 95S.

Proof. Given the half-space S = {t € R* : n(t) < a}, we consider an orthonormal
basis {v,v2,...,v;} of R with the properties that 7£(v;) > 0 and {v,v3,...,v} is
a basis of the (k — 1)-dimensional vector subspace 7! (0) = Ker 7. We take

L:RF 5 RF

to be the linear mapping defined by L(e;) = v; for 1 < j < k. Finally, choose a
vector b € R¥ such that  (b) = a and define the affine mapping R by R := b + L.
From

k k
T (R (2)@-@-)) =a+ Y x;n(v;) =a+xim(v1),
=1 =1

J

we deduce
RH) =S and R(JH')=0S,

and the proof is finished. (]
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As an immediate consequence of Lemma 8.2.2, the half-space S is a regular
k-surface with boundary of class C* in R¥, and the definition of boundary of a half-
space introduced in Definition 8.2.3 is consistent with the definition of boundary of
a regular surface with boundary, Definition 8.2.2.

Proposition 8.2.3. Let M = My UM, satisfy My "M, = &, where M, is a regular
k-surface of class CP and for each point xo € My there exist a half-space S in R¥
and a mapping

9o:ACS—>MCR"

of class CP such that xo € @(A). Suppose the following hold:

(1) There exists an open subset U of R" such that 9(A) =MNU and ¢ : A — @(A)
is a homeomorphism.

(2) Foreveryt € A, de(t) : RX — R" is injective.

(3) ¢ '(xo) €9S.

Then M is a regular k-surface with boundary of class CP and OM = M,.

Proof. For every xo € M|, we can argue as in Proposition 8.2.2 in order to find a
coordinate system (B, ¥ ) such that in accordance with Definition 8.2.1, xo € ¥ (B)
and the first coordinate of ¥ ~!(x() is strictly negative. Now we concentrate on
giving the details only for the boundary. Fix a pointxy € M andtake ¢ : A CS — M
to be a mapping of class C? satisfying properties (1), (2), and (3) of the hypothesis.
We also consider the affine mapping R : R¥ — R obtained in Lemma 8.2.2. Finally,
define

B:=R'(A) cHF
and
v:BCcH' M, ¥ =¢oR.

It is straightforward that (B,¥) is a coordinate system of M according to
Definition 8.2.1 and that ¥ ' (x) = (0,£,...,#]) (see the definition of boundary,
Definition 8.2.2). It follows that M is a regular k-surface with boundary and
oM = M. O

It is worth to mention that the statement of Proposition 8.2.3 is written in the
most suitable way to apply to some exercises. But, if M is a subset of R” with the
property that for each xo € M there exists ¢ : A C S — M such that xo € ¢(A) and
conditions (1) and (2) of proposition 8.2.3 are satisfied, then M is a regular k-surface
with boundary of class C” and M = {x € M : ¢ (x¢) € IS}.

Intuitively, a regular k-surface with boundary consists of the union of a regular
k-surface (without boundary) and a regular (k — 1)-surface (that is exactly the
boundary). In particular, a regular surfaces with boundary in R? is the union of a
regular surface and a regular curve. This is the content of the following theorem.
Nevertheless, one cannot build a regular surface with boundary in R* from a regular
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surface (without boundary) and a regular curve in R3, since the regular surface and
the regular curve must be connected in a very special form. It is Definitions 8.2.1
and 8.2.2 that describe that exact form.

From now on we denote by ¢ = (¢1,...,#) an arbitrary point of R* and by s =
(s1,.-.,5%1) an arbitrary point of R*"!. If s € R¥=! thent:= (0,s) € R¥ is the point
with coordinates

Hh=0,t=s81, ..., =Sk_1-
Theorem 8.2.1. Let M be a regular k-surface with boundary of class CP in R".
Then:

(1) IM is a regular (k — 1)-surface of class CP.
(2) M\ IM is a regular k-surface of class CP.

Proof. We will concentrate on the study of the boundary. For each xg € dM let
(A, @) be a coordinate system of M such that xg € ¢(A) and let

0,89,...,19) = 9 (x0).

We define N
A:={s R : (0,5) € A}.

In other words, if we denote by
JiRT S HF CRF
the continuous mapping j(s) := (0,s), then
A=j ' (A)
is an open set in R*~!. We also define
P:ACRFT SR 6(s) = 0(0,5).

If A is open in R¥ and g : A € RF — R” is a function of class C” on A such that
ANH*= A and g = ¢ in A (see Definition 8.1.2), then

o= ‘POJ.‘& :goj‘&
is a mapping of class C? in the open set A of RF-1, Moreover, if we consider s¢ :=
#9,...,10) € A C R*!, then xg = @(so), and by Definition 8.2.2,

X0 €@(A)C oM.

We prove that

o~

(A, 9)

is a coordinate system of a (k — 1)-regular surface in the sense of Definition 3.1.1.
To check condition (S1’) of Definition 3.1.1, take an open subset
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DCA
and observe that (—eo,0] x D is an open subset of H¥ for the relative topology. Since
¢ is a homeomorphism, by condition (SB1’) for a regular surface with boundary
(Definition 8.2.1), there is an open set V in R” such that
@ ((—=,0] x DNA)=MNYV,

and from this we see that
o(D) = MNVNIM = dMNV.

To check the second condition for a coordinate system (that is, Defini-
tion 3.1.1(S2)), we observe that since

(/p\(shSZv s askfl) = (p(05517s27 s ,Sk,l),
the gradient vector of the component @; at s consists of the partial derivatives of ¢,

with respect to each of the variables except the first one, at ¢ = (0,s). That is, the
n x (k— 1) Jacobian matrix

22(0,5) 22(0,8) ... 2(0.5)
S = | WO GO . GEOs)

a n d n 0 "

22(0,5) 52(0,8) ... Z2(0.5)

is obtained by eliminating the first column of the n x k Jacobian matrix

d d d

90(0,5) 2(0,5) .. 2(0,5)

929(0,5) 22(0,5) ... 2205
(P/(O,S) — 9t1 ( ? ) 9[2( ’ ) atk ( ’ )

oy o, oy

e (0,s) SRt o 520,

Since the columns of this last matrix are linearly independent, by condition (SB2)
of the definition of a coordinate system for a regular surface with boundary (see
Definition 8.2.1), it follows that the columns of the matrix @’(s) are also linearly
independent, and this means that condition (S2) of Definition 3.1.1 is satisfied. We
have proved that dM is a regular (k — 1)-surface of class CP. O
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Example 8.2.3. Let 0 < € < 1 be given. Then
M:={(x,y2) €R : Py +72=1,z>¢}
is a regular 2-surface with boundary in R? and its boundary is given by
OM = {(x,y,2) €R® x> +y*=1-¢€2, z=¢}.
Let us decompose our surface as M = M| UM,, where
My = {(x,3,2) ER® : X +y* +72=1,z7>¢}

and

My :={(x,y,2) eR® : ¥ +y>=1—-¢*, z=¢}.

According to Example 3.2.2, M, is a regular surface in R>. In order to apply
Proposition 8.2.3, we fix a point

(-x()uy()ug) S MZ
and select 8y € R such that xg = v/1 —£2cos0y, yo = V1 —€2sinfy. We will

parameterize the points (x,y,z) of M in a neighborhood of (xo,yo, €) using the polar
coordinates of the point (x,y) while bearing in mind that

z=1/1—x2—y2

That is, we consider the half-space

S:={(p,0)eR> : p<\1—¢g2}

and the open set (for the relative topology on S)

A:=(0,v/1—€2] x (6h—m,60+ 7).

Now define
¢:ACS—R, ¢(p,9):—<pcose,psin9, 1—p2).

We observe that ¢ is the restriction of the function

g:ACR?> =R, g(p,0):= (pcos@,psin@,\/l—pz)
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of class C* defined on the set
=(0,1) x (6p—m, 60+ ).

To finish, we show that ¢ satisfies conditions (1), (2), and (3) of Proposition
8.2.3. To check (1), we consider the mapping

h:ACR?> = R?% h(p,0):=(pcosh,psind).

Since k is injective and its Jacobian is nonzero at each point, we deduce from the
inverse function theorem that /2(A) is an open set in R? and & : A — h(A) admits an
inverse of class C”. Then

o(A) = (h(A) xR)NM

is an open subset of M. We denote by 7 : R — R? the projection onto the first two
coordinates. It turns out that the inverse of the mapping

9:A—=g(A)

is precisely
(pfl _ h*l om,
which is a continuous function. That is, ¢ is a homeomorphism onto its image. It is
also possible to arrive at the same conclusion by observing that ¢ is the restriction
of a coordinate system for the sphere.
Condition (2) holds is obvious since the two vectors g—‘g and g—‘g are linearly
independent by virtue of the fact that

‘;‘P g‘g(l) 0)= < cos@ smO P) (0,0,0).

Concerning condition (3), it suffices to note that
(x07y078) = ( \% 1 _82COS 905 \% 1- 82Sil’l 9058) = (p( \% - 82760)7

or equivalently,

@ ' (x0,y0.€) = (V1 —€2,6)) € 3S.
Remark 8.2.3. (1) The mapping ¢ : A C S — R of Example 8.2.3 satisfies the

condition that
M=g(A) U a([0,V1-¢%),
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where « : [0,v/'1 — €2] — M is defined by

a(p) = (pcos(6y — ), psin(6p — 1),/ 1 — p?),

i.e., o([0,v/'1—€2]) is the portion of a circle originating at point (0,0,1) and
ending on M, at point (v'1 — €2cos(0y — 1),V 1 — €Zsin(6y — 1), €).
(2) Take

B:=(—V1—¢€2,0]x (6)— 7,0+ 7)
and

Vv:BCH> =M, v¥(s,0)=¢(V1—¢€>+5,0).

Then (B, ¥) is a coordinate system of M in a neighborhood of (xo, Yo, €).

Example 8.2.4. Consider the compact set
M:={(xy2) eR’ : ¥+y +2 <1},
M is a regular 3-surface with boundary of class C* in R>. In this case, the

boundary of the surface is the unit sphere (See Example 8.2.2).

Again, we form a decomposition M = M| UM,, where
My ={(x,y,2) €R® : > +y?+y* < 1}
is an open subset of R3, that is, a regular 3-surface in R3, and
My ={(x,5,2) eR® : > +y*+y* =1}

is a regular 2-surface in R?. Intending to apply Proposition 8.2.3, we fix an arbitrary
point (xo,Y0,20) € M. Suppose that (xo,y0,20) ¢ {(x,0,z) : x <0,z € R}. We will
parameterize using the spherical coordinates (r,s,¢) of a point of R3 (see Example
3.3.2). That is, we consider the mapping

g:(0,400) x (0,7) X (=1, m) > R?

defined by
g(r,s,t) = (rsinscost,rsinssinz, rcoss).

We already know that g is injective that and its Jacobian, rZsins, is nonzero. It

follows from the inverse function theorem that the image of g is an open subset of
R? and that g has an inverse of class C*. In particular, g is a homeomorphism onto
its image. Now consider the half-space
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S:={(rns)eR? : r<1}

of R3, the open set
A:=(0,1]x (0,7) x (-7, 7)

with respect to the relative topology, and the mapping
9:ACS—MCR?

given by the restriction of g to the set A. It should be clear that ¢ satisfies conditions
(1) and (2) of Proposition 8.2.3. Moreover, there exist so € (0,7) and #y € (—7,7)
such that

(-x07y07Z0) = (P(l,S(),l()),
that is,
@ ' (x0,y0,20) € 9.
At points of M N{(x,0,z) : x <0,z € R} we can proceed in a similar way after
appropriate modifications of the functions g and ¢, keeping in mind that the ball is

invariant under rotations. We thus reach the conclusion on application of Proposition
8.2.3.
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8.3 Practical Criteria

The approach used in the previous two examples of the last section is admittedly
cumbersome. In this section, we provide some useful tools that simplify the task of
deciding whether we have a regular surface with boundary, and further, determining
the boundary. Equipping our toolbox will necessitate some complicated proofs, and
the reader may safely consider them optional, but the results themselves are quite
easy to apply in concrete situations and certainly worth being familiar with.

If we cut a regular surface S with a plane that is not tangent to the surface, our
intuition tells us that the portion of the surface to one side of the plane is a regular
surface with boundary, with the boundary being exactly the curve obtained as the
intersection of S with the plane. Something analogous should occur if we replace
the plane by another surface that cuts S in an appropriate way. For instance, if we
perforate a sphere of radius R with the aid of a cylinder centered at an axis of
the sphere and of radius r, r < R, then we obtain a surface with boundary whose
boundary is exactly the intersection of the cylinder with the sphere (Fig. 8.3).

We are going to obtain sufficient conditions that guarantee that this intuition
becomes fact. We begin by presenting the following practical criterion.

Criterion 8.3.1. Let1 <k<n-—1,

@ UCR' Rk

and
fUCR"=R

M=(xy2):z=1-x*-)*:220)

Fig. 8.3 (a) Paraboloid portion in the upper half-space; (b) cutting a sphere with a cylinder
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be functions of class C'. Suppose that ®'(x) has maximum rank (that is, rank n — k)
for everyx € @~1(0) and also

(@.f) (x)
has maximum rank (n — k+ 1) for every x € ® ~1(0) Nf~1(0). Then

M:={x€eU : &(x)=0, f(x) <0}
is a regular k-surface with boundary and
OM={xecU : &(x)=0, f(x)=0}.

Those who need a practical criterion for dealing with surfaces with boundary can
interrupt their reading at this point and proceed directly to dealing with the exercises
in an effective way. The student of the mathematical theory, however, is invited to
continue reading this section, where we will prove the criterion by application of
the following theorem.

Theorem 8.3.2. Let S be a regular k-surface, 2 < k < n, contained in an open set
U of R" and let f : U C R" = R be a function of class C' such that for every
x € SN f~1(0) the gradient vector Y f(x) is not orthogonal to the tangent space
T:S. Then

M:={xeS: f(x) <0}
is a regular k-surface with boundary and
IM={xeS : f(x)=0}.

Moreover, if S is a regular k-surface of class CP and f is a function of class C?,
then M is a regular k-surface with boundary of class C?.

Proof. Write M = M| UM,, where

My :={xeS: f(x)<0}
and

My ={xeS: f(x)=0}.

Then M is a regular k-surface, since it is the intersection of S with an open set.
In order to apply Proposition 8.2.3, we fix a point xo of S with f(xo) = 0. Take a
coordinate system (B, ¥) of S (see Definition 3.1.1) such that xo = ¥ (#), where
to=(1),19,...,17) € B, and consider the function

@ BXxRCRXxR =R, ®(t,s):=(foy)t)—s.



8.3 Practical Criteria 231

Then @(ty,0) = 0. Also, since ¥ f(xo) is not orthogonal to Ty, S and the vectors

{Fw. S}

are a basis of the tangent space Ty,S (see Theorem 3.4.1), we can assume (by a
permutation of the coordinates) that

(v st Gra) 20

what means that, by the chain rule,

oD I(foy) 1# - f llf
9_&(%’0)_ oty ga_

The implicit function theorem, Theorem 3.2.1 (see also [10, 4.6]), provides us
with an open neighborhood W of (£y,0) in R**!, W C B x R, an open neighborhood
A of

#),...,20 ,,0)
in R¥ and a function g : A C R¥ — R of class C! in A such that the following hold:

Log(t,....10 ,,0) =1,
2. (t1,.. o tk1,8(t1, - tk1,8),8) €W C B xR whenever (1y,...,01,5) €A,
3. for every (t,5) € W,
@(t,s) =0if and only if (¢1,...,5¢_1,5) EAand tp, = g(t1,...,fx_1,5). (8.5)

In particular, whenever (¢1,...,f_1,5) € A, we have

(tlv'--atkflag(tla"'vtkflvs)) €B

and
(D(tl,...,tk,l,g(tl,...,tk,l,s),s) =0. (8.6)

Now define A = A NHF and
9o AcCH - McR"

by
¢([1,...,lk,1,s) = w(tlw" 7tk717g(t17"'7tk717s))'
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Letting
x:=@(t,. . h1,9),
condition (8.6) gives f(x) —s = 0. Together with the injectivity of ¥, and (8.5) this
implies that ¢ is injective and @ (A) C M. Moreover,

o, 1) 0 =y, 1) 1)) =x0.

It remains only to check that (A, ¢) satisfies the condition (1) and (2) of Proposition
8.2.3. To do this, we consider the mapping

B:ACRF— R
defined by
Bty tee1,8) == (t1,. o g1, 8(11, - 1k—1,5)) (8.7)
and observe that
¢ =YoPa.

Now it suffices to check that B admits a local inverse of class C! in a
neighborhood of ug := (#),...,7) |,0) € A. Evaluating the partial derivative of
(8.6) with respect to s, keeping in mind

D

x(t,s) = —1

at each point (¢,s) € B x R, we obtain

910 0 g _
a_tk ( 1,---,tk717g(u0),0) ! _S(uO) - 1=0.

In particular, it follows from Definition (8.7) that the Jacobian of B at u is

IB(w) = o) #0,

and an application of the inverse function theorem, Theorem 3.1.1, concludes the
argument. O

We can return to the proof of Criterion 8.3.1.
Take

S:= & 10),

which is a regular k-surface by Proposition 3.2.1. For every

xesSnf o),
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the gradient vector ¥ f(x) is not a linear combination of the vectors
—k
(Vo))

since otherwise the rank of the matrix (@,f)'(x) would be (n— k). Now, by
Proposition 3.4.1, the vectors

{V(I)l (x), thg(x),...,vcbn,k(x)}

are a basis of the normal space to S at x. Consequently, ¥ f(x) is not orthogonal
to the tangent space to S at x. We can apply Theorem 8.3.2 to conclude that M is
a regular k-surface with boundary, and moreover, the boundary consists exactly of
those points of S at which the function f vanishes.

We present now another practical criterion.

Corollary 8.3.1. Let S be a regular n-surface contained in an open set U in R"
and let f:U C R" = R be a function of class CP such that  f(x) # 0 for all
x €SN f1(0). Then

M:={xeS: f(x) <0}

is a regular n-surface with boundary of class C? and oM = {x € S : f(x) = 0}.

Criterion 8.3.3. Let M be a compact set in R" such that 9'°P(M), its topological
boundary, is a regular (n—1)-surface of class CP . Suppose that for eachx € 9" (M)
there is 8 > 0 such that for every 0 < r < 0,

B(x,r)\ 9"P(M)

has two connected components, and one component coincides with the intersection
of B(x,r) with the interior of M. Then M is a regular n-surface with boundary of
class CP and oM = 9"P(M).

Proof. The hypothesis implies that the interior of M is nonempty and hence is a
regular n-surface. According to Proposition 8.2.3, we need to check the conditions
in Definition 8.2.1 of regular surface with boundary at each point of the topological
boundary of M. Fix xo € 9"°P(M) and take § as guaranteed by the hypothesis. By
Theorem 3.4.2, there exist 0 < r < 0 and

D :B(xo,r) CR" - R
of class C? in B(x,r) such that
dP(M)NB(xq,r) = @ 1(0)

and

Vo(x)#0
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for every x € @~1(0). Let U and V be the two connected components of B(x,r) \
0"P(M) and let

U = B(x,r) NInterior(M).
Then the sign of @ is constant in U and also in V. However, the sign of @ is not
constant in U UV, since this would imply that 0 = @(x() would be a local extreme

value of @, contradicting ¥ @(x¢) # 0. Without loss of generality (otherwise we
change the sign of @) we can assume

®(x) <Oforeveryx €U, @(x)>O0forallxecV.

Consequently,

B(xo,r)NM = {x € B(xo,r) : @®(x) <0}.

By Corollary 8.3.1 we deduce that B(xg,r) "M is a regular n-surface with
boundary and also that x is a point of the boundary. In particular, according to
Definitions 8.2.1 and 8.2.2, there is a coordinate system (A, @),

o: ACH'—>MCR",
of class C? in A such that

07" (x0) = (0,18,....10).
O

Let M be a regular n-surface with boundary of class CP that satisfies the
hypothesis of Criterion 8.3.3. In particular, for every xo € dM, one can find r > 0
such that

B(xo,r)\ 9P (M) (8.8)

has two connected components, U and V, where U is the intersection of B(xy, r) with
the interior of M, and V is the intersection of B(xy,r) with the complement of M.

We are going to see that under these circumstances we can speak of normal
vectors that point toward the outside or the interior of the regular surface.

Definition 8.3.1. Let M C R” be a regular n-surface with boundary of class C”. A
normal vector N to Ty, (dM) is said to be an exterior normal vector if there is 6 > 0
such that

xo+INeR"\M,

whenever 0 < ¢ < 6.

Proposition 8.3.1. Let M be a regular n-surface with boundary of class CP and x¢
a point in M. We assume that there exist r > 0 and a mapping

D :B(xo,r) CR" - R
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of class CP such that
B(xo,r)NdM = {x € B(xo,r) : ®(x) =0}

and
B(xo,r)NM = {x € B(xo,r) : ®(x)<O0}.
Then N =V ®(xo) is an exterior normal vector to Ty, (OM).
Proof. From Proposition 3.4.1 we already know that N is a normal vector to

Ty, (dM). Moreover,

0 < (N.N) = Dy(xy) = lim ZE0 TN = P(x0)

t—0 t
()] t
_ fim 2F0HIN)
t—0 t

which shows that if # > 0 is small enough, then
@(xo+1tN) > 0,

and hence xo +tN € R"\ M. O

An especially simple situation that illustrates this discussion is the following. Let
M = H" be the half-space of Definition 8.1.1 in the case k = n. For @(x) = x; we
have

M={xeR": &) <0}.
In this case, the boundary of M coincides with the hyperplane x; = 0, and the vector
V@(xo) =e;

points toward the exterior of the half-space.

Example 8.3.1. Let
M:={(xy,2) R : X+’ +2=1,z>0}

be the upper hemisphere of the unit sphere. Then M is a regular 2-surface with
boundary in R3, and the boundary is the unit circle in the xy-plane,

oM = {(x,y,z) €R® : x> +y* =1, z=0}.
To check this, consider the mappings given by

f(xvyvz):_z, (D()C,y,z):xz_i_yz_i_zz_l.
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Then
V @(x,y,z) = (2x,2y,2z) # (0,0,0)

in R3\ {(0,0,0)}, and in particular, @'(x,y,z) has rank 1 at every point on the
sphere. Moreover,

@ =53 %)

has rank 2 except at points of the z-axis, but since the z-axis does not intersect the
unit circle in the xy-plane, an appeal to Criterion 8.3.1 concludes our argument.

Example 8.3.2. The truncated paraboloid
M:={(x,3,2) ER® : z=x*+y* z< 1}

is a regular 2-surface with boundary whose boundary is the unit circle in the plane
z=1,
OM = {(x,y,2) €R® : ¥ +y*=z=1}.

Again we apply Criterion 8.3.1, this time with the mappings
@(x,y,z) = xZ +y2 -, f(x,y,Z) =z—1
Easily we see that

vV O(x,y,z) = (2x,2y,—1) # (0,0,0),

which means that @' (x,y,z) has rank 1 at every point of R3. Also,

(@, ) (x,y,2) = <20x20y —11>

has rank 2 except at points of the z-axis. Since the z-axis does not intersect the unit
circle in the plane z = 1, Criterion 8.3.1 provides our conclusion.

Let us indicate briefly how one can analyze this example, to the same end, by
use of Proposition 8.2.3 rather than Criterion 8.3.1. We decompose M = M| UM,
where

My ={(x,y,2) R} : z=x4+)*, z< 1},

being the intersection of the paraboloid with an open set, is a regular 2-surface in
R3, and
My ={(x,y,2) €R® : ¥ +y*=z=1}.

Now we fix an arbitrary point (xg,y0,20) € M>. The level curves obtained on
intersecting M with horizontal planes are circles, and this suggests the use of polar
coordinates. Thus, we put
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x=pcosB, y=psinh, z=x>+y> =p
Since z < 1, it follows that p < 1. We consider the half-plane
S={(p.0) R : p<1}
and select 8y € R such that

Xxp = cos 6y, yg = sin 6.

Finally, we define
A:=(0,1] x (6p—m, 6+ )
and
90:ACS—MCR? ¢(p,0)=(pcos8,psind,p?).
The verification of conditions (1) and (2) of Proposition 8.2.3 are left as an exercise,

but it is similar to the corresponding verification in Example 8.2.3. To finish, we
note that

(x0,¥0,20) = @(1,60) € 9 (ANIS).
Example 8.3.3. Already we have seen in Example 8.2.4 that the closed unit ball
M:={(x,y,2) eR® : ¥ +y*+72<1}

is a regular 3-surface with boundary in R? and that the boundary is the unit sphere.

This conclusion can alternatively be arrived by application of Theorem 8.3.2 in
the limiting case of k = n =3 and S = R upon considering the function

FRP =R, fxyz) =x+y*+27— 1.

The normal space to S at an arbitrary point is simply (0,0,0), and so, in order
to apply Theorem 8.3.2, we have only to check that ¥ f(x,y,z) # (0,0,0) at every
point at which the function f vanishes, and this much is clear.

The next example shows again the difference between the boundary (which, for
emphasis, we might call the geometric boundary) of a surface and the topological
boundary of that surface considered as a set.

Example 8.3.4. The annulus M := {(x,y) € R? : 1 < x*>+y? <4} is a regular 2-
surface with boundary. The boundary is the circle with radius 2 centered at the
origin.

Again we apply Theorem 8.3.2 in a limiting case. Take

S:={(x,y) €R* : 1< +)%},
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which is a regular 2-surface in R? because it is an open set. Now define
FRTS R, flry)=x+) —4.

Since ¥ f(x,y) = (2x,2y) # (0,0) whenever x> +y* = 4, Theorem 8.3.2 provides
our assertion.
On the other hand the topological boundary of M is

top

OM ={(x,y) e R?: ¥ +y* = 1}U{(x,y) e R*: X" +)* = 4}.
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8.4 Orientation of Surfaces with Boundary

In Chap.5, we studied the orientation of regular surfaces without boundary, and
so if M is a regular k-surface with boundary, we already know what is meant by
an orientation of the regular k-surface M \ dM and an orientation of the regular
(k— 1)-surface dM. Of course, one cannot assume that either of these is orientable,
and a priori, there is no reason to believe that the orientability of one is related to
the orientability of the other. However, the aim of this section is to prove that if
M\ dM is orientable, then so is dM. Moreover, of the two possible orientations of
dM (we suppose dM is connected), one of them is canonically determined by the
chosen orientation in M \ dM. As one might expect, the connection between these
two orientations is closely related to the notion of orientation of a surface with
boundary.

Definition 8.4.1. Let M be a regular k-surface with boundary of class C? in R".
Then M is said to be orientable if there exists an atlas { (A;, ;) : i € I} such that for
each pair of coordinate systems (A, 1) and (Ay, @) with @1 (A1) N@2(Ay) # @
one has J ((pl’l o @,) > 0 on its domain of definition. Also we will say that the atlas
defines an orientation in M.

Let us define
RF = {yeRF : y; <0}, RE:={yeR:y =0},
and note that H¥ = RF U R'(j. Also, for each subset A C H¥ we put
A_:=ANRL.

If (A, ¢) is a coordinate system of M, then (A_, ¢, ) is a coordinate system of the
regular k-surface M \ M.

Some authors say that a regular k-surface M with boundary is orientable if the
1-regular surface M\JdM is orientable. Next proposition shows that their and our
definitions are equivalent.

Proposition 8.4.1. Let M be a regular k-surface with boundary in R". Then M is
orientable if and only if M \ M is.

Proof. Indeed, if the orientation of M is determined by the atlas
{(Ai,@i) i €1},
then in M \ dM, we consider the orientation defined by the atlas

{((A))-,@i):iel}.
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Conversely, suppose that M \ dM is an orientable regular k-surface and let
o ={(Ai,@i):i€l}

be an arbitrary atlas of M, where each (A;)_ is a connected set. We suppose that
we have chosen an orientation in M \ dM, and we set about obtaining a new atlas of
M that defines an orientation according to Definition 8.4.1. We proceed as follows.
First consider the linear mapping L : R¥ — R* defined by

L(t)=(t1,....tie2,ti, tr—1) -

Now for every i € I, we analyze whether the coordinate system ((4A;)_,¢;) of
M\ dM is compatible with the chosen orientation of M \ dM. If this is the case, we
define

(Biawi) = (Aia(pi)u
but if not, we let
(B, i) == (L' (A,),@i0L).

According to Lemma 5.2.3, the coordinate system ((B;)_, ¥;) is compatible with
the orientation of M \ dM. To finish, we show that the atlas

B .= {(B,’,l/f,’) : iGI}

defines an orientation of M. Suppose, therefore, that (B, ¥ ) and (B,, ¢) are two
coordinate systems in the atlas such that

D:=91(Bi)Ny2(By) # 2.
Since the two coordinate systems
((B1)—,¥1) and ((B2) -, ¥2)
of M\ dM are compatible with the orientation of M \ dM and
Y1((B1)-)NY2((B2)-) =D\ oM,
we deduce from Theorem 5.2.1 that
J(Y o) >0

onthe set ¥, ' (D\ dM). Note that it is implicit in the proof of Theorem 8.2.1 that D'\
OM # @. Since ¥, (D) is contained in the closure of y; ' (D\dM), by continuity,

JW oY) >0
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ony, ! (D). Moreover, according to Proposition 8.2.1, the mapping
v oy iy (D) cHF — RF
has nonzero Jacobian at each point. Finally we deduce

J(W; oY) >0

in the set ¥, ' (D). O
From now on, if M is an orientable regular surface with boundary and its

orientation is defined by the atlas {(A;,¢;) : i € I}, then we will consider the
orientation of M\ dM defined by the atlas

{((Ai)—, i) i1}

and will refer to this as the orientation induced by the orientation of M. In the next
theorem, we will show how the orientation of M also induces an orientation of the
(k — 1)-dimensional regular surface dM.

Theorem 8.4.1. Let M be a regular k-surface with boundary in R" that is ori-
entable and of class CP. Then dM is an orientable regular (k — 1)-surface of class

Cr.

Proof. According to Theorem 8.2.1, dM is a regular (k — 1)-surface of class CP.
Givenxg € dM, let (A, @) be a coordinate system of M such thatxo) = ¢ (), where
ty= (O,tg, . ,t,(()) € A. As in Theorem 8.2.1, define

A= {seR*1: (0,5) €A},
which is an open set in R¥~!, and

P:ACRET SR G(s) :=0(0,9), (8.9)
which is a function of class C”. As we saw in the proof of Theorem 8.2.1, (1&, @)isa
coordinate system of dM. Suppose that we have chosen an orientation in M. We are
going to show that if {(Ag, @)} is an atlas of M compatible with that orientation,
where A is connected, then { (A4, @)} induces an orientation of M. Here, @, is
related to ¢ as in (8.9), that is,

Pa(s) = @a(0,s).

Take (A1,¢1) and (Ay, @,) to be two arbitrary coordinate systems in this atlas of
M. We need to check that ¢, o @1 has positive Jacobian in its domain of definition,
which we denote by V, and assume that V # @. To this end, let

g:=1(81,82:---,8k)
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be a C” extension of ¢, Lo @1 to an open subset of R¥. From the identity
(95" 001)(0,5) = (£1(0,5),...,8x(0,s))
and Lemma 8.2.1, it follows that g;(0,s) = 0 for every s € V. Thus
92(22(0,5),...,2(0,5)) = 92(2(0,5)) = 91(0,5) = @1 (s).
We conclude that
(@, ' 0@1)(s) = (£2(0,5),...,8k(0,5)).
Now, bearing in mind that g;(0,s) is identically zero on V, we have

dgi
——(0,s) =0
50 (0)

for each 2 < j <k and every s € V, and so obtain the following relation between the
Jacobian of ¢, ' 0 @y and that of @, ' 0 @

T
(9t1
98 dg& %
0 < J(gy'00)(0,5)=| dn I T I

dek dgk - sk
8t1 atz al‘k (0,5)

_dgi ~1_ -

— a—tl(O,s) -J(goz o@)(s) (8.10)

for every s € V. On the other hand, since g;(0,s) = 0 and g;(h,s) < 0 for every
h < 0 such that |4| is small enough, we have

981 . gi(h,s) —£1(0,5)
—(0,s) = lim =———————= >0,
oh ( S) hir(r)l* h -
and conclude that
J(@, ' 0 91)(s) >0,
for every s € V, as we wanted to prove. O

Definition 8.4.2. Let M be an oriented regular k-surface with boundary in R"” and
{(Aq,9q)} an atlas of M compatible with its orientation. The orientation induced
on the boundary OM is the orientation defined by the atlas {(Ag, @0 )}, Puls) =
©0(0,s) introduced in Theorem 8.4.1.
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Definition 8.4.3. Let 57 be a hyperplane in R” and N an orthogonal vector to 7.
The orientation induced by N on .77 is the orientation

O :=vi,...,vp_1],
where {v1,...,v,_1} is a basis of 5 such that
{N,Vl,...,vnfl}

is a positively oriented basis of R”.

From Proposition 7.2.2 we can see that, N is a positive multiple of the cross
product vy X -+ X v,_1.

Example 8.4.1. We consider the half-space
S:i={teR" :n(t) <a}

(see Definition 8.2.3). Suppose this is oriented so that (S\ dS,id) is a coordinate
system of S\ dS compatible with the orientation, where id denotes the identity

mapping
id: S\ dS — S\ dS.
Let NV be the (unique) unit vector that is orthogonal to the hyperplane .77 := Ker &

and satisfies £(V) > 0. Then the orientation induced by N in .% coincides with the
orientation induced in the boundary by the orientation of S.

We observe that the tangent space to dS at a point is exactly the (n— 1)-
dimensional vector subspace Ker 7 (see, for instance, Proposition 3.4.1). Putv, :=N
and consider an orthonormal basis {v,,v3,...,v,} of Ker & such that

{vi,v2,...,vu}

is a positively oriented basis of R”. As in Lemma 8.2.2, take L : R" — R" to be the
linear mapping defined by L(e;) =v;, 1 < j < n.Finally, letb € R" be a vector such
that 7(b) = a and define R as the affine mapping R := b + L. Then

R-H"—S

is a coordinate system of S. The chosen orientation in S is the one for which, for
everyx € U := S\ dS, the orientation in the tangent space (isomorphic to R") T,.U is

O = [e1,€2,...,€,].
Since for each ¢ € R" and #; < 0, we have

‘;—ffa) —L(e) =v;
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and {v{,v,,...,v,} is a positively oriented basis of R”, we conclude that (H",R) is
a coordinate system compatible with the orientation of S. According to Definition
8.4.2, (R"’l ,¥) is a coordinate system of dS compatible with its orientation, where

YR 508, ¢(s)=R(0,s).

From

v, . IR
a5 = 30

forevery 1 <i<n—1,andeverys in R"! we deduce that the orientation in Ker 7 is

(0,5) =viy1

O =[va,...,vn].

It follows from Definition 8.4.3 that this is the orientation induced by the normal
vector N.

Example 8.4.2. Let0 <& <1 and
M:={(xy2) €R’ : P4y’ +7=1,z>¢}

be given. We wish to analyze the orientation induced on M \ M and on dM by the
coordinate system (B, ¥ ) of Remark 8.2.3 (see also Example 8.2.3).

Recall that B := (—7,0] x (69 — 7,600 + ), where > = 1 — €2, and
Vv:BCcH>—M

is given by

¥ (s,0):= ((r—l—s)cose,(r—l-s)sine,\/l— (r—l—s)z) :

For every —r < s <0, we have

€1 €2 €3

(%_f X 3_15)(379) = cos 6 sin O % .
—(r+s)sin@ (r+s)cos0 0
Since
Y Y . cos sin@ _
<(§ 8 %)(s,e),e3> N ’—(r—i—s)sin@ (r+s)cos| rts>0,

the normal vector defined by (B, ¥ ) at the points of M \ dM point to the exterior of
the sphere. In other words, the orientation induced by the coordinate system (B, ¥)
on M\ dM coincides with the orientation induced by a vector field of unit normal
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Fig. 8.4 Surface of Example
842

Fig. 8.5 Cylinder of
Example 8.4.3

vectors pointing to the exterior of the sphere (see Definition 5.2.3). Moreover,
according to Definition 8.4.2, a coordinate system of the boundary of M compatible
with the orientation is given by

((60—m,60+7),y),

where
y:(6—m 6p+m)—dM, y(6)=v(0,0).
From

y(0)=(V1—¢€%cos0,\/1—¢€%sinb,¢),

we see that the orientation induced on dM consists of traveling counterclockwise
about the circle of radius /1 — €2 in the plane z = € (Fig. 8.4).

Example 8.4.3. Consider the cylinder
M:={(xyz) eR: P+y=1;0<z<1},

and the orientation on it defined by the vector field F(x,y,z) := (x,y,0). We
determine the orientation this induces on the boundary of M (Fig. 8.5).
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Form the decomposition M = S U S, U S3, where
Sy i={(x,y2) €R® : X¥*+y*=1;0<z<1}
is a regular surface and S,, S3 are two circles in horizontal planes:
Sy :={(x,0)eR} : ¥ 4+y* =1}, S3:={(x,y,1)eR : > +y*=1}.

For every (x,y,z) € Sy, the vector F(x,y,z) has norm one and is orthogonal to S}
at (x,y,7) (see, for instance, Proposition 3.4.1). Therefore, the vector field F defines
an orientation of Sy, according Definition 5.2.3. We now analyze the orientation of
the boundary.

1. Fix a point (xg,y0,0) € S, and find a coordinate neighborhood of this point in M
that is compatible with the orientation of S;. Indeed, observe that the points of M
can be described as

X =coss, y=sins, z=—t,

which suggests consideration of the mapping
o(t,s) = (coss,sins, —1).

The negative sign in the third variable is due to the fact that the domain of the
coordinate system should be an open set in the left half-plane and the z-coordinate
of an arbitrary point of M satisfies 0 < z < 1. More precisely, take 6y such that
Xp = cos 6y, yo = sin By and define

A={(t,s) :—1<1<0;60—mw<s<6y+r}

and
9:ACH? =R} o(r,s) = (coss,sins, —1).

Then

d d
(a—‘f X a—‘f) (t,5) = (coss, sins, 0) = F(p(t,s)),
whenever ¢ < 0. This proves that (A, @) is a coordinate system of M compatible
with the orientation of Sj. According to Definition 8.4.2, the mapping

y: (60— 7,60+ 1) — R ;p(s) = (coss, sins, 0)

defines a coordinate system of S, C dM compatible with the orientation induced
in M. This means that dM is oriented in such a way that the circle S, is traversed
counterclockwise.

2. Fix a point (xg,yo, 1) € S3 and find a coordinate neighborhood of this point in M
compatible with the orientation in S;. This time, we observe that the points of M
can be described by
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x=coss, y=sins, z=1+t1,
and so we consider the mapping
o(t,s) = (coss,sins, 1 +1).

We write the third coordinate in the form 1+, so that # = 0 corresponds to
the points in S3, and the negative values of ¢ correspond to M \ S3. Proceeding as
before, we take 6y such that xy = cos 6y, yo = sin 8y and define

A:=(—1,0] x (6p— 7,0+ )
and
¢:ACH? >R}  o(,s) = (coss,sins, 1 +1).
Then

(aa_‘tp % a—(f)(t,s) = (—coss, —sins, 0) = —F(e(t,s)),

which means that (A, @) reverses the orientation of S;. Hence, we replace the
previous coordinate system by (B, ¥ ), where

B:={(z,s) : (r,—s) € A}

and
¥(t,s):=o(t,—s).

This new coordinate system is compatible with the orientation of . Accord-
ing to Definition 8.4.2, the mapping

y(s) =¥(0,5) = 9(0,—s)

defines a coordinate system in S3 C dM compatible with the orientation induced
in dM. Since

y(s) = (coss, —sins, 1),

we see that dM is oriented in such a way that S3 is traversed clockwise.
The orientation of dM in the previous example is consistent with the following
general practical rule, which will be the focus of our attention in the next section.

Criterion 8.4.2. Suppose M is an oriented regular surface with boundary. If we
traverse dM according to its orientation while we keep our head pointing in the
direction N of the vector field that gives the orientation of M\ dM, then the surface
M remains to our left.
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8.5 Orientation in Classical Vector Calculus

It is important at this point for us to form a bridge between two different concepts
of orientation. The first is from vector analysis, which sees orientation as an
equivalence of bases in R”, while the second is from vector calculus in R? and
R3, where orientation is based on clear geometric intuitions.

Let M be a compact subset of R” whose topological boundary, 0"P(M), is a
regular (n — 1)-surface of class C' and suppose that for every x € 9'°°(M), there
exists & > 0 such that foreach 0 < r < §,

B(x,r)\ 9P(M) (8.11)

has two connected components, one of which coincides with the intersection of
B(x,r) with the interior of M. Then, as we proved in Criterion 8.3.3, M is a regular
n-surface with boundary of class C' and dM = 9'P(M).

We have already seen that choosing an orientation of M is equivalent to choosing
an orientation of the open set U := M \ dM (see Proposition 8.4.1).

From now on, we will always assume that M is oriented in such a way that the
identity mapping

id: M\ oM — M\ oM

defines a coordinate system (M \ dM,id) of M\ dM that is compatible with its
orientation. This means that if (A,¢), with

9 ACR"—>R"Y

is a coordinate system of M \ dM compatible with the orientation, then for every
t € A, the basis of R”
de de
—(),..., = (¢
{0,520}

is positively oriented, that is, its orientation coincides with that of

{e1,...,en},

or equivalently, the Jacobian of ¢ is positive (see Proposition 5.2.1 and the comment
prior to Proposition 5.1.1). Our objective in the following subsections is to analyze
the orientation that is subsequently induced on the boundary. We restrict our
attention to the cases R? and R?.
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(

Fig. 8.6 Orientation of the boundary of a compact set with boundary in R?

8.5.1 Compact Sets with Boundary in R?

We first consider the case n = 2 (Fig. 8.6). Let (xo,yo) be a point in the boundary of
M and (A, ¢),

¢:ACH? - MCR?,
a coordinate system compatible with the orientation of M so that

(x0,50) = @(0,10).

Then
A:={reR: (0,) €A}

is an open neighborhood of 7y in R. Let (a,b) be an open interval such that 7y €
(a,b) C A. It turns out that

y:(a.b) >R y(t) == 9(0,1)

is a path of class C' whose trajectory is contained in the boundary of M (see
Definition 8.2.2) and passes through (xo,yo). Moreover, ((a,b),y) is a coordinate
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system of dM compatible with the induced orientation on the boundary, according
to Theorem 8.4.1 and Definition 8.4.2. The tangent vector to y at (xo,yo) = y (fo) is

ot _(9(0
2=y (to) = E(O,to).

On the other hand, for every s < 0 such that (s,%) € A we have that

{g‘f (s,10), g (s, ZO)}

is a positively oriented basis of R?, and consequently,

det[gw(s ). 50 s, to)] >0.

Take
o
ds

Then from the continuity of the partial derivatives of ¢, we obtain

vi = —=(0,19).

det[v,v2] > 0.

By condition (SB2) of the definition of coordinate system, Definition 8.2.1, this
determinant is nonzero, and so it follows that

det[vy,v,] > 0.

That is, {v{,v,} is a positively oriented basis of R2. This means the following:

If we decompose the plane into two half-planes separated by the tangent line to
dM at the point (xg,yo) and move along the tangent line in the direction provided by
the vector v,, then —v; (supported at point (xo,yo)) points toward the left half-plane.
See the comments after Proposition 5.1.1.

We see now, by means of a heuristic argument, that the vector —v; points toward
the set M. Indeed, for s > 0 and |s| small enough, we have @ (—s,7)) € M, and also,
according to the definition of the differential of a function,

J d
0(=s,10) ~ p(0,10) + 5o (0.10) (=) + 5 (0.10) -0 = (x0,30) = sv1.

The previous considerations allow us to obtain the following criterion.

Criterion 8.5.1. If we move along dM according to the orientation induced by the
orientation of M, then the set M always remains to our left (Fig. 8.7).
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Fig. 8.7 Illustration of
Criterion 8.5.1

8.5.2 Compact Sets with Boundary in R’

Consider M a compact set whose topological boundary is a regular surface of class
C! in R3 and with the property that for every (xo,0,20) € dM, there exists § > 0
such that

B((x0,y0,20),7) \ 9'P(M) (8.12)

for each 0 < r < 6 has two connected components, U and V, where U is the
intersection of B((xo,Y0,20),r) with the interior of M and V is the intersection of
B((x0,¥0,20),r) with the complement of M. According to Criterion 8.3.3, M is a
regular 3-surface with boundary of class C! and dM = 9'°P(M).

Let (A, @) be a coordinate system compatible with the orientation of M,

9 ACH’ - M,

so that
@(A) C B((x0,0,20),7) "M
and
(x0,50,20) = 9(0,13,13).

Then according to Theorem 8.4.1 and Definition 8.4.2,
¥ (s,1) == @(0,5,1)

defines a coordinate system (A, %) of dM in a neighborhood of (xo,yo,z0) that is
compatible with the orientation induced by the orientation of M. Now define

V] i= —(O,tg,tg)) = —(O,tg,tg) , V3= —(O,IS,tg).

de 27 27
ot on on
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Then {v,,v3} is a positively oriented basis of the tangent space to dM at
(x0,Y0,20) and {v1,v2,v3} is a positively oriented basis of R3. This means that

Vi
det | vy | >0,
V3

and hence (v;,v, X v3) > 0. That is, if 6 € (—m, 7] is the angle between the vectors
vy and vy X v3, it turns out that cos @ > 0, or equivalently, 6 € (—%,%). Since the
vector v, X v3 is orthogonal to the tangent plane, we deduce that the two vectors v;
and v, X v3 (supported at the point (x,y0,z0)) are on the same side of the tangent
plane to dM at (xq,y0,20)-

Suppose now that

@ : B((x0,y0,20),7) = R

is a function of class C! such that
(Dil(o) = B((XO,yo,Zo),}’) NnoM

and
{xEB((XanO;ZO)vr) : CD(x,y,z) <0} =U

(see the proof of Criterion 8.3.3). We define

f(s) = d)((p(s,tg,tg))),

so that
£(0) = @(x0,y0,20) =0,
while

f(s) <0,

whenever s < 0 has modulus small enough. Consequently, by the chain rule,
<V4)(x07y0710)7"1> = <V(D(‘p(07tgvt§)))7 %(Oﬁgﬁg»

_ f/(O) — lim f(s)—f(O)

s—0~ N

>0.
Since ¥ @(x¢,y0,20) is orthogonal to the tangent plane to dM at (xg,yo,20) (see
Proposition 3.4.1) and v; is not in that tangent plane, we obtain
(VY @(x0,Y0,20),v1) > 0.
This proves, with reference to the discussion after Definition 8.3.1, that

(x0,¥0,20) —tv; €U C M,
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Fig. 8.8 Illustration of ¢ A
o bl S o
Criterion 8.5.2 3s . B¢ 6_¢
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-

whenever ¢ > 0 is small enough. That is, the vector —v; points toward the set M and
the vector vy X v3 = (%‘g X %‘[E) (tg ,tg), which is normal to the tangent plane and is
on the same side of the tangent plane as vy, points to the exterior of M. Of course we
get the same conclusion for any coordinate system (B, ¢) of dM that is compatible
with the orientation induced on dM by that of M.

From the above considerations we reach another practical criterion. We denote
by (s,) the coordinates of an arbitrary point of R?.

Criterion 8.5.2. Let M be a compact set in R® that is a regular 3-surface with
boundary of class C'. If ¢ is a parameterization of the surface dM compatible with
the orientation, then % X % is a normal vector to that surface that points toward

the exterior of M (Fig. 8.8).

8.5.3 Regular 2-Surfaces with Boundary in R’

To finish, we analyze the case that M is an oriented regular surface with boundary
in R3. Let

F:M\ oM —R?

be the continuous vector field of unit normal vectors that define the orientation of
M\ dM (see Theorem 5.2.2 and Definition 5.2.3). From the expression obtained
in Theorem 5.2.2 for the vector field F in terms of a coordinate system, it is
obvious that F can be extended to a continuous vector field F : M — R3. Indeed,
let {(Aj,¢@;): j € J} bean atlas of M compatible with the orientation, and for every
jE€J,putM; :=¢;(A;) and
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Fig. 8.9 Illustration of
Criterion 8.5.3

which is a continuous function in A j, since ¢ is of class C Lin A j- As in Theorem
5.2.2, it suffices to define F : M — R so that

F(gj(s,1)) :=Gj(s,1) for (s,1) € A;.
From now on, we will simply denote the vector field F by
F:M—R.

We will try to convince the reader of the following general principle, of doubtless
practical interest:

Criterion 8.5.3. If we move along dM according to the orientation induced by that
of M in such a way that our head points toward the direction given by the vector
field F, then the surface M remains to our left (Fig. 8.9).

Indeed, suppose that (A, @),
¢ ACH? >R,

is a coordinate system of M compatible with the orientation and

(x0,0,20) = @(0,1).

The vector
de

Jdo
g(ovto) X E(O,to)

is a positive multiple of the unit vector F(¢(0,1y)).
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Now observe that the set
A:={reR: (0,) €A}

is an open neighborhood of #j in R; hence there is an open interval (a,b) such that
to € (a,b) C A. It turns out that

y:(a,b) — R3, y(t) = (0,1)

is a path of class C' whose trajectory is contained in the boundary of M (See
Definition 8.2.2) and passes through (xo,yo,z0). Moreover, y defines a coordinate
system of dM compatible with the orientation induced in the boundary, according to
Theorem 8.4.1 and Definition 8.4.2. The tangent vector to p at (xo,Y0,20) = ¥ (fo) is

de

vy =y (t0) = E(Oat())'
If we put
do
vy i= E(O,t()),

then as indicated before,

V3=V XV
is a positive multiple of F(xo,yo,z0). Now observe that the plane through the point
(x0,Y0,20) determined by the vectors v, and v3 decomposes R3 into two half-spaces.
If we stand at (xg,yo,20), with our head pointing in the direction v3 and face the

direction v, (that is, according to the orientation induced in dM), then the open half-
space to our left consists exactly of those points (x,y,z) € R with the property that

<(x,y,z) - (x05y0510)5v> >0,
where v = v3 x v,. This means that the angle 6 between the vectors (x,y,z) —
(x0,Y0,20) and v varies between —7 and 7.

Taking, if necessary, a suitable open subset, we can assume that A is a convex set.
If (s,79) € A and s < 0, then we can apply the mean value theorem to the function

fs.0 = R: £() = (0(r0).v)

to deduce that there exists £, s < & < 0, such that

(ols0) - 0(0.003) =5 (€ .0)v).
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Since

<g—‘f(0,t0),v> = <V1,V3 X v2>

V3

= —det | v;
V2

= —[psl* <0,

and the partial derivatives are continuous functions, we conclude that

(0(s.10) = 0(0.10),7) >0,

whenever s < 0 has modulus small enough. In other words, the point (x,y,z) =
o(s,1) € M is in the half-space located to our left.
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8.6 The rn-dimensional cube

An important case where a physicist will actually apply Stokes’s theorem is when
studying the flux through a cube. The cube, unfortunately, is not a regular surface. In
this section, we will show how we can, from a formal point of view, overcome that
difficulty. We will see that if we remove the edges and vertices of the cube [0,1]"
then we get a regular n-surface with boundary in R”. We will also discuss what is
the orientation induced on the boundary by the canonical orientation of R”.

For n > 3, put I := (0,1)" and suppose that it is oriented so that the identity
mapping defines a coordinate system compatible with the orientation. For every
1<j<nlet

Iig:={xeR" :x;=0;0<x; <1ifi#j}
and

ip={xeR" :x;=1;0<x;<1ifi#j}.
The set

n
U Ij0Ulj1)

is called, for obvious reason, the cube without edges. Now we fix 1 < j <n and
study /; ;. Take
A= (=1,0]x (0,1)" ' cH"

and define
QAR @t ot 1) = (.. L4115, 1)
for2 < j<nand@(t1,t2,...,t,) = (1 +11,02,...,8,) for j = 1. Then
(A, 9)
is a coordinate system for a regular surface with boundary and
e({0} > (0,1)" 1) =1,
Observe that, while it may not seem natural to exchange first and j-th variables in
the definition of ¢, one must proceed in this way in order to obtain a coordinate
system since the domain should be a subset of the half-space H". Also,
o((~1,0)x (0,1)" ") =1.

As the Jacobian of ¢ is
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for every £ € A, it follows that the mapping ¥ : (0,1)"~! — R”
Y(st,-.,8n-1): =@(0,81,...,8-1)
(Sj—1581,---,8j-2,1,8),...,8p-1), 2< j<n
(1,81, 8n—1)s j=1
keeps the positive orientation of /; | for j = 1 and changes the orientation for j > 2.
The normal vector to this face, which (according to Definition 8.4.3) corresponds to

the orientation induced on dM by that of M (Theorem 8.4.1 and Definition 8.4.2)
will be

d d
(a—z(s)x...x%(s)):ezx...xen,lzel
for j =1 and
d d
—(a—z(s)x...x%(s)):—(egx...xelxejﬂx...xen):ej

for j > 2. (In this cross product e is located at position (j — 1) while e; is absent.)
That is, the face I;; is oriented according the normal vector e; pointing towards
the exterior of M for every 1 < j < n. In the case 2 < j < n, by Lemma 5.2.3, the
compatible orientation of /; is given by (L"'(A),@oL), where L : R" — R”" is
given by L(uy,...,up) = (u1,. .. ,tp,Up—1)-

Now consider /; o. As before, put

A= (=1,0]x (0,1)" ' cH"
and define
0 A=RY; @ttt ty) = (t,t, . =T, 1)
for j > 2 and @(11,t2,...,ty) = (—t1,f2,...,1,) for j = 1. Then
(A, 9)
is a coordinate system of a regular surface with boundary and

e({0} > (0,1)""") = Ij,.
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Fig. 8.10 Orientation of the
boundary of the cube

From

forevery t € A, we get that
w(sla"'asnfl) L= (p(ovsl)"'vsnfl)
(ijl,sl,...,ijz,O,Sj,...,Snfl), j>2

(O,Sl,...,snfl), ]:1

(with O at the j-th coordinate) is a positively oriented coordinate system of [}
except for j = 1. The normal vector to this face consistent with that orientation
is the cross product of the (n — 1) vectors

{92783, 2o €1H,€5 4, 7en}
for2<j<nand —e; x...xe, = —e for j=1.Thatis, I; is oriented according
the vector normal —e;, which points towards the exterior of M (Fig. 8.10) for every

1<j<n.

Note that the conclusion is consistent with Criterion 8.5.2.

To make things easier for the student we include coordinate systems of the 6
faces of the unit cube in R® which are compatible with the orientation. Let A =
(0,1) x (0,1) be given and define ¥, : A C R*? — R as

'lfl,l(uvv) = (I,M,V), '/,2,1(1’{7‘}) = (Va 15“)5 W&l(”v") = (M,V, 1)
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and also

Vio(u,v) = (0,v,u), ¥a0(u,v) = (u,0,v), ¥30(u,v) = (v,u,0).

Then (A, ¥ ) is a coordinate system of I; , which is compatible with the orientation
forevery j =1,2,3 and a = 0, 1. In fact, it suffices to observe that

a'pj,a a'/’j,a

X

du v (,v)

coincides with the the normal vector to /; , pointing toward the exterior of the unit
cube.

Finally we consider the case of the unit square in the plane. That square,
[0,1] x [0,1], is a simple region, where a precise counter-clockwise parametrization
of its boundary is very easily given. Hence the version of Green Theorem stated
in theorem2.6.4 is more than enough for the applications. But a reader could be
interested in producing a seamless connection with surfaces with boundary and
with the Divergence theorem obtained from the general Stokes’s theorem in the
next chapter. For that kind of reader we produce explicitly atlases for the square
without the vertexes U, = [0,1] x [0, 1]\ {(0,0),(0,1),(1,0),(1,1)} and dU,, that
are positively oriented, i.e., compatible with the identity as coordinate system in the
interior of Us.

The atlas on U, is {@1,¢02,93,¢4} that generates on JU, the atlas

{61762763764}’
0, (—1,0]x (0,1) = Uz, @;:(0,1)— (0,1), for j=1,2,3,4,

defined as

‘Pl(svt):(s+17t) ) (/P\l(t) (Lt)
o(s,t)=(1—t,5+1) , @2(1)=(1—1,1)
‘P3(s7t):(_s71_t) ) (/0\3(t):(071_t)

(p4(S,l‘):(l‘,—S) ) ¢4(f):(f70)

Observe that Jg (s,1) = 1 for every (s,¢) in (—1,0] x (0,1) and j =1,2,3,4.

The next result will be useful in solving exercises. It allows one to parameterize
regular surfaces with boundary in R? by taking the domain of parameters to be a
regular surface with boundary in R? (usually a closed disk or a rectangle without
vertices).

Criterion 8.6.1. Let S be a regular k-surface with boundary in R oriented so that
the identity mapping on S\ 9S defines a coordinate system (S\ dS,id) compatible
with its orientation. Let M be an oriented regular k-surface with boundary in R" and
1S — M a homeomorphism admitting a C' extension to an open neighborhood of
S such that f has maximal rank on S. Then



8.6 The n-dimensional cube 263

(1) If (A, @) is a coordinate system of S then (A, fo @) is a coordinate system of
M.

(2) f(dS) = M, f(S\ dS) =M\ IM and (S\ 39S, f) is a coordinate system of
M\ M.

(3) If (B,¥) is a coordinate system of dS then (B, fo ) is a coordinate system of
oM.

(4) If the coordinate system (S \ dS, f) is compatible with the orientation of M
and (B, V) is a coordinate system of dS compatible with its orientation then
(B, fo ¥) is a coordinate system of M compatible with its orientation.

Proof.

(1) Let B be an open subset of A for the relative topology. By condition (SB1°) of
Definition 8.2.1, there exists an open set U C R¥ such that ¢ (B) = SNU. Since
[ is an homeomorphism there is an open subset V C R” such that f(SNU) =
MNV. Hence fop(B) =MNV. Also (foe)'(t) =f (¢(t)) o ¢'(t) has rank k
for every ¢t € A. According to Definition 8.2.1, (A, f o @) is a coordinate system
of M.

Let {(Aq,90)}gers Qo Aq CHF — S, an atlas of S. Then {(Ag.f o @a)}yes
is an atlas of M. In particular,

f(9S) = Uaelf(‘Poc(Aaﬁ {0} x Rkil)) =JM.

Hence also f(S\ dS) = M\ dM. On the other hand, S\ dS is an open set in
R (Example 8.2.2) and from Corollary 3.3.1 we deduce that (S\ d5,f) is a
coordinate system of M \ dM.
(3) Since foy : B C R¥"! — 9M is injective and C' and also (f o ¥)/(s) =
f'(¥(s)) o¥’(s) has rank (k — 1) at each point s € B it follows from Corollary
3.3.1 that (f o ¥, B) is a coordinate system of M.
Fix t) € ¥ (B) C dS and select

@

~

4

~

9o AcCH cRF 5

compatible with the orientation of S and such that o = @(so). We observe that
the coordinate system (A,f o @) is also compatible with the orientation of M.
Indeed, it suffices to note that

flolfop)=9

has positive Jacobian at each point (see for instance Proposition 5.2.1). Conse-
quently, it turns out that (A,y),

y:h =Ry = (fop)(0,0),
is compatible with the orientation of dM. Now put

£:A R E(M) = 0(0,0).
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Fig. 8.11 The portion of
sphere of Example 8.6.1

Then (A, £) is a coordinate system of dS which is compatible with its orienta-
tion. By hypothesis, ¥ ~! o £ has positive Jacobian on its domain (Proposition
5.2.1). From the fact that

((Foy) toy)O)= (¥ 'of Tofop)(0,6)= (¥ 'o&)()

has positive Jacobian we conclude, on applying again Proposition 5.2.1, that
(B,f o) is a coordinate system of dM which is compatible with its orientation.

O
Example 8.6.1. Fix 0 < € < 1 and let M be the portion of sphere (Fig.8.11)

M:={(xy2) €R : P+’ +=1;2< —¢}.

We suppose this is oriented according to the normal vector pointing to the exterior
of the sphere (see Definition 5.2.3). Take

D:={(s,0) eR? : s> +r> <1-¢%}

and consider the mapping

[:D—=M; f(s,t):=(t,5,—/1—52—12).

Then
of

a(S,l) X

of ( t s )
5,0 = ) 7_1
8t(s 2 VI—s2—12'V1-52 12

is a positive multiple of the vector f (s,?).
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Setting > = 1 — €2, we deduce from Criterion 8.6.1 that
y:(60—m 60+ 1) =R p(r) =f(rcost, rsint)
is a positively oriented coordinate system of dM. Since
y(t) = (rsint, rcost,—¢),

we conclude that the boundary of M (that is, the circle in the plane z = —¢€) is
oriented clockwise.
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8.7 Exercises

Exercise 8.7.1. Show that the portion of the cylinder {(x,y,z) € R? : x*> +y* =
a*,0 < z < 1} is a regular surface with boundary.

Exercise 8.7.2. Let M be the portion of the plane x +y+z = 1 whose projection
onto the xy-plane is the closed disk centered at the origin and with radius 1.

(1) Show that M is a regular surface with boundary.
(2) If M is oriented according to the normal vector (1,1,1) and we consider the
induced orientation in dM, find

/ xdy+ydz.
oM

Exercise 8.7.3. Let M be the lower hemisphere of the unit sphere, i.e., the surface

specified by
z=—\1—-x2—y%

Suppose the sphere is oriented according to the exterior normal vector. Evaluate

/ —y dx+xdy.
Jom



Chapter 8
Surfaces with Boundary

One of the objectives of this book is to obtain a rigorous proof of a version of Green’s
formula for compact subsets of R? whose topological boundary is a regular curve
of class C2. These sets are typical examples of what we will call regular 2-surfaces
with boundary in R?. The analogous three-dimensional example would consist of a
compact set of R? whose topological boundary is a regular surface of class C2. The
following example is perhaps instructive. Consider in R? the portion of the cylinder
x? +y? = 1 limited by the planes z = 0 and z = 1; that is,

M:={(xyz) eR: ¥ +y*=1,0<z<1}

The set M is not a regular surface according to Definition 3.1.1. However, we can
decompose it as M = M| U M,, where

My ={(xy2) eR: P+’ =1,0<z<1}

is a regular surface and M;, being the union of two circles, is a regular curve. This
set M is an example of what is called a regular 2-surface with boundary in R3.
Here, boundary refers to the curve M,, which, in this case, does not coincide with
the topological boundary of M. In general, a regular k-surface with boundary in
R" (2 < k < n) is the union of a regular k-surface in R" and a regular (k— 1)-
surface (called the boundary) that are “glued” together in a very particular way (see
Definitions 8.2.1 and 8.2.2, and Theorem 8.2.1). The concept of regular k-surface
with boundary in R” is essential to the formulation of Stokes’s theorem.

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 207
DOI 10.1007/978-1-4614-2200-6_8, © Springer Science+Business Media, LLC 2012
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8.1 Functions of Class C? in a Half-Space

The domain of parameters of a regular surface with boundary in R? will be a subset
of the half-plane formed by the points of R? whose first coordinate is less than
or equal to zero. In general, the domain of parameters of a regular k-surface with
boundary in R”, with n > k, will be an open subset (for the relative topology) of
the closed half-space H* formed by the points whose first coordinate is less than or
equal to zero. We will need to develop a differential calculus for functions defined on
such a set before investigating further the notion of regular surface with boundary.

Definition 8.1.1. The half-space H¥ is defined by
H* .= {(r1,...,5) €RY : 11 <0} = (—o0,0] x REL,

Since the half-space is not an open set, we must clarify what is meant by saying
that a function defined on HF is differentiable. We recall that a set A C HF is open in
HF for the relative topology if there exists an open set A C R¥ such that ANH¥ = A.

Definition 8.1.2. Let A be an open set in H¥. The mapping
¢:ACH - R"
is said to be differentiable (CP) if there exist an open set A C R¥ and a differentiable
(CP) mapping
g:ACR 5 R”
such that ANH* = A and g|, = ¢.

Implicit in this definition is the fact that the domain A of ¢ is an open subset of
H¥ with the relative topology.

We next verify that the partial derivatives of g at £ € A C H* are determined by
the restriction g, = ¢. This allows us to refer to the partial derivatives of ¢ : AC

HF — R” att € A without any ambiguity. We fix ¢ € A C H¥ and suppose
2<j<k

Since A C R¥ is open, there exists 8 > 0 such thatt+s e j € A whenever s € R
and |s| < §. Since the first coordinate of £+ s e; is #; < 0, we have

t+se; cANHF = A

for every |s| < 8. Now,

98 . glt+se;)—g(t)
8tj (t) a slﬁO s
— jim 2 3¢1) 00 8.1)
s—0 N

Notice that the last limit does not depend on the concrete extension g of ¢ that
we are using.
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Analysis of the partial derivative with respect to the first variable is slightly
different. As before, there exists 6 > 0 such that £ 4 se; € A whenever |s| < 0.
However, the first coordinate of £+ se; is t; + s, and if #; = 0, we are guaranteed
that ¢+ se; € A C H* only if we restrict ourselves to negative values of s. So, for
—0 < 5 <0, we have

t+se, cANHF = A,

and we can write

an):img0+ﬂﬁ)—g@
atl s—0 N
— lim w (8.2)
s—0 N
when 11 < 0, and
an): oy 8 ser) —g(t)
atl s—0~ s
— lim w (8.3)
s—0~ N

when 1 = 0.
This discussion justifies the following definition.

Definition 8.1.3. Let A be an open set for the relative topology of HF and ¢ : A C
HK — R". The partial derivatives of ¢ at t € A are defined as follows (assuming
existence of the corresponding limits):

If2<j<k,
t i)—olt
atj s—0 N
Ify <O,
t —Q(t
99 () i @ 501) ~ (0
atl s—0 s
Ify =0,
90, olt+se)— ()
—():=1
atl s—0~ N

It is obvious how the partial derivatives of higher order can be defined. According
to the discussion prior to Definition 8.1.3, if A C R¥ is an open set such that ANH* =
A and

g:ACR S R”

is a differentiable function on A with the property that g, = ¢, then the partial
derivatives of ¢ exist at all points of A and coincide with the partial derivatives of g.
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Definition 8.1.4. Let ¢ : A C H* — R” be a differentiable function on A according
to Definition 8.1.2. For every ¢ € A, the differential of ¢ at t is defined to be the
linear mapping de (¢) = dg(¢) : R — R”, where g is the function of Definition 8.1.2.

It follows from the previous discussion that the differential does not depend on
the choice of the function g associated to ¢.

Lemma 8.1.1. Let a > 0 and suppose the function f : (—a,0] — R has derivative
of order p at each s € (—a,0) and left derivative of order p, 1 < p < eo, at s = 0.
Then there exist numbers 0, 04, ..., 0 such that the function

f(s), s<0

8(s) = a0 f(0) + i oy f(—1ls) , s >0,
=1

is well defined and of class CP on the open interval (—a, %)
Proof. We can select scalars o, ..., 0, such that
o+ 0+ oy =1

and

forevery m = 1,2,..., p. Indeed, this linear system has a unique solution, since the
determinant of the matrix of coefficients is a Vandermonde determinant different
from zero. For 0 < s < % we have

6(5) = 00f(0) + 3, cuf(—1s).
=1

Then
8(0) = (oo + oy + -+ 0p) £(0) = £(0),

and foreverym=1,2,...,p,
P
g (s) = 3 (~1)"a f (~1s),

whenever 0 < s < % Moreover, g has one-sided derivatives at the origin up to order
p given by

The conclusion follows. O

We are going to show that if a function has continuous partial derivatives (up to
order p) in A, then there exists a function g defined on an open set of R that satisfies
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Fig. 8.1 Illustration of the
proof of Proposition 8.1.1

Definition 8.1.2. Thus, the differentiability of a function (and the degree thereof) on
A can be established infernally without recourse to an open set containing A.

Proposition 8.1.1. Given ¢ : A C HF = R”", and 1 < p < o the following conditions
are equivalent:

(1) @ is a function of class CP on A.
(2) @ has partial derivatives of order < p, which are continuous functions on A.

Proof. Itis obvious that (1) implies (2). Indeed, if g is as in Definition 8.1.2, then the
partial derivatives of ¢ up to order p are the restrictions to A of the corresponding
partial derivatives of g in the open set A C R¥.

Suppose now that (2) holds. In order to deduce (1) we will construct a set A and
a function g that satisfy the conditions in Definition 8.1.2. We first consider the set

A =An ((-«»,0) x R’H) ,

which is open in R¥. For every ¢ € A with t; = 0, take & > 0 and B; C R*~! open
such that
te (—61,0] x By C A.

We first analyze the case p = 1, that is, ¢ admits continuous partial derivatives
of first order on A. In this case, consider (Fig. 8.1)

Az ZZU{(—@,@) XBy :te A ZO}

and ; ~
A:=ATUA,,

which is an open set in R¥,
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It is easy to check that ANHF = A. Now define g : A C R¥ — R” as follows. For
s€A; CAletg(s):=¢(s), while if s € A, (thatis, s € (—&, &) x B for some t € A
with #; = 0), then put

(s) = {w(S) ifs; <0,
& ' 2(/)(0,.3‘2,...,Sk)—(p(—sl,SZ,...,Sk) if0 <5 < .

By this construction, g : A C R¥ — R” is a mapping of class C' on A whose
restriction to the set A coincides with ¢. In the general case, p > 1, we pro-
ceed essentially as before but with some slight variation. Again A; := AN
((—e0,0) x R¥1), but now

A, ::U{(—ﬁ,, %) X By : tEA,n:O}.

As before, A := A; UA; and g : A ¢ R¥ — R” is defined in such a way that
g(s) = ¢(s) whenever s € Ay, but this time, if s € (— &, %) x By for some t € A with
1 =0 we let

9(s) ifs; <0,

g(s) = &

p
00@(0,52,...,5,) + ZOclgo(—lsl,sz,...,sp) if 0 <s1 <3,

=1

where 0,0, ...,0, are the scalars provided by Lemma 8.1.1. Their properties
allow us to conclude that g is a function of class C” on the open set A, which is
an extension of ¢@. O

Proposition 8.1.1 allows us to deduce that a function
¢:AcCH - R"

is of class C? if and only if each point of A has an open neighborhood for the relative
topology in H¥ in which ¢ is of class CP. That is, the property of being of class C” in
an open set of the half-space, which was defined globally, is, in fact, a local property.

Corollary 8.1.1. Given ¢ : A C HF — R”, the following conditions are equiva-
lent:

1. A is an open set in H* and ¢ is a function of class CP on A;
2. for every ty € A there exists an open neighborhood U of ty in R¥ such that

UNHf c A

and
¢:UNHf c HF - R"

is a function of class CP on U NHF.
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8.2 Coordinate Systems in a Surface with Boundary

Having now dealt with the necessary technical preliminaries, we are in a position to
formally define the main concept in this chapter: a regular k-surface with boundary
in R” (Fig. 8.2).

Definition 8.2.1. Let2 <k <nand M C R", M # &, be given. Then M is said to
be a regular k-surface with boundary of class C? if for every x € M there exists an
injective mapping

o ACH - McCR"

of class C? in A such thatx € ¢(A) and the following hold

(SB1) There exists an open subset U of R” such that ¢(A) =M NU and ¢ : A —
©(A) is a homeomorphism.
(SB2) Foreverytc A, do(t) : RF — R” is injective.

The pair (A, @) is called a coordinate system. An atlas of M is a family of
coordinate systems

(Aaa(oa)ae/\

such that
M= ¢a(Aq).
oEN
In analogy to the definition of a regular k-surface, continuity of ¢ implies that
condition (SB1) is equivalent to the following condition:
(SB1’) Given an open subset B of A for the relative topology, there exists an open
subset V of R” such that ¢(B) =M NV.

Example 8.2.1. The first and most natural example of a regular k-surface with
boundary of class C* is the half-space HF itself. Indeed we can take as coordinate
system (H¥, 1d ), where Idy is the restriction to H¥ of the identity mapping on R¥.

Fig. 8.2 Coordinate system of a regular surface with boundary



216 8 Surfaces with Boundary

Remark 8.2.1. Recall that the injectivity of de(¢) is equivalent to the matrix

I
Po)
<atj i=1,n =1,k

being of rank k, that is, having a k x k submatrix with nonzero determinant.

Proposition 8.2.1. Let 2 < k < n and let M C R" be a regular k-surface with
boundary of class CP. If (A, @) is a coordinate system of M, ¥ : B C HF — M C R”
is of class CP, such that

D:=¢(A)NY(B) # ¢,

then ¥~ (D) is an open set in H* and
o loy:y (D) cH - R

is a mapping of class CP in ¥~1(D). Moreover, if (B,¥) is a coordinate system,
then

J(@ toy)(s) #0
at each points € y ~ (D).

Proof. Letg:A C R¥ — R" be the C? extension of ¢ to an open set A of R¥ given by
Definition 8.1.2. We fix so € ¥ ~' (D). Then s¢ € B and there exists £, € A such that
o(to) = ¥ (so). Since (A, @) is a coordinate system of M, we can assume, following
a permutation of the coordinates, that

d(g1,---,8k)
———2"(ty) #0.
31, i) 07
Hence g := (g1,...,8x) admits a local inverse of class C” in an open neighbor-

hood of #y. More precisely, there exists an open neighborhood U C R¥ of #, such
that V := g(U) is open in R* and g : U — V has inverse h : V — U of class CP.
Observe now that

goop !

transforms ¢ () in its first k coordinates. This suggests that we consider the mapping
TR R w(xy, . x) = (x1,.. 0,0,

that is, projection onto the first k coordinates. We take an open set B C R* and a

function f : B C R* — R" of class C? such that BNH* = B and f = ¥ in B. Since

(@ o) (so) =ty € U and

(7 of)(s0) = (@(t0)) = &(to) €V,
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there is an open neighborhood W of s in R¥, W C B, with the following properties
for D =¢@(A)NyY(B):

1. WnHCcy1(D);
2. (p ' o) (s) € U whenevers € WNHE,
3. (mof)(s) € V foreverys € W.

‘We note that
gog lov(s)=moy(s) (8.4)

for each s € ¥ ~!(D), because for every s € ¥ ~!(D) there is ¢ € A such that ¥ (s) =
¢ (). Consequently,

9 oy =homof

in the neighborhood W NHF of s in H¥, which proves that ¢ ~! o ¥ is the restriction
of a function of class C? in a neighborhood of s¢ in R*. It follows from Corollary
8.1.1 that ¥~ (D) is an open set in H¥ and

o oy vy (D) cHF - R

is a mapping of class C” in ¥ ~!(D). In the case that (B, ) is also a coordinate
system, we can exchange the roles of ¢ and ¥ to conclude that

¥ lopie (D) CH -y (D)

is also a mapping of class C” in ¢~ !(D), inverse to ¢! o 9. If P W; C R¥ —
R¥ (j = 1,2) are functions of class C” on the open subsets W; of R¥ such that
Wi NHK = @~ 1(D), ", NHF = ¢~ (D) and &, (t) = ¥ ' o g(t) forallt € ¢~ (D),
D5(s) =@ loy(s) foreverys € ¢y~ (D), then @0 P (t) =t foreveryt € 9! (D).
As in the discussion preceding Definition 8.1.3, we see that J(®; 0 @1)(f) = 1 and

d(¢2 o ¢1)(t) = Idp«
for every t € ¢~ !(D). Hence the chain rule applied to @ and @, gives
J(@2)(D1(1)J(P1)(t) =1 Vte @ (D),

ie., fors = @(t),
Jo o)) (¥ o)) =1,
and in particular,
J@~ ow)(s) #0
ateachs € y (D). O
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Definition 8.2.2. Let M be a regular k-surface with boundary. The point xo € M is
said to be in the boundary of M (which we denote by dM) if for some coordinate
system (A, @) of M there is a point (0,£),...,70) € A such that

x0=0(0,89,....10).

The following result guarantees that the set of boundary points is independent of
the chosen coordinate systems.

Lemma 8.2.1. Let M be a regular k-surface with boundary of class CP. Let xo € M
and (B, ¥) a coordinate system of M such that

¥ (x0) = (0,59,....s9).

Then for each coordinate system (A, @) with xo € ¢(A) we have

0" (x0) = (0,18,....10).

Proof. Let
D:=9¢(A)NY(B)
and put
so:=¥ '(x0), to:=¢ '(xo)=(].1,....10).
We already know that t? < 0. Arguing by contradiction, we suppose that
1) <0.

From Proposition 8.2.1 there exist an open set B C R, w’l(D) C B, and a
mapping
g:BC RF — R¥

of class C? such that
gs) =0 ov(s)
for every s € ¥ (D). Since the set ¢ (D) is open in H* and #{ < 0, there exists
r > 0 such that the open ball in R* with radius r and centered at ¢y, denoted by
B(to,r), is contained in ¢~ (D). Thus, the mapping
¥ log
is well defined and of class C? in B(ty,r). Also

go(¥ log)(t)=t
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for every t € B(ty,r). Consequently,

JW o)) #0

for every t € B(ty,r). By the inverse function theorem (Theorem 3.1.1), the set

U:=(y 'og)(Blt,r))

is open in R¥ and (0,s9,...,sY) = (¥ Lo g)(ty) € U, so there exists § > 0
such that 0 < s; < & implies (s1,s3,...,s7) € U, which is a contradiction, since
U C HE = (—o0,0) x RE1 0

Remark 8.2.2. Given a subset A of R”, the topological boundary is defined to be
d"P(A) = A\ int(A).

That is, the topological boundary of A consists of the points in the closure of
A that do not belong to the interior of A. It is important to note that this is a
different concept from the (nontopological) boundary dM of a regular k-surface
with boundary M. For example, the unit sphere S, = {(x1,...,%,) € R" : 23 + -
+ xﬁ = 1} is a closed set with empty interior, and hence coincides with its
topological boundary, 9"P(S, 1) = S,,_;. However, we know from Example 3.2.4
that the sphere is a regular (n — 1)-surface in R”, and so by Proposition 8.2.2, S,,_;
has no boundary, i.e., dS,_; = @. In Examples 8.3.1 and 8.3.2, the topological
boundary of M coincides with all of M and is different from the boundary dM.
There is, however, a prominent case in which the two notions coincide, and this is
given in the following example.

Example 8.2.2. Let M be a compact regular n-surface with boundary in R”. Then
M\ dM is an open set in R” and dM coincides with the topological boundary of M.

We first show that M \ dM is an open set in R”". For every xo € M \ dM let (A, @)
be a coordinate system of M,

o ACH'—R",
such that xo € @(A). Define
B:={tcA; 1 <0},

which is an open subset of R”. Since xo ¢ dM, we have, according to Definition
8.2.2, that
X0 €@(B) C M\ JIM.

Moreover, the Jacobian of ¢ is nonzero at all the points of B, and by the inverse
function theorem, ¢ (B) is an open set in R”. Tt follows from this that M \ dM is the
union of a family of open sets. Consequently,

M\ M C M\ 9°P(M),
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where 9"P(M) is the topological boundary of M. Now we prove the reverse
inclusion. For every xy € M \ 9"P(M) there exists r > 0 such that the open ball
B(xg,r) is contained in M\ 9"°P(M). Let R : R" — R" be an affine transformation
such that

A :=R(B(xo,r))

is contained in the interior of the half-space H”". Finally, define
¢ =R ':ACH" = B(xo,r) C M.

Then (A, @) is a coordinate system of M according to Definition 8.2.1 and x¢ €
o(A). Since A is contained in the interior of the half-space H", we conclude that
X0 € M\ oM.

Proposition 8.2.2. Let M be a regular k-surface of class CP in R". Then M is a
regular k-surface with boundary of class CP and oM = &.

Proof. According to Definition 3.1.1, for each xo € M there is coordinate system
(A, @) of M such that xo € ¢(A). Take ty € A and r > 0 with B(fy,r) C A and xp =
o(tp). Then for the mapping

R:R¥ R R(t)=t—ty—re,
we have that
B :=R(B(ty,r))
is contained in the interior of the half-space H¥. Now define
¥ :=¢oR ":BcH - R"

Then (B,¥) is a coordinate system of M according to Definition 8.2.1 and
¥ (B) = @(B(to,r)). Also, since ¥ ~!(xo) is in B, and so contained in the interior
of HF, it turns out that the first coordinate of ¥ ~!(x() is strictly negative, and
consequently,

X0 §é oM.

0

The following proposition will be very useful in the exercises. It allows one to
replace the half-space HF provided by Definition 8.1.1 and used in Definition 8.2.1
of a regular surface with boundary by an arbitrary half-space.

Definition 8.2.3. A half-space in R is a set S of the form

S:={teRF : n(t) <a},
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where 7 : R — R is a nonzero linear form and a € R. The boundary of the
half-space is defined by

dS:={teR" : n(t) = a}.

An example of a half-space is HF, introduced in Definition 8.1.1. Another
example is a set of the form

S:={teR" : 1;>b}

for a fixed 1 < j < k. In fact, it suffices to consider the linear form 7(f) = —¢; and
a = —b. In the last example, the boundary coincides with the set of points ¢ € R¥
such that¢; = b.

A mapping

9o:ACS—>MCR"

is said to be of class C” in A if there exist an open set A C R¥ and a mapping
g:ACR 5 R”
of class C” in A such that ANS = A and g|, = ¢.

Lemma 8.2.2. For each half-space S in R there exists an affine mapping
R:RF 5 RF

such that R(H*) = S, R(9H¥) = 95S.

Proof. Given the half-space S = {t € R* : n(t) < a}, we consider an orthonormal
basis {v,v2,...,v;} of R with the properties that 7£(v;) > 0 and {v,v3,...,v} is
a basis of the (k — 1)-dimensional vector subspace 7! (0) = Ker 7. We take

L:RF 5 RF

to be the linear mapping defined by L(e;) = v; for 1 < j < k. Finally, choose a
vector b € R¥ such that  (b) = a and define the affine mapping R by R := b + L.
From

k k
T (R (2)@-@-)) =a+ Y x;n(v;) =a+xim(v1),
=1 =1

J

we deduce
RH) =S and R(JH')=0S,

and the proof is finished. (]
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As an immediate consequence of Lemma 8.2.2, the half-space S is a regular
k-surface with boundary of class C* in R¥, and the definition of boundary of a half-
space introduced in Definition 8.2.3 is consistent with the definition of boundary of
a regular surface with boundary, Definition 8.2.2.

Proposition 8.2.3. Let M = My UM, satisfy My "M, = &, where M, is a regular
k-surface of class CP and for each point xo € My there exist a half-space S in R¥
and a mapping

9o:ACS—>MCR"

of class CP such that xo € @(A). Suppose the following hold:

(1) There exists an open subset U of R" such that 9(A) =MNU and ¢ : A — @(A)
is a homeomorphism.

(2) Foreveryt € A, de(t) : RX — R" is injective.

(3) ¢ '(xo) €9S.

Then M is a regular k-surface with boundary of class CP and OM = M,.

Proof. For every xo € M|, we can argue as in Proposition 8.2.2 in order to find a
coordinate system (B, ¥ ) such that in accordance with Definition 8.2.1, xo € ¥ (B)
and the first coordinate of ¥ ~!(x() is strictly negative. Now we concentrate on
giving the details only for the boundary. Fix a pointxy € M andtake ¢ : A CS — M
to be a mapping of class C? satisfying properties (1), (2), and (3) of the hypothesis.
We also consider the affine mapping R : R¥ — R obtained in Lemma 8.2.2. Finally,
define

B:=R'(A) cHF
and
v:BCcH' M, ¥ =¢oR.

It is straightforward that (B,¥) is a coordinate system of M according to
Definition 8.2.1 and that ¥ ' (x) = (0,£,...,#]) (see the definition of boundary,
Definition 8.2.2). It follows that M is a regular k-surface with boundary and
oM = M. O

It is worth to mention that the statement of Proposition 8.2.3 is written in the
most suitable way to apply to some exercises. But, if M is a subset of R” with the
property that for each xo € M there exists ¢ : A C S — M such that xo € ¢(A) and
conditions (1) and (2) of proposition 8.2.3 are satisfied, then M is a regular k-surface
with boundary of class C” and M = {x € M : ¢ (x¢) € IS}.

Intuitively, a regular k-surface with boundary consists of the union of a regular
k-surface (without boundary) and a regular (k — 1)-surface (that is exactly the
boundary). In particular, a regular surfaces with boundary in R? is the union of a
regular surface and a regular curve. This is the content of the following theorem.
Nevertheless, one cannot build a regular surface with boundary in R* from a regular
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surface (without boundary) and a regular curve in R3, since the regular surface and
the regular curve must be connected in a very special form. It is Definitions 8.2.1
and 8.2.2 that describe that exact form.

From now on we denote by ¢ = (¢1,...,#) an arbitrary point of R* and by s =
(s1,.-.,5%1) an arbitrary point of R*"!. If s € R¥=! thent:= (0,s) € R¥ is the point
with coordinates

Hh=0,t=s81, ..., =Sk_1-
Theorem 8.2.1. Let M be a regular k-surface with boundary of class CP in R".
Then:

(1) IM is a regular (k — 1)-surface of class CP.
(2) M\ IM is a regular k-surface of class CP.

Proof. We will concentrate on the study of the boundary. For each xg € dM let
(A, @) be a coordinate system of M such that xg € ¢(A) and let

0,89,...,19) = 9 (x0).

We define N
A:={s R : (0,5) € A}.

In other words, if we denote by
JiRT S HF CRF
the continuous mapping j(s) := (0,s), then
A=j ' (A)
is an open set in R*~!. We also define
P:ACRFT SR 6(s) = 0(0,5).

If A is open in R¥ and g : A € RF — R” is a function of class C” on A such that
ANH*= A and g = ¢ in A (see Definition 8.1.2), then

o= ‘POJ.‘& :goj‘&
is a mapping of class C? in the open set A of RF-1, Moreover, if we consider s¢ :=
#9,...,10) € A C R*!, then xg = @(so), and by Definition 8.2.2,

X0 €@(A)C oM.

We prove that

o~

(A, 9)

is a coordinate system of a (k — 1)-regular surface in the sense of Definition 3.1.1.
To check condition (S1’) of Definition 3.1.1, take an open subset
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DCA
and observe that (—eo,0] x D is an open subset of H¥ for the relative topology. Since
¢ is a homeomorphism, by condition (SB1’) for a regular surface with boundary
(Definition 8.2.1), there is an open set V in R” such that
@ ((—=,0] x DNA)=MNYV,

and from this we see that
o(D) = MNVNIM = dMNV.

To check the second condition for a coordinate system (that is, Defini-
tion 3.1.1(S2)), we observe that since

(/p\(shSZv s askfl) = (p(05517s27 s ,Sk,l),
the gradient vector of the component @; at s consists of the partial derivatives of ¢,

with respect to each of the variables except the first one, at ¢ = (0,s). That is, the
n x (k— 1) Jacobian matrix

22(0,5) 22(0,8) ... 2(0.5)
S = | WO GO . GEOs)

a n d n 0 "

22(0,5) 52(0,8) ... Z2(0.5)

is obtained by eliminating the first column of the n x k Jacobian matrix

d d d

90(0,5) 2(0,5) .. 2(0,5)

929(0,5) 22(0,5) ... 2205
(P/(O,S) — 9t1 ( ? ) 9[2( ’ ) atk ( ’ )

oy o, oy

e (0,s) SRt o 520,

Since the columns of this last matrix are linearly independent, by condition (SB2)
of the definition of a coordinate system for a regular surface with boundary (see
Definition 8.2.1), it follows that the columns of the matrix @’(s) are also linearly
independent, and this means that condition (S2) of Definition 3.1.1 is satisfied. We
have proved that dM is a regular (k — 1)-surface of class CP. O
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Example 8.2.3. Let 0 < € < 1 be given. Then
M:={(x,y2) €R : Py +72=1,z>¢}
is a regular 2-surface with boundary in R? and its boundary is given by
OM = {(x,y,2) €R® x> +y*=1-¢€2, z=¢}.
Let us decompose our surface as M = M| UM,, where
My = {(x,3,2) ER® : X +y* +72=1,z7>¢}

and

My :={(x,y,2) eR® : ¥ +y>=1—-¢*, z=¢}.

According to Example 3.2.2, M, is a regular surface in R>. In order to apply
Proposition 8.2.3, we fix a point

(-x()uy()ug) S MZ
and select 8y € R such that xg = v/1 —£2cos0y, yo = V1 —€2sinfy. We will

parameterize the points (x,y,z) of M in a neighborhood of (xo,yo, €) using the polar
coordinates of the point (x,y) while bearing in mind that

z=1/1—x2—y2

That is, we consider the half-space

S:={(p,0)eR> : p<\1—¢g2}

and the open set (for the relative topology on S)

A:=(0,v/1—€2] x (6h—m,60+ 7).

Now define
¢:ACS—R, ¢(p,9):—<pcose,psin9, 1—p2).

We observe that ¢ is the restriction of the function

g:ACR?> =R, g(p,0):= (pcos@,psin@,\/l—pz)
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of class C* defined on the set
=(0,1) x (6p—m, 60+ ).

To finish, we show that ¢ satisfies conditions (1), (2), and (3) of Proposition
8.2.3. To check (1), we consider the mapping

h:ACR?> = R?% h(p,0):=(pcosh,psind).

Since k is injective and its Jacobian is nonzero at each point, we deduce from the
inverse function theorem that /2(A) is an open set in R? and & : A — h(A) admits an
inverse of class C”. Then

o(A) = (h(A) xR)NM

is an open subset of M. We denote by 7 : R — R? the projection onto the first two
coordinates. It turns out that the inverse of the mapping

9:A—=g(A)

is precisely
(pfl _ h*l om,
which is a continuous function. That is, ¢ is a homeomorphism onto its image. It is
also possible to arrive at the same conclusion by observing that ¢ is the restriction
of a coordinate system for the sphere.
Condition (2) holds is obvious since the two vectors g—‘g and g—‘g are linearly
independent by virtue of the fact that

‘;‘P g‘g(l) 0)= < cos@ smO P) (0,0,0).

Concerning condition (3), it suffices to note that
(x07y078) = ( \% 1 _82COS 905 \% 1- 82Sil’l 9058) = (p( \% - 82760)7

or equivalently,

@ ' (x0,y0.€) = (V1 —€2,6)) € 3S.
Remark 8.2.3. (1) The mapping ¢ : A C S — R of Example 8.2.3 satisfies the

condition that
M=g(A) U a([0,V1-¢%),
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where « : [0,v/'1 — €2] — M is defined by

a(p) = (pcos(6y — ), psin(6p — 1),/ 1 — p?),

i.e., o([0,v/'1—€2]) is the portion of a circle originating at point (0,0,1) and
ending on M, at point (v'1 — €2cos(0y — 1),V 1 — €Zsin(6y — 1), €).
(2) Take

B:=(—V1—¢€2,0]x (6)— 7,0+ 7)
and

Vv:BCH> =M, v¥(s,0)=¢(V1—¢€>+5,0).

Then (B, ¥) is a coordinate system of M in a neighborhood of (xo, Yo, €).

Example 8.2.4. Consider the compact set
M:={(xy2) eR’ : ¥+y +2 <1},
M is a regular 3-surface with boundary of class C* in R>. In this case, the

boundary of the surface is the unit sphere (See Example 8.2.2).

Again, we form a decomposition M = M| UM,, where
My ={(x,y,2) €R® : > +y?+y* < 1}
is an open subset of R3, that is, a regular 3-surface in R3, and
My ={(x,5,2) eR® : > +y*+y* =1}

is a regular 2-surface in R?. Intending to apply Proposition 8.2.3, we fix an arbitrary
point (xo,Y0,20) € M. Suppose that (xo,y0,20) ¢ {(x,0,z) : x <0,z € R}. We will
parameterize using the spherical coordinates (r,s,¢) of a point of R3 (see Example
3.3.2). That is, we consider the mapping

g:(0,400) x (0,7) X (=1, m) > R?

defined by
g(r,s,t) = (rsinscost,rsinssinz, rcoss).

We already know that g is injective that and its Jacobian, rZsins, is nonzero. It

follows from the inverse function theorem that the image of g is an open subset of
R? and that g has an inverse of class C*. In particular, g is a homeomorphism onto
its image. Now consider the half-space
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S:={(rns)eR? : r<1}

of R3, the open set
A:=(0,1]x (0,7) x (-7, 7)

with respect to the relative topology, and the mapping
9:ACS—MCR?

given by the restriction of g to the set A. It should be clear that ¢ satisfies conditions
(1) and (2) of Proposition 8.2.3. Moreover, there exist so € (0,7) and #y € (—7,7)
such that

(-x07y07Z0) = (P(l,S(),l()),
that is,
@ ' (x0,y0,20) € 9.
At points of M N{(x,0,z) : x <0,z € R} we can proceed in a similar way after
appropriate modifications of the functions g and ¢, keeping in mind that the ball is

invariant under rotations. We thus reach the conclusion on application of Proposition
8.2.3.
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8.3 Practical Criteria

The approach used in the previous two examples of the last section is admittedly
cumbersome. In this section, we provide some useful tools that simplify the task of
deciding whether we have a regular surface with boundary, and further, determining
the boundary. Equipping our toolbox will necessitate some complicated proofs, and
the reader may safely consider them optional, but the results themselves are quite
easy to apply in concrete situations and certainly worth being familiar with.

If we cut a regular surface S with a plane that is not tangent to the surface, our
intuition tells us that the portion of the surface to one side of the plane is a regular
surface with boundary, with the boundary being exactly the curve obtained as the
intersection of S with the plane. Something analogous should occur if we replace
the plane by another surface that cuts S in an appropriate way. For instance, if we
perforate a sphere of radius R with the aid of a cylinder centered at an axis of
the sphere and of radius r, r < R, then we obtain a surface with boundary whose
boundary is exactly the intersection of the cylinder with the sphere (Fig. 8.3).

We are going to obtain sufficient conditions that guarantee that this intuition
becomes fact. We begin by presenting the following practical criterion.

Criterion 8.3.1. Let1 <k<n-—1,

@ UCR' Rk

and
fUCR"=R

M=(xy2):z=1-x*-)*:220)

Fig. 8.3 (a) Paraboloid portion in the upper half-space; (b) cutting a sphere with a cylinder
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be functions of class C'. Suppose that ®'(x) has maximum rank (that is, rank n — k)
for everyx € @~1(0) and also

(@.f) (x)
has maximum rank (n — k+ 1) for every x € ® ~1(0) Nf~1(0). Then

M:={x€eU : &(x)=0, f(x) <0}
is a regular k-surface with boundary and
OM={xecU : &(x)=0, f(x)=0}.

Those who need a practical criterion for dealing with surfaces with boundary can
interrupt their reading at this point and proceed directly to dealing with the exercises
in an effective way. The student of the mathematical theory, however, is invited to
continue reading this section, where we will prove the criterion by application of
the following theorem.

Theorem 8.3.2. Let S be a regular k-surface, 2 < k < n, contained in an open set
U of R" and let f : U C R" = R be a function of class C' such that for every
x € SN f~1(0) the gradient vector Y f(x) is not orthogonal to the tangent space
T:S. Then

M:={xeS: f(x) <0}
is a regular k-surface with boundary and
IM={xeS : f(x)=0}.

Moreover, if S is a regular k-surface of class CP and f is a function of class C?,
then M is a regular k-surface with boundary of class C?.

Proof. Write M = M| UM,, where

My :={xeS: f(x)<0}
and

My ={xeS: f(x)=0}.

Then M is a regular k-surface, since it is the intersection of S with an open set.
In order to apply Proposition 8.2.3, we fix a point xo of S with f(xo) = 0. Take a
coordinate system (B, ¥) of S (see Definition 3.1.1) such that xo = ¥ (#), where
to=(1),19,...,17) € B, and consider the function

@ BXxRCRXxR =R, ®(t,s):=(foy)t)—s.
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Then @(ty,0) = 0. Also, since ¥ f(xo) is not orthogonal to Ty, S and the vectors

{Fw. S}

are a basis of the tangent space Ty,S (see Theorem 3.4.1), we can assume (by a
permutation of the coordinates) that

(v st Gra) 20

what means that, by the chain rule,

oD I(foy) 1# - f llf
9_&(%’0)_ oty ga_

The implicit function theorem, Theorem 3.2.1 (see also [10, 4.6]), provides us
with an open neighborhood W of (£y,0) in R**!, W C B x R, an open neighborhood
A of

#),...,20 ,,0)
in R¥ and a function g : A C R¥ — R of class C! in A such that the following hold:

Log(t,....10 ,,0) =1,
2. (t1,.. o tk1,8(t1, - tk1,8),8) €W C B xR whenever (1y,...,01,5) €A,
3. for every (t,5) € W,
@(t,s) =0if and only if (¢1,...,5¢_1,5) EAand tp, = g(t1,...,fx_1,5). (8.5)

In particular, whenever (¢1,...,f_1,5) € A, we have

(tlv'--atkflag(tla"'vtkflvs)) €B

and
(D(tl,...,tk,l,g(tl,...,tk,l,s),s) =0. (8.6)

Now define A = A NHF and
9o AcCH - McR"

by
¢([1,...,lk,1,s) = w(tlw" 7tk717g(t17"'7tk717s))'
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Letting
x:=@(t,. . h1,9),
condition (8.6) gives f(x) —s = 0. Together with the injectivity of ¥, and (8.5) this
implies that ¢ is injective and @ (A) C M. Moreover,

o, 1) 0 =y, 1) 1)) =x0.

It remains only to check that (A, ¢) satisfies the condition (1) and (2) of Proposition
8.2.3. To do this, we consider the mapping

B:ACRF— R
defined by
Bty tee1,8) == (t1,. o g1, 8(11, - 1k—1,5)) (8.7)
and observe that
¢ =YoPa.

Now it suffices to check that B admits a local inverse of class C! in a
neighborhood of ug := (#),...,7) |,0) € A. Evaluating the partial derivative of
(8.6) with respect to s, keeping in mind

D

x(t,s) = —1

at each point (¢,s) € B x R, we obtain

910 0 g _
a_tk ( 1,---,tk717g(u0),0) ! _S(uO) - 1=0.

In particular, it follows from Definition (8.7) that the Jacobian of B at u is

IB(w) = o) #0,

and an application of the inverse function theorem, Theorem 3.1.1, concludes the
argument. O

We can return to the proof of Criterion 8.3.1.
Take

S:= & 10),

which is a regular k-surface by Proposition 3.2.1. For every

xesSnf o),
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the gradient vector ¥ f(x) is not a linear combination of the vectors
—k
(Vo))

since otherwise the rank of the matrix (@,f)'(x) would be (n— k). Now, by
Proposition 3.4.1, the vectors

{V(I)l (x), thg(x),...,vcbn,k(x)}

are a basis of the normal space to S at x. Consequently, ¥ f(x) is not orthogonal
to the tangent space to S at x. We can apply Theorem 8.3.2 to conclude that M is
a regular k-surface with boundary, and moreover, the boundary consists exactly of
those points of S at which the function f vanishes.

We present now another practical criterion.

Corollary 8.3.1. Let S be a regular n-surface contained in an open set U in R"
and let f:U C R" = R be a function of class CP such that  f(x) # 0 for all
x €SN f1(0). Then

M:={xeS: f(x) <0}

is a regular n-surface with boundary of class C? and oM = {x € S : f(x) = 0}.

Criterion 8.3.3. Let M be a compact set in R" such that 9'°P(M), its topological
boundary, is a regular (n—1)-surface of class CP . Suppose that for eachx € 9" (M)
there is 8 > 0 such that for every 0 < r < 0,

B(x,r)\ 9"P(M)

has two connected components, and one component coincides with the intersection
of B(x,r) with the interior of M. Then M is a regular n-surface with boundary of
class CP and oM = 9"P(M).

Proof. The hypothesis implies that the interior of M is nonempty and hence is a
regular n-surface. According to Proposition 8.2.3, we need to check the conditions
in Definition 8.2.1 of regular surface with boundary at each point of the topological
boundary of M. Fix xo € 9"°P(M) and take § as guaranteed by the hypothesis. By
Theorem 3.4.2, there exist 0 < r < 0 and

D :B(xo,r) CR" - R
of class C? in B(x,r) such that
dP(M)NB(xq,r) = @ 1(0)

and

Vo(x)#0
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for every x € @~1(0). Let U and V be the two connected components of B(x,r) \
0"P(M) and let

U = B(x,r) NInterior(M).
Then the sign of @ is constant in U and also in V. However, the sign of @ is not
constant in U UV, since this would imply that 0 = @(x() would be a local extreme

value of @, contradicting ¥ @(x¢) # 0. Without loss of generality (otherwise we
change the sign of @) we can assume

®(x) <Oforeveryx €U, @(x)>O0forallxecV.

Consequently,

B(xo,r)NM = {x € B(xo,r) : @®(x) <0}.

By Corollary 8.3.1 we deduce that B(xg,r) "M is a regular n-surface with
boundary and also that x is a point of the boundary. In particular, according to
Definitions 8.2.1 and 8.2.2, there is a coordinate system (A, @),

o: ACH'—>MCR",
of class C? in A such that

07" (x0) = (0,18,....10).
O

Let M be a regular n-surface with boundary of class CP that satisfies the
hypothesis of Criterion 8.3.3. In particular, for every xo € dM, one can find r > 0
such that

B(xo,r)\ 9P (M) (8.8)

has two connected components, U and V, where U is the intersection of B(xy, r) with
the interior of M, and V is the intersection of B(xy,r) with the complement of M.

We are going to see that under these circumstances we can speak of normal
vectors that point toward the outside or the interior of the regular surface.

Definition 8.3.1. Let M C R” be a regular n-surface with boundary of class C”. A
normal vector N to Ty, (dM) is said to be an exterior normal vector if there is 6 > 0
such that

xo+INeR"\M,

whenever 0 < ¢ < 6.

Proposition 8.3.1. Let M be a regular n-surface with boundary of class CP and x¢
a point in M. We assume that there exist r > 0 and a mapping

D :B(xo,r) CR" - R
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of class CP such that
B(xo,r)NdM = {x € B(xo,r) : ®(x) =0}

and
B(xo,r)NM = {x € B(xo,r) : ®(x)<O0}.
Then N =V ®(xo) is an exterior normal vector to Ty, (OM).
Proof. From Proposition 3.4.1 we already know that N is a normal vector to

Ty, (dM). Moreover,

0 < (N.N) = Dy(xy) = lim ZE0 TN = P(x0)

t—0 t
()] t
_ fim 2F0HIN)
t—0 t

which shows that if # > 0 is small enough, then
@(xo+1tN) > 0,

and hence xo +tN € R"\ M. O

An especially simple situation that illustrates this discussion is the following. Let
M = H" be the half-space of Definition 8.1.1 in the case k = n. For @(x) = x; we
have

M={xeR": &) <0}.
In this case, the boundary of M coincides with the hyperplane x; = 0, and the vector
V@(xo) =e;

points toward the exterior of the half-space.

Example 8.3.1. Let
M:={(xy,2) R : X+’ +2=1,z>0}

be the upper hemisphere of the unit sphere. Then M is a regular 2-surface with
boundary in R3, and the boundary is the unit circle in the xy-plane,

oM = {(x,y,z) €R® : x> +y* =1, z=0}.
To check this, consider the mappings given by

f(xvyvz):_z, (D()C,y,z):xz_i_yz_i_zz_l.
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Then
V @(x,y,z) = (2x,2y,2z) # (0,0,0)

in R3\ {(0,0,0)}, and in particular, @'(x,y,z) has rank 1 at every point on the
sphere. Moreover,

@ =53 %)

has rank 2 except at points of the z-axis, but since the z-axis does not intersect the
unit circle in the xy-plane, an appeal to Criterion 8.3.1 concludes our argument.

Example 8.3.2. The truncated paraboloid
M:={(x,3,2) ER® : z=x*+y* z< 1}

is a regular 2-surface with boundary whose boundary is the unit circle in the plane
z=1,
OM = {(x,y,2) €R® : ¥ +y*=z=1}.

Again we apply Criterion 8.3.1, this time with the mappings
@(x,y,z) = xZ +y2 -, f(x,y,Z) =z—1
Easily we see that

vV O(x,y,z) = (2x,2y,—1) # (0,0,0),

which means that @' (x,y,z) has rank 1 at every point of R3. Also,

(@, ) (x,y,2) = <20x20y —11>

has rank 2 except at points of the z-axis. Since the z-axis does not intersect the unit
circle in the plane z = 1, Criterion 8.3.1 provides our conclusion.

Let us indicate briefly how one can analyze this example, to the same end, by
use of Proposition 8.2.3 rather than Criterion 8.3.1. We decompose M = M| UM,
where

My ={(x,y,2) R} : z=x4+)*, z< 1},

being the intersection of the paraboloid with an open set, is a regular 2-surface in
R3, and
My ={(x,y,2) €R® : ¥ +y*=z=1}.

Now we fix an arbitrary point (xg,y0,20) € M>. The level curves obtained on
intersecting M with horizontal planes are circles, and this suggests the use of polar
coordinates. Thus, we put
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x=pcosB, y=psinh, z=x>+y> =p
Since z < 1, it follows that p < 1. We consider the half-plane
S={(p.0) R : p<1}
and select 8y € R such that

Xxp = cos 6y, yg = sin 6.

Finally, we define
A:=(0,1] x (6p—m, 6+ )
and
90:ACS—MCR? ¢(p,0)=(pcos8,psind,p?).
The verification of conditions (1) and (2) of Proposition 8.2.3 are left as an exercise,

but it is similar to the corresponding verification in Example 8.2.3. To finish, we
note that

(x0,¥0,20) = @(1,60) € 9 (ANIS).
Example 8.3.3. Already we have seen in Example 8.2.4 that the closed unit ball
M:={(x,y,2) eR® : ¥ +y*+72<1}

is a regular 3-surface with boundary in R? and that the boundary is the unit sphere.

This conclusion can alternatively be arrived by application of Theorem 8.3.2 in
the limiting case of k = n =3 and S = R upon considering the function

FRP =R, fxyz) =x+y*+27— 1.

The normal space to S at an arbitrary point is simply (0,0,0), and so, in order
to apply Theorem 8.3.2, we have only to check that ¥ f(x,y,z) # (0,0,0) at every
point at which the function f vanishes, and this much is clear.

The next example shows again the difference between the boundary (which, for
emphasis, we might call the geometric boundary) of a surface and the topological
boundary of that surface considered as a set.

Example 8.3.4. The annulus M := {(x,y) € R? : 1 < x*>+y? <4} is a regular 2-
surface with boundary. The boundary is the circle with radius 2 centered at the
origin.

Again we apply Theorem 8.3.2 in a limiting case. Take

S:={(x,y) €R* : 1< +)%},
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which is a regular 2-surface in R? because it is an open set. Now define
FRTS R, flry)=x+) —4.

Since ¥ f(x,y) = (2x,2y) # (0,0) whenever x> +y* = 4, Theorem 8.3.2 provides
our assertion.
On the other hand the topological boundary of M is

top

OM ={(x,y) e R?: ¥ +y* = 1}U{(x,y) e R*: X" +)* = 4}.
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8.4 Orientation of Surfaces with Boundary

In Chap.5, we studied the orientation of regular surfaces without boundary, and
so if M is a regular k-surface with boundary, we already know what is meant by
an orientation of the regular k-surface M \ dM and an orientation of the regular
(k— 1)-surface dM. Of course, one cannot assume that either of these is orientable,
and a priori, there is no reason to believe that the orientability of one is related to
the orientability of the other. However, the aim of this section is to prove that if
M\ dM is orientable, then so is dM. Moreover, of the two possible orientations of
dM (we suppose dM is connected), one of them is canonically determined by the
chosen orientation in M \ dM. As one might expect, the connection between these
two orientations is closely related to the notion of orientation of a surface with
boundary.

Definition 8.4.1. Let M be a regular k-surface with boundary of class C? in R".
Then M is said to be orientable if there exists an atlas { (A;, ;) : i € I} such that for
each pair of coordinate systems (A, 1) and (Ay, @) with @1 (A1) N@2(Ay) # @
one has J ((pl’l o @,) > 0 on its domain of definition. Also we will say that the atlas
defines an orientation in M.

Let us define
RF = {yeRF : y; <0}, RE:={yeR:y =0},
and note that H¥ = RF U R'(j. Also, for each subset A C H¥ we put
A_:=ANRL.

If (A, ¢) is a coordinate system of M, then (A_, ¢, ) is a coordinate system of the
regular k-surface M \ M.

Some authors say that a regular k-surface M with boundary is orientable if the
1-regular surface M\JdM is orientable. Next proposition shows that their and our
definitions are equivalent.

Proposition 8.4.1. Let M be a regular k-surface with boundary in R". Then M is
orientable if and only if M \ M is.

Proof. Indeed, if the orientation of M is determined by the atlas
{(Ai,@i) i €1},
then in M \ dM, we consider the orientation defined by the atlas

{((A))-,@i):iel}.
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Conversely, suppose that M \ dM is an orientable regular k-surface and let
o ={(Ai,@i):i€l}

be an arbitrary atlas of M, where each (A;)_ is a connected set. We suppose that
we have chosen an orientation in M \ dM, and we set about obtaining a new atlas of
M that defines an orientation according to Definition 8.4.1. We proceed as follows.
First consider the linear mapping L : R¥ — R* defined by

L(t)=(t1,....tie2,ti, tr—1) -

Now for every i € I, we analyze whether the coordinate system ((4A;)_,¢;) of
M\ dM is compatible with the chosen orientation of M \ dM. If this is the case, we
define

(Biawi) = (Aia(pi)u
but if not, we let
(B, i) == (L' (A,),@i0L).

According to Lemma 5.2.3, the coordinate system ((B;)_, ¥;) is compatible with
the orientation of M \ dM. To finish, we show that the atlas

B .= {(B,’,l/f,’) : iGI}

defines an orientation of M. Suppose, therefore, that (B, ¥ ) and (B,, ¢) are two
coordinate systems in the atlas such that

D:=91(Bi)Ny2(By) # 2.
Since the two coordinate systems
((B1)—,¥1) and ((B2) -, ¥2)
of M\ dM are compatible with the orientation of M \ dM and
Y1((B1)-)NY2((B2)-) =D\ oM,
we deduce from Theorem 5.2.1 that
J(Y o) >0

onthe set ¥, ' (D\ dM). Note that it is implicit in the proof of Theorem 8.2.1 that D'\
OM # @. Since ¥, (D) is contained in the closure of y; ' (D\dM), by continuity,

JW oY) >0
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ony, ! (D). Moreover, according to Proposition 8.2.1, the mapping
v oy iy (D) cHF — RF
has nonzero Jacobian at each point. Finally we deduce

J(W; oY) >0

in the set ¥, ' (D). O
From now on, if M is an orientable regular surface with boundary and its

orientation is defined by the atlas {(A;,¢;) : i € I}, then we will consider the
orientation of M\ dM defined by the atlas

{((Ai)—, i) i1}

and will refer to this as the orientation induced by the orientation of M. In the next
theorem, we will show how the orientation of M also induces an orientation of the
(k — 1)-dimensional regular surface dM.

Theorem 8.4.1. Let M be a regular k-surface with boundary in R" that is ori-
entable and of class CP. Then dM is an orientable regular (k — 1)-surface of class

Cr.

Proof. According to Theorem 8.2.1, dM is a regular (k — 1)-surface of class CP.
Givenxg € dM, let (A, @) be a coordinate system of M such thatxo) = ¢ (), where
ty= (O,tg, . ,t,(()) € A. As in Theorem 8.2.1, define

A= {seR*1: (0,5) €A},
which is an open set in R¥~!, and

P:ACRET SR G(s) :=0(0,9), (8.9)
which is a function of class C”. As we saw in the proof of Theorem 8.2.1, (1&, @)isa
coordinate system of dM. Suppose that we have chosen an orientation in M. We are
going to show that if {(Ag, @)} is an atlas of M compatible with that orientation,
where A is connected, then { (A4, @)} induces an orientation of M. Here, @, is
related to ¢ as in (8.9), that is,

Pa(s) = @a(0,s).

Take (A1,¢1) and (Ay, @,) to be two arbitrary coordinate systems in this atlas of
M. We need to check that ¢, o @1 has positive Jacobian in its domain of definition,
which we denote by V, and assume that V # @. To this end, let

g:=1(81,82:---,8k)
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be a C” extension of ¢, Lo @1 to an open subset of R¥. From the identity
(95" 001)(0,5) = (£1(0,5),...,8x(0,s))
and Lemma 8.2.1, it follows that g;(0,s) = 0 for every s € V. Thus
92(22(0,5),...,2(0,5)) = 92(2(0,5)) = 91(0,5) = @1 (s).
We conclude that
(@, ' 0@1)(s) = (£2(0,5),...,8k(0,5)).
Now, bearing in mind that g;(0,s) is identically zero on V, we have

dgi
——(0,s) =0
50 (0)

for each 2 < j <k and every s € V, and so obtain the following relation between the
Jacobian of ¢, ' 0 @y and that of @, ' 0 @

T
(9t1
98 dg& %
0 < J(gy'00)(0,5)=| dn I T I

dek dgk - sk
8t1 atz al‘k (0,5)

_dgi ~1_ -

— a—tl(O,s) -J(goz o@)(s) (8.10)

for every s € V. On the other hand, since g;(0,s) = 0 and g;(h,s) < 0 for every
h < 0 such that |4| is small enough, we have

981 . gi(h,s) —£1(0,5)
—(0,s) = lim =———————= >0,
oh ( S) hir(r)l* h -
and conclude that
J(@, ' 0 91)(s) >0,
for every s € V, as we wanted to prove. O

Definition 8.4.2. Let M be an oriented regular k-surface with boundary in R"” and
{(Aq,9q)} an atlas of M compatible with its orientation. The orientation induced
on the boundary OM is the orientation defined by the atlas {(Ag, @0 )}, Puls) =
©0(0,s) introduced in Theorem 8.4.1.



8.4 Orientation of Surfaces with Boundary 243

Definition 8.4.3. Let 57 be a hyperplane in R” and N an orthogonal vector to 7.
The orientation induced by N on .77 is the orientation

O :=vi,...,vp_1],
where {v1,...,v,_1} is a basis of 5 such that
{N,Vl,...,vnfl}

is a positively oriented basis of R”.

From Proposition 7.2.2 we can see that, N is a positive multiple of the cross
product vy X -+ X v,_1.

Example 8.4.1. We consider the half-space
S:i={teR" :n(t) <a}

(see Definition 8.2.3). Suppose this is oriented so that (S\ dS,id) is a coordinate
system of S\ dS compatible with the orientation, where id denotes the identity

mapping
id: S\ dS — S\ dS.
Let NV be the (unique) unit vector that is orthogonal to the hyperplane .77 := Ker &

and satisfies £(V) > 0. Then the orientation induced by N in .% coincides with the
orientation induced in the boundary by the orientation of S.

We observe that the tangent space to dS at a point is exactly the (n— 1)-
dimensional vector subspace Ker 7 (see, for instance, Proposition 3.4.1). Putv, :=N
and consider an orthonormal basis {v,,v3,...,v,} of Ker & such that

{vi,v2,...,vu}

is a positively oriented basis of R”. As in Lemma 8.2.2, take L : R" — R" to be the
linear mapping defined by L(e;) =v;, 1 < j < n.Finally, letb € R" be a vector such
that 7(b) = a and define R as the affine mapping R := b + L. Then

R-H"—S

is a coordinate system of S. The chosen orientation in S is the one for which, for
everyx € U := S\ dS, the orientation in the tangent space (isomorphic to R") T,.U is

O = [e1,€2,...,€,].
Since for each ¢ € R" and #; < 0, we have

‘;—ffa) —L(e) =v;
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and {v{,v,,...,v,} is a positively oriented basis of R”, we conclude that (H",R) is
a coordinate system compatible with the orientation of S. According to Definition
8.4.2, (R"’l ,¥) is a coordinate system of dS compatible with its orientation, where

YR 508, ¢(s)=R(0,s).

From

v, . IR
a5 = 30

forevery 1 <i<n—1,andeverys in R"! we deduce that the orientation in Ker 7 is

(0,5) =viy1

O =[va,...,vn].

It follows from Definition 8.4.3 that this is the orientation induced by the normal
vector N.

Example 8.4.2. Let0 <& <1 and
M:={(xy2) €R’ : P4y’ +7=1,z>¢}

be given. We wish to analyze the orientation induced on M \ M and on dM by the
coordinate system (B, ¥ ) of Remark 8.2.3 (see also Example 8.2.3).

Recall that B := (—7,0] x (69 — 7,600 + ), where > = 1 — €2, and
Vv:BCcH>—M

is given by

¥ (s,0):= ((r—l—s)cose,(r—l-s)sine,\/l— (r—l—s)z) :

For every —r < s <0, we have

€1 €2 €3

(%_f X 3_15)(379) = cos 6 sin O % .
—(r+s)sin@ (r+s)cos0 0
Since
Y Y . cos sin@ _
<(§ 8 %)(s,e),e3> N ’—(r—i—s)sin@ (r+s)cos| rts>0,

the normal vector defined by (B, ¥ ) at the points of M \ dM point to the exterior of
the sphere. In other words, the orientation induced by the coordinate system (B, ¥)
on M\ dM coincides with the orientation induced by a vector field of unit normal
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Fig. 8.4 Surface of Example
842

Fig. 8.5 Cylinder of
Example 8.4.3

vectors pointing to the exterior of the sphere (see Definition 5.2.3). Moreover,
according to Definition 8.4.2, a coordinate system of the boundary of M compatible
with the orientation is given by

((60—m,60+7),y),

where
y:(6—m 6p+m)—dM, y(6)=v(0,0).
From

y(0)=(V1—¢€%cos0,\/1—¢€%sinb,¢),

we see that the orientation induced on dM consists of traveling counterclockwise
about the circle of radius /1 — €2 in the plane z = € (Fig. 8.4).

Example 8.4.3. Consider the cylinder
M:={(xyz) eR: P+y=1;0<z<1},

and the orientation on it defined by the vector field F(x,y,z) := (x,y,0). We
determine the orientation this induces on the boundary of M (Fig. 8.5).
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Form the decomposition M = S U S, U S3, where
Sy i={(x,y2) €R® : X¥*+y*=1;0<z<1}
is a regular surface and S,, S3 are two circles in horizontal planes:
Sy :={(x,0)eR} : ¥ 4+y* =1}, S3:={(x,y,1)eR : > +y*=1}.

For every (x,y,z) € Sy, the vector F(x,y,z) has norm one and is orthogonal to S}
at (x,y,7) (see, for instance, Proposition 3.4.1). Therefore, the vector field F defines
an orientation of Sy, according Definition 5.2.3. We now analyze the orientation of
the boundary.

1. Fix a point (xg,y0,0) € S, and find a coordinate neighborhood of this point in M
that is compatible with the orientation of S;. Indeed, observe that the points of M
can be described as

X =coss, y=sins, z=—t,

which suggests consideration of the mapping
o(t,s) = (coss,sins, —1).

The negative sign in the third variable is due to the fact that the domain of the
coordinate system should be an open set in the left half-plane and the z-coordinate
of an arbitrary point of M satisfies 0 < z < 1. More precisely, take 6y such that
Xp = cos 6y, yo = sin By and define

A={(t,s) :—1<1<0;60—mw<s<6y+r}

and
9:ACH? =R} o(r,s) = (coss,sins, —1).

Then

d d
(a—‘f X a—‘f) (t,5) = (coss, sins, 0) = F(p(t,s)),
whenever ¢ < 0. This proves that (A, @) is a coordinate system of M compatible
with the orientation of Sj. According to Definition 8.4.2, the mapping

y: (60— 7,60+ 1) — R ;p(s) = (coss, sins, 0)

defines a coordinate system of S, C dM compatible with the orientation induced
in M. This means that dM is oriented in such a way that the circle S, is traversed
counterclockwise.

2. Fix a point (xg,yo, 1) € S3 and find a coordinate neighborhood of this point in M
compatible with the orientation in S;. This time, we observe that the points of M
can be described by
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x=coss, y=sins, z=1+t1,
and so we consider the mapping
o(t,s) = (coss,sins, 1 +1).

We write the third coordinate in the form 1+, so that # = 0 corresponds to
the points in S3, and the negative values of ¢ correspond to M \ S3. Proceeding as
before, we take 6y such that xy = cos 6y, yo = sin 8y and define

A:=(—1,0] x (6p— 7,0+ )
and
¢:ACH? >R}  o(,s) = (coss,sins, 1 +1).
Then

(aa_‘tp % a—(f)(t,s) = (—coss, —sins, 0) = —F(e(t,s)),

which means that (A, @) reverses the orientation of S;. Hence, we replace the
previous coordinate system by (B, ¥ ), where

B:={(z,s) : (r,—s) € A}

and
¥(t,s):=o(t,—s).

This new coordinate system is compatible with the orientation of . Accord-
ing to Definition 8.4.2, the mapping

y(s) =¥(0,5) = 9(0,—s)

defines a coordinate system in S3 C dM compatible with the orientation induced
in dM. Since

y(s) = (coss, —sins, 1),

we see that dM is oriented in such a way that S3 is traversed clockwise.
The orientation of dM in the previous example is consistent with the following
general practical rule, which will be the focus of our attention in the next section.

Criterion 8.4.2. Suppose M is an oriented regular surface with boundary. If we
traverse dM according to its orientation while we keep our head pointing in the
direction N of the vector field that gives the orientation of M\ dM, then the surface
M remains to our left.
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8.5 Orientation in Classical Vector Calculus

It is important at this point for us to form a bridge between two different concepts
of orientation. The first is from vector analysis, which sees orientation as an
equivalence of bases in R”, while the second is from vector calculus in R? and
R3, where orientation is based on clear geometric intuitions.

Let M be a compact subset of R” whose topological boundary, 0"P(M), is a
regular (n — 1)-surface of class C' and suppose that for every x € 9'°°(M), there
exists & > 0 such that foreach 0 < r < §,

B(x,r)\ 9P(M) (8.11)

has two connected components, one of which coincides with the intersection of
B(x,r) with the interior of M. Then, as we proved in Criterion 8.3.3, M is a regular
n-surface with boundary of class C' and dM = 9'P(M).

We have already seen that choosing an orientation of M is equivalent to choosing
an orientation of the open set U := M \ dM (see Proposition 8.4.1).

From now on, we will always assume that M is oriented in such a way that the
identity mapping

id: M\ oM — M\ oM

defines a coordinate system (M \ dM,id) of M\ dM that is compatible with its
orientation. This means that if (A,¢), with

9 ACR"—>R"Y

is a coordinate system of M \ dM compatible with the orientation, then for every
t € A, the basis of R”
de de
—(),..., = (¢
{0,520}

is positively oriented, that is, its orientation coincides with that of

{e1,...,en},

or equivalently, the Jacobian of ¢ is positive (see Proposition 5.2.1 and the comment
prior to Proposition 5.1.1). Our objective in the following subsections is to analyze
the orientation that is subsequently induced on the boundary. We restrict our
attention to the cases R? and R?.
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Vi ,.";

"Ilqu’((),fo) =(%0.Y0)

(

Fig. 8.6 Orientation of the boundary of a compact set with boundary in R?

8.5.1 Compact Sets with Boundary in R?

We first consider the case n = 2 (Fig. 8.6). Let (xo,yo) be a point in the boundary of
M and (A, ¢),

¢:ACH? - MCR?,
a coordinate system compatible with the orientation of M so that

(x0,50) = @(0,10).

Then
A:={reR: (0,) €A}

is an open neighborhood of 7y in R. Let (a,b) be an open interval such that 7y €
(a,b) C A. It turns out that

y:(a.b) >R y(t) == 9(0,1)

is a path of class C' whose trajectory is contained in the boundary of M (see
Definition 8.2.2) and passes through (xo,yo). Moreover, ((a,b),y) is a coordinate
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system of dM compatible with the induced orientation on the boundary, according
to Theorem 8.4.1 and Definition 8.4.2. The tangent vector to y at (xo,yo) = y (fo) is

ot _(9(0
2=y (to) = E(O,to).

On the other hand, for every s < 0 such that (s,%) € A we have that

{g‘f (s,10), g (s, ZO)}

is a positively oriented basis of R?, and consequently,

det[gw(s ). 50 s, to)] >0.

Take
o
ds

Then from the continuity of the partial derivatives of ¢, we obtain

vi = —=(0,19).

det[v,v2] > 0.

By condition (SB2) of the definition of coordinate system, Definition 8.2.1, this
determinant is nonzero, and so it follows that

det[vy,v,] > 0.

That is, {v{,v,} is a positively oriented basis of R2. This means the following:

If we decompose the plane into two half-planes separated by the tangent line to
dM at the point (xg,yo) and move along the tangent line in the direction provided by
the vector v,, then —v; (supported at point (xo,yo)) points toward the left half-plane.
See the comments after Proposition 5.1.1.

We see now, by means of a heuristic argument, that the vector —v; points toward
the set M. Indeed, for s > 0 and |s| small enough, we have @ (—s,7)) € M, and also,
according to the definition of the differential of a function,

J d
0(=s,10) ~ p(0,10) + 5o (0.10) (=) + 5 (0.10) -0 = (x0,30) = sv1.

The previous considerations allow us to obtain the following criterion.

Criterion 8.5.1. If we move along dM according to the orientation induced by the
orientation of M, then the set M always remains to our left (Fig. 8.7).
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Fig. 8.7 Illustration of
Criterion 8.5.1

8.5.2 Compact Sets with Boundary in R’

Consider M a compact set whose topological boundary is a regular surface of class
C! in R3 and with the property that for every (xo,0,20) € dM, there exists § > 0
such that

B((x0,y0,20),7) \ 9'P(M) (8.12)

for each 0 < r < 6 has two connected components, U and V, where U is the
intersection of B((xo,Y0,20),r) with the interior of M and V is the intersection of
B((x0,¥0,20),r) with the complement of M. According to Criterion 8.3.3, M is a
regular 3-surface with boundary of class C! and dM = 9'°P(M).

Let (A, @) be a coordinate system compatible with the orientation of M,

9 ACH’ - M,

so that
@(A) C B((x0,0,20),7) "M
and
(x0,50,20) = 9(0,13,13).

Then according to Theorem 8.4.1 and Definition 8.4.2,
¥ (s,1) == @(0,5,1)

defines a coordinate system (A, %) of dM in a neighborhood of (xo,yo,z0) that is
compatible with the orientation induced by the orientation of M. Now define

V] i= —(O,tg,tg)) = —(O,tg,tg) , V3= —(O,IS,tg).

de 27 27
ot on on
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Then {v,,v3} is a positively oriented basis of the tangent space to dM at
(x0,Y0,20) and {v1,v2,v3} is a positively oriented basis of R3. This means that

Vi
det | vy | >0,
V3

and hence (v;,v, X v3) > 0. That is, if 6 € (—m, 7] is the angle between the vectors
vy and vy X v3, it turns out that cos @ > 0, or equivalently, 6 € (—%,%). Since the
vector v, X v3 is orthogonal to the tangent plane, we deduce that the two vectors v;
and v, X v3 (supported at the point (x,y0,z0)) are on the same side of the tangent
plane to dM at (xq,y0,20)-

Suppose now that

@ : B((x0,y0,20),7) = R

is a function of class C! such that
(Dil(o) = B((XO,yo,Zo),}’) NnoM

and
{xEB((XanO;ZO)vr) : CD(x,y,z) <0} =U

(see the proof of Criterion 8.3.3). We define

f(s) = d)((p(s,tg,tg))),

so that
£(0) = @(x0,y0,20) =0,
while

f(s) <0,

whenever s < 0 has modulus small enough. Consequently, by the chain rule,
<V4)(x07y0710)7"1> = <V(D(‘p(07tgvt§)))7 %(Oﬁgﬁg»

_ f/(O) — lim f(s)—f(O)

s—0~ N

>0.
Since ¥ @(x¢,y0,20) is orthogonal to the tangent plane to dM at (xg,yo,20) (see
Proposition 3.4.1) and v; is not in that tangent plane, we obtain
(VY @(x0,Y0,20),v1) > 0.
This proves, with reference to the discussion after Definition 8.3.1, that

(x0,¥0,20) —tv; €U C M,
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Fig. 8.8 Illustration of ¢ A
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whenever ¢ > 0 is small enough. That is, the vector —v; points toward the set M and
the vector vy X v3 = (%‘g X %‘[E) (tg ,tg), which is normal to the tangent plane and is
on the same side of the tangent plane as vy, points to the exterior of M. Of course we
get the same conclusion for any coordinate system (B, ¢) of dM that is compatible
with the orientation induced on dM by that of M.

From the above considerations we reach another practical criterion. We denote
by (s,) the coordinates of an arbitrary point of R?.

Criterion 8.5.2. Let M be a compact set in R® that is a regular 3-surface with
boundary of class C'. If ¢ is a parameterization of the surface dM compatible with
the orientation, then % X % is a normal vector to that surface that points toward

the exterior of M (Fig. 8.8).

8.5.3 Regular 2-Surfaces with Boundary in R’

To finish, we analyze the case that M is an oriented regular surface with boundary
in R3. Let

F:M\ oM —R?

be the continuous vector field of unit normal vectors that define the orientation of
M\ dM (see Theorem 5.2.2 and Definition 5.2.3). From the expression obtained
in Theorem 5.2.2 for the vector field F in terms of a coordinate system, it is
obvious that F can be extended to a continuous vector field F : M — R3. Indeed,
let {(Aj,¢@;): j € J} bean atlas of M compatible with the orientation, and for every
jE€J,putM; :=¢;(A;) and
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Fig. 8.9 Illustration of
Criterion 8.5.3

which is a continuous function in A j, since ¢ is of class C Lin A j- As in Theorem
5.2.2, it suffices to define F : M — R so that

F(gj(s,1)) :=Gj(s,1) for (s,1) € A;.
From now on, we will simply denote the vector field F by
F:M—R.

We will try to convince the reader of the following general principle, of doubtless
practical interest:

Criterion 8.5.3. If we move along dM according to the orientation induced by that
of M in such a way that our head points toward the direction given by the vector
field F, then the surface M remains to our left (Fig. 8.9).

Indeed, suppose that (A, @),
¢ ACH? >R,

is a coordinate system of M compatible with the orientation and

(x0,0,20) = @(0,1).

The vector
de

Jdo
g(ovto) X E(O,to)

is a positive multiple of the unit vector F(¢(0,1y)).



256 8 Surfaces with Boundary

Now observe that the set
A:={reR: (0,) €A}

is an open neighborhood of #j in R; hence there is an open interval (a,b) such that
to € (a,b) C A. It turns out that

y:(a,b) — R3, y(t) = (0,1)

is a path of class C' whose trajectory is contained in the boundary of M (See
Definition 8.2.2) and passes through (xo,yo,z0). Moreover, y defines a coordinate
system of dM compatible with the orientation induced in the boundary, according to
Theorem 8.4.1 and Definition 8.4.2. The tangent vector to p at (xo,Y0,20) = ¥ (fo) is

de

vy =y (t0) = E(Oat())'
If we put
do
vy i= E(O,t()),

then as indicated before,

V3=V XV
is a positive multiple of F(xo,yo,z0). Now observe that the plane through the point
(x0,Y0,20) determined by the vectors v, and v3 decomposes R3 into two half-spaces.
If we stand at (xg,yo,20), with our head pointing in the direction v3 and face the

direction v, (that is, according to the orientation induced in dM), then the open half-
space to our left consists exactly of those points (x,y,z) € R with the property that

<(x,y,z) - (x05y0510)5v> >0,
where v = v3 x v,. This means that the angle 6 between the vectors (x,y,z) —
(x0,Y0,20) and v varies between —7 and 7.

Taking, if necessary, a suitable open subset, we can assume that A is a convex set.
If (s,79) € A and s < 0, then we can apply the mean value theorem to the function

fs.0 = R: £() = (0(r0).v)

to deduce that there exists £, s < & < 0, such that

(ols0) - 0(0.003) =5 (€ .0)v).
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Since

<g—‘f(0,t0),v> = <V1,V3 X v2>

V3

= —det | v;
V2

= —[psl* <0,

and the partial derivatives are continuous functions, we conclude that

(0(s.10) = 0(0.10),7) >0,

whenever s < 0 has modulus small enough. In other words, the point (x,y,z) =
o(s,1) € M is in the half-space located to our left.
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8.6 The rn-dimensional cube

An important case where a physicist will actually apply Stokes’s theorem is when
studying the flux through a cube. The cube, unfortunately, is not a regular surface. In
this section, we will show how we can, from a formal point of view, overcome that
difficulty. We will see that if we remove the edges and vertices of the cube [0,1]"
then we get a regular n-surface with boundary in R”. We will also discuss what is
the orientation induced on the boundary by the canonical orientation of R”.

For n > 3, put I := (0,1)" and suppose that it is oriented so that the identity
mapping defines a coordinate system compatible with the orientation. For every
1<j<nlet

Iig:={xeR" :x;=0;0<x; <1ifi#j}
and

ip={xeR" :x;=1;0<x;<1ifi#j}.
The set

n
U Ij0Ulj1)

is called, for obvious reason, the cube without edges. Now we fix 1 < j <n and
study /; ;. Take
A= (=1,0]x (0,1)" ' cH"

and define
QAR @t ot 1) = (.. L4115, 1)
for2 < j<nand@(t1,t2,...,t,) = (1 +11,02,...,8,) for j = 1. Then
(A, 9)
is a coordinate system for a regular surface with boundary and
e({0} > (0,1)" 1) =1,
Observe that, while it may not seem natural to exchange first and j-th variables in
the definition of ¢, one must proceed in this way in order to obtain a coordinate
system since the domain should be a subset of the half-space H". Also,
o((~1,0)x (0,1)" ") =1.

As the Jacobian of ¢ is
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for every £ € A, it follows that the mapping ¥ : (0,1)"~! — R”
Y(st,-.,8n-1): =@(0,81,...,8-1)
(Sj—1581,---,8j-2,1,8),...,8p-1), 2< j<n
(1,81, 8n—1)s j=1
keeps the positive orientation of /; | for j = 1 and changes the orientation for j > 2.
The normal vector to this face, which (according to Definition 8.4.3) corresponds to

the orientation induced on dM by that of M (Theorem 8.4.1 and Definition 8.4.2)
will be

d d
(a—z(s)x...x%(s)):ezx...xen,lzel
for j =1 and
d d
—(a—z(s)x...x%(s)):—(egx...xelxejﬂx...xen):ej

for j > 2. (In this cross product e is located at position (j — 1) while e; is absent.)
That is, the face I;; is oriented according the normal vector e; pointing towards
the exterior of M for every 1 < j < n. In the case 2 < j < n, by Lemma 5.2.3, the
compatible orientation of /; is given by (L"'(A),@oL), where L : R" — R”" is
given by L(uy,...,up) = (u1,. .. ,tp,Up—1)-

Now consider /; o. As before, put

A= (=1,0]x (0,1)" ' cH"
and define
0 A=RY; @ttt ty) = (t,t, . =T, 1)
for j > 2 and @(11,t2,...,ty) = (—t1,f2,...,1,) for j = 1. Then
(A, 9)
is a coordinate system of a regular surface with boundary and

e({0} > (0,1)""") = Ij,.
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Fig. 8.10 Orientation of the
boundary of the cube

From

forevery t € A, we get that
w(sla"'asnfl) L= (p(ovsl)"'vsnfl)
(ijl,sl,...,ijz,O,Sj,...,Snfl), j>2

(O,Sl,...,snfl), ]:1

(with O at the j-th coordinate) is a positively oriented coordinate system of [}
except for j = 1. The normal vector to this face consistent with that orientation
is the cross product of the (n — 1) vectors

{92783, 2o €1H,€5 4, 7en}
for2<j<nand —e; x...xe, = —e for j=1.Thatis, I; is oriented according
the vector normal —e;, which points towards the exterior of M (Fig. 8.10) for every

1<j<n.

Note that the conclusion is consistent with Criterion 8.5.2.

To make things easier for the student we include coordinate systems of the 6
faces of the unit cube in R® which are compatible with the orientation. Let A =
(0,1) x (0,1) be given and define ¥, : A C R*? — R as

'lfl,l(uvv) = (I,M,V), '/,2,1(1’{7‘}) = (Va 15“)5 W&l(”v") = (M,V, 1)
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and also

Vio(u,v) = (0,v,u), ¥a0(u,v) = (u,0,v), ¥30(u,v) = (v,u,0).

Then (A, ¥ ) is a coordinate system of I; , which is compatible with the orientation
forevery j =1,2,3 and a = 0, 1. In fact, it suffices to observe that

a'pj,a a'/’j,a

X

du v (,v)

coincides with the the normal vector to /; , pointing toward the exterior of the unit
cube.

Finally we consider the case of the unit square in the plane. That square,
[0,1] x [0,1], is a simple region, where a precise counter-clockwise parametrization
of its boundary is very easily given. Hence the version of Green Theorem stated
in theorem2.6.4 is more than enough for the applications. But a reader could be
interested in producing a seamless connection with surfaces with boundary and
with the Divergence theorem obtained from the general Stokes’s theorem in the
next chapter. For that kind of reader we produce explicitly atlases for the square
without the vertexes U, = [0,1] x [0, 1]\ {(0,0),(0,1),(1,0),(1,1)} and dU,, that
are positively oriented, i.e., compatible with the identity as coordinate system in the
interior of Us.

The atlas on U, is {@1,¢02,93,¢4} that generates on JU, the atlas

{61762763764}’
0, (—1,0]x (0,1) = Uz, @;:(0,1)— (0,1), for j=1,2,3,4,

defined as

‘Pl(svt):(s+17t) ) (/P\l(t) (Lt)
o(s,t)=(1—t,5+1) , @2(1)=(1—1,1)
‘P3(s7t):(_s71_t) ) (/0\3(t):(071_t)

(p4(S,l‘):(l‘,—S) ) ¢4(f):(f70)

Observe that Jg (s,1) = 1 for every (s,¢) in (—1,0] x (0,1) and j =1,2,3,4.

The next result will be useful in solving exercises. It allows one to parameterize
regular surfaces with boundary in R? by taking the domain of parameters to be a
regular surface with boundary in R? (usually a closed disk or a rectangle without
vertices).

Criterion 8.6.1. Let S be a regular k-surface with boundary in R oriented so that
the identity mapping on S\ 9S defines a coordinate system (S\ dS,id) compatible
with its orientation. Let M be an oriented regular k-surface with boundary in R" and
1S — M a homeomorphism admitting a C' extension to an open neighborhood of
S such that f has maximal rank on S. Then
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(1) If (A, @) is a coordinate system of S then (A, fo @) is a coordinate system of
M.

(2) f(dS) = M, f(S\ dS) =M\ IM and (S\ 39S, f) is a coordinate system of
M\ M.

(3) If (B,¥) is a coordinate system of dS then (B, fo ) is a coordinate system of
oM.

(4) If the coordinate system (S \ dS, f) is compatible with the orientation of M
and (B, V) is a coordinate system of dS compatible with its orientation then
(B, fo ¥) is a coordinate system of M compatible with its orientation.

Proof.

(1) Let B be an open subset of A for the relative topology. By condition (SB1°) of
Definition 8.2.1, there exists an open set U C R¥ such that ¢ (B) = SNU. Since
[ is an homeomorphism there is an open subset V C R” such that f(SNU) =
MNV. Hence fop(B) =MNV. Also (foe)'(t) =f (¢(t)) o ¢'(t) has rank k
for every ¢t € A. According to Definition 8.2.1, (A, f o @) is a coordinate system
of M.

Let {(Aq,90)}gers Qo Aq CHF — S, an atlas of S. Then {(Ag.f o @a)}yes
is an atlas of M. In particular,

f(9S) = Uaelf(‘Poc(Aaﬁ {0} x Rkil)) =JM.

Hence also f(S\ dS) = M\ dM. On the other hand, S\ dS is an open set in
R (Example 8.2.2) and from Corollary 3.3.1 we deduce that (S\ d5,f) is a
coordinate system of M \ dM.
(3) Since foy : B C R¥"! — 9M is injective and C' and also (f o ¥)/(s) =
f'(¥(s)) o¥’(s) has rank (k — 1) at each point s € B it follows from Corollary
3.3.1 that (f o ¥, B) is a coordinate system of M.
Fix t) € ¥ (B) C dS and select

@

~

4

~

9o AcCH cRF 5

compatible with the orientation of S and such that o = @(so). We observe that
the coordinate system (A,f o @) is also compatible with the orientation of M.
Indeed, it suffices to note that

flolfop)=9

has positive Jacobian at each point (see for instance Proposition 5.2.1). Conse-
quently, it turns out that (A,y),

y:h =Ry = (fop)(0,0),
is compatible with the orientation of dM. Now put

£:A R E(M) = 0(0,0).
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Fig. 8.11 The portion of
sphere of Example 8.6.1

Then (A, £) is a coordinate system of dS which is compatible with its orienta-
tion. By hypothesis, ¥ ~! o £ has positive Jacobian on its domain (Proposition
5.2.1). From the fact that

((Foy) toy)O)= (¥ 'of Tofop)(0,6)= (¥ 'o&)()

has positive Jacobian we conclude, on applying again Proposition 5.2.1, that
(B,f o) is a coordinate system of dM which is compatible with its orientation.

O
Example 8.6.1. Fix 0 < € < 1 and let M be the portion of sphere (Fig.8.11)

M:={(xy2) €R : P+’ +=1;2< —¢}.

We suppose this is oriented according to the normal vector pointing to the exterior
of the sphere (see Definition 5.2.3). Take

D:={(s,0) eR? : s> +r> <1-¢%}

and consider the mapping

[:D—=M; f(s,t):=(t,5,—/1—52—12).

Then
of

a(S,l) X

of ( t s )
5,0 = ) 7_1
8t(s 2 VI—s2—12'V1-52 12

is a positive multiple of the vector f (s,?).
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Setting > = 1 — €2, we deduce from Criterion 8.6.1 that
y:(60—m 60+ 1) =R p(r) =f(rcost, rsint)
is a positively oriented coordinate system of dM. Since
y(t) = (rsint, rcost,—¢),

we conclude that the boundary of M (that is, the circle in the plane z = —¢€) is
oriented clockwise.
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8.7 Exercises

Exercise 8.7.1. Show that the portion of the cylinder {(x,y,z) € R? : x*> +y* =
a*,0 < z < 1} is a regular surface with boundary.

Exercise 8.7.2. Let M be the portion of the plane x +y+z = 1 whose projection
onto the xy-plane is the closed disk centered at the origin and with radius 1.

(1) Show that M is a regular surface with boundary.
(2) If M is oriented according to the normal vector (1,1,1) and we consider the
induced orientation in dM, find

/ xdy+ydz.
oM

Exercise 8.7.3. Let M be the lower hemisphere of the unit sphere, i.e., the surface

specified by
z=—\1—-x2—y%

Suppose the sphere is oriented according to the exterior normal vector. Evaluate

/ —y dx+xdy.
Jom



Chapter 9
The General Stokes’s Theorem

Let @ be a differential form of degree k — 1 and class C! in a neighborhood of
a compact regular k-surface with boundary M of class C>. The general Stokes’s
theorem gives a relationship between the integral of @ over the boundary of
M and the integral of the exterior differential dw over M. It can be viewed as
a generalization of Green’s theorem to higher dimensions, and it plays a role
not unlike that of the fundamental theorem of calculus in an elementary course
of analysis. Particular cases of the general Stokes’s theorem that are of great
importance are the divergence theorem, which relates a triple integral with a surface
integral and what we know as the classical Stokes’s theorem, which relates a surface
integral with a line integral.

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 269
DOI 10.1007/978-1-4614-2200-6_9, © Springer Science+Business Media, LLC 2012
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9.1 Integration on Surfaces with Boundary

The definition of integral of a continuous differential form of degree k over an
oriented regular k-surface with boundary is completely analogous to the definition
studied in Chap. 7.

Definition 9.1.1. Let M be an oriented regular k-surface with boundary and (A, @) a
coordinate system of M compatible with the orientation. Let @ : M C R" — AK(R")
be a continuous differential form of degree k on M. For each measurable subset

A C A we define
o [ ototn (2. 2
Lo fown (520 320)u

whenever the integral exists.

Observe that if A is an open set for the relative topology of HF, then by definition,
A is the intersection of an open subset of R” with the closed set HF defined and
studied in Sect. 8.1. Hence A is a measurable set in R”.

Let A C R be an open set such that A = ANH¥, and g : A € R — R” a function
of class CP such that

8, =9
Then for every ¢ € A, we define the pullback of @, a differential form of degree
k, under the mapping @ as

(97 0)(t) = (&) (),

that is, the restriction of the pullback of @ under the mapping g to the set A.
According to Definition 8.1.4 and the comments following Definition 8.1.2, we see
that the pullback is independent of the choice of A and g. In fact,

(8(2)) (dg(®)(»1), ..., dg(#)(vi))

(@*@)(t) (v1,...,vk) =@
w (@) (de®)(v1),...,dp(0)(v))-

The reader should be aware that every time we apply the properties of pullback
proven in Chap. 6, we actually apply them to g*w rather than to ¢*®. That is, we
simply use g*@ applied to points of A. However, the presentation of proofs will be
less cumbersome if we keep the notation ¢*w instead of g*@. For example,

(97 @) () = f(t)-dny A+ Adyg,

where f is a continuous function on A (see Theorem 6.4.1).
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Proceeding exactly as in Chap. 7 (see Theorem 7.1.1), we have

wazAﬂgu ©.1)

Moreover, as in Proposition 7.1.1, one can check that the definition of this
integral does not depend on the chosen coordinate system, as long as we restrict
our choice to coordinate systems that define the same orientation.

If M is an oriented regular k-surface with boundary having a finite atlas

{(Aj,0) 1

compatible with the orientation, then there is a partition of M into subsets {Y;}
such that ¥; = @;(4A;), where A; is a measurable subset of A ;. The proof is as in
Lemma 4.2.2.

Under these conditions, given a continuous differential form

© : M — AKR™)

of degree k, the following definition makes sense, provided all Lebesgue integrals
involved are defined and finite.

n m "
Definition 9.1.2. / W = 2/ ®.

We omit the proof of the following result, since it is almost identical to its
analogue for surfaces without boundary obtained in Chap.7 (see Theorem 7.3.1).

This definition does not depend on the chosen partition. This claim can be
obtained as in the proof of proposition 7.1.1.

Theorem 9.1.1. Suppose that M C R" is an oriented and compact regular k-surface
with boundary and let ® : M — A*(R") be a continuous differential form of degree

k. Then
/
M

Our next lemma is well known in Lebesgue integration theory, but we provide its
proof, since it is going to play an important role in subsequent proofs and also in the
solution of several exercises.

is well defined.

Lemma 9.1.1. Letf: U C R¥ — R", 1 < k < n, be a mapping of class C' on the
open set U. IfA C U is a null set in R¥, then f(A) is a null set in R".

Proof. Consider ¢y € U and r > 0 such that the closed ball B(ty, r) centered at £y and
of radius r is contained in U. Let

ofi

H .= ’
max{ a1,

@wd_lw”mj_lwwhteBmJ&
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and let Q = H \laj,b;] be an k-cube (i.e., bj —aj =1, j=1,...,k) contained in

B(ty,r) such thatl < 1.If t € Q, the segment [a,¢] is contained in B(¢y,r). Thus the
path

V(0,1 =R y(s) =f((1 =s)a+st) = (fi(1 —s)a+s))iLy,

is well defined and of class C' on [0, 1]. If we apply the mean value theorem to each
Yi(s) = fi((1 — s)a+ st), we see that there exists 0 < s; < 1 such that

Q_J|\

k
0 —50) = 50) =50 = (5 = 3 50~ sda 30 ),

and we have
\fi(t) — fila)| < kHI.
‘We have obtained that
f(Q) C I, [fi(a) — kHI, fi(a) + kHI]
and

m(IT, [fi(a) — kHI, f,(a) + kHI]) = (2kHI)" < (2kH)"I* = (2kH)"m(Q), (9.2)

where the last inequality follows from / < 1 and n > k.
Now we can show that if A C B(fo, 5) is null, then f(A) is null. Indeed, given 0 <

€ < 1 we take a sequence of k-cubes (I,) contained in B(fo,r) such that A C Ui lp

and -
€
z:“ (2kH )"

By (9.2) there exists a sequence of n-cubes (J,) such that f(I,) C J, and m(J,) <
(2kH )"m(1,) for all p. Hence (J,) covers f(A) and

8

M

m(J,) < (2kH)" 2
1 p=1

p

Finally, the open set U can be covered by a sequence B, of closed balls, B, =

B(t, %), with the property that B(t,r) is contained in U (e.g., take balls centered at
points of U with rational coordinates and with radii rational and small enough), and
we can write

A=U;_ANB,.

Then f(A) is a countable union of the null sets f(A N B,), which implies that f(A)
is null also. O
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The next proposition shows that in order to integrate over an oriented regular
k-surface with boundary, it is necessary to integrate over only the proper regular
k-surface, that is, one can neglect the boundary in calculating the integral.

Proposition 9.1.1. Let M be a subset of R" that is an oriented regular k-surface
with boundary having a finite atlas and let @ : M — AX(R") be a continuous
differential form of degree k. Then

fo= e
M M\OM

In fact, IM is a null set of R".

Proof. Let

{(Aj,0))}1
be a finite atlas of M (compatible with the orientation) and {Y;} a partition of M such
that Y; = ¢ ;(A;), where A; is a measurable subset of A ;. Recall from Proposition

8.4.1 that
{((Aj)— )}

is a finite atlas of M\ dM and the sets {Z; := @ ;(A;NHX )} form a partition of
M\ M. Put

(@] @)(t) = f;(t) -dyr A+ Adyy.

Since the hyperplanes in R* have zero Lebesgue measure and the set A j 1s contained
in the half-space H* (see Definition 8.1.1), we conclude that the characteristic
functions of the sets A; and A; N H* coincide almost everywhere. Hence

/Mw B ﬁi /‘Pj(Aj) “- /il /AJ ile) o= /mzl '/ﬂ%k 10,0 &

m
@
2k

2 f/ )Xt (8 dt—Z/

k-
AjnHE

Jm\om

Since
oM =UT_10;({0} x A)),

by Lemma 9.1.1, dM is a finite union of null sets; hence it is a null set in R”. O
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9.2 Partitions of Unity

Let M be a compact regular k-surface with boundary in R” and w a differential form
of degree k defined on a neighborhood of M. We aim to decompose @ as a finite sum
of differential forms, each one having support in a coordinate neighborhood. This
will allow us to simplify the proof of Stokes’s theorem. In this section, we provide
the requisite tools for forming such a decomposition.

Consider the function f : R — R of class C* defined by

e 7 t>0
t):= ’ ’
fo®) {o, t <0.

As in Lemma 2.1.1, one can prove that f, has derivatives of every order at every
point and that

for every n € N and r < 0. It follows that

go(t) := fo(L+1)fo(1—1)
is a function of class C* on the real line that vanishes whenever |¢| > 1 and is strictly
positive for 7 € (—1,1) (Fig.9.1).
Proposition 9.2.1. Let xo € R" and r > 0 be given. There is a function h: R" — R
of class C* such that h(x) > 0 ifx € B(xq,r) and h(x) =0 if x ¢ B(xo,r).

- le—xol®\ g
Proof. Put h(x) := g 52— ). Since

o(x) = x—xo [*= Y (x; —x0;)°
j=1

is a function of class C* on R”, we deduce that & is the composition of two C~
functions. O

g0

Fig. 9.1 The functions fj and go
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Definition 9.2.1. The support of a function f : D C R* — R is the closure in D of
the set of points where f does not vanish, that is,

D R"
supp fi={x€D : f(x)#0} ={xeD: f(x)#0} ND.
In particular, if D = R”, then supp f is the closure of the set f~'(R\ {0}).

The complement in D of the support of f is the largest open set, relative to D, in
which the function is identically zero.

Lemma 9.2.1. (a) Let V C R" be an open set, K C V a closed subset, and
h € CP(V) a function of class C? on V, 1 < p < eo, such that h(x) =0 if
x € V\K. Then
_ [ h(x), xeV,
flx):= {0, x € R"\ K,

is well defined and is of class C? on R".

(b) Let V,W C R" be open sets such that W C V and suppose that g,h : R" — R
are functions of class CP, 1 < p < oo, such that h(x) = 0 whenever x € R"\ W
and h(x) + g(x) > 0 whenever x € V. Then, the function

, xeV,
0, x €R"\ W,

is well defined and of class CP on R".

Proof. (a) Since h(x) = 0 on the open set VN (R"\ K) and VU (R"\ K) = R", we
see that f : R” — R is well defined. The function is of class C” on V because
it coincides with A, and it is also of class C” on the open set R” \ K, since it is
identically zero there. From V U (R" \ K) = R” we conclude that f is a function
of class C” on R".

(b) Since h(x)=00onVN(R"\W)and VU (R"\ W)=R", we have that / : R" - R
is well defined. Also, f is of class C” on the open set V because / and g are
functions of class C” whose sum does not vanish on V. In addition, f is of class
CP on the open set R" \ W, since it is zero in that open set. Since the two open
sets V and R” \W together cover R", we deduce that f is a function of class C?
on R".

O

Theorem 9.2.1. Let K C R" be a compact set and {Uy, ..., Uy} an open cover of
K. Then one can find an open neighborhood U of K and functions wj : R" — [0,1]
(1 < j <m) such that

(1) each m; is a function of class C* on R",
(2) the support of ; is contained in U;,
(3) 2;”11 mi(x) =1 for everyx € U.
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Proof. For every x € K there exist ry >0 and 1 < j < m such that B(x,ry) C U;. By
compactness, we can find a finite number of points x,...,x; € K with the property
that

s
K C | JB(xi,ry,)
i=1
and every open set U; (1 < j < m) contains at least one ball B(x;, ry,). Now put

N

W= U B(x;,ry;)
i=1

and for each 1 <i < s take a function
hi i R" — [0, 4-o0)
of class C* on R” such that
hi(x) > 0 ifx € B(x;,ry,)
and
hi(x) = 0if x ¢ B(x;,ry.).

Then

for every x € W. Since W is a bounded set, its (topological) boundary is compact.
Moreover, the points of K are contained in the interior of W, because W is open and
K C W. Thus, the boundary of W is a compact set disjoint from K. By compactness,
there are points yy,...,y; € d"P(W) and radii sy,...s; > 0 such that

l
9PW) € (J Byisi)

k=1

and

For every 1 < k <[ take a function
8k - R" — [Oa+°°)

of class C* on R" with
gu(x) > 0if x € B(y;,sx)

and
gk(x) =0if x & B(yg,sz)-
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Now define z
V@WU(UMHﬁO
k=1
and observe that
W=w U&“’p(W) cV.

Define, forevery 1 <i<s,

fi:R"—=0,1]
by
- hilx) 7 , xeV
filx) == o1 (%) + Xy gk (x)
Oa X % W.
From z
D hi(x)+ Y, gi(x) >0
i=1 k=1

whenever x € V and Lemma 9.2.1 we conclude that the function f; is well defined
and of class C~ on all of R”. Now take an open neighborhood U of K such that
U CW and

1
Uﬂ(UB@ww>=®'
k=1

Then

N

I
Y hi(x) >0 and Y g(x) =0,

i=1 k=1

whenever x € U. Consequently,
N
2 fix)=1
i=1

for every x € U. Moreover, the support of f; is contained in B(x;,ry,), which is
contained in some open set U;. To finish, it suffices to select a natural number 1 <
r(i) < m for each 1 <i < s such that the support of f; is contained in U,(,») and
{r(1),...,r(s)} ={1,...,m}. Now for every 1 < j < m, put

lj:={i: r(i) = j},

which is a nonempty set, and define

= fi

i€1j

By construction, 7r; has the desired properties. O
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The previous theorem says that the functions {7;} form a partition of unity over
a neighborhood of K and subordinated to the cover {U,}.

Definition 9.2.2. Let M be a regular k-surface with boundary and
® : M — AKR™)

a continuous differential form of degree k. The support of @ relative to M is

suppy @ :={x €M :w(x) # O}M.

This slightly modified notion of support is necessary if one wants to prove
Stokes’s theorem for abstract differentiable manifolds (Theorem 9.3.1).

As aresult of Theorem 9.2.1 on the existence of partitions of unity, we have the
following corollary, which we will use in the proof of the general Stokes’s theorem.

Corollary 9.2.1. Let M be a compact regular k-surface with boundary and
®:U—A"(R")

a differential form of degree r and class C' on an open neighborhood U of M.
Then there is an open neighborhood V of M, V C U, for which we can form a
decomposition

m
0= w;
j=1
such that
wj:V—>A"(R")

is a differential form of degree r and class C' whose support (relative to M) is
contained in some set @ j(Aj), where Aj is contained in a compact subset of A j and
(Aj, @) is a coordinate system of M. Moreover, the support of dw ; (relative to M)
is contained in @ j(Aj).

Proof. By compactness, one can find a finite family {(A;,¢;)}_, of coordinate
systems and bounded open sets B; (for the relative topology of H¥) such that

B/'CECA]'CH]C

and
{(Bj, )}

form an atlas of M. Let U; be an open set in R", contained in U, such that

UinM = ¢;(B;).
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Then {U; };.”:1 is an open cover of the compact set M. By Theorem 9.2.1, there exist
an open neighborhood V of M, V C U, and functions 7; : R" — [0,1] (1 < j < m)
of class C* with the property that the support of 7; is contained in U; and

m
Y mix) =1
j=1
for every x € V. Finally, put
W =T w: V—>Ar(Rn),

so that
m
w = 2 (!)j.
j=1

Moreover,

suppy @; C{x €R" : 7wi(x) #0}NM CU;NM = ¢;(B;).

But since the support in R” of 7; is contained in the open set U;, if dw j(x) # 0,
then x must to belong to U;. Hence

suppy dw; C {x € R" : mj(x) #0}NM CU;NM = ¢;(B;).

O

We remark that if additionally M is assumed to be oriented then, by applying Lemma
5.2.2. if necessary, the coordinate system obtained in Corollary 9.2.1 can be chosen
compatible with the orientation.
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9.3 Stokes’s Theorem

In this section, we will prove our general formulation of Stokes’s theorem for
compact regular k-surfaces with boundary in R". Subsequently, in Sect.9.4, we
will discuss the classical theorems of vector analysis (Green’s theorem, divergence
theorem, and the classical Stokes’s theorem), which can be seen as particular cases
of the general result Theorem 9.3.1. We finish with a discussion on the possibility of
extending the divergence theorem to some regions of R with topological boundary
the union of a regular surface with some vertices and edges.

As in Sect.8.2, we will denote by x = (xi,...,x,) the points of R", by ¢t =
(t1,...,1;) the points of R¥, and by s = (sy,...,s_1) the points of R¥~1. If s € R¥~1,
then z:= (0,s) € R is the point with coordinates

h=0,t=s1, ..., =81

Also, according to the notation used in the proof of Theorems 8.2.1 and 8.4.1,
for a given coordinate system (A, @) of a regular k-surface with boundary M we put

A={s=(s1,....,5s1) €RF" : (0,5) € A},
which is an open set in R¥~!, and
PACRCT SR 6(s) == 0(0,5).

Then (1&, @) is a coordinate system of dM (see Theorem 8.2.1). In the following
lemmas we make use again of the notation introduced in Definition 6.1.3.

Remark 9.3.1. Let  be a differential form of degree k — 1 on an open neighborhood
U of M, a regular k-surface with boundary in R" of class C?, and let (A,¢) be a
coordinate system of M. We claim that we can always take g : W — U of class C?
on W an open subset of R¥ such that W N H* = A and g(¢) = ¢(¢) for every ¢ € A.
Indeed, consider A C R open in R¥ such that ANHF¥ = A and g : A — R" a mapping
of class C” on A such that g(¢) = ¢(¢) whenever ¢ € A. By continuity, g~ ' (U) is an
open subset of R¥ such that A C g~!(U) C A. Thus, if we define W := g~ (U), we
are going to have g : W — U of class C” on W, and clearly W NHF = A.

In the next lemma and also in Stokes’s theorem (Theorem 9.3.1), every time that
we apply properties of the pullback ¢*® or ¢*dw, we are actually applying them
to g*w or g*dw on the open set W just described, and only later do we take the
restriction to the corresponding subset of A.

Lemma 9.3.1. Let w be a differential form of degree k — 1 and class C' on an
open neighborhood of a regular k-surface with boundary M in R". Let (A, ¢) be
a coordinate system of M. Writing the differential form @*® of degree k — 1 with
respect to the basis {dtl/\---/\at\j/\~~~/\dtk cj=1,...,k} ateachpoint (t1,...,1;) €
A as

k
Qw(t,... .t Z Filtny. o) -diy A AdE A+ Ady,
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we have that
(@ @)(s) = f1(0,51,...,s-1) -dst A=+ Adsg1,
foralls = (sy,...,s61) € A
Proof. Note that ¢ = @ o J, where J is the inclusion
J:A— A, J(s):=(0,5).
Making the change of variables
=0, =81,...,0 = Sk_1,

we deduce that
0, Jj=1
dsjflu ]> L,

J*(dtj) = {
and hence (see Proposition 6.4.1(1) and Remark 9.3.1)
po=J(¢'w)
has the representation

(@ @)(s) = f1(0,51,...,511) - J*(drp) A--- AJ*(dty.)

k
+ 3 fi(0 51, sen) T () A ATF(de) A AT (di)
j=2

= f1(0,51,- - 86-1) -dsy Ao Adsgy.
O

Lemma 9.3.2. The exterior differential of the differential form v of degree (k— 1)
and class C" defined on an open subset of R* by

k
N filtn, ) - dig Ao Adr A Adig
j=1

is given by

k .
dv = 2(—1)-"*1% ~dty A Ady.
=1 8;,-

Proof. According to Definition 6.3.1,

k
dv(r1,...,00) = Y dfj(tr,..., i) Adip A Adtj A=+ Adi.
j=1
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Moreover, by Example 2.3.1,

dfj = 2 ffdt

On the other hand, by Propositions 6.1.1 and 6.2.1 we have

— 0 i1,
dt,AdtlA---AdtjA---Adtk_{(_1)jldtlAmAdtk iflij'.

The conclusion easily follows. (]

The next lemma will be useful in the proof of Theorem 9.3.1 (Case II).

Lemma 9.3.3. Let A be an open set in H*, L C A a compact subset, and f : A C
HF — R a function of class C' on A such that f(t) =0 for every t € A\ L. Then
there is a function h : R¥ — R of class C' on R with compact support such that
h|, = f and such that h(t) = 0 and g—i’(t) =0, foreveryt c H*\L andi=1,... k.

Proof. Letg:A C R* — R be a mapping of class C! on the open set A C R¥ such
that ANHF = A and 8| = f- For every t € L there exists r; > 0 with B(t,r) C A.
Since L is compact, we can select ¢,...t, € L such that {B(t1,r,),...B(tn,11,)}
is an open covering of L. According to Theorem 9.2.1, we can find an open
neighborhood Z of L,

m
ZCW:={JB(tj,rn,) CWCA,
j=1

and functions of class C~, 7; : RF — — [0,1] (1 < j < m), such that the support of T
is contained in B(t;,7;), and 37, 7;(x ) =1 for every x € Z. We now define

X

Then 7 is a function of class C! on A whose support is contained in the compact
set W C A and with the property that i(¢) = g(¢) for all ¢ € Z. Moreover, by
hypothesis, g(f) = f(t) = 0 for all t ¢ ANHF\ L = A\ L. Thus A(¢) = 0 for all
tc ANHF\ L.

From Lemma 9.2.1(a), the function

[ h(e), teA,
h(t)'_{o, t e RF\W,

nj>g:ACRk—>R.

TMs

is well defined and is of class C! on R¥. In addition, h, =f,and h(t) = 0 for every
teHF\ L.

With respect to the partial derivatives of &, one must take a little extra care. Since
L is a compact set, it is closed, and hence H¥ \ L is an open set with respect to the
relative topology of H¥. An analogous discussion to that given in (8.1)—(8.3) shows
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that to calculate any partial derivative of / at any point ¢ belonging to HF \ L, we
need to take into account the values of / only on that set. More precisely,

oh h(t i) — h(t
Oy i L) ZhO)
ati s—0 N
t+se;cHF\L
0
= lim -=0,
s—0 S
t+se;cHN\L

for every t € HF\ L, and every i = 1,... k.
O
The reader will observe in passing that we have shown, under the hypothesis of
the above proposition, that g—t’:(t) =0foreveryt€ A\L andi=1,...,k.
In our main result, which now follows, we assume that M has the orientation
induced by the orientation of M, as obtained in Theorem 8.4.1.

Theorem 9.3.1 (Stokes’s theorem). Let M C R” be a compact orientable regular
k-surface with boundary of class C* and let @ be a differential form of degree k — 1
and class C' on an open neighborhood U of M. Then

/ w:/ dw.
Jom M

Proof. Our proof is based on that of Do Carmo [6]. Let K := supp,, @, which, as a
closed subset of the compact set M, is itself a compact subset of R”. To begin, let us
suppose that there is a coordinate system (A, @) of M of class C> such that

K =suppy, @ C @(A) and supp, do C @(A).
Since ¢ is of class C2, we see that ¢*w is a differential form of degree k — 1

and class C! on an open subset of H¥ (see for instance Corollary 6.4.2), and we can
represent it as

k
Qw(t,... .t 2 Filtny. o) -diy Ao AdE A+ Adg,

for all £ = (t1,...,t;) € A, where f; is a function of class C! on A C H¥. We note
that ¢ ' (K) is a compact subset of A (because ¢ is a homeomorphism) with the
property that if ¢ ¢ ¢! (K), then (¢*®@)(f) = 0. That is,

té o (K)= f;(t) =0,

forevery 1 < j<k.
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By Lemma 9.3.2, the differential is given by

* J ‘7la.f/'
d(g"w)(t) = <2<—1>f mn) iy A A dy
J

J=1

for all £ = (¢,...,#) € A. On the other hand, since ¢ is of class C> on A and @
is of class C! on U, by Remark 9.3.1 and Proposition 6.4.2, we have ¢*(dw)(t) =
d(¢*w)(¢) for all t € A. Consequently,

* : ‘—laf
@ (dw)(t)= | Y. (—1) a—(t) dty A Adly 9.3)

i
= g

If we apply Lemma 9.3.3, we can extend each f; to a function fj :RF - R of

class C! on all of R¥ such that f;(f) = 0 and %(t) =0, for every t € H*\ 9o~ !(K)
andi,j=1,... k. In particular,

df;

——(@#) =0 9.4

S0 ©4)
foreveryt € A\ ¢ '(K) and i,j = 1,... k. To ease notation, from now on we will

identify f; and f;. By hypothesis, supp,; do C @(A). Thus

/dw:/ dw,
M (Ao)

and by (9.1), we have

/dw:/h(ll,...,tk)d(tlu"'7tk)7
JM JA

where ¢*(dw)(t1,...,t) = h(fy,... 5 )dt; A--- Adfy. From (9.3), we get

. . k .
./de:./A <j21(_1)-/‘1‘3—2> ) d(n1,...,10).

But by (9.4) and the fact that all the above partial derivatives of (the extensions
of) f; vanish on H¥ \ ¢ ~!(K), we deduce

k o OFf;
/de_/Q<jzl(—1)fla—2> ) d(r1,....1), 9.5)

for any measurable set Q such that ¢ ~!(K) C Q C H*.



286 9 The General Stokes’s Theorem

Fig. 9.2 Proof of Theorem
931 HF o} xRF! HE (o) xRF!
¢ {(K) ¢ (K
Q Q>—

We will distinguish two cases (Fig. 9.2).

Casel: KNoM = &.
In this case, @ vanishes on dM, and so

/ w=0.
oM

We will show that [, de also vanishes. Indeed, by hypothesis, ¢ ~!(K) is disjoint
from {0} x R¥~!, and consequently, there is a k-rectangle Q C HF¥ defined by

with tll < 0 and such that ¢~ '(K) is contained in the interior of Q. We can apply
Fubini’s theorem in (9.5) to obtain

iy a1 _/Q( KA dtj> df;

Qalj t}) atj

= / (fj(l‘l,...,l‘jfl,l‘},l‘jjq,...,tk)
Q)

~

_f]'(t17...,tj717t.$')7tj+17...7tk)) dtj,

where dt; = d(1y,...,tj_1,tj41,...,1,) and

;=[] c R
i)

Since the points
0
(tlu e 7tj717tj NSES PR 7tk)

and
1
(tla"'7tj*17tj7tj+1a"'7tk)

are located in the boundary of O, we deduce that the function f; vanishes at each of
them, and thus the previous integral is zero. It follows that
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/ dew =0.
M
Case II: KNOM +# .

Define Q as in Case I but this time with tll =0 and ¢_ (k) is contained in the
interior of Q in HF i.e., in the union of interior of Q in R¥ and ({0} x R¥"1)n Q.
Note that Q is still contained in HF¥ but one of its faces is in {0} x R¥~!. For each
j > 2, the two points

(l‘l,...,l‘jfl,t.?,thrl, .. ,l‘k)
and
(tlu' .. 7tj717t}7tj+17 s 7tk)

are outside the support of f; whenever #; < 0. This means that

0 1
f,‘(l‘l,...,tjfl,tj,thrl,...,l‘k) :fj(l‘l,...,tjfl,tj,l‘jjq,...,tk) =0,

forall#; in Q; C R¥"! except may be on the set Q; N ({0} x R¥~2), which is a null
setin R~!. Hence

of; _ 5 0] :
atj()d(th.”’tk)_w/gj(t;’ a—tj(t)dl‘j dtj
:/Q_fj(tlu'"7tj717t}=tj+17"'7tk) thj
J

0 A~
_/ fj(tla"'7tj*15tjatj+la"'7tk) dt/
Qj
= 0.

By (9.5) it follows that

/d atl()d(tl,...,tk).

If we apply Fubini’s theorem and use the fact that

fl(t?7t27"'7tk) :Ou
then we can conclude, as above, that
/d(x)—/ fl 0 t25 ) ) (t27 7tk)'

It remains to calculate [;,, @. For this, observe that the support of @ in dM is
contained in the neighborhood coordinate @(A). Moreover, from the definition of

orientation of the boundary (see Theorem 8.4.1), we have that (1&, @) is a coordinate
system of dM compatible with its orientation. Also, by Lemma 9.3.1,
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((ﬁ*w)(s) :fl(O,sl,...,sk,l)-dsl Ao Adsg_y

fors e 1& Hence

- 0,51, 5e1) d(s1, . 55 1),
./()Mw /&fl( s1 sk—1) d(s1 Sk—1)

and we conclude with the identity

/ w:/dw.
oM M

In the general case (that is, when our initial supposition does not apply), Corol-
lary 9.2.1 implies the existence of an open neighborhood V of M and differential
forms @1,...w, of degree k —1 on V with @ = 25.’:1wj on V and coordinate
systems (A;,¢;) such that suppy@; C ¢;(A;) and also suppydw; C @;(A;) for
every j = 1,..., p. It follows that

P P
= ;= d -:/d .
J®= 2 fi= X [ 001 [ 0o

O

We note that dw = 25’:1 d(w ) is a consequence of the fact that @ = 25’:1 ®; in
the open set V' that contains M.
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9.4 The Classical Theorems of Vector Analysis

We are going to present connections between the general Stokes’s theorem and the
classical theorems of vector analysis. We first study the divergence theorem, taking
an approach similar to that of Edwards [9].

Let U be an open set in R” and

F:UCR'"=R" F=(fi,....fn),

a vector field of class C! on U. Recall (see Definition 1.2.10) that the divergence of
F is the scalar function defined on U by

n
DivF:U —R, DivF(x Za—f

In the theorems that follow, M is a compact regular n-surface with boundary
in R"™. Then the boundary of M coincides with its topological boundary, and in
particular, V := M\ dM is an open subset of R". According to Proposition 8.4.1, in
order to define an orientation on M, it suffices to define an orientation on the regular
n-surface without boundary M \ dM. As in Sect. 8.5, from now on we will suppose
that M is oriented in such a way that the identity mapping

id:V— M\ oM

defines a coordinate system (V,id) of M\ M that is compatible with the orientation.
In the next result we use the notation introduced in Definition 6.1.3.

Theorem 9.4.1 (Divergence theorem, first version). Let M be a compact n-
regular surface with boundary of class C* in R" and let F = (fy, ..., f,) be a vector
field of class C' on an open neighborhood of M. Then

3 g n
/DivF(x)dx:/ 3 (1 diy A Adwg A Ada,
JM JOM ;
Proof. We take
n
@:= Y (=17 fideg Ao Adx A Adg.

From Lemma 9.3.2 we have

dw_<z g_{j)dxl/\ /\dxn,

Jj=1
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while by Stokes’s theorem (Theorem 9.3.1) and Proposition 9.1.1,

/aMw _/1\4<i%>dxlA"'AdX”

J

Since the identity mapping
id: M\ oM — M\ oM

defines a coordinate system of M \ dM compatible with its orientation, the last
integral coincides with the Lebesgue integral

. noof
Jmom \ 5 9x;
The fact that M is a null set in R” allows us to deduce

./a.Mw :./A;DiVF(x) dx.
O

Theorem 9.4.2 (Divergence theorem, second version). Let M be a compact
regular n-surface with boundary of class C* in R" and let F be a vector field of
class C' on an open neighborhood of M. Then

/MDiV F(x) dx = /aM (F, N) dV,,_1.

Proof. 'We will first prove the result while supposing that ¢ : A C H" — M defines
a coordinate system of M compatible with the orientation and with the property that
the support of F : M — R”" is contained in ¢ (A).

Take w to be the differential form of degree n — 1 of Theorem 9.4.1,

®:=Y (1) fdeg A AdXGA - Adx

-

1

J

Then according to Theorem 9.4.1, it suffices to show that

/ w:/ (F, N) dV, ..
oM oM
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o~

To do this, we consider the coordinate system (A, @) of dM defined by

~

A={s=(s1,...,80-1) erRY! (0,5) € A}

and
P:ACR"I SR, @(s) == 0(0,s).

~

According to Theorem 8.4.1, (A, @) is a coordinate system of the boundary

~

compatible with its orientation. Since the support of F in dM is contained in @(A),
it follows from Definitions 7.3.2 and 7.2.3 that

/ (F,N) dV,_,
oM

can be written as

S (— 1) £ A A 99 99
/&ng(—w F1@(s)) dxi A Adi A /\dxn<asl(s),..., asnl(s)>ds,

or equivalently,

[ o) <§—‘f(>83—‘31<>) =] o

and this is what we wanted to prove.

Now for the general case. Since M is compact, it admits a finite atlas. Then the
conclusion follows from Definition 7.3.2 and the previous case, proceeding as in the
proof of Stokes’s theorem (Theorem 9.3.1). ]

In classical vector analysis, n = 3, and it is usual to denote by V¥ the operator

_[(d oJ 4
V= ox' 9y’ dz )’
Thus, for a given vector field F = (f1, f», f3) of class C' on an open set of R® we
can write the formal identity

Jd d d .
VF: <£7a_yva_z) '(flvflvf:i) =DivF.

The divergence theorem can be expressed as follows (see Example 7.3.1 for
different notations related to the surface integrals).

Theorem 9.4.3 (Gauss’s theorem). Let M be a compact regular 3-surface with
boundary of class C* in R3 and let F be a vector field of class C' on a neighborhood

of M. Then
L wn ds= [[] (v-F)wy2) dixya)



292 9 The General Stokes’s Theorem

Theorem 9.4.4 (Classical Stokes’s theorem). Let M be a compact and orientable
regular 2-surface with boundary in R* of class C*> and let F = (f1, f», f3) be a vector
field of class C' on an open neighborhood of M. Then

./A/V « F, N) dS:/aM<F,T) ds,

where for each x € M, T(x) represents the unit tangent vector at the point x for
any coordinate system ((a,b),y), v: (a,b) — dM, compatible with the orientation
such thatx € y(a,b).

Proof. We consider the degree-1 differential form

w = fidx+ fody+ f3 dz.

As we saw in Example 6.3.2,

_ (95 _9p ofi _dfs 9fr If
dw-(ay az>dy/\dz+(az ax)dz/\dx—i—(ax ay)dx/\dy.

That is, the exterior differential of  is the differential form of degree 2 associated
to the curl of the vector field F. According to Example 7.3.1 applied to the vector
field G := V¥ x F and the differential form v := de of degree 2, we have

/M<V><F,N> dS:/de.

As we noted after Example 7.3.3, this last integral is usually represented as

/ ® = (F,T) ds.
JoM JoM

The conclusion follows from the general form of Stokes’s theorem,
Theorem 9.3.1.

O

We point out that the classical theorems of Gauss and Stokes’s just obtained
above include the case in which the boundary of M has several connected compo-
nents. The same applies to the version of Green’s theorem obtained below.

As a consequence of Theorem 9.4.4 we can obtain an alternative proof of the
identity provided in Example 6.5.2.

Corollary 9.4.1. Let F = (f1, f>, f3) be avector field of class C' on an open set U C
R3. Given a point a € U and a unit vector N € R3, we denote by Ce the boundary
of the disk D¢ of radius €, centered at a and contained in the plane that contains a
and is orthogonal to N. Suppose the disk is oriented according to the normal vector
N and C¢ has the induced orientation. Then

(v < F)a).N) = lim— [ 1) as
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Proof. For every € > 0 we have

(v xP@N) = — [ (v xF)a).V) o

since the integral on the right-hand side is the product of the constant

(v xF)(a),N)

and the area of the disk. Moreover, by the classical Stokes’s theorem, Theorem 9.4.4,

% [ 1) ds:%/D (¥ x F)(x),N) dS.
Consequently,
otz [ P (9 <P @)

is less than or equal to

1
— ds,
ne? Jp, !

where
fx) = [((V xF)(x) = (V xF)(a),N)|
(see Definition 7.3.3). Finally, from the Cauchy—Schwarz inequality we obtain

1) <l (7 % F)x)~ (v % F)a) |
and hence
— [ ras < max{]l (v < P)) — (v x @) |3 l)v—all <,

which goes to zero as € — 0 because ¥ X F is a continuous vector field. The
conclusion follows. O

We will give an explanation of the meaning of the curl as used in physics.
Suppose that F represents the velocity field of a fluid. If y is a path, then
(F(y(t)),y'(r)) represents the component of the velocity of the fluid at the point
y(t) in the direction tangent to the curve. In the case [, (F,T)ds > 0, we can
consider that the particles of fluid that are on p tend to rotate in the sense that point
the tangent vectors to the curve y’(¢). If [, (F,T)ds < 0, then the particles rotate in
the opposite sense. We also refer to the integral [,, (F,T) ds as the circulation of the
vector field F along the curve y.
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Take a point a in the fluid and choose a unit vector N supported at that point. Let
De¢ be the disk with radius € centered at @ and orthogonal to N. In the boundary C¢
of the disk we consider the induced orientation assuming that the disk is oriented in
such a way that N is the normal exterior vector. By Corollary 9.4.1,

((V xF)(a), >—hmi/ (F,T)ds.

e—0 2

We deduce that the component of the curl of F in the direction of the unit vector
N represents the circulation of F per unit area in the orthogonal plane to N. If
((V¥ xF)(a),N) # 0, then the particles of the fluid near a tend to rotate around
N in the orthogonal plane to N. The direction of rotation depends on the sign of
((¥ x F)(a),N). Since the dot product ((¥ x F)(a),N) attains its maximum value
when

_ (VxP@
[V <P’

we deduce that the rotation will be greatest in the plane orthogonal to the curl of the
vector field at a.

In the next result we assume, as usual, that M is oriented in such a way that the
identity mapping on the interior of M defines a coordinate system compatible with
the orientation of M. In that case, we can provide a completely rigorous proof of
Green’s theorem.

Theorem 9.4.5 (Green’s theorem). Let M be a compact and orientable regular 2-
surface with boundary of class C? in R? and let @ = P dx+ Q dy be a differential
form of degree 1 and class C' on an open neighborhood of M. Then

Lo (22 )

The proof is a simple consequence of the fact that

(00 P
dw_(g ay> dx A dy.

We remind the reader that in the above situation, the induced orientation on dM
is that for which on traversing dM, the set M remains to our left. See Sect. 8.5.

As required in practice, Stokes’s theorem can be applied to more general sets than
just compact regular surfaces with boundary and of class C? (for instance, a cube
or a truncated cone). Instead of trying to develop a technically complicated general
theory, we will content ourselves with showing how the theorem can be applied in
such situations by means of concrete examples. On the other hand, these will show
clearly the general method that one should follow.

We next give an example of a surface with boundary that is not compact but in
which Stokes’s theorem is valid.
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Fig. 9.3 Truncated cone
of Example 9.4.1

Example 9.4.1. Consider the truncated cone (Fig.9.3)
M:={(x,y2) eR® : X+’ =22, 0<z<1}.
Forevery 0 < e < 1, let
Me :={(x,5,2) €R® x> +y* =2 ;e<z<1}.

Then M; is a regular surface with boundary. We suppose it is oriented so that the
normal vector points toward the exterior of the bounded solid

{(x,v,2) ER® 12 +y? <2 ;e<z< 1}

We first obtain a parameterization of the surface that is compatible with its
orientation. To do this, note that M, is the graph of a function. Instead of taking
parameters u := x,v :=y as usual, we will take instead u :=y,v := x (a posteriori it
will be clear that we need this reversal of the variables so that the coordinate system
will be compatible with the orientation). More precisely, we consider as domain of
parameterization

De:={(u,v) eR? : e <u?+1* < 1}.

Now define
g(u,v) = (v,u, Vu? +v2> )
Then
e e e3
dg OJg 1]
(5o G ) = G
AV u2+v2

v u
p— 3 ,_1 .
(\/u2+v2 Vu? +2 )
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Since the third coordinate is negative, it turns out that the normal vector
dg  dg
(Bu x Bv)

TR

points toward the exterior of the solid bounded by the surface, which means that the
restriction of g to the interior of D, defines a coordinate system of M, \ dM that is
compatible with its orientation. Moreover,

oM, = g(aDs)

(see Criterion 8.6.1). Since the boundary of the oriented surface D in R? consists of
two circles, the interior oriented clockwise and the exterior oriented counterclock-
wise, and moreover g conserves the orientation in the boundary by Criterion 8.6.1,
it follows that

oM; =S US,

where
S, :={(x,y,r) eR® : x> +y* =1?}.

We can define two positively oriented coordinate systems of dM, (which cover
the boundary with the exception of two points) by

¥ :]0,27[— R* ;1 — g(cost,sint) = (sint, cost, 1)

and
Ye :]0,2m[— R? ;1 — g(esinz, ecost) = (ecost, esint, €).

In this way, the orientation in the boundary of M, is similar to that of Example
8.4.3.
Now let
F:=(F,F,F3)

be a vector field of class C! on an open neighborhood of M. Since M, is compact,
we can apply Stokes’s theorem. That is,

/VxF-dS:/F+ F.
Me Yy Ve

To evaluate the left-hand integral it suffices (see Proposition 9.1.1) to consider
the coordinate system (consistent with the orientation) of M, \ dM, defined by

@(r,t) := g(rcost,rsint)

= (rsint,rcost,r),

where 0 <t < 2mand € < r < 1. That is,
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/MEV xF-dS:/Ozn/sl <V x F(o(r1)), (g—‘f x %—‘f) (r,t)> drdr,

which converges, as € — 0, to

if that integral exists, for example in the case that F is C! on a neighborhood of the
compact set M U {0}. This means that

lim VxF-dS:/ V x F-dS.
£—0.JM, JM
On the other hand,

[l
JVe

27
<e [T IFe)] .

/02’r (F(ye(t)), (—esint, ecost,0)) dr

and this implies
lim [ F=0

£-0Jy,

in the case that F is continuous at {0}. Finally, we have

/ VxF-dS:/F.
JM Jy
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9.5 Stokes’s Theorem on a Transformation of the k-Cube

The aim of this section is to present some additional examples of oriented but
noncompact regular surfaces with boundary for which the general Stokes’s theorem
remains valid.

We first analyze the unit cube. Put I := (0, 1)* C R, and for every 1 < j <k,

Lio:={teRF :1;=0;0<r<1ifi#j}

and
L i={teR" i1;=1;0< < lifi#j}.

We recall that in Sect. 8.6 we introduced the cube without edges as the set

10U111

H
H C»

and

U = (Ij’()Uijl).

Tt

1

J

Clearly I = U \ QU is an open set in R¥, and QU is a C* regular (k — 1)-surface
that is orientable. According to Sect. 8.6, that orientation is given by the unit normal
vector e; at the points of /; 1 and by —e; at the points of /; . The problem is that U
is not compact, since U = [0, 1]% # U. We let

A= (0,1)!

Proposition 9.5.1. Let w be a differential form of degree (k— 1) and class C ! on
an open neighborhood of U. Then

/ w:/dw.
U U

Proof. Assume

k
Z Y it -da AL AdE AL A dE

where f; is a function of class C ! on an open neighborhood of U. Then

./(;Uw B ﬁ‘ (/zj,owfl;-,lw) '

j=1
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We consider the vector field

=(fi,fa,-- fr)

A parameterization of [; 4, where a € {0, 1}, is given by

l/lj’a 2A—>Rk; l/fj,a(sl,...,sk,l) = (sl,...,sj,l,a,sj,...,sk,l).

Since
Y ja Yja
— () X o —(
8s1 8sk,1
some of the coordinate systems (A, ¥ ;) are not compatible with the orientation of
the corresponding face /; ,. We now concentrate in the case a = 1, so that the face
1; 1 is oriented according to the unit normal vectore;. If (A, ¥ 1) is compatible with
the orientation of /; | then

/Ij,l @ = /A <FO'/’j71(S),ej>d(s1,...,sk,l),

Otherwise, we apply Lemma 5.2.3 to conclude that the coordinate sys-
tem (L7'(A),¥;1 oL) is compatible with the orientation, where L(f) =
(t1,-. - tk—2,tk,tx—1). Then, after a change of variables in the integral we also
obtain

/Ijvlw:./Ll(A)<Eo wj,lOL(t)uej>d(t17'-'utkfl):./A<F° wjvl(s),ej>d(s1,...,sk,l).

s)=(=1)"""ej,

A similar argument can be carried out in the case a = 0. Hence

/1-,0w+/1.'l“’ :/A<F°'/fj71(S),ej>d(s1,...,sk,l)

+/A (Fojo(s),—e;yd(st,....51)

:/A(fjo‘ﬁj,l_fjowj,()) (S) d(S1,...,Sk71).
On the other hand,

dw = (2 a{’) Ay AL Ay,

j=1

and hence

af
[m$ ] 2
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After evaluating the previous integrals using Fubini’s Theorem and the Fundamental
Theorem of Calculus in the j-th coordinate, we arrive to the conclusion. O

Corollary 9.5.1. Let U be the unit cube in RF without edges and N the vector field
of unit normal vectors to dU defined by N = e; at points of I; 1 and N = —e; at
points of 1; o. If F is a vector field of class C' on a neighborhood of the closed unit
cube, then

/ DivF(f)di= [ F-Ndve,.
U oU

Remark 9.5.1. The integral on the left-hand side, as a Lebesgue integral, coincides
with

DivF (t)dt = DivF (t)dt,
0.1 (0.1

and although an abuse of notation, it is usual to write the right-hand-side integral as

/ F-NdV,_,.
(0,1

Thus, Corollary 9.5.1 can be formulated for any vector field F of class C! on a
neighborhood of [0, 1] as follows:

DivF (t)dt = /

F-NdV_;.
d[0,1]%

J{0,1]%

Proposition 9.5.2. Let M be an oriented regular k-surface with boundary. Suppose
there is a mapping f of class C* on an open neighborhood W of the closed unit cube

fW—=R"

such thatf: U — M is a bijection and f' has maximum rank at all points of U. If ®
is a differential form of degree k — 1 and class C' on a neighborhood of M, then

/ w:/dw.
oM M

Proof. Again (and throughout this section) we denote by I = (0,1)* the open
unit cube. According to Criterion 8.6.1, f(I) = M \ dM and (I.f) is a coordinate
system of M \ dM. First suppose that this coordinate system is compatible with the
orientation of M. Define

v:=fw,

which is a differential form of degree k — 1 and class C' on a neighborhood of
the closed unit cube. If (A,¥) is a coordinate system of dU compatible with



302 9 The General Stokes’s Theorem

its orientation, then f o ¢ defines a coordinate system of dM that preserves the
orientation (see Criterion 8.6.1). Moreover, by Theorem 7.1.1,

/(Afo'/f)w - /A(fo Ve = /Aw*v N /(Aﬂlf) .

whence using a suitable atlas of dU we get

[o=]
oM U

From dv = f*(dw ), we can also deduce analogously that

/dwz/dv.
M U

Now it suffices to apply Proposition 9.5.1. To finish, suppose that the coordinate
system (I.f)) reverses the orientation of M \ dM. In that case, replace the function
fbygxr,x2,...,x;) :=f(x2,x1,...,x) to obtain a new function g of class C> on a
neighborhood of the unit cube with the property thatg : U — M is a bijection and g’
has maximum rank. Moreover, (1,g) is a coordinate system of M\ dM compatible
with its orientation. From the previous discussion it follows that also in this case

/dw:/ ®.
JM Jom

We observe that there are only two possibilities for the orientation of M, since it
is connected. O

In order to check the validity of the divergence theorem in regions such as the
full cylindrical pipe

K ={(x,y,2) eRY X2 4+y?<1;0<z< 1}
or the half-ball
K={(xy2) €R® : X’ +y*+2 <1: 220},
which are not regular 3-surfaces with boundary in R3, observe that in both cases the
set K can be obtained as the image of the closed unit cube by means of an adequate

transformation (basically, cylindrical or spherical coordinates; see Examples 9.5.1
and 9.5.2 for the details).
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From now on, we take / = (0,1)* (and hence 7 = [0, 1]*) and we suppose that
K =f(T), where
fw-R

is a mapping of class C? on an open neighborhood W of 7, which is injective and
has strictly positive Jacobian on 1.
Observe that K is not necessarily a regular 3-surface with boundary in R3.
However, letting
I :=(g,1—¢)®

and considering U, as the regular 3-surface with boundary in R3 obtained on
eliminating the edges of 7, then according to Proposition 9.5.2,

Ke 3:f(Ue)

is a regular 3-surface with boundary in R3, for which Stokes’s theorem is valid.
We assume that (I;,f) is a coordinate system compatible with the orientation of
K. That is, the orientation of K is compatible with the canonical orientation of
R3. Consequently, the boundary of K is oriented according to the exterior normal
vector.

In particular, if

@ :=F -dyAdz+ F,-dzAdx+ F3-dx Ady

is a differential form of degree 2 and class C! on an open neighborhood of K, then

// Div F(x,y,z) d(x,y,z) = dw:/ ® = (F,N) dS.
KE Kg 9Kg 8Kg

In this section we aim to analyze what happens after taking limits in the previous
identity as € — 0.

Lemma 9.5.1. hm // Div F(x,y,z) d(x,y,2) // Div F(x,y,z) d(x,y,2).
Ke

Proof. Since F is continuous on the compact set K, there exists C > 0 a positive
constant such that |DivF (x,y,z)| < C for every (x,y,z) € K. Since

K\ Ke =f(I)\f(Ue) CFI\Ue),

the change of variables theorem allows us to conclude that

‘//Kg Div F(x,y,z) d(x,,2) —//I.{Div F(x,y,2) d(x,y,2)
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is less than or equal to

//4'0\%) IDiv F(x,y,z)| d(x,y,z) < C~///7\Ug If (x,y,2)] d(x,y,2)
< i) I, sens

which goes to 0 as € — 0. (]
Now we intend to analyze

lim ®.
£—0J9K,

In some cases the topological boundary of K can be decomposed as the union
(perhaps nondisjoint) of regular surfaces with boundary, and this limit can be
expressed as a sum of flux integrals, which makes it possible to give an adequate
formulation of the divergence theorem.

Keeping this objective in mind, we present the next three lemmas. Suppose that
f satisfies the previous conditions. We note that the boundary of K consists of six
connected components, that is, the images under f of the faces (without edges) of /.

The first lemma will allow us to analyze the faces of the cube whose image under
f is a regular surface.

Lemma 9.5.2. Let C be a face of the cube without edges, U, such that f(C) is a
regular surface and assume that f(C) is oriented so that if (V,¥) is a coordinate
system of C compatible with the orientation of the cube, then (V. fo¥) is a positively
oriented coordinate system of f(C). For 0 < € < %, denote by J; the nearer of the
two faces of I parallel to C. Then

lim [0} :/ [0}
€20 Jf(J) f(C)

Proof. Suppose that C is the face of the cube defined by x; = 1. Then J; is the face
of I defined by x; = 1 — €. Since the mapping

(u,v) = (1,u,v)
defines a positively oriented coordinate system of C, we deduce that
(,v) = f(1Lu,v)

defines a positively oriented coordinate system of f(C) C dK. Moreover, from
Criterion 8.6.1 we also conclude that

(u,v) = f(1—¢g,u,v)
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defines a positively oriented coordinate system of f(J¢). Consequently,

/JE w_/l s/l €<F(f —e,u,v)), (?; 3€>(1—8,u,v)>dudv,

which converges as € — 0 to
1,1 of 3f> > /
F(f(1 —x = (1 dudv= .
/0 /0 < (f( ,u,v)),(ayxaz (L,u,v) ydu dv .f@w

The second lemma gives information about what happens with the faces of the
cube whose image by f is not a regular surface.

d

Lemma 9.5.3. Suppose that 2 8 X 8 = 0 on the face of the cube defined by x| = 0.
Denote by Je the face of I deﬁned by x; = €. Then

lim w =0.
€20 Jf(Je)

Proof. There is a constant C > 0 such that

[ Fx,y,2) [<C

whenever (x,y,z) € K. Moreover, if we let

{3 o

:x_s;OSy,zﬁl},

then it follows, from the uniform continuity of f 1n 1 and the hypothesis, that
lim M =0.
e—=0

Finally, bearing in mind that

(u,v) = f(e,u,v)

is a parameterization of f(J;) C dKg, we obtain

’/ ’ <F(f £,u,v)), <a;f><a;f) (8,u,v)> du dv
fUe) dz

SCMSa

which goes to zero as € — 0. (]
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The third and final lemma will be useful when we have to work with a
parameterization involving periodicity in some of the variables. This typically
occurs when one changes to spherical or cylindrical coordinates.

Lemma 9.54. Let f be periodic with period 1 with respect to a coordinate and let
Je.0,Je,1 be the two parallel faces of I in which that coordinate is constant. Then

lim (/ ® +/ w) =
&0 f(-’&O) f(-’&l)

f(x,0,2) =f(x,1,2)

whenever 0 < x,z < 1. Then Jg ¢ is the face of I; defined by y = £ and J; 1 is the
face of I, definedbyy=1—¢.
The mappings

Proof. Suppose that

glu,v) = (u,e,v) ; h(u,v) := (v,1 —€,u)
define positively oriented coordinate systems of J¢ o and J¢ | respectively, because

8g 8g 8h><8_h:e2

oul v T Y o

From Criterion 8.6.1, we deduce that the mappings

(u,v) = fu,e,v) 5 (u,v) —=f(v,1 —€,u)

define positively oriented coordinate systems of f(Je o) and f(Je 1) respectively.
Consequently,

[,Ugo . _/1 s/l €<F(f u,€,v)), (gf gi)(u,g,v)>du dv,

while

.A(Jg,ww - /8178/81*8 <F(f(V’1 _87”))7—(8% X 3—{)(\}, 1 —8,u)>du dv

_/818/818<F(f(u,1—8,v)), (ai gf)(u,l—s,v)>dudv.

S(w,0,v) =f(u,1,v)

Since
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Fig. 9.4 (a) Full cylindrical a b
pipe and (b) the set K of i
Example 9.5.1

- -

we easily deduce

/ ® +/ »—0
f(Js,O) f(JEal)

as € goes to 0. 0
Example 9.5.1. Consider the full cylindrical pipe (Fig. 9.4)
K :={(x,y,2) eR} P 4+y?<1;0<z< 1}.
Take
fiRI = R3 f(rs,1) := (rcos(2ms), rsin(27ms),1).
Then
K=f(I),
and the Jacobian of f is
cos(2ms) —2mrsin(2ms) 0

sin(2zs) 2mrcos(2ms) 0| =2mr.
0 0 1

Hence K := f(Ug) is a regular 3-surface with boundary for which the general
Stokes’s theorem is valid.
If
@ :=F -dyAdz+ F,-dzAdx+ F3-dxAdy

is a differential form of degree 2 and class C! on an open neighborhood of K, then
we deduce from the comments in Sect. 8.6 and Lemma 9.5.1 that

/// Div F(x,y,z) d(x,y,z) = lim ®.
K £—0JoK,

Observe that the topological boundary of K can be decomposed as

ampK:SoUleJSQ,
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where
Sii={(x,p2) ER? : ¥ +y*<1;z=j}

for j = 0,1 are closed disck in horizontal planes and
Sy ={(x,y2) ER® : X*+y*=1;0<z<1}

is a cylindrical surface with boundary. Each of three sets Sp, S1, and S3 is a regular
2-surface with boundary in R3. We provide Sy with the orientation given by the
normal vector —es3, S; with that given by the normal vector e3, and S, with that
afforded by the vector field (of normal vectors at points of S, \ d.5)

N(xvyvz) = (x,y,O).

That is, the three surfaces are oriented according to the field of unit normal
vectors pointing toward the outside of K. Although K is not a regular 3-surface
with boundary, we commit an abuse of notation and write

JK :=SpUS; US>

and
2

As one easily discerns, our objective is to prove the identity

lim w = / ®
e-0J9K, oK

The boundary of K, consists of six connected components, namely, the images
under f of the faces (without edges) of /.. We analyze each one of these components.
Image of the faces parallel to the plane {0} x R?. First we fix r = €. Since

(&)

from Lemma 9.5.3 we obtain, for ()10 = {(g,s,1) : € <s,r <1—¢}, that

=2re,

lim ®» =0.
€20Jf((Ie)1,0)

Take now r = 1 — €. The parameterization

(s,) = f(1—¢g,s,1)
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Fig. 9.5 Half-ball of
Example 9.5.2

is positively oriented, and by Lemma 9.5.2,

lim 0= w,
€=0Jf((Ie)1,1) S

where
Tehi={(1—¢gs,1): e<sr<1—¢}

Image of the faces parallel to the plane R x {0} x R. In this case, take s €
{e,1—€}. By Lemma9.5.4,

/ ® —I—/ w—0
f((Ie)2,0) f((Ie)2,1)

as € goes to 0, where
(Ie)ao={(re,t): e<nt<1l—g}

and
(18)2,1 = {(r, 1 —S,t) resnt<l1 —8}.

Image of the faces parallel to the plane R x R x {0}. Here, taket =€ort=1—¢.
By Lemma 9.5.2,

lim w = [0}
e=0Jf((Ie)s,1) N
and
lim 0= w,
e=0Jf((le)30) So
where
(Ie)so={(rs,e): e<ns<l—g}
and

(Le)s1={(rs,1—¢g): e<rs<1l—¢g}.
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Consequently,

lim w = / ®,
e-0J9K, oK

and we finally deduce that

.//KDiV F(x,y,2) d(x,y,z) = /{)Kw.

Example 9.5.2. Consider the half-ball (Fig.9.5)
Ki={(xyz) €R : 2+y*+72<1;2>0}
and take

f(rs,1) = (rsin (g s) cos(2mt), rsin (g s) sin(27t), rcos (g s)) .

Then K = f(I). The topological boundary of K can be decomposed as the union
of two regular surfaces with boundary

o'°P (K)=81USy,

where
Sy i={(x,32) ER® : x> +y*+72=1;2>0}

and
Sy:={(x,5,2) ER® : x> +y*<1;z=0}.

The surface S is oriented according to the vector field
N(x,y,z) = (x,y,z),

and S, according to the normal vector —es.
Proceeding as in Example 9.5.1, we see that whenever

®:=F -dyAdz+ F,-dzAdx+ F3-dxAdy

is a differential form of degree 2 and class C! on an open neighborhood of K, then

// DivF(x,y,z)d(x,y,z)Z/w—i— ®.
K J S PAY)

In fact, it suffices to apply Lemma 9.5.3 to the faces of the cube r =0, s = 0,
Lemma 9.5.4 to the parallel faces r =0, r = 1, and Lemma 9.5.2 to the faces r = 1,
s=1.

Example 9.5.3. Consider the truncated cone

K:={(x,y2) eR® : x> +y*=7;0<z<1}
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and the mapping f : R> — R? defined by
f(t,r) = (rcos(2mt),rsin(2me),r).
Then K =f(I) where I := [0, 1] x [0, 1] is the unit square. We already know that
M :=K\{(0,0,0)}

is a (noncompact) regular surface with boundary in R?. Moreover, suppose that M is
oriented in such a way that the restriction of f to the interior of / defines a positively
oriented coordinate system of M. Since

(% X %) (t,r) = (2mrcos(2mt),2nrsin(2mt), —27r),

this means that M \ dM is oriented according to the normal vector that points to the
exterior of the solid bounded by M. Since 7 — (¢,1) is a parameterization of the
boundary of the square (without vertices) that reverses the orientation, we deduce
from Criterion 8.6.1 that

y it f(t,1) = (cos(2mt),sin(2mt), 1), 0<t<1,

is a parameterization of dM that reverses the orientation and covers all the boundary,
except for one point. Now take

w=F -dx+F-dy+F;-dz
a differential form of degree 1 and class C! on a neighborhood of K. We want to

show that
/ w = / dw.
oM M

To do this, denote by I, the square [¢, 1 — €]? less its vertices and take

Ms :f(18)7

which is a regular surface with boundary in R® for which the general Stokes’s
theorem is valid. In particular,

/ w = dw.
M J M,

Also,

[ do= /8178/8178 <(v < F)(f(t,7)), (% « %) (t,r)> dr dr
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converges as € — 0 to

[ [ (oxprun(Lxd)en)aar- [ oo

On the other hand, the boundary of M, consists of four connected components
(images of the four faces, without vertices, of the square ;). Keeping in mind the

facts
700 =50r) and Lr0)=0,

it follows, proceeding as in Lemmas 9.5.3 and 9.5.4 and considering

ve(t):=f(t,1—¢), e<t<l-—eg,

that X .
lim w = — lim ®
€—0J M, e=0Jy,
] 1—¢ ,
=—1lim [ (F(ye(1)).(ye) (1)) dr
e—=0J¢

— [(Fe0) ) @

= ®.
M
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9.6 Appendix: Flux of a Gravitational Field

Let us consider an object of mass M located at the point
P = (x0,Y0,20)-
For every (x,,z) € R, let
r=(X—x0,y —Y0,2—20)-

Then the force exercised by the point mass M on another point mass m located at
(x:2) B3\ Pis
GMm

3
Il

F(xvyvz):_ r.

We observe that the norm of F(x,y,z) is proportional to the inverse of the square
of the distance between the two points. It is obvious that

F:R*\{P} - R’

is a vector field of class C™. The aim of this section is to evaluate the flux of this
vector field F across a compact regular surface of class C? that does not contain the
point P and is the boundary of a regular 3-surface with boundary.

Proposition 9.6.1. The divergence of the vector field F vanishes.

Proof. We first evaluate

8F1 ( 1 3()6—)6())2)
— = —GMm — ,
dx I} 73
22 ( 1 3(y—y0)2>
— =—GMm — ,
dy I 73
and 5 ( )2

F ( 1 3(z—20 >
— =—GMm — .
dz [rl> AP

From

(x—x0)2+ (y—y0)* + (z—20)* = |Ir|I%,

we obtain, on summing these partial derivatives,

Div F =0.
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Lemma 9.6.1. Let B be the closed ball centered at a point P and with radius R > 0.
The flux of the vector field F across dB is

—4nGMm.

Proof. The unit normal vector to dB at a point (x,y,z) € dB, pointing to the exterior
of B, is given by

N=_"_
|7l
Hence, for
_ GMm
“TrE"
it turns out that X X
(F,N) = —GMmW = —GMmﬁ.

That is, (F,N) is constant on the sphere. Consequently, the flux of the vector
field F across dB coincides with the product of such a constant with the area of dB.
That is,

Flux = —4nGMm.

O

Theorem 9.6.1 (Gauss’s law). Let U be a regular 3-surface with boundary of class
C? in R3 and assume that
S:=9JU

is a compact regular surface that is oriented according to the normal vector pointing
to the exterior of U.

(1) If P ¢ U, then the flux of F across S is zero.
(2) IfP € U\S, then the flux of F across S is —4nGMm.

Proof. We first suppose that P ¢ U. In this case, F is a vector field of class C' on a
neighborhood of U, and by the divergence theorem, the flux of F across S coincides
with »

// UDivF(x,y,z) d(x,y,z) =0.

Next, suppose that P € U \ S. This time, it is not so easy to apply the divergence
theorem, because F is not defined at the point P € U. To avoid this complication,
take R > 0 small enough that the closed ball B centered at P and with radius R is
contained in the interior of U (Fig.9.6). Now consider

Q={(xy2) €U : || (x—x0,y—y0,2—20) [Z R},

which is a regular 3-surface with boundary
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Fig. 9.6 Illustration of the /
proof of Theorem 9.6.1 /

dQ2 =SUJB.

As usual, the boundary of € is oriented according the normal vector exterior to
Q. This means that the orientation of dQ at the points of S is given by the normal
vector to S that points to the exterior of U, and the orientation of dQ at points of dB
is given by the normal vectors to the sphere that point to the interior of the ball.

So, if we consider in dB the orientation according to the normal vector exterior
to the ball, then

/{m (F,N) dS:/S (F,N) dS_/()B (F.N) ds.

On the other hand, since F is a vector field of class C! on £, we can apply the
divergence theorem to conclude that

/(m (F,N) dS:///QDivF(x,y,z) d(x,y,2) = 0.

Consequently, from the previous lemma,

/ (F,N) dS = /a (F,N) dS = —4nGMm.
S JoB

O

It should be noted that Gauss’s law is usually formulated in terms of the electrical
field generated by a point charge.

In what follows, we assume for simplicity that m = 1. Note that the flux of the
gravitational field generated by a point mass M located at P in the interior of U
depends only on M and not on the position P. If we consider a series of point masses
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M{,M,,... in the interior of U, the resulting vector field F is the sum of the vector
fields generated by each one of the point masses, and the flux of F across S is given
by
Y —4nGM; = —4nGM,
J

where
M=3M,
J
is the total mass. Therefore, it is no surprise that if F is the gravitational field

generated by an object of total mass M located in the interior of U, then the flux
of F across S = dU equals —4nGM. (see [11]).
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9.7 Exercises

Exercise 9.7.1. For the regular surface
M :={(x,y) € R*; a* <x* +y* < b}
with boundary, solve the following problems.
(1) Find a parameterization of the circles
Pyt =a? 2y =t

that is compatible with the orientation of M.
(2) Using Green’s formula, evaluate

/{)M(x3 —y) dx+ (cosy + 2x) dy.

Exercise 9.7.2. Let M be the part of the plane x+ y+z = 1 whose projection onto
the xy-plane is the closed disk centered at the origin and with radius 1. Suppose that
M is oriented according to the normal vector (1,1, 1). Using Stokes’s theorem, find

/ xdy+ydz.
oM
Exercise 9.7.3. Verify Stokes’s theorem for the lower hemisphere of the unit sphere

7= —/1—-x2—y2

and the vector field
F(x, y, 2)=(-y, x, 2).

Exercise 9.7.4. Let M be the sphere with radius a > 0 centered at the origin and F
a vector field of class C* on a neighborhood of the corresponding closed ball. Show
that

/ v x F-dS =0.
Jm
Exercise 9.7.5. Let M be the triangle:
{(xy2) R s xty+z=1,x>0,y>0,2>0}

with the vertices (1,0,0), (0,1,0), and (0,0, 1) removed (Fig. 10.18). Verify the
validity of Stokes’s theorem for this surface.
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Exercise 9.7.6. Find the work done in moving a particle counterclockwise around
the (topological) boundary of the intersection of the plane x +y+z = 1 with the first
octant under the action of the force field

F(x,y,2) = (x+x2%, x, y).
Exercise 9.7.7. Verify the divergence theorem for the vector field
F(x,y,2) = (x, 2y, 2)
and the closed surface M := M| U M,, where
M ={(x,y,2) € R ; X 4+y*=72,0<z< 2}

and M, is the closed disk with radius 2 in the plane z = 2 and centered at (0,0,2).
Exercise 9.7.8. Using Stokes’s theorem, find the z-coordinate of the center of
gravity of the hemisphere

M ={(x,y,2) €R* >+’ + 2 =R*z>0}

assuming that the surface density is constant.

Exercise 9.7.9. Consider the vector field

F(x,y,2) = (x,),2)

and let M be the part of the paraboloid z = 4 — x> — y? that satisfies z > 0. Assuming
that M is oriented so that the third coordinate of the normal vector is positive, find the
relation between the flux of the vector field F across M and the flux of F across the
disk D in the xy-plane centered at the origin, of radius 2 and oriented according to
the normal vector (0,0, —1).



Chapter 10
Solved Exercises

10.1 Solved Exercises of Chapter 1

1.3.3. Check that
Div (Curl F) =0

for the vector field

F(x,y,z) = (xzz X, 2yz) )

Solution: The components of the vector field are

filx,y,z) =22z, Hx,yz) =x, f3(x,,2) =2yz.

Hence
€1 € €3
J d 9
Curl F=| 5% & 5 [= (2221,
X’z x 2yz
That is, the components of Curl F = (g1,g2,83) are given by g(x,y,z) = 2z,
g2(x,y,2) =x?, g3(x,y,z) = 1. Consequently,

Div(Curl F) = % + %g; + %

=0.
1.3.5. If F,G : R? — R are vector fields of class C!, prove that

Div(F x G) = (Curl F , G) — (F , Curl G).

A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 319
DOI 10.1007/978-1-4614-2200-6_10, © Springer Science+Business Media, LLC 2012
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Solution: We put F = (f1, />, f3) and G = (g1,82,83). According to Definition

1.2.11, we have
o (25O o (10BN, (%R 9%
(CurlF,G>—g1( >+g2<82 ax)+g3<8x 3)’)'

dy dz
Analogously,
_ . (98 dg dg1_ d8s 982 _ 981
(F,CurlG>—f1(ay (.)Z>+fz<8Z ax>+f3<8x ay).

Moreover, from Definition 1.1.4 it follows that

FxG= (hl,hz,h3),

where

h = 83— 382, ha = f381 — f183 , h3 = f182 — f281,
and from Definition 1.2.10 we have

. oh 1 8h2 8h3
DiviFxG)= —+—+—.

iv( ) ox + dy + dz

Finally, it is routine (although a tedious calculation) to check that

dhy dhy Odhy
W-|-a—y—i-a—z—<Cu1r1F, G)—(F, Curl G).



10.2  Solved Exercises of Chapter 2 321
10.2 Solved Exercises of Chapter 2

2.8.3 Integrate the vector field

F('xvy) = (yzu _ZXy)
along the triangle with vertices (0,0),(1,0), (0, 1), oriented counterclockwise.

Solution: The triangle is the union of three segments. A parameterization of the
segment from (0,0) to (1,0) is

Yi: [07 1] - ]Rza )’l(t) = (t70)'
A parameterization of the segment from (1,0) to (0, 1) is
y2:00,1] 5 R pa(t) = (1—1)(1,0) +£(0,1) = (1 —1,1).

Instead of the segment from (0,1) to (0,0) we consider the opposite path (the
segment from (0,0) to (0, 1)), which is easier. This is

y3:[0,1] = R?,  p3(r) =(0,1).

Then the path along which we have to integrate the vector field F is the union of
three paths,

Yy =71Up2U(-»3),
and consequently,

/F:/ F+/ F- [ F
Yy Y1 Y2 Y3

‘We now evaluate

/ F = yzdx—nydy
Y1 YY1

1
:/ 0dr=0
0
/on.
Y

and also



322 10 Solved Exercises

Fig. 10.1 Path of Exercise

2.8.4
\
I|
f
/
Moreover,
F =/ y? dx —2xy dy
Jv2 72
1
- (ﬂ(—l) 201 —t)t) dr
0
1
=[P -2)d==-1
0
Finally,
: 1
F=--1
Jy 3

2.8.4 (1) Find apath y whose trajectory is the intersection of the cylinder x* 4 y*> =
1 with the plane x4y +z = 1 and with the additional properties that the initial
(and final) point is (0,—1,2) and the projection onto the plane XY is oriented
counterclockwise (Fig. 10.1).

(2) Evaluate

/xydx+yzdy — xdz.
Y

Solution: (1) The intersection of the cylinder with the plane is an ellipse in
R? whose projection onto the XY-plane is the unit circle. Consequently, we first
parameterize the unit circle in such a way that the initial and final point is (0,—1)
and it is oriented counterclockwise. That is, we put

cost sint d <t < 3
x = 1y = si —— << —).
Y 2 2

From the equation of the plane we deduce

z=1—x—y = 1—cost—sint.
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The path we are looking for is

: { 72r’327r} —R?  y(t) = (cost, sint, 1 —cost —sint).

(2) We now define
® =xydx + yzdy — xdz.

We could evaluate

but a more efficient method consists in making a formal substitution in the integral

X = cost ; y = sint, z = 1—cost—sint

and also
dx = (—sinz) dr, dy = costdr, dz = (sint—cost) dr
to obtain
3
2 -2 . 2 2
® = —2sin“tcost — sintcos”“t +cos“t | dr.
v -3
Moreover,
3 sin® 1 |
/ sin®# cost dr = =0,
_z 3 |-z
2 2
7 cos’r ¥
/ —sinz cos’t dr = = 0,
_z 3 _z
2 2
and
3 3 : 3n
2 2 1+ cos(2r t  sin(2t) |7
/ Coszld[:/ %dtzz—f— ‘(‘- ) 77::77:'
T T
J-z J-z -2
Finally,
[o=nr
b4

2.8.6 Find a path whose trajectory is the intersection of the upper hemisphere of the
sphere with radius 2a (Fig. 10.2)

Py 4P —ad

with the cylinder
P+ y—a)l=d.
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Fig. 10.2 Path of Exercise
2.8.6

Solution: If (x,y,z) is a point on that trajectory, then (x,y) is on the circle
P+ y—a)l=d.
Hence,
X = acost, y—a=asint

for some value of t between 0 and 27. After substituting in the equation of the
sphere, we obtain

a*cos’t + (a+asint)? + 22 = 4a°.

That is,

7% =2a*(1 —sint),

and from the fact that z > 0 (since we are considering the upper hemisphere), we
conclude that

z=a+/2(1 —sinz).

Consequently, the sought-after path is
y:[0,27] = R

defined by
y()= (acost , a+asint ; a\/2(1 — sint)).
2.8.10 (1) Show that the vector field
F(x,y) = (e*(sin(x +y) +cos(x+y)) + 1, e“cos(x+y))

is conservative on R? and find a potential.
(2) Evaluate the line integral
I
Y
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where '
y:0,n] = R%,  y(r)= (sin(nesm(’)),cos5 (t)) :

Solution: (1) Writing
P(x,y) = e*(sin(x+y) +cos(x+y)) + 1

and
O(x,y) =e"cos(x+),

it follows that
20 P

il (cos(x+y) —sin(x+y)) = FE

Hence F is conservative. If f : R> — R is a potential function of F, then

3—10 =e*(sin(x+y)+cos(x+y))+1 (10.1)
and P
8_§ =e“cos(x+y). (10.2)

By integrating (10.2) with respect to y we obtain
flxy) = e'sin(x+y) + ¢ (x).
We now compute the derivative with respect to x and substitute in (10.1) to get
¥ (sin(r-+y) + cos(x+)) + ¢/(x) = ¢*(sin(x+y) + cos(r+)) + 1
whence it follows that ¢'(x) = 1. Finally, we take ¢(x) = x, and we conclude that
Flx,y) =e'sin(x+y)+x

is a potential function for F.
(2) The computation of the line integral (2) using Definition 2.2.1 could be rather

cumbersome due to the expression for the path y. Fortunately, since the vector field
is conservative, we can apply Theorem 2.5.1 to get

AF=fWWD—ﬂﬂ®)
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Since y(0) = (0,1) and y (7) = (0,—1), we have

/ F=f(0,—1)— £(0,1) = —2sin .
Y
2.8.12 For the vector field

F=(f1,/>) : R*\ {(0,0)} — R?

defined by
X

fi(x,y) flxy) = T2

T2
(1) Show that

d d
a—{f(x,y) = a—J;l(x,y)

for all (x,y) € R?\ {(0,0)}.
(2) Let y be the unit circle oriented counterclockwise. Show that

/F:Zn.
y

Is this fact a contradiction to Poincaré’s lemma?
(3) Argue whether this statement is true: for every closed and piecewise C! path
o : [a,b] — R\ {(0,0)} such that ¢ () > 0 for all 7 € [a, b], the following holds:

/F:().
o

(4) Evaluate jy F, where

y(t) = (cos(t),sin’ (1)), —g <r< g
Solution: (1) An easy computation gives
%(x )= %(x )= o
9y YT g WY = (x2 4 y2)?

for every (x,y) € R?\ {(0,0)}.
(2) A parameterization of the unit circle is

y:0,2n] = R%, (1) = (cost , sint).
By substituting formally

x =cost ,y =sint ,dx = —sin¢ df ,dy = cost dt,
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we obtain
/F= /fl(x,y) dx+ fo(x,y) dy
Jy
dr = 2m. (10.3)

/2” sin?t + cos? ¢
sin®1 4 cos? ¢

The fact that the line integral is different from zero is not a contradiction to
Poincaré’s lemma, since the open set R\ {(0,0)} is not starlike.
(3) The open set

U::Rz\(]—oo,o]x{o})

is starlike with respect to the point (1,0). The set U is obtained by deleting the
nonpositive part of the X axis. Now condition (1) and Poincaré’s lemma permits
the conclusion that F is a conservative vector field in U. That is, there exists a C!
function

f:UCR*>=R

such that

Vf(xy) =F(x.y)
for all (x,y) € U. If @ = (04, 00) : [a,b] — R?\ {(0,0)} is a closed and piecewise
C! path such that ¢ (t) > 0 for all ¢ € [a,b], then it follows that a([a,b]) C U, and
because F is conservative in U, we get

/F:().
o

(4) The trajectory of the path yp is contained in U. Since F is conservative in U,
the value of the line integral does not change after replacing y by any other path
contained in U with initial point y (—%) = (0,—1) and final point y (%) = (0,1).
We can consider, for instance, the semicircle

T T

B: { > 2} —R?, B(t) = (cost,sint),

which gives an easier expression for the line integral (Fig. 10.3). In fact, proceeding
as in (10.3) we obtain
/F:/F:/2 dt =
b% B J-%

2.8.14 Let y be the path whose trajectory is the union of the graph of y = x> from
(0,0) to (1, 1) and the segment from (1,1) to (0,0). Using Green’s theorem, evaluate
(Fig. 10.4)

/ (x* +y?) dx + (2xy +x%) dy.
JYy
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Fig. 10.3 The integral of a
conservative field along y
coincides with the integral

along B

Fig. 10.4 Path of Exercise Y
2.8.14

(11

(0,0)

Solution: y = y; Uy, is the boundary, oriented counterclockwise, of the region of

type I
K:={(xy)€R*® 0<x<1,x’<y<ax}.

Writing
P(x,y) = 4+y%,  O(x,y) =2xy +4%,

Green’s theorem gives

/ny dx+ O(x,y) dy—// (8Q 8;’) d(x,y)
—/ /2xdy

1 5 4
2/0 2x(x—x7) dx = 5
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Fig. 10.5 Path of Exercise
2.8.17

"0,0) 27,0

2.8.16 Let K be a region of type I or type II and let y be a path whose trajectory is
the boundary of K oriented counterclockwise. Then

area (K):/ %(—ydx—l—xdy):/—ydx:/xdy.
Jy y Jy

Solution: The choice P(x,y) = —5 and Q(x,y) = 5 produces the following line
integral when Green’s theorem is applied:

/dex—i—Qdy z//K (3—5—2—5) d(x,y)

= //Kd(x,y) = area (K).

2.8.17 Evaluate the area bounded by the cycloid y : [0,27] — R?,
y(t) = (at — asin(t),a — acos(t))

(a > 0), and the X-axis (Fig. 10.5).
Solution: We observe that y (0) = (0,0) and y (27) = (a27,0). Moreover,

%1 (t) := at — asin(t)
is strictly increasing on [0, 27], while
(1) :=a—acos(t) >0,

whenever 0 <t < 2r. Hence the trajectory of the path y and the Xaxis limit a region
K of type I with boundary, oriented counterclockwise,

al (_y)u

where « is the segment from (0,0) to (a27,0). We put

1
® = E(—y dx+x dy).
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From Exercise 2.8.16, the area of K is given by

Iy

Because y = 0 on the segment from (0,0) to (a27,0), we get
/ =0
o

1
A:——/ —y dx+xdy.
2 Jy

and

In order to evaluate this line integral we substitute
x=a(t—sint), dx=a(l —cosr)drs,
y=a(l —cost), dy = asintdt,

Then )
A:az/ (1—cost—tﬂ) dr.
0 2

2
Since / cost df = 0 and integrating by parts yields
Jo

2r 2 21
/ —tsint dt = tcost —/ cost dt =2m,
0 0 0

we conclude that
A =3mad’.

2.8.19 Evaluate the area limited by the circles
Cr:={(x,y) eR? : X¥*+y*=a’}

and
G = {(x,y) eR? : x2—|—y2:2ax} (a>0).

Solution: The circle C; is centered at the origin and has radius a, while the circle
C, is centered at the point (a,0) and also has radius a. The two circles meet at the
solutions of the following system of equations

2 2 2
Py =,
10.4
{x2+y2—2ax. ( )



10.2  Solved Exercises of Chapter 2 331

Fig. 10.6 Positively oriented
boundary of the region
limited by two circles

From a” = 2ax we deduce x = 5;hencey =+ ‘fa Consequently, the vertical line
x = § decomposes the region limlted by the two cucles into two pieces (Fig. 10.6).
It is a region of type II whose boundary, oriented counterclockwise, is given by

y=aUpB.

The trajectory of e is the semicircle located to the left of the line x = 7, and an
appropriate parameterization is

2r 4
o {?n, ?7(} —R?,  «(r) = (a+acost,asint).
Also, the trajectory of B is the semicircle located to the right of the line x = 3,
and an appropriate parameterization is

T ) B .
ﬂ'[ 3’ 3} — R, B(t) = (acost,asint).
Since
4777.’
/—ydx+xdy:/2 (1 1 cost) di
* ¥
2
=a (—”—ﬁ)
3
and

3 2
/—ydx—i-xdy:/% azdt—az—
B -5 3

we conclude that the area is

1 2 V3
= [ —ydx4xdy=da*| = - |.
2/yy +xdy a<3 2)
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3.5.2 Show that the cone
S:={(x,y2) eR* ;¥ +y =27, 2>0}
is not a regular surface, but S\ {(0,0,0)}, the cone without the vertex, is.

Solution: Let us assume that S is a regular surface. According to Proposition 3.1.1,
there exist an open neighborhood W C R? of (0,0), an open neighborhood U of
(0,0,0) in R?, and a function of class C',

g:WCR* SR,
such that
@ SNU = {(x,y,8(x,y)), (x,y)eW}
or
() SNU ={(x,8(x,2),2)), (x,2) €W}
or

(c)SﬁU:{(g(y,z),y,z), (y,z)EW}.

Since the projections onto the xz- and yz-planes are not injective on SN U, the
cases (b) and (c) cannot occur. Consequently,

SNU ={(x,y,8(x.y)), (x,y) € W}.

In particular,
g(xy) = V242

for every (x,y) € W; hence g does not admit partial derivatives at the point (0,0),
which is a contradiction, since g is a function of class C'. Consequently, S is not a
regular surface. However, S\ {(0,0,0)} is a regular surface, since it is the graph of
the function of class C!
g:R*\ {(0,0)} - R.
3.5.3 Determine whether the intersection of the cone (Fig. 10.7)
2y =2

with the plane
x+y+z=1

is a regular curve.

Solution. The intersection of the cone with the plane can be described as

M=o '{(0,0)},
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Fig. 10.7 Intersection of a cone and a plane

where @ : R? — R? is the function defined by
@ (x,y,2) = (F+y =, x+y+z—1).

Since @ is a function of class C, it suffices (by Proposition 3.2.1) to check
that the Jacobian matrix of @ has rank 2 at each point (x,y,z) € M. That Jacobian

matrix 1s 2 2y 2
A= ,
11 1

and it has rank 2 in U := R3\ {(¢,¢,—¢) : t € R}. Since M is contained in U, we
conclude that the rank of the matrix is 2 at each point (x,y,z) € M, and consequently,
M is a regular curve (regular surface of dimension 1) of class C™.

3.5.4 Let
Y :la,b] = U CRx (0,+00)

be a path such that y ([a,b]) is a level curve. Show that the set obtained by rotating
v ([a,b]) around the x-axis is a level surface (Fig. 10.8).

Solution: Let f : U € R? — R be a C! function on the open set U, and let ¢ € R be
such that

7([a7b]):{(x7y)€U7 f(x7y):C}'

If we select an arbitrary point (xo,y0) € ¥ ([a,b]) and rotate (xo,yp,0) € R?
through an angle s about the x-axis, we get the point with coordinates

X=2Xp9, Y=Y0COSS, Zz=ypsins.

That is, the x-coordinate of the point does not change, and we make a rotation of
angle s in the yz-plane of the point with coordinates y = yg, z = 0. Since yo > 0, the
points of the yz-plane of the form

(yocoss,ypsins)
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Fig. 10.8 Surface of
revolution of Exercise 3.5.4 5 4

are precisely the points (y,z) satisfying

yo=Vy*+z22.

We consider the continuous function
h:R> 5 R% h(x,yz) = (x, \/W)
andV :=h! (U), which is an open subset of R3, Finally, we define
g:=foh:VCR>—SR.
Then the set obtained after rotating y ([a,b]) about the x-axis is

M= {(x,y,z) €V ;g(x,,2) = c}.

The obtained level surface is known as a surface of revolution, and as we have
just proven, it is described by the equation

(5 FTE) =

358 LetO<r<R.

(1) Show that the torus obtained by rotation of the circle
24 o-R =

about the x-axis is a regular surface.
(2) Find a coordinate system (Fig. 10.9).

Solution: (1) We define

fiRZ=R, flx,y)=x*+(y—R)%
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Fig. 10.9 Torus of Exercise
3.5.8

Then the torus is the level surface
M= {(x,y,z) eR3, f(x, \/m) = rz}.
In order to conclude that M is a regular surface, it suffices to check that
g(x,),2) =2 + (\/y2+z2 —R)2 =4V + 2+ R 2Ry + 2
has gradient different from zero on an open set containing M. Put
U:=R\ ({(0,5,2): y¥*+2* =R*}U{(0,0,0)}),

which is an open set containing M. Since Vg(x,y,z) is the vector

oy 2 2Ry ) 2Rz
X, £y — s 48 )
Vy 422 Vy 422
it follows that V g does not vanish on the open set U containing M.
(2) We first fix a parameterization of the circle. For instance

y=m,n):(0,21) — R?: y(t) = (rcost,R+ rsint).

If we rotate a point (y;(¢),%(¢),0) an angle s about the x-axis, we obtain the
point with coordinates

x=n(), y=mp(t)coss, z=p(t)sins.
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This suggests the definition
@ :R* > MCR (s,t) = (1(1),72(t) coss, pa(t) sins).
The mapping ¢ is of class C' on R?. If
@(s1,11) = @(s2,12),
then % (1) = 1 (1) and
Y2(t1)(cos sy, sinsy) = P (12)(cos s, sinsy).

Evaluating norms in the last identity, we deduce »(71) = y2(f2). Hence y (#) =

y (t2) and (cossy,sins;) = (cossy,sins,). From the injectivity of y and the proper-

ties of the functions sin and cos, it follows that #; =, and s; — s, is a multiple of
2r. In particular, ¢ is injective on each open set

W, := (c,c+2m) x (0,2w) CR* (c € R).

‘We show that
(We, 0)

is a coordinate system. Since ¢ : W, — @ (W,) is a continuous bijection, it suffices
(according to Corollary 3.3.1) to check that ¢’(s,#) has rank 2, or equivalently,

do J¢
(x X y) (s,1) #(0,0,0)
for every (s,t). Since,

(((99_‘? x aa_‘f) (5,8) = (1) (= %(2), 7 (t) coss, ¥, () sinss)

has norm

(3 <3 ) ol = w2 (her+ne?)

=7 (R—l—rsinz‘)2 >0,
we are done.
3.5.9 Find the tangent plane to the paraboloid (Fig. 10.10) z = x*> + y* at the point
(3:3:3):

Solution: The paraboloid can be described as

M=o '{(0)}
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Fig. 10.10 Tangent plane
to a paraboloid

for @(x,y,z) = z — x> — y*. By Proposition 3.4.1, the vector

111
Vo <§,§,§> =(-1,-1,1)

is orthogonal to the tangent plane we are asked to find. Hence, the equation of the

tangent plane is
111
<(x,y,z)— (5757 5) ) (_17_171) > _07

1
X+y—z= 5

An alternative approach consists in evaluating a basis for the plane determined
by the tangent vectors to the paraboloid. To do this, we consider the following
parameterization of the surface:

that is,

0 R M, @(st)=(s,t,s*+1%).

Since (p(%, %) = (%, %, %), it turns out that a basis of the tangent plane is given by

the vectors 5 L1
4 _
ds (2’2) =(1,0.1)

do (1 1\

Consequently, the equation of the tangent plane to M is given by

and

X y b4

=
=
Bl —

0 1 |=0.
1 1

(=R
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Evaluating the previous determinant, we again get

1
x+y—z— E
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4.4.2 Let M be a regular surface of class C' in R? and suppose that (W, @) is a
coordinate system of M,

0 WCR> S MCR?,

with the property that M \ ¢ (W) can be decomposed as the union of a finite family of
subsets of M each of which is the image of a null set through some parameterization
of M. Then

area M = area (W, ¢).

Solution: By hypothesis there is a finite family {(Aj,@;): j=1,...,m} of
coordinate systems of M, and for each j = 1,...,m, there is a null set N; C A;

such that
M \ oW U o;( J(N,

1<j<m

Put K1 = Np, and for2 < j <m,

K= 07 (o) \J i) €N

i<j
It could happen that some K; is empty, but after selecting the nonempty sets, it

turns out that
{oW),0,(K;)}

is a partition of M. According to Definition 4.2.3,

area M = area (W, @) + Y area (K;,¢,).
J

To conclude, it suffices to observe that

area (K;, ;) // \/detq)] (s,2) 0 @(s,1))d(s,2) =0,

since K is a null set.

4.4.4 Find the area of the part of the plane

Xy z
A |
a+b+c

(a, b, c are positive constants) that lies in the first octant (Fig. 10.11).

Solution: We have to evaluate the area of

M::{(x,y,z)€R3, x>0,y>0,z>0, Z+%+§:1}'
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Fig. 10.11 Triangle
of Exercise 4.4.4

To this end, we first parameterize the surface, taking as parameters

That is,
x=as, y=bt, z=c(l—s—1).

The domain of the parameters is obtained by observing that the three coordinates
x,¥,z are strictly positive, and consequently,

s>0,t>0,1—5s—1>0.
So we consider the coordinate system (U, ¢), where
U={(s,;t)eR? s>0,t>0,s+r<1}

and
0:UCR* M, ¢(s,t) = (as, bt, c(1—s—1)).

Since ¢(U) = M, it turns out that

d d
(p (p (s,7)]| d(s,7).
Finally, evaluate
ep e e3
%—‘fx%—?(s,t) =|la 0 —c
0b —c

= (¢cb ,ac, ab).
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Fig. 10.12 Part of the cone
inside the sphere

If we define
A= (0?4 PP +d*b)'?,

1 1—s /’L
areaM:)L/ (/ dt) ds=—.
0 0 2

4.4.5 Evaluate the area of the part of the cone x*> +y? = z? that lies above the plane
z =0 and inside the sphere x> +y? + 7> = 4ax with a > 0.

we obtain

Solution: The part of the cone above the plane z = 0 and inside the sphere
(Fig. 10.12)
(x—2a)? +y*+7* = 4d®

is described by
M:={(xy2) eR, FX+y’=2",2>0,+y*+* <4ax}.

The equation of the cone suggests a parameterization of the surface, while the
two inequalities will determine the domain of the parameters. We note that the
intersection of the cone with the horizontal plane z = p is a circle with radius p
whose projection onto the xy-plane admits the following parameterization:

x=pcosO, y=psinb.
Now p > 0, and from the inequality x*> + y? + 7> < 4ax we deduce
p <2acos6.

In particular, cos 8 > 0, which means that we have to consider

T T
—— <0< =
2 2

Briefly, M = @ (W), where

T

> ,0<p<2acos@}

W= {(p,e), —% <0<
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Fig. 10.13 Vector field
of Exercise 4.4.7

and
9(p,8) = (pcos, psiné, p).

Now evaluate

do Jdo B .
%xa—e(p,e)—p( cos@,—sin6,1).
Since 5 P
@ 4 _
o X ae(p,G)‘—p\/5>0,

we conclude that (W, ¢) is a coordinate system of M and

z 2acos 6
areaM:/2 (/ p\/idp) de
J-z\Jo
- 2a2\/§/i cos? 6 d6
I3
= a*V2.
4.4.7 Determine the flux of the vector field

F(x,y,2) = (x,y,22)

across the part of the sphere
ey =1
that lies in the first octant (Fig. 10.13).
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Solution: Begin by writing the portion of the sphere in the first octant as
3:{(x7y7Z)ER3;X2+y2+ZZZ 1,x>0,y>0,z>0}.

We consider the coordinate system (U, ¢), where
T T
:U:(o,—) (o,—)—>M
¢ 2)*\Pa
is defined by

@(s,t) = (sinscost, sinssinz, coss)

and U is chosen so that ¢ (U) = M. First we evaluate

e e e
de 8¢( ) ! t z.t 3
—_— X — = | COSSCOS cossSsinz —sSsins
ds ot

—sinssint sinscost 0
= sins ¢@(s,1).

Using the fact that ¢(s,7) is a point of the unit sphere, we see that

o) 0
H (‘0 (p =sins,
and for (x,y,z) = @(s,1),
%2 x % (s.1)
N(x’y’z) = aa; g(tp = (%%Z)
EXET

is a normal vector to M directed outward from the sphere. From
(F(x.3,2), N(x,y,2)) =2 +y* +22 = 1+2°

and z = coss we obtain the following expression for the flux of the vector field in
the direction of the unit vector NV :

oo o0

— 2 v
Flux —./U(l—f—cos s) ey (s,1)

d(s,t)

3 2
= E/z(l—i—coszs)sins ds= "
2 Jo 3

An alternative solution is to consider M as the graph of a function and to take as
parameters the coordinates x,y, that is
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x=u, y=v, z=V1—-u?—2
More precisely, we consider the coordinate system (D, ), where

D::{(u,v)eRz, u>0,v>0,u2+v2<1}

and
v:D—->M, yuyv) = (u,v,\/ 1 —uz—vz).
‘We obtain
N {;2 f3
Flux:// ox 2 22| d(u,v)
D | & o g
Jdv dv dv
uv2vV1—u?—y?
10 P
= //D V1-u2—2 d(u7v)
01 v
vV 1—u2—y?

/==t

The last integral is evaluated after a change to polar coordinates to get

Flux = i

————pd
2./0 ,/1—p2p p

(p = sint)

= E/7(1—|—coszt)sintdt: —
2 Jo

We note that the flux just obtained has the same sign as the flux obtained in the
previous solution. This is due to the fact that the two coordinate systems define the
same field N of unit normal vectors to the sphere.
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5.3.3 Determine whether the following coordinate systems of the cylindrical
surface
Si={(xpz) eR’, P+y’=1,0<z<1}

define the same orientation in the tangent space to S at each common point

(x0,50,20) = @(s0,20) = ¥ (0, vo) :

(1) @:(0,2m) x (0,1) = S, @(s,t) = (coss,sins,z).
@ ¥:0,1)x(0,1) =S, ¥uy) = (u,\/l—uz,v).

Solution: We have to determine whether the two vectors

d d
_(P X —‘p(S(),t())

ds ot

and 5 5
8_15 X a—'f(uovvo)

point in the same direction. But

(2] € é€3
d J .
a—? X a—?(so,to) = | —sinsg cossg O
0 0 1
= (coss0,s8ins9,0) = (x0,¥0,0)
and
(3] () e3
d ad Mo
5 % Gy wovo) =| 1 75 O
0o 0 1

= —H - =1
= (\/l_u%’ 150>— liu%(an)’OaO)'

Hence the two coordinate systems define different orientations.

5.3.5 Prove that any level surface M in R is orientable.

Solution: By hypothesis there is @ : U C R* — R of class C' on the open set U
such that V@ (x) # 0 for every x € @' (0) = M. We know that {V®(x)} is a basis
of NyM for every x € M. Hence
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Vo
PO = a0

is a continuous vector field of unit normal vectors.
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6.7.2 Let F = (F},F>,F3) and G = (G1,G,,G3) be vector fields on an open set U C
R3 and let w, ¢ be the associated differential forms of degree 1. Find the relation
between the vector field F x G and the vector field associated to the differential form
of degree 2, » A ¢.

Solution: We have
w=Fdc+Fdy+Fdz, ¢=G;dx+G,dy+Gsdz,
and hence

wNQ = (F2G3 —F3G2) dyNdz+ (F3Gl —F1G3) dz Adx

+ (F1G2 — F>Gy) dxAdy,

which is the 2-form associated to the vector field F x G.

6.7.5 Consider the following differential forms in R3:

(1) @ = dx— zdy;
(2) v=(?+y*+7%) dxAdz+ (xyz) dy Adz.

Evaluate
do , w Adw , dv , @ A v.

Solution: (a) dw = —dzAdy =dyAdz.
(b) @ Ndw = dxAdyAdz.
(c)dv = (yz—2y) dxAdy Adz.
(D@ Av = (xyz+z(x* +y*+7%)) dx Ady Adz.
6.7.6 For the differential form
@ = dx+ (x* +y%) dy —sinx dz,
find the associated vector field F' and show that

V xF

is the vector field associated to the differential form dw.

Solution: The vector field F : R? — R3 is

F(x,y,z) = (1,x2+y2,—sinx).
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Then
L ) €3
V xF = % (% a% = (0,cosx,2x).
1 x?+y? —sinx
On the other hand,
dw =2xdxAdy—cosxdxAdz
=0-dyAdz+cosx dzAdx+2x dx Ady.
6.7.8 Let
w=xzdy—ydx, v=x’dz+dx
and

o(s,t) = (coss,sins, )

be given. Evaluate each of

9'(@), ¢ (dw), ¢ (@Av), ¢ (wAd)

Solution: Denote by (s,7) the coordinates of an arbitrary point of R? and by (x,y,z)
the coordinates of a point of R3, so that a basis of A!(R?) is {ds, d¢}, while a basis
of A'(R?)is {dx, dy, dz}. If

@ = (01,02, 93),

then
=de;(s,t) = —sins ds,

)
@*(dy)(s,1) = d@a(s,t) = coss ds,
h

= (rcos®s+sin’s) ds
and hence
¢*(dw)(s,1) = d(¢p*w) = —cos’s ds Adr.

Analogously,
@*(v)(s,1) = —sins ds +cos’ s dr,

and we deduce that

@ (@ Av)(s,t) = (9" (@) AN @"(v)) (s,2) = (tcos® s+ sin® s) cos’ s ds A dr.
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Finally, we observe that @ Adv € A3(R?), and consequently,

¢ (0 Adv) € A3(R?) = {0}.
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10.7 Solved Exercises of Chapter 7

7.4.1 Find / ®, where
M

w=x>dyAdz—ydxAdz

and M is the portion of the plane x +y+ z = 2 whose projection onto the xy-plane is
the triangle with vertices (0,0), (0,1), (1, 1), oriented according to the normal vector
(1,1,1) (Fig. 10.14).

Solution: We consider the coordinate system (W, @) defined by

o(u,v)= (u, v, 2—u—v),

where

Wi={(u,v) €eR?’ O<u<l,u<v<l}
is the projection of M onto the xy-plane. Since the cross product %—‘Z X %—VV’ evaluates
as

p) p) e| e e3
a—‘:xa—‘;’: 10 —1]=(1,1,1),
01 -1

it turns out that this coordinate system is compatible with the orientation of M. Also
@(W) =M. Since o is the differential form of degree 2 associated to the vector field

F(x,,2) = (x*,5,0),

Fig. 10.14 (a) Triangle of Exercise 7.4.1; (b) projection onto the xy-plane
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Fig. 10.15 Vector field
of Exercise 7.4.5

we get

o, 5
=, (/u (u —i—v)dv) du—E.

7.4.5 Find the flux of the vector field F(x,y,z) = (1, xy, z*) through the square in
the yz-plane defined by 0 <y < 2, —1 < z < 1 and oriented according to the normal
vector (—1,0,0) (Fig. 10.15).

Solution: The surface
M={0,yz) : 0<y<2,—-1<z<]1}

is oriented according to the vector field N(x,y,z) = (—1,0,0). Since

(F(x,y,z),N(x7y7z)> = _1a

the flux is
flux = —area(M) = —4.

Alternatively, we can consider the coordinate system (A, ) of M defined by A =
{(s,t) eER? : 0<s<2,—1<t<1}and @(s,t) = (0,s,t). From

a(p a(p el e e3
001
= (1,0,0)

= —N(«)(S’t)),
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we obtain that (A,¢) is incompatible with the chosen orientation of M. Conse-
quently, we consider B= {(t,s) €R? : 0<s<2,—1<t<1}and

¥ (t,s) =@(s,t) = (0,s,1).

From Lemma 5.2.2, (B,¥) is a coordinate system of M compatible with the
orientation. Hence, keeping in mind that F(¥ (¢,s)) = (1,0,£?), % =(0,0,1), and
%—'/S' = (0,1,0), we conclude that the flux is

1072

ﬂux://B 00 1] d(,s)

010

—.//B d(z,s) = —4.

The negative sign in this calculation of the flux is explained by the fact that the
vector field F flows in the opposite direction to that given by the vector (—1,0,0).
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8.7.1 Show that the portion of the cylinder {(x,y,z) € R®: x> +y? =a?>,0< z< 1}
is a regular surface with boundary (Fig. 10.16).

Solution: We will apply Theorem 8.3.2. To do this we take
S:={(x,yz2) €R} K¥+y =d* z<1},
which is a regular surface of class C*, and define ¢ : R* — R by
¢(x,y,2) =~z
If (x,y,z) € SN~ '({0}), then
Vo(xyz) =(0,0,—1)

is not orthogonal to the surface S at (x,y,z), since the orthogonal vectors to the
cylinder are horizontal. Consequently,

M:={(x,y,z) €S : ¢(x,y,2) <0}
is a regular surface with boundary and

oM = {(x,y,2) € R}, X +y*=d?, z=0}.

[ g “-“\\\
\\
N

\ \ /,/

N =(LD
\ S
\\_ M \
\\\M_/‘J

Fig. 10.16 (a) Cylinder of Exercise 8.7.1; (b) disk of Exercise 8.7.2
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Alternatively, we could apply Criterion 8.3.1 instead of Theorem 8.3.2. Indeed, it
suffices to consider
U:={(x,y,2) eR*: z< 1},

which is an open set in R?, and the mappings @, f : U C R? — R defined by
(D(xvyvz):x2+y2_a25 f(X,y,Z):_Z-
Then V®(x,y,z) # (0,0,0) for every (x,y,z) € @ '({0}), and

(@, 1) (x,y,2) = [Zx 2y 0 ]

00 -1
has rank 2 at each point of
M :={(x,y,z) eR® : ®(x,y,2) =0, f(x,y,z) <0}
By Criterion 8.3.1, M is a regular surface with boundary and
OM = {(x,y,2) €R?, ®(x,y,2) =0, f(x,y,z) =0}.

8.7.2 Let M be the portion of the plane x +y +z = 1 whose projection onto the
xy-plane is the closed disk centered at the origin and with radius 1 (Fig. 10.16).

(1) Show that M is a regular surface with boundary.
(2) If M is oriented according to the normal vector (1,1,1) and we consider the
induced orientation in dM, find

/ xdy+ydz.
M

Solution: (1) Let S be the plane x +y+z =1 and @(x,y,z) = x> +y> — 1. Then
M={(x,y,2) €S, ¢(x,yz) <0}

Since

Vo(x,y2) = (2x, 2y, 0)
is not a multiple of the vector (1,1, 1), which is orthogonal to the plane S, it follows
from Theorem 8.3.2 that M is a regular surface with boundary and

OM ={(x,y,20) ER% x+y+z=1x+)y =1}

(2) Take
S:={(x,y) eR?; X2 +y* < 1},
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which is a regular surface with boundary in R? whose boundary is the unit circle.
The mapping
f:S—=M, f(x,y)=(xy l—x—y),

is a C! bijection, and since

e| ex e3
g—fxg—f: 10 —1]=(1,1,1),
T o -

we deduce that the differential df(x,y) has maximum rank at all points and the
restriction of f to the open unit disk defines a coordinate system of M \ dM that is
compatible with its orientation. By Criterion 8.6.1, if we define

y:[0,2n] - M C R?
as the image under f of the positively oriented circle
y(t) :=f(cost, sint) = (cost, sint, 1 —cost —sint),

then
((0,27‘:), y)

is a coordinate system of the boundary dM that is compatible with its orientation.
Finally, since
oM =y ([0,27]),

we conclude, for ® = x dy +y dz, that

2
/ w:/w :/ ((0,cost,sint), (—sint,cost,sint — cost)) dt
oM Jy JO

21
:/ (1 —sintcost) dr = 2.
0
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9.7.1 For the regular surface

M :={(x,y) €R*; a* <x* +y* <P}
with boundary (Fig. 10.17):

(1) Find a parameterization of the circles
x2+y2 - x2+y2 —p?

that is compatible with the orientation of M.
(2) Using Green’s formula, evaluate

/8M(X3 —y) dx+ (cosy+ 2x) dy.

Solution: (1) According to Criterion 8.5.1, we parameterize the circles so that as we
travel along them, we keep the set M to our left. That is, we consider

y1:10,27] — R%; p1(t) = (bcost,bsint)

and
2 :[0,27] = R%; p,(t) = (acost, —asint).
Then
oM = y1([0,2x]) Uy2((0,27))
and

((0,277,'), )’1), ((0,277,'), )’2)

are two coordinate systems of dM compatible with the orientation induced by that
of M.

Fig. 10.17 Regular surface
with boundary of Exercise
9.7.1
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(2) We apply Green’s formula (Theorem 9.4.5) with

P(x,y) = x -y, O(x,y) = cosy+2x.

Accordingly,
(x> —y) dx+ (cosy + 2x) dy
oM
coincides with 30 9P
= 3 area(M)
=3n(b* —d?).

9.7.3 Verify Stokes’s theorem for the lower hemisphere of the unit sphere

7= —+/1—x2—y2

and the vector field
F(x, y, 2)=(-y, x, 2).

Solution: Suppose that the sphere is oriented according to the exterior normal
vector. We define

M:={(xyz) e R ;P +y*+7=1,z<0}.
Consider the coordinate system (D, ¥ ), where
D:i={(u,v) eR?*® w+v* <1}

and
VDM, Yuyv)=(u, v, —V1—u2—?).

Now evaluate the cross product

e e es
8_1// Xa—'/, (u,v) = Lo 17L;27v2
du  Jdv | b

0 V1-u2—?

- —u - 1).
(\/luzv27 \/lfuzfv27 )
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The third coordinate is positive, which means that the normal vector obtained
points toward the interior of the sphere. Or equivalently, the coordinate system
(D, ¥) reverses the orientation of M. From ¥ (D) = M \ dM we conclude that

/ VxF-dS:—/ V x F-dS.
M DY)

Since
e e e3
(VxF)(y2)=|§ § §(=002),
—yx 2
we obtain

/MVxF-dS_—//D<(V><F)(1/f(u,v)), (‘Z—fx‘z—"v’) (u,v)> d(u,v)

:—//DZd(u,v):—Zn.

We now check that also
/ F-ds:/ —ydx+xdy=—27.
JoM oM
In fact, the boundary of M is the unit circle in the xy-plane,
OM ={(x,y,2) R} ; P +y* =1, z=0}.

This circle is oriented so that if we travel along it with our head toward the
outside of the sphere, then the lower hemisphere is to our left. Or in other words,
dM is oriented clockwise. We can see this more formally as follows.

Take the orientable regular 2-surface

S:={(s,t);%§s<n,0<t<27t}

in R? and
0:S—=M; @(s,1)= (sinscost, sinssint, coss).

We observe that the oriented boundary of S is the vertical segment from (Z,27)
to (%,0), which can be parameterized as ¢ — (F,27 —1). Since the restriction of ¢ to
S\ dS defines a coordinate system of M\ dM that is compatible with its orientation,
we apply Criterion 8.6.1 to conclude that

yit)=9 (%,Zn—t) = (cost, —sint, 0), 0 <1t <2m,
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Fig. 10.18 Triangle
of Exercise 9.7.5

%

defines a coordinate system of dM that is compatible with its orientation. Finally,
from dM = y (]0,2x]) we obtain

/ —ydx~|—xdy:/—ydx+xdy:—27t.
oM Y
9.7.5 Let M be the triangle

{(y2) ER yx+y+z=1,x>0,y>02>0,}

with the vertices (1,0,0), (0,1,0), and (0,0,1) removed (Fig. 10.18). Verify the
validity of Stokes’s theorem for this surface.

Solution: We suppose that the orientation of the plane x +y+z = 1 is defined by
the vector (1,1,1). Consider the subset D of R? consisting of the triangle

{(x,y) eR?, x4+y<1,x>0,y>0}
with the vertices (0,0), (0,1),(1,0) removed. Also take
fRRSR
to be the mapping defined by

f(x,y) = ()C, Y l_x_y)'
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This is a C* function, and the rank of f” is 2, which is maximal on R2. Thus D
is a regular 2-surface with boundary in R? and M = f (D) is a regular 2-surface with
boundary in R3. As we proved in Exercise 8.7.2,

p) p) e| e e3
a—ixa—f: 10 —1]=(1,1,1),
Y o1 -

which means that (f,D\ dD) is a coordinate system of M\ dM compatible
with its orientation. According to Criterion 8.6.1, if y is a positively oriented
parameterization of dD, then f o y is a positively oriented parameterization of dM.
Let @ be a differential form of degree 2 and class C' on a neighborhood of M and
define

v =f'w.

According to Green’s formula from Chap. 2,

/ v:/dv.
Jop JD

Since by Theorem 7.1.1 and Proposition 6.4.2,

/ w:/ v, /dw:/dv,
oM oD M D
/ w:/dw.
oM M

9.7.7 Verify the divergence theorem for the vector field

we can conclude that

F(x,y,z) = (x, 2y, 2)
and the closed surface M := M| U M,, where
My = {(x,32) ER?, K +y* =7, 0<z<2}

and M, is the closed disk of radius 2 in the plane z = 2 centered at (0,0,2).

Solution: M, := M; \ {(0,0,0)} and M, are regular surfaces with boundary, and
we suppose they are oriented according the vector field N of unit normal vectors
pointing to the exterior of the region bounded by M. According to Example 9.4.1, a
coordinate system of M; \ dM; compatible with the orientation is (A, ¢), where

A={(u,v) €R?* : 0 <u® +v* <4}
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and

0 ACR* SR} o(u,y) = (v,u,\/u2+v2).

On the other hand, a coordinate system of M, \ dM, is (B, ¥), where

B:={(u,v) €R? : i’ +1* < 4}

and
Yv:BCR?S R, ¢(u,v) = (u,v2).
Since 3 3
(a—"’ x a—"’) () = (0,0,1) = N($ (u.v)).

it turns out that the coordinate system (B,y¥) of M, is compatible with the
orientation. Note that

@(A) =M, \ oM, and ¥ (B) = My \ OM,.
Now evaluate

/<F,N>ds:: / (F.N)dS+ | (F.N)ds.
M M, M,

Since F(¢@(u,v)) = (v,2u, Vu? +v?), we have
v 2u Vu?+v?

u
/M <F7N>dS://A 01 Vur+v? d(uav)
1 - v
10 —=—

://A\/uzu—z—_,_vz d(u,v)

2 21
= (/ pzdp> (/ 00529d6> _ 8z
0 Jo 3

Keeping in mind that
(F( (u,v),N( (u,v))) =2,

we deduce
/ (F,N)dS =2 area(M,) = 8.
M,

Consequently,
32
/ (F,N)dS = 1.
M 3
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Finally, evaluate
Div F(x,y,z) =4,

and denoting by
Q:={(xy2 eR’, FP+)*< 0<2<2}

the region bounded by M, we obtain (using cylindrical coordinates x = pcos0; y =
psin@; z=7z)

//;}Div Flx,,2) d(x,y,2) = 4/02 (/OZ < ;ﬂpde) dp) dz

2 32
= 477:/ 2dz="n.
0 3

We have verified that

/M (F,N)dS = //QDIV F(x,y,z) d(x,y,2).
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