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preface

Vector and tensor analysis are mathematical tools appropriate for the
development of concepts in many areas, including geometry, analysis,
and linear algebra. Even though vector analysis is a proper subset of
tensor analysis, it has grown up separately. For this reason two distinct
notations have developed with many variations of each. The vector
notation, introduced primarily by Gibbs, has found wide use in differ-
ential geometry, especially curve theory, and in classical mechanics. The
vector approach is rapidly finding its way into calculus and various
engineering texts and into writings on aspects of biology, economics, and
other sciences which had little use for such a viewpoint a few years
ago.

The tensor notation and concepts grew up with the development of
differential geometry, particularly surface theory and the extension of
geometric ideas to spaces of » dimensions. For some years the theoretical
physicist and the applied mathematician have found tensor analysis to be
a valuable tool.

In emphasizing the utilitarian aspects of vector and tensor analysis, we
must not overlook the fact that each theory involves the development of
a complete mathematical system; that is, with respect to vector analysis,
basic entities, called vectors, are introduced and the algebra and calculus
of these objects are developed. The situation for tensor analysis is similar
but more complex.

In this text I have tried to point out the role played in the development
of vector analysis by concepts that are a part of linear algebra. There is
an emphasis on the interrelationship of geometric and algebraic modes of
expression. The classical notation of vector analysis is used, but notation
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vili PREFACE

more appropriate to tensor analysis is gradually introduced and corre-
lated with the common vector notation. This is done in part to familiarize
the student with tensor symbols and in part to facilitate the statement of
proofs. However, the major distinction between this text and others of
an introductory nature is the emphasis on transformation theory and the
ramifications of that emphasis. In the first four chapters it is assumed that
the space is Euclidean, and orthogonal Cartesian, general Cartesian, and
general coordinate transformations, respectively, are presented. Simul-
taneously n-tuples of real numbers are associated with orthogonal Car-
tesian systems, collections of such n-tuples (a collection consisting of one
n-tuple from each orthogonal Cartesian system) are defined as Cartesian
vectors, and the vector concept is extended to the more general trans-
formation groups. Transformation laws relating vector components in
different coordinate systems are carefully stated. The significance of this
mode of introduction of the vector form is indicated by various examples.
In particular, the importance of the invariance of form, accomplished by
the procedure described, is demonstrated in Chapter 2, Section 6. This
development of special relativity requires no great depth of mathematical
knowledge and serves to illustrate the importance of transformation
theory. I believe that many of my students found it to be a bright spot
in the courses from which this book is derived.

I have applied my notes (or I should say series of notes) in two ways.
The first four chapters with the starred sections deleted were used for a
one-semester, three-unit vector analysis course, which had a differential
equations prerequisite but not an advanced calculus prerequisite. The
students were mostly mathematics, physics, and engineering majors. I
have also used the starred sections, with Chapter S, as the basis for a one-
semester, three-unit course in tensor analysis for seniors and beginning
graduate students. The section on general relativity was not included.
I have used the material on general relativity in an expanded form, as well
as material on special relativity, in a three-unit course on applications of
tensor analysis. I suggest also that this book could serve the purposes of
an integrated two-semester course in vector and tensor analysis.

It is my belief that it is particularly suitable as preparation for differ-
ential geometry, applied mathematics, and theoretical physics. I think it
will also provide a bridge between elementary aspects of linear algebra,
geometry, and analysis, and I have tried to add some perspective by the
inclusion of a significant amount of historical information.

San Jose, California Robert C. Wrede
August 1963
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chapter the algebra of vectors

Historical Summary

The nineteenth century was one of great achievement. Darwin’s theory of
evolution and geological discoveries concerning the formation of the
earth influenced man’s philosophical outlook. Outstanding accomplish-
ments in electricity and magnetism were followed by technological con-
quests that made the fruits of science available to the many. These
developments stimulated discovery in mathematics and attracted more
individuals to its study. The mathematician’s station in life changed.
Previously his existence had often depended on the benevolence of some
royal personage, but in the nineteenth century more and more mathe-
maticians were employed, primarily as teachers. The accompanying
greater freedom of thought and increased motivation produced an out-
standing era in mathematics. France and Germany were the centers of
activity, and toward the end of the century Italian mathematics began to
flourish. On the other hand Britain was just emerging from the shadow
of Newton’s brilliance and made only a few fresh contributions.

Vector analysis was born in the middle of the nineteenth century. Its
underlying concepts are due primarily to William Rowan Hamilton
(1805-1865, Irish) and Herman Grassmann (1809-1877, German). These
ideas were developed on a foundation of the physical and mathematical
thought of many centuries.

The process of addition in vector analysis is derived from, or at least
correlates with, the parallelogram law of composition of forces. Aristotle
(384-322 B.c., Greek) was aware of this law for the special case of a
rectangle. Simon Stevin (1548-1620, Belgian) employed the principle in
developing ideas in static mechanics. The parallelogram law of forces was

1



2 THE ALGEBRA OF VECTORS

formally set forth by Galileo Galilei (1564-1642, Italian); however, it is
not clear that even he recognized its full scope. In any case, the need for a
mathematical theory embracing an operation satisfying the fundamental
laws of real number addition, yet different in character, was unmistakable.

From the mathematical point of view, vector and tensor analysis is a
study of geometric entities and algebraic forms not dependent on co-
ordinate system. Since this statement is meaningless without the existence
of coordinate systems and transformation equations relating them, the
quest for historical perspective carries us back to their inception.

René Descartes (1596-1650, French) and Pierre Fermat (1601-1665,
French) share in the credit for the discovery of the utility of coordinate
systems in relating geometry and algebra. Today the concept of co-
ordinate system seems almost trivial; hence it is difficult to realize the
stimulus that was given to the field of mathematics when a method was
devised that made possible the amalgamation of geometry and algebra.
Actually we must be careful in assigning credit for the introduction of the
coordinate system concept, for, although Descartes’ La Géometrie (1637)
gives impetus to the idea, works by Fermat and John Wallis (1616-1703,
English) correspond much more closely to modern day analytical geom-
etry. And indeed Apollonius had a characterization of conic sections in
terms of what we now call coordinates.

With the idea of coordinate system established in the first half of the
seventeenth century, the second half saw strides taken in terms of the
geometric representation of complex numbers a + bi* (a, b real numbers,

i = /—1). John Wallis in 1673 published his 4lgebra in which he repre-
sented the real part of a 4 bi along what we would call the axis of the
reals, or horizontal axis, and then measured vertically a distance corre-
sponding to b. Although this representation appears to be similar to
that used today, it was not until 1798 that the idea of an axis of imaginaries
was introduced. This concept, put forth by Caspar Wessel (1745-1818,
Norwegian) in a paper entitled “On the Analytic Representation of
Direction: an Attempt,”” completed the development of our present-day
geometric image of the complex numbers. Wessel’s name is not always
associated with the diagrammatic representation of complex numbers.
In French and English literature we find the term Argand? diagram, where-
as in German writings it is often called the Gaussian plane. Inthe northern
European countries Wessel is usually honored. Complex numbers are

1 The term “‘complex numbers” was introduced by Carl Fredrich Gauss (1777-1855,
German).

* Argand (1768-1822, French) arrived at a similar conclusion in 1806, several years
after Wessel.



Historical summary 3

important 1n the historical background of vectors for several reasons.
Just as the law of composition of forces served as an impetus to the
development of vector addition, complex numbers provide a mathe-
matical analogy to it. Vector addition is algebraically of the same form
as complex number addition. Furthermore, the representation of a
complex number by means of a line segment from the origin to a point in
aplane associated with a number pair (a, b) treads on the toes of the vector
concept. In fact, for some purposes it is quite convenient to represent a
complex number by means of a line segment with a direction, sense, and
magnitude. (We shall see that such a segment is the geometric representa-
tive of a vector.) Multiplication in terms of complex numbers introduces
a process more general than that associated with real numbers. In par-

ticular, multiplication by /—1 has a geometric interpretation as a 90°

rotation. (For example, \/—_1(2) = 2i.) It is only a small step forward
to ask how a type of multiplication can be introduced in three-space such
that the geometric interpretation corresponds to rotation. The answer
to this question assumes fundamental importance in the development of
vector analysis.

As we look back on the nineteenth century it is apparent that a mathe-
matical theory in terms of which physical laws could be described and
their universality checked was needed. The prerequisites for the develop-
ment of such a theory were available. Figuratively speaking, two men
stepped forward to do the job.

Hamilton and Grassman introduced the fundamental concepts of
vector analysis from quite divergent modes of thought and in significantly
different frameworks. Hamilton® seems to have been inspired mainly by
a necessity for appropriate mathematical tools with which he could apply
Newtonian mechanics to various aspects of astronomy and physics.
From the strictly mathematical standpoint he was perhaps stimulated
by the desire to introduce a binary operation that could be interpreted
physically by means of a rotation in space. On the other hand, Grass-
mann’s motivations were of a more philosophic nature. His chief desire
seems to have been that of developing a theoretical algebraic structure
on which geometry of any number of dimensions could be based.

Both Hamilton and Grassmann succeeded in one sense but at least
partially failed in another. Hamilton developed an algebra based on four
fundamental units (1, i, j, k) with which many aspects of mechanics could
be handled. In particular, his so-called theory of quaternions introduced

* The term *‘vector” is due to Hamilton. See Felix Klein, Elementary Mathematics
from an Advanced Viewpoint—Geometry, translated by E. R. Hedrick and C. A. Noble,
Dover 1939, p. 47.



4 THE ALGEBRA OF VECTORS

a noncommutative binary operation which is known today under the
name “cross product.” Hamilton’s quaternion (@ + bi + ¢j 4 dk, where
i? = j? = k% = ijk = —1) was not completely the product of his own
imagination. August Ferdinand Mobius (1790-1868, German), a pupil
of Gauss, had done much work along this line in his Barycentric Calculus
(1827).% For this reason, and also because of its revolutionary nature,
the introduction of a noncommutative operation must be considered as
Hamilton’s outstanding success. His failure, from the viewpoint of having
his original work live on in the mathematical literature, existed in the fact
that the theory of quaternions was too complicated in structure. Despite
the numerous applications pointed out by Hamilton and the devoted
advocacy of quaternions by P. G. Tait (1831-1900, Scottish) and others,
the theory of quaternions was not able to survive in its original form.

Tait, an ardent disciple of Hamilton’s quaternions, spent many years
of his life in a valiant struggle to make the theory a fundamental language
of mathematics. His success seems to have been limited to the admission
by James C. Maxwell (1831-1879, Scottish) that these ideas, as distin-
guished from the algebraic structure of quaternions, could become valuable
in the theoretical development of electricity and magnetism.

While Hamilton labored with quaternions, the German gymnasium
teacher Grassmann (roughly equivalent to a high school teacher in the
United States) was working on a highly theoretical and philosophic work
Lineale Ausdehnungslehre (theory of linear extension), published in 1844.
By defining an n-dimensional manifold as the set of all real number n-
tuples (X*- -+ X™) and introducing a set of n fundamental units e, - - - e,
Grassmann was able to construct the hypercomplex numbers X'e, +
*** 4+ X"e,. In terms of these numbers, he defined two binary operations,
one of which is an addition of n-tuples that you will encounter in the first
section of this work. The other operation introduced by Grassmann
was no doubt motivated by real-number multiplication. The basic idea
can be arrived at by naively multiplying

()(le1 4+ -+ Xﬂen)( Yle1 + -+ Y"e,,).
By commuting the space variables with the fundamental units, we obtain

the form
X'Ylee, + X1Y2%ee, + X2Ylewe, + -+ -.

A variety of results can be derived from this expression by defining the
binary operation with respect to pairs of unit elements in different ways.

¢ The title was a bit long. Der barycentrische Calciil, ein neues Huelfsmittel zur
analytischen Behandlung der Geometrie darstellt und insbesondere auf die Bildung neuer
Classen von Aufgaben und die Entwickelung mehrerer Eigenschaften der Kegelschnitte
angewendet, Leipzig, Verlag von Johann Ambrosius Barth, pp. 1-454.
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As the reader proceeds with his examination of the development of the
text, he will be able to observe that the so-called scalar and vector products
as well as the tensor of second order are special cases of Grassmann’s
generalized multiplication.

In spite of the great merit of Grassmann’s work, it made little impression
on the scientific world. Even a revised edition of his theory of extension,
published in 1862, which was to some degree simplified and which had
many amplifications of the original, failed to be clear enough or of a style
interesting enough to attract the attention of more than a few of his co-
workers. Neither Hamilton nor Grassmann was able to stand back and
take the objective look at his work needed to bring about a clarity and
simplicity of form that focuses attention on the important contributions.
This task was left to others.

In particular, John Willard Gibbs (1839-1903, United States) one of
the outstanding mathematical physicists of the nineteenth century, was
instrumental in developing the form of vector analysis found in present-
day American texts. In lecturing to students at Yale, Gibbs felt a need
for a simpler mathematical framework for the theoretical aspects of such
subjects as electromagnetics and thermodynamics. His familiarity with
the work of both Hamilton and Grassmann enabled him to pick out
those of its aspects that seemed to apply best to the needs of theoretical
physics. Apparently Gibbs did not think of his development of vector
analysis as a contribution original enough to warrant publication; thus
his notes on the subject were circulated among only a limited number of
interested people. It was some twenty years after the development of his
original notes that Gibbs reluctantly consented to the presentation of his
work in book form. The book by E. B. Wilson, published in 1901, proved
valuable in advancing the cause of vector methods. In fact, most of the
texts on vector analysis'printed to date have adhered to the form set down
by Gibbs.

With the support of the use of vector methods in the development of
theoretical physics by such outstanding men as O. Heaviside (1850-1925,
English) in England and A. Foppel (1854-1924, German) in Germany,
numerous texts on the subject began to appear in the United States,
Germany, Britain, France, and Italy. By the beginning of the twentieth
century vector analysis had become firmly entrenched as a tool for the
development of geometry and theoretical physics.

As previously stated, Grassmann’s Ausdehnungsiehre contained much
more than a basis for elementary vector analysis. Implicit in the work
are many of the basic ideas of modern-day tensor analysis.> Possibly

® The term ‘‘tensor’’ was originated in the study of elasticity. See Dirk J. Struik, 4
Concise History of Mathematics II, Dover, 1948, p. 283.



6 THE ALGEBRA OF VECTORS

because of the more complicated notation, surely because of a lack of
pressing need, the tensor theory was slower in coming into formal being.
A realization of the need for the tensor ideas can be closely tied to the
development of the intrinsic geometry of surfaces by Karl Friedrich Gauss.
This significant contribution to mathematics was followed up by Riemann’s
generalization of the concepts to a space of n dimensions. Bernhard
Riemann (1826-1866, German) a pupil of Gauss, based the metric
properties of an n-dimensional space on a fundamental quadratic form.

ds* =3 3 g, da*da?,
a=1 =1
which had the same character as Gauss’s first fundamental form on a
surface. He generalized the concept of curvature on a surface to n-
dimensional space and in general set up a form of geometry that was a
prime target for the algebraic methods existing in the works of Grassmann
and others. Riemann’s doctoral thesis “On the Hypotheses Which Lie
at the Foundations of Geometry,” read before the Philosophical Faculty
of the University of Gottingen in 1854 and published in 1868, after his
death, stirred much interest in the mathematical world. Such men as
E. Beltrami (1835-1900, Italian), E. B. Christoffel (1829-1900, German),
and R. Lipschitz (1831-1904, German) made contributions that laid a
further foundation for the development of the algebra and calculus of
n-dimensional manifolds.

At the close of the nineteenth century the ideas were compiled and
developed by Gregorio Ricci Curbastro (1853-1925, Italian) into what is
now known as the algebra and calculus of tensors. Ricci’s researches are
enumerated in a memoir published in collaboration with his pupil Tullio
Levi-Civita, ‘“‘Méthodes de calcul différentiel et leurs applications,”
Math. Ann., 54, 1901. Tullio Levi-Civita (1873-1945, Italian), himself,
made major contributions to geometry. In particular, his generalization
of the concept of parallelism to Riemannian spaces was a significant
addition to the absolute calculus of Ricci.

In spite of the fact that Ricci and Levi-Civita pointed out many applica-
tions for tensor calculus in both mathematics and physics, the subject
was at the beginning of the twentieth century little more than the play-
thing of a small group of mathematicians. No great impetus had yet come
about to enliven the interest of the scientific world. However, fortunately
for both tensor analysis and physical theory, the elements of the subject
were passed into the hands of Albert Einstein (1878-1955, Switzerland)
by M. Grossmann (1878-1936, Switzerland) of Zurich.

Einstein had revolutionized scientific and philosophic thought with the
introduction of his special theory of relativity around 1905. With the tool
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of tensor analysis and the n-dimensional space concepts of Riemann at
hand, he was able to make significant generalizations of the previous theory.
Einstein’s general theory of relativity served to focus attention on tensor
calculus and its merits. Since 1916 wide areas of application in theoretical
physics, applied mathematics, and differential geometry have been found.
Vector and tensor notation is making its way into elementary books in
analysis, linear algebra, and other areas of mathematics. In a significant
measure vector and tensor analysis is serving as the universal language
Hamilton and Grassmann envisioned in their original theories.

1. Introductory Concepts

A course in vector algebra and analysis must presuppose a foundation
of mathematical knowledge and a certain maturity of mind. The original
intent was to state this desired foundation of knowledge in outline form.
But it soon became evident that to put forth in an axiomatic way the
needed fundamental ideas of geometry, algebra, and analysis would lead
the discussion far afield. Therefore this introductory section is concerned
only with a few basic ideas which are sometimes not givenenough emphasis.

The concepts of point, line, plane, and space are used without definition,
a customary viewpoint in the development of geometry since the time of
David Hilbert.® These basic ideas have been abstracted from man’s
experience, along with that which he perceives as reality, and made a
part of the foundation of geometry. With respect to Euclidean geometry,
which is to serve as a setting for this development, you can get a firm
intuitive feeling for point, line, and plane in the pictorial representation
that you are no doubt familiar with from your high school geometry.

Depending on previous training, the use of undefined terms may or
may not seem strange. Indeed in his original collection of mathematical
works Euclid “defined”’ point, line, and plane. However, with the evolu-
tion of logical thought over the centuries, it became evident that these
definitions were meaningless. In fact, a significant development in man’s
mode of thinking is the realization that certain concepts must be taken as
undefined; otherwise a process of circular reasoning necessarily results.

By making use of the idea of coordinate systems, algebraic characteriza-
tions for point, line, and plane can be obtained. For example, given a
coordinate system, a point in a plane can be represented by an ordered
pair of numbers and then a line in a plane can be characterized as the set
of all points whose coordinates satisfy a linear algebraic equation. Such

¢ David Hilbert (1862-1943, German). His Grundiagen der Geometrie, 1900, has
become a model for the modern axiomatic approach tc geometry.
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equations are no doubt familiar to the reader. It must be cautioned that to
construe this as a definition of the Euclidean’ line would only lead to
circular reasoning, for without line the coordinate system (and Euclidean
measurements) cannot be conceived and without coordinate system the
algebraic characterization fades into an animal of a different sort; that is,
without a coordinate system in the back of one’s mind, a linear equation
has no well-established geometric meaning. For example, interpret
v = u in terms of rectangular Cartesian and then polar coordinates in
the plane.

Many of the considerations of the text are made with respect to a three-
dimensional Euclidean space or a two- or one-dimensional subspace.
However, these ideas are expressed in a notational fashion that is immedi-
ately extendable to n-dimensional space.

In some instances this procedure may result in notational devices that
seem a little more complex than necessary. However, many aspects of
modern-day science cannot be adequately described in terms of a three-
dimensional Euclidean model. Hence it seems appropriate that this intro-
ductory mathematical material should pave the way for that which lies
ahead. The mathematical necessity of the notational devices is illustrated
by the development of tensor algebra; physical usage is amply demon-
strated in the development of special and general relativity theory.

By means of a coordinate system the triples of real numbers can be put
into one-to-one correspondence with the points of a three-dimensional
Euclidean space. Probably the simplest type of coordinate system, hence
the one most appropriate for use at the start of this development, is the
so-called rectangular Cartesian coordinate system.

It is assumed that the reader is somewhat familiar with this system.
Therefore, the discussion that follows is brief, its chief purpose being that
of introducing the notation and point of view that is used throughout the
book.

A rectangular Cartesian coordinate system is constructed by means of
three concurrent and mutually perpendicular lines called axes.

The elements of the set of all real numbers are put in one-to-one cor-
respondence with the points of each axis in such a way that the point of
concurrence corresponds to 0 in each case; a common unit of measure-
ment is employed. The variables of these one-to-one correspondences are
designated by X!, X2, X3 Hence it is convenient to denote the lines as
the X7, X2, and X? axes, respectively. Then, to each point of the three-
dimensional space there corresponds an ordered triple of real numbers

7 Of course, we can define in a purely algebraic sense a linear equation as a number
line. However, having done so, the Euclidean line is only one of many possible
geometric interpretations.
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X 3

X2

Fig. 1-1.1

(X%, X?, X®) and conversely. Note that the word *‘ordered” is significant.
For example, given the triple (2, 1, 5), 2, 1, 5, respectively, replace X?,
X3, X, and no other ordering of replacement is possible. The reader is
likely to be more familiar with the symbols X, Y, Z than with X7, X2, X3,
However, the usage indicated will have notational advantages that will
become evident as we read further into the book. For example, a linear
form a, X* 4+ a,X% + a3 X3 can be represented by the compact expression
a; X8

A rectangular Cartesian coordinate system is said to be left-handed or
right-handed. In order to make the distinction between these two types,
consider the triangle of Fig. 1-1.1 determined by the unit points U, U?,
U3,

Definition 1-1.1. If, as observed from the origin (0, 0, 0), the triangle
orientation U — U%2— U® is clockwise, the associated rectangular
Cartesian coordinate system is said to be right-handed. Similarly, if the
orientation U! — U% — U? is counterclockwise, the coordinate system is
said to be left-handed.

Comments on the relation between left- and right-hand coordinate
systems are deferred until Section 7. By that stage of the game appropriate
information concerning transformations and elements of volume will be

® The summation convention which leads to this representation is introduced in
Chapter 1, Section 3.
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available to facilitate the discussion. (See Example 1-7.7.) For present
purposes it suffices to say that either type of coordinate system may be
used, but consistency demands that no switching back and forth be done.

Convention 1-1.1. The rectangular Cartesian coordinate systems used
in this text are right-handed.

One of the major objectives of the subject at hand is to place geometry
on an algebraic and analytic foundation. Such an approach leads to a
healthy interchange between intuition and rigor. The following introduc-
tion of an n-tuple space provides a stepping stone in this direction.

Definition 1-1.2. Let the elements of S be ordered n-tuples (42, 4%, -- -,
A™) of real numbers that satisfy the following properties:
(a) (Addition)
(A%, A%, -+, A") + (BY, B%, - -+, B")
= (A' + B!, A2 + B?,---, A® + B").
(b) (Multiplication of an ordered n-tuple of real numbers by a real
number)
ﬂ(Al, AR AY) = (ﬂAl, ﬂA2’ T ﬂAn)’
where f is any real number.

The set S will be called an n-tuple space.® An ordered n-tuple of real
numbers (4%, - - -, A™) is also represented by a bold face A and the numbers
(4%, -+, A™) are called the components of A.

Much of the desired algebraic foundation follows immediately from the
fact that the n-tuples of the set S are defined in terms of real numbers.
After setting forth the consequences of this fact, it will be my purpose to
correlate these algebraic properties with the appropriate geometric facts.

Definition 1-1.3. Two n-tuples A and B are equal if and only if 4’ = B/,
j=12:n

Definition 1-1.4. The n-tuple with components (0,0, - - -, 0) is called
the zero n-tuple and denoted by 0

The fundamental laws of n-tuples are established in the next two
theorems.

® The reader familiar with the concept of a vector space, as introduced in an algebra
course or text, will recognize the space introduced above as such. The reason for the
present use of the term n-tuple space is that, in differential geometry and in areas of
physics that deal with transformation theory, there is a further restriction on the vector
concept. In this book the word ‘‘vector” is used in the more limited sense. Birkhoff
and MacLane, A Survey of Modern Algebra, seventh printing, Macmillan, 1958,
p. 159-163.
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Theorem 1-1.1. Elements of the n-tuple set S satisfy the following laws:

(a) (Closure law) If A and B are elements of S, thensois A + B.
(b) (Commutative law of addition) A + B =B + A.
(c) (4ssociative law of addition) (A + B) + C = A + (B + C).
(1-1.1) (d) (Identity element for addition) The n-tuples 0 is the unique
element of S with the property A + 0=04 A = A,
(e) (Additive inverse) Corresponding to each A in S is a unique
element (—A) such that A 4+ (—A) = 0.

Proor. These laws (1-1.1a-€) are consequences of the corresponding
real-number laws and the fundamental properties of n-tuples, as described
in Definition 1-1.2. The proofs of (1-1.1b) and (1-1.1d) are set forth in
order to illustrate the method of approach. The other proofs are left to
the student.

PROOF OF (1-1.1b). According to Definition 1-1.2, the n-tuple A + B
has components (4! + B, -, A® + B"). Because the real numbers are
commutative,

(A + BY, -+, A" 4 B") = (B! + AL, -+, B" + A",

Since the right-hand member of this relation represents B + A, the proof
is complete.

ProOF OF (1-1.1d). Let X be an n-tuple such that
A4+ X=A

There are two questions to be answered. Is X unique? What are the
components of X? Again the answer is supplied by making use of the
associated real-number properties. According to definitions (1-1.2) and
(1-1.3),

A+ X =4, j=1,,n

Because the 4 and X’ are real numbers, we obtain the unique solutions
X =0, j=L-,n
Therefore X is the n-tuple with components (0, - - -, 0), as was to be shown.

The concept of additive inverse as introduced in (1-1.1e) makes possible
the following definition of subtraction.

Definition 1-1.5. For every pair of n-tuples A and B let
(1-1.2) A—B=A+ (—-B)
We say that B is subtracted from A.
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According to this definition, subtraction is the inverse operation to that
of addition.

Theorem 1-1.2. Let « and f represent arbitrary elements from the set of
real numbers, and A and B represent elements of the n-tuple set S.
(@) (Closure under real number multi- oA is an element of S.
Pplication)
(b) (Real number identity element) 1A = A.
(c) (Law of distribution of an n-tuple (« + B)A = xA + BA.
with real numbers)
(1-1.3) (d) (Law of distribution of a real number a(A + B) = «A + oB.
with n-tuples)
(e) (Law of association of real numbers «(SA) = (xf)A.
with an n-tuple)
PrROOF. As in Theorem 1-1.1, the proofs result from analogous prop-
erties of real numbers. The proof of (1-1.3a) is presented as an illustration
of the method employed.

ProoF oF (1-1.3a). A has components (4%, -+, A"). According to
Definition 1-1.2b,
(AL, -+, A™) = (ad}, - -+, ad"™).

Because the set of real numbers is closed under multiplication, (aA4?, - -,
«A™) is an ordered n-tuple of real numbers and therefore an element of S.
This completes the proof.

Let us now turn our attention to the geometric significance of n-tuples
and their properties. Most of the considerations of this book pertain to
three-dimensional Euclidean space. On occasion examples are presented
in terms of two- and even one-dimensional Euclidean space. For this
reason, and because nobody can visualize a space of dimension greater
than three anyway, the geometric illustrations are three-, two-, or one-
dimensional. However, it is worth emphasizing that the corresponding
algebraic structure is set up so that it is easily extendable to integer values
of n > 3. Since it is not difficult to find physical examples in which n > 3,
this approach can be of significant future value. (See Chapter 2, Section 6.)

Suppose that a rectangular Cartesian coordinate system is given. (See
Fig. 1-1.2.) Thenan n-tuple A can be represented graphically by an arrow!®
with its initial point at the origin and its terminal point at the position
with coordinates (A4!, 4%, 4%). However, this is not the only possible
arrow representation of the n-tuple. As a matter of fact, any arrow with

10 The term ‘‘arrow” is being used in an intuitive sense. We are to visualize a line
segment with one end designated as the initial point and the other as the terminal point.
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Fig. 1-1.2

initial and terminal points P(X?, X2, X3) and P(X?, X2 X?) respectively,
such that 00 O 0 11 1 1
(1-1.4) A'=Xx'—X', A*=XxX*'-X), A=Xx-Xx°

1 o 1 0 1 0
can be considered a representative of the n-tuple.
Therefore an n-tuple has as its geometric analogue a family of arrows, each
of which has a common magnitude, direction, and sense. According to
(1-1.4), the components of A can be interpreted as measurements of the
perpendicular (or parallel) projections of any geometric representative
onto the coordinate axes. (Again see Fig. 1-1.2) The geometric inter-
pretation of n-tuples gives added meaning to their representation by a
single boldfaced letter such as A.

The terms magnitude, direction, and sense are used in an intuitive manner.
The meaning of each is made precise as follows: the concept of distance
as based on the Pythagorean theorem is fundamental to Euclidean geom-
etry. This development presupposes knowledge of the theorem. Hence,
if P(X?, X%, X®) and P(X?, X%, X3) are any two points in Euclidean three-

00 0 0 11 1 1

space and the coordinate system is rectangular Cartesian, the distance
|Py Py] is given by
'

|:(X1 _ Xl)z + (X2 _ X2)2 + (X3 - Xa)ZJ
1 [} 1 0 1 0

If we think of the components of A as orthogonal projections on the
coordinate axes [see (1-1.4)], we have

14 %
li(Al)2 + (4% + (As)z} = [[(X X+ (XX (XP—-X 3)2} .
5a) 1 ) 1 [} 1 [}
(1-1.5a



14 THE ALGEBRA OF VECTORS

The concept of magnitude of an n-tuple is then correlated to that of
distance by means of the following definition.

Definition 1-1.6. Let |A| represent the magnitude of A; then
(1-1.5b) |Al = [(4Y)2 + (42)2 + (4%)2)*.

The word direction is used in an analogous way to the word parallel, as
is common in solid analytic geometry when we talk about direction
numbers.

Definition 1-1.7. Two n-tuples A and B are said to have the same
direction (are parallel) if and only if their components are proportional;
that is, if and only if

(1-1.6) (B, B2, B3) = (A, A2, A3)
for some nonzero real number £.

The geometric terms ‘“‘same direction™ or “parallel”” take on intuitive
significance when associated with the families of arrows representing A
and B. Representatives of these families are shown in Fig. 1-1.3.

The word “sense’” is used as a refinement of the term direction; that is,
if two n-tuples are parallel, we can further indicate an orientation by
specifying that they have the same sense or are oppositely sensed. Again,
the geometric interpretation is clearly expressed by the arrow representa-
tives. (See Fig. 1-1.3.)

Definition 1-1.8. Suppose two n-tuples, A and B, had the same direction
[i.e., to satisfy (1-1.6)]. They will have the same sense if § > 0 but opposite
senses if § < 0.

The algebra of n-tuples evolves from the properties of addition and
multiplication of an n-tuple by a real number. (See Definition 1-1.2.) We
can supplement our intuition significantly by examining the geometric
interpretation of these operations. The law of composition, as demon-
strated in Fig. 1-1.4, is a so-called parallelogram law.

T

Parallel arrows with Parallel arrows with
the same sense. opposite senses.

Fig. 1-1.3
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Fig. 1-1.4

The geometric justification for this name is obtained by constructing
an arrow representative of A, forming that representative of B which has
its initial point at the terminal point of A, and then constructing the arrow
that joins the initial point of A to the terminal point of B. This join, which
is the diagonal of a parallelogram determined by A and B, is a geometric
representative of A + B. Since forces, linear velocities, and linear accelera-
tions are known from experimentation to compound by means of a paral-
lelogram law, possibly the reader can get a first glimpse of the way in which
the mathematical structure presently being developed can be used in
building models for certain physical problems.

In the last paragraph r-tuple addition was geometrically interpreted.
Also, the process of multiplication of an n-tuple by a real number can be
represented simply. According to Definition 1-1.2, SA has components
(BA*, BA? $A%). Hence the magnitude as determined by (1-1.5b) is
(LL7)  IBAI = [(BA4Y? + (BAD + (BA%)P% = |l AL,

Therefore A is geometrically represented by an arrow parallel to a
representation of A, with the same or opposite sense to that of A, depending
on whether § 2 0, and with magnitude differing by the factor |f.

Construction of geometric interpretations associated with the laws of
Theorems 1-1.1 and 1-1.2 is left to the reader.

Most of the physical and geometric usages of the structure presently
being introduced depend on further developments. However, the following
simple examples are available at this stage.
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mg
Fig. 1-1.5

Example 1-1.1. The study of a particle at rest is often called statics.
Since classical mechanics is primarily concerned with problems involving
motion of a particle, it might be thought that statics could have no real
interest. However, as soon as we bring to mind the possibility of several
forces acting on a given particle in such a way that the particle remains in
a state of equilibrium, the problems of statics take their rightful place as a
subset of the problems of motion study. As a particular illustration, con-
sider the following. A particle of mass m is suspended by two weightless
strings as in Fig. 1-1.5. The idealization to weightless strings enables
us to work with a model in which the strings are replaced by straight
lines. There is a gravitational force mg acting on the particle. Furthermore,
if forces (i.e., tensions) F, and F, are associated with the strings,

F,+F,+mg=0.

The components of F, are |F,| cos 6,, |F,| sin 6,, whereas those of F, are
|F;| cos 6, and |F,| sin 6,. Therefore
|Fyl cos 6; + |F,| cos 6, = 0
|F,| sin 6, + |F,| sin6, — m |g| = 0.
Upon solving for |F,| and |F,|, we obtain

__ m]g|cos 6,

K, = —m |g| cos 6, _
! sin (6, — 6,)

= F
sin (6, — 6,) IF|
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Thus, by identifying a state of equilibrium with the resultant 0 and using
the basic laws of n-tuples, we are able to obtain the magnitudes of the
string tensions.

Example 1-1.2. The fact that a line is determined by a point and a
direction leads at once to an algebraic representation in terms of n-tuples.
Suppose that the given point is denoted by P, and the direction is deter-
mined by an n-tuple B. As in Fig. 1-1.6, let r, be an arrow with the initial
point at the origin and the end point at P,. For convenience of illustration,
use that arrow representative of B which has its initial point at P,. Then an
arrow r, with its initial point at the origin and its end point at an arbitrary
position on the line, is determined according to the parallelogram law of
addition by

(1-1.8) r=r,+ B/ ),

where f(¢) is a continuous function!! with range values — oo < f(f) < co.
Often it is convenient to choose f(¢) such that f(¢f) = 0 for t =0. The
requirement that the range values f(¢) include the complete set of real
numbers ensures that the line rather than a segment of it is represented.
Choices of f'such that (1-1.8) represents a line segment are also of interest
and are used later in the discussion.

x?8

13 ‘

x!
Fig. 1-1.6

! For a discussion of function, see Chapter 2, Section 1.
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It is left to the reader to show that the vector representation (1-1.8) is
equivalent either to the set of parametric equations
Xt = X + BUf(r)
(1-1.9a) X= X2+ B f(0)
X3 = X + B f(1)
or, when B/ 3 0, j = 1, 2, 3, to the symmetric form

XI_XOI_X2_X02_X3_X°3
B B B

(1-1.9b)

If one of the components B is equal to zero, say, for example, B* = 0,
then the symmetric form must be replaced by

X -Xy_X-X
B B
Therefore the symmetric form is not generally valid but rather subject
to a variety of exceptions. On the other hand, the parametric form
(1-1.9a) and the equivalent arrow or n-tuple equation (1-1.8) have general
validity. The universal character of these representations is a significant
point in favor of their usage.

s X1=X01-

Example 1-1.3. Suppose that the function of the preceding example
were

f@ =1z,

where ¢ is defined on the set of all real numbers. On the one hand, the
relation
r=ry,+ Bt

represents a line. On the other hand, this relation can be interpreted as
the algebraic analogue of Newton’s first law of motion (i.e., every body
tends to remain in a state of rest or of uniform rectilinear motion unless
compelled to change its state through the action of an impressed force).
This analogy is obtained by interpreting the values of the parameter ¢ as
measures of time and by giving the line the kinematical interpretation of
a path generated by a moving particle. Such physical interpretations of
geometric models, as alluded to in this example, are dealt with in the dis-
cussions of kinematics and dynamics in a later chapter.

Example 1-1.4. Suppose the function f of Example 1-1.2 is given by
the rule

() =siny,
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where ¢ is defined on some subset of real numbers. The set of range values
of f'lies in the closed interval

—1<sint <L 1.

Therefore, when this function is used in the form (1-1.8), only a segment
of a line is represented.

A fundamental problem of theoretical physics is that of formulating
universally valid laws relating natural phenomena. Often the problem is
restricted to that of finding relations valid with respect to a certain set of
frames of reference. Newton’s second law of motion (i.e., the rate of
change of momentum is proportional to the impressed force and occurs
in the direction of the applied force) provides such an example. The law,
the simplest form of which is

dmv

F=20",
dt

where F represents force and mv represents momentum, is valid only in
frames of reference that are in an unaccelerated state of motion. Such
frames are called inertial systems and probably exist only ideally. From
the point of view of mathematics we associate a coordinate system with
each frame of reference and then ask how the entities in the algebraic
expression of the physical law transform in order that the form of the
law may remain the same (i.e., invariant). Because the transformation
idea is of such importance, the development of vector analysis!? in this
book is built around it. As stepping stones to the introduction of the
vector concept, we make use of the set of orthogonal Cartesian coordinate
systems and the geometric interpretation of a-tuples.

Having constructed one rectangular Cartesian coordinate system in a
Euclidean space,’® it is clear that any number of systems can be constructed,
each distinct from any other. If an a-tuple in three-space (4!, A2, 43) is
given with respect to the initially constructed coordinate system, then by
its arrow representation, and by means of orthogonal projection, we can
determine triples in each of the other systems. (See Fig. 1-1.7.) This
thought leads us to the concept of a Cartesian vector.

Definition 1-1.9. The set {4', 4%, 43} of all triples (A%, A2 43),
(42, A2, A3), etc., determined by orthogonal projections of a common
arrow representation on the axes of the associated rectangular Cartesian

12 The term “‘vector’’ was introduced by Hamilton.

13 The existence of a rectangular Cartesian coordinate system is equivalent to the
space being Euclidean. As an example of a non-Euclidean space, hence one in which a
Cartesian coordinate system cannot be constructed, consider the surface of a sphere.
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Fig. 1-1.7

coordinate system is said to be a Cartesian vector. Any two triples of this
set are related by a particular law of transformation. (This law has yet
to be specified.)

.

A Cartesian vector has a family of arrows as its geometric representative;
with respect to a coordinate system it is characterized by a magnitude, a
direction, and a sense, and its components in any coordinate system satisfy
the algebraic laws pertaining to n-tuples.’* In most elementary books on
vector analysis a vector is identified as an arrow. We take the more compli-
cated viewpoint of the preceding definition because by defining a Cartesian
vector as a collection of n-tuples, any two of which are related by a specified
law of transformation, the concept is given an absolute meaning from the
point of view of algebra. On the one hand, this viewpoint is consistent with
the absolute geometric meaning for a Euclidean space of dimensionn < 3.
On the other hand, the algebraic framework opens the door to a generalized
definition of the vector concept expressed in terms of a set of transforma-
tions but not dependent on the geometric interpretation as an arrow.
This general approach has significance for Euclidean spaces of dimensions
n > 3 and to considerations in non-Euclidean spaces.

14 There are two facts that must not be confused. On the one hand, the term *‘family
of arrows™ alludes to the fact that there is an arrow at each point of space. On the
other hand, the expression “‘sets of triples™ refers to the fact that an arrow can be
projected on an infinite set of orthogonal axes.
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The law of transformation alluded to in Definition 1-1.9 is introduced
for Cartesian vectors in Section 3 and in more generality in later sections.

Because there is an identification of the geometric representative of a
Cartesian vector and a 3-tuple, and in order to avoid involvement in a
complexity of notation, the same boldfaced symbols are used for Cartesian
vectors that have been used for n-tuples.

Problems

1. Graph a right-hand rectangular Cartesian coordinate system for three
dimensions.

(a) Constructanarrow with initial point at (1, 2, 0) and end point (2, 5, 0).
What are the magnitudes of the perpendicular projections of this
arrow on the three coordinates axes ?

(b) Construct the arrow of the same family as the arrow of part (a) with
initial point at the origin.

(c) Repeat (a) and (b) for an arrow with initial point (1, 2, 3) and terminal
point (2, 5, 6).

2. The initial and terminal points, respectively, of several arrows are given.

Find the n-tuple corresponding to each arrow.

(a) (5,1, 3) and (4, 3, 6).

(b) (0,0,0) and (—1,4,7).

(©) (-3, =5, —1) and (-2, 4, 6).

(d (2,5,1)and (2,5, 3).

3. The components of an n-tuple are 2, 5, —1. What are the components of an
n-tuple of opposite sense and of the same magnitude ?

4. n-tuples A and B have components 1, 3, —2 and 5, 1, 7, respectively. What
are the components of C = A + B?

5. What is the magnitude of each of the n-tuples A, B, and C of Problem 4?

6. (a) Use (1-1.5b) to find the magnitude of an n-tuple with components
6,9, 6V3.

(b) Find the components of a unit n-tuple with the same direction and
sense as the n-tuple of (a).

7. Tt is found experimentally that forces compound according to the parallelo-
gram law and that they can be represented geometrically by arrows.
If the forces on a joint of a bridge have components [0, 3, — 5], [0, —3,
—5]and [0, 0, 10] what is the total force ? (Find components and magni-
tude.)

8. Velocities also fall into the arrow category. In the accompanying diagram
the two arrows represent a plane’s velocity in still air (PV) and wind
velocity (WV). If the components are 400 cos 35°, 400 sin 35°, and
15 cos 320°, 15 sin 320°, respectively, find the components of the resultant
velocity. (Actually, angular measurements are made clockwise from the
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north in navigation problems rather than counterclockwise from the
positive X! axis as expected here.)
9. (a) Complete the proof of Theorem 1-1.1.
(b) Complete the proof of Theorem 1-1.2.
10. Construct a diagrammatic representation for the associative law of addition
(1-1.1c).
11. Prove SA = 0 and 8 # 0 implies that A = 0.
12. Solve the n-tuple equation 3R + 5B = C for R in each of the following
cases:
(a) B and C, respectively, have components (2, 4, 0), (1, 5, 0).
(b) B and C, respectively, have components (1, —4, 6), (2, 1, 3).
13. Prove for nonzero n-tuples that if A is parallel to C, B is parallel to D, and
A is parallel to B then C is parallel to D.
14. (a) Suppose that |A| = |B|; give an example such that A # B.
(b) Prove that A — B = 0 implies that A = B.
1S. Show that the joint of the midpoints of two sides of a triangle is parallel to
the third side and has a magnitude of one half that of the third side.
16. Arrows are drawn from the center of a regular pentagon to the vertices.
Show that the sum of these arrows is zero.
17. (a) Suppose that in Example 1-1.1 the angles 6; and 6, were 135 and 30°,
respectively. If m = 10 and |g| = 32, determine the magnitudes of F,
and F,.
(b) For what values of 6, and 6, is the solution not valid ?
18. Suppose that a particle of mass m is suspended by three weightless strings.
Set up the n-tuple equation for this problem. IfF,, F,, F3have components
(F,, F, F)), (Fy, Fy, F,), (F,, F,, F,), respectively, write out the set of
1 11 2 2 2 8 3 3

equations. Does this set of equations provide sufficient information to
bring about a solution for |Fy|, |F,, |Fg|?
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19. Find the parametric and symmetric representations of a line determined by
(a) P(1,5,3)and B =(—1, 4, 6),
(b) P(—-1,3,2)and B = (2, -5, 3).
20. Show that the lines
X1=2+2t, X! = 6s,
Xt=1—-4, X:2=5+3s,
X3=0, X:=0
are perpendicular.
21. Consider the line r = ry + Bt of Example 1-1.3 as representative of the path
of a particle in motion and interpret the parameter ¢ as a measure of time.
Show that the distance traversed in a fixed interval of time, At = r, — t,,
is independent of ¢, and ¢,.

2. Linear Dependence or Independence of a Set of n-tuples

The concepts of linear dependence and linear independence permeate
many areas of mathematics. The reader, knowingly or unknowingly,
was exposed to the ideas while evaluating integrals by partial fractions and
while considering exact differential equations of theform M dx 4 N dy = 0.

If we were to examine some of those books that pioneered the study of
vector analysis,!> we would not find discussions of linear dependence or

13 See E. B. Wilson, Vector Analysis—Gibbs, Yale University Press, 1901. Kelland,
Tait, and Knott, Introduction to Quaternions, Macmillan, first edition, 1873.
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independence. The properties associated with these concepts are assumed
on a purely geometrical basis and are expressed in terms of the arrow?!®
representations of the vectors. For example, it is said that two arrows are
collinear (or parallel) or not collinear, whereas three arrows are coplanar
or not coplanar. We can obtain a geometric insight into the concepts of
this section by visualizing the arrow representatives of a pair of dependent
n-tuples as collinear and a dependent triple as coplanar. On the other
hand, an independent pair determines a plane, whereas three independent
arrows cannot be in a plane. These statements provide a correct intuitional
background. However, they are not really operational; that is, given
three sets of components (say 2,5,3; 1,4,7; 5,14, 13), we cannot
easily test for linear dependence or independence.

By resorting to algebraic statements in defining the concepts of linear
dependence and independence precision is gained and no element of
geometric intuition need be lost. This is therefore the approach that is
taken.

This section is restricted to considerations of linear dependence and
independence of n-tuples. Corresponding statements concerning Cartesian
vectors follow in an intuitive sense from the geometric representations and
can be validated in a precise algebraic sense as soon as appropriate trans-
formation laws are established. (See Sections 3 and 6 of Chapter 1.)

Definition 1-2.1a. A set of pn-tuples A, - - -, A is said to be linearly
dependent if and only if there are p real numbers g,, * * *, 8,, not all zero,
such that

}4
(1-2.1) ,Zl BA;=HA + + B,A,=0
Definition 1-2.1b. A set of n-tuples is linearly independent if and only if
it is not a linearly dependent set.

An alternative way of expressing the idea of linear independence is
stated by the following theorem. The symbol < is to be read *“is equiv-
alent to the statement’ and thought of as a logical implication in both
directions.

Theorem 1-2.1

The set of n-tuples the only condition under
A,, -+, A is linearly} <> (which (1-2.1) holds is that
independent. all g, = 0.

¢ The term ““arrow’’ is not specifically used.
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Proor. Iftheset A, -, A, is anindependent set of n-tuples, it is not
dependent. Hence, according to Definition 1-2.1a, all 8; =0. The
implication in the other direction is also a direct consequence of the basic
definiti®ns.

Theorem 1-2.2. Any nonempty subset of a set of linearly independent
n-tuples is itself linearly independent.

PrROOF. Let A;,---,A, be a linearly independent set of n-tuples.
Suppose that some nonempty subset A, , - - -, A, , k < p, were not linearly
independent. This means that there are real numbers ﬁjl, cee, ﬂ,k, not
all zero, such that

(1-2.2a) 3 B,A, = 0.
t=1

By simply choosing each of B; .---,B;, as zero, the relation (1-2.2a)
can be extended to

b
(1-2.2b) S B,A, =0,
i=1

where not all 8, are zero. But this contradicts the linear independence
of the set A,,---,A,. Therefore the supposition that some subset

A,,- -+, A, is linearly dependent is not valid and the proof is complete.

It is the purpose of this section to present the ideas of linear dependence
and independence as simply as possible and with no undue amount of
generality. Therefore the next two theorems come right down to earth, so
to speak, and deal with the problem of determining how many r-tuples
can be independent in a three-dimensional space.

Theorem 1-2.3. In a three-dimensional Euclidean space, referred to a
rectangular Cartesian coordinate system, the n-tuples (1, 0, 0), (0, 1, 0),
and (0, 0, 1) determine a linearly independent set.

Proor. Let (1,0,0), (0, 1, 0) and (0, 0, 1) be represented by 1, t,, and
15, respectively. Then, according to Theorem 1-2.1, we test for linear
independence by examining the possible sets of values f,, B, 83 which can
satisfy

(1'2-3& Bt + Bata + Bt = 0.

This equation can be rewritten in the form
(1'2'3b) ﬂl(l, 09 0) + 62(0’ 1’ 0) + ﬂa(os 0’ l) = (O’ 0’ O)’
which, according to the defining properties of n-tuples, reduces to

(1-2.3¢) (B, B2 Ba) = (0,0, 0).
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Since (1-2.3c) constitutes a unique set of values for ,, f,, fs, the n-tuples
U, L, and 13 form a linearly independent set.

The preceding theorem indicates that in Euclidean three-space a linearly
independent set of n-tuples can have at least three members. The next
theorem establishes the fact that this number is maximum.

Theorem 1-2.4. In a three-dimensional Euclidean space any set of four
n-tuples is linearly dependent.

Proor. Let the n-tuples be represented by the symbols Ay, - -, A,.
In order to test for linear dependence or independence, we can assume
that the n-tuples (i.e., their components) are known and determine the
possible sets of (8,, * * -, B5) such that (1-2.1) is satisfied. The object is to
show that at least one set, the elements of which are not all zero, exists.
The form [see (1-2.1)]

(1-2.42) Bi(Ar, A1 Ar®) + BalAs', 4% A5°) + Ba(As?, AP, 45°)
+ ﬂ4(A41, A42’ A43) = (0’ 0’ 0)

is equivalent to the set of linear equations

BrAr + BaAgt + ByAs' + BoAdt = 0,
(1-2.4b) /311‘112 + /321‘122 + /33/132 + 4.2 =0,
/31-’413 + /32-’423 + /331‘133 + ﬂ4A43 =0

We employ an inductive process to show that this set of equations has
nontrivial solutions. Consider one linear equation in two unknowns:

(1-2.4c) B1Asr + Badst = 0.

If A;* and 4,! are different from zero, we may choose an arbitrary nonzero
value for f, and then solve for 8,. If one of 4, and 4,! is zero but not
both, say 4,! = O for the sake of argument, then we can choose §;, = 0
and B, arbitrarily. If A4, = 4,! = 0, then both f; and 8, can be chosen
arbitrarily; therefore one equation in two unknowns always has non-
trivial solutions. Next consider two equations in three unknowns:

Br4:* + ,321421 + /331‘131 =0,
(1-2.4d)
Brdst + BeAs® + B3ds® =
If A, = 4,1 = At =0, then f,, B,, and ;5 can be chosen to satisfy the

second equation and the values will automatically satisfy the first equation.
Assume that one of these components is nonzero, say A4;'; then

(1-2.4¢) By—c Al Buds® + Badsd).
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When B is replaced in the second equation by this expression, we obtain
the single equation in two unknowns,
(1-2.4f) (As'4,* — A, AgPB, + (45'4,® — Ag'AsH)B, = 0.
We have seen that this expression has nontrivial solutions. Any solution
(B1, B2) of this equation determines a value for 8; according to (1-2.4¢).
Therefore we have established that a set of two equations in three un-
knowns has nontrivial solutions. The argument must be carried one
step further to show that the equations in (1-2.4b) have nonzero solutions.
We leave this task to the reader.”

The thoughtful student will find it of interest to prove the following two
statements which are obvious generalizations of Theorems 1-2.3 and 1-2.4,
respectively.

(1-2.5a) There are at least n linearly independent n-tuples in an n-
dimensional Euclidean space.

(1-2.5b) In an n-dimensional Euclidean space any set of n + 1 n-tuples
is dependent.

The set of n-tuples t,, t5, 13, with components (1, 0, 0), (0, 1, 0), (0, 0, 1),
respectively, will play an important partin the sequel. A typical geometric
representation of the triple has each initial point at the origin. The com-
ponents are also coordinates of the end points. For future applications it
is important to realize that the triad may be placed at any other point of
space. (See Fig. 1-2.1.)

X1

Fig. 1-2.1

1" This theorem also may be proved by the method of proof used in Theorem 1-2.6.
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Since u,, t,, and 13 form a linearly independent set of n-tuples, it is
impossible to represent one of them as a linear combination of the other
two. However, according to Theorem 1-2.4, y, 1, 3, along with any
fourth n-tuple of the space, determine a linearly dependent set; and
therein lies their merit.

Example 1-2.1. Let A be an arbitrary n-tuple in Euclidean three-space.
Consider

(1'2-63.) A = 0(111 + ol + aglg,

where o;, ®,, ag are real numbers yet to be determined. By putting (1-2.6a)
in the equivalent form,

(1-2.6b) (4%, 42, 4%) = o,(1,0,0) + (0, 1, 0) + «5(0, 0, 1),
it is immediately observed that
% = Al, Ay = Az, g = As;

that is, when an n-tuple A is expressed in terms of the set ty, 1, and g,
the coefficients are the components of A. Therefore

(1-2.6¢) |A = Ay + 4%, + 4%,

Furthermore, the n-tuples t,, t,, and i3 are represented by mutually per-
pendicular unit (magnitude 1) arrows, as can be seen from geometric
inspection. These properties further enhance their value for the expression
of concepts of n-tuple algebra.

So far in this section no methods other than employment of basic
definition have been introduced for determining whether a given set of
n-tuples is dependent. The next objective is the development of these
methods.

The statement of the next theorem can be made more conveniently if
the concept of the rank of a matrix

A' A A
(B1 B? B’)
of numbers is first introduced.® This is done by means of the following
definition,

18 A matrix is simply a rectangular array of numbers. A limited discussion of the
algebra of matrices and the correlation of matrix concepts with vector concepts appears
in Section 8.



Independence of a set of n-tuples 29
Definition 1-2.2. Consider the three second-order determinants,
A A°
B* B

A' A°
B' B®

A A2 A°
(B1 B? B3).
The rank of the matrix is
(a) 2 if at least one of the second-order determinants is different from
zero,
(b) 1 if at least one element of the array has a value different from zero
but each second-order determinant has value zero,

(c) 0if every element of the matrix has value zero.

Al A2
B' B?

associated with the matrix

> s s

Theorem 1-2.5. In a Euclidean three-space a set of two n-tuples A, B is
linearly dependent if and only if

Al A* A3
rank ( ) <2

B' B* B®
Proor. If A and B are dependent,
(1-2.7a) a(A, A%, A%) + B(BY, B2, B3 = (0, 0, 0),
where not both o and § are zero; (1-2.7a) is equivalent to
aA! + BB = 0,
(1-2.7b) xA% + BB% = 0,
oA + B3 = 0.

If any second-order determinant were different from zero, say, for the
purpose of illustration,
A' B
A* B?
the pair of equations (1-2.7b) with these coefficients could be satisfied only
by « = = 0. But this is contrary to hypothesis.

Conversely, if the rank of the matrix is less than 2, the fact that the
second-order determinants have value zero leads to

(1-2.7¢)
A'B?* — A2B'=0, AB*— AB'=0, A®B®— A4°B*=0
or

# 0,

A A2 A :
(1-27d) E‘ = E = E = l, if BIBZ.B3 # 0,
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that is
(1-2.7¢) Al = AB, A% = AB?, A% = AB3,

Hence A and B are dependent. It is left to the reader to comment on the
situation in which B'B?B® = 0.

Example 1-2.2. Let

A = 21, + 31,
B=y—1;
then
2 3
= —=5#0.
1 -1

Therefore the arrows A and B are linearly independent.

Theorem 1-2.6. In Euclidean three-space a set of three r-tuples A, B, C
is linearly dependent if and only if

A' A A®
(1-2.8) B* B® B*|=0.
ct ¢ ¢

Proor. If A, B, and C are linearly dependent, then, according to
Definition 1-2.1a, there are «, 5, y, not all zero, such that «A + B +
yC = 0. For the purpose of illustration assume that o 3 0; then

Al=— i(ﬂB‘ + ¥C,

(1.2-9a) A= — :Z(ﬂBz + yC?),
A= — i(,fua3 + 7CY).

According to (1-2.9a), one row of the determinant of components is a
linear combination of the other two; therefore

A A 4B
(1-2.9b) B' B* B*|=0,
ct ¢t ¢c?

as was to be shown.
Conversely, if (1-2.9b) holds the set of equations

(1-2.9¢) «(AY, A2, A®) + B(BY, B, B®) + $(C*, C?, C?) = (0, 0, 0)
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is satisfied by
A2 A®
B® B®

A A°
c c

B* B®
c: c

(1-29d) o= =— , = .

This fact is easily verified by direct substitution. The determinants of
(1-2.9d) are cofactors!?® of the elements of the first column of (1-2.9b).
The cofactors of elements of any other column might have been chosen,
and indeed might have to be chosen, if all of those in (1-2.9d) turn out to
be of value zero. If all cofactors are zero, the n-tuples must be checked
for dependence in pairs. (See Theorem 1-2.5.)

Example 1-2.3. Let
A=2— 1+ 3,
B = L — S+ 2,
C = 51, — 161, + 9y;

then
2 -1 3
1 =5 2(=0.
5 —16 9

Therefore the given n-tuples are linearly dependent. Geometrically, this
means that all three arrow representatives are parallel to a common plane.
If the n-tuples are dependent in pairs, the arrow representatives are
parallel to a common line.

Example 1-2.4. It is not too difficult to choose a triple of linearly
independent n-tuples. For example,

A e lI + 3l2,
B = 2'.1 + 5'.2,
C = ls
satisfy this criterion, since
1 30
2 5 0(=-1#0.
001

Since any four n-tuples are dependent, an arbitrary n-tuple B can be
expressed in terms of any set of three linearly independent n-tuples,

1% A cofactor differs from a minor at most by sign.
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Ay, A,, A;. This statement is easily verified by writing
(1-2.10)
(BY, B2, B3 = By(A)}, A3, A3 + Ba(Aql, A% A®P) + Bo(Aal, Ag?, Ad).
Since A,, A,, A, are linearly independent,
Al AP AP
A A AR |#0.
A A8 A
Therefore the nonhomogeneous system of three equations in three un-
knowns B, B,, B3, implied by (1-2.10), has a unique set of solutions.

The fact that an arbitrary nr-tuple in three-dimensional space can be
represented in terms of any linearly independent set of three n-tuples leads
to the following definition.

Definition 1-2.3. An n-tuple basis in a three-dimensional Euclidean
space is constituted by any set of three linearly independent n-tuples.

A particularly valuable basis is the set t;, 15, 3. Its usefulness will be
demonstrated in many future situations.

Example 1-2.5. The representation

r=r,+ Bt

x3

Fig. 1-2.2
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of a line was introduced in Example 1-1.3. Let r; be an arrow with its
initial point at the origin and its end point at a position P; on the line.
(See Fig. 1-2.2.) Specifically, take B = r, — r,. The preceding representa-
tion then has the form

(1-2.11) r=( — ry + tr,.

If ry and r, are linearly independent n-tuples, they determine a two-
dimensional basis. The fact that the end point of r generates a line and
not a two-space is a consequence of the condition on the coefficients;
that is, if p and g represent the coefficients of ry and ry, then p + ¢ = 1 for
all z. (See Problem 8d.)

Problems

1. Show that the n-tuples A =2y, + 1, — 5y, B =3y + 21, + 1, and
C =, — 11y are linearly dependent.
2. Prove that the three n-tuples 21, + 31, Sy, and 2i are linearly inde-
pendent.
3. Show that the n-tuples A = + 31, + 3, B =24y + 1, — 3y, and
C =, + 51, — y are linearly independent.
4. Show that
(a) (1,5,7) and (-3, —15, —21) are linearly dependent n-tuples;
(b) (2, —3, 6) and (1, 4, 7) are linearly independent r-tuples.
5. Suppose that each of the arrows A(l, -3, 5), B(2, 4, 7), and C(l, 6, 4) has
its initial point at the origin. Are they coplanar?
6. (a) Arrow representatives of combinations of the linearly independent
n-tuples A and B satisfy the triangle relationship indicated by the
accompanying diagram. Find « and y.

3xA + 2yB

(b) Three forces acting at a point of a bridge are expressed in terms of
linearly independent n-tuples A and B as follows (no other forces act
at this point):

2pA +gB, gA — 5pB, 3A —2B.

What must the values of p and g be in order to put this point of the
bridge in equilibrium?
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(c) Arrow representatives of combinations of the linearly independent
n-tuples A, B, and C satisfy the relation indicated in the accom-
panying diagram. Find z, y, and 2.

7. (a) An n-tuple C has two representations in terms of the linearly inde-
pendent pair A, B.
C=(X-3)A-YB, C=-YA-(X+2)B
Find X and Y.

(b) Let a triangle be determined by the end points of the linearly inde-
pendent arrows ry, r,;, and r;, each of which has its initial point at
the origin. Show that the medians of this triangle intersect at the end
point of §(r; + ry + ry) if the initial point of this arrow is taken to be
the origin.

(c) Prove that the diagonals of a parallelogram bisect one another.

8. (a) Suppose the line of Example 1-2.5 contains the origin; what can be
said about the n-tuplesr, and ry?

(b) Assume that the representation in (1-2.11) corresponds to Fig. 1-2.2.
Denote the end point of r by P. For what values of t is P to the left of
Py; between Py and P;; to the right of P,?

(c) Obtain the midpoint formulas

X, =X + XY
X, =HX* + XpP)
X,* = 3X* + X
from (1-2.11).
(d) Prove: A necessary and sufficient condition that three points P, P,
P, be collinear is that

ro=Pr1+ql'2, P+q=ln



Transformation equations 35

where ry, r;, r, are arrows with initial points fixed at the origin and
end points at Py, P,, P, respectively.
9. Prove: A necessary and sufficient condition that four points be coplanar is
that
Iy =pry +qrz + sy,
ptgq+s=1,
where ry, r,, r3, and r, are arrows with their initial points at the origin.
10. Complete the proof of Theorem 1-2.1.
11. Express A as a linear combination of B, C, and D if the components of the
n-tuples are (1, 3, 5), (0, 2, 1), (=2, 1, 4) and (1, 3, 2), respectively.
12. (a) Is the set consisting of one n-tuple, A # 0, linearly dependent or
independent ?
(b) Show that any set of n-tuples containing the zero a-tuple is a linearly
dependent set.
13. A variable X has all but a finite number of reals as its domain. How is
linear independence involved in expressing (3X + 2)/(X — 2)(X — S)asa
sum of fractions A/(X — 2) + B/(X — 5)?
14. Prove statements 1-2.5a and 1-2.5b. Hint: Use the method of mathematical
induction to prove 1-2.5b.

3. Transformation Equations Relating Rectangular
Cartesian Coordinate Systems

A rectangular Cartesian coordinate system imposes a one-to-one cor-
respondence between the points of Euclidean three-space and the set of all
ordered triples of real numbers. A second rectangular Cartesian system
brings about another correspondence. The purpose of this section is to
investigate the nature of those transformations that relate such coordinate
representations of the three-space.

We shall find that the desired transformations are special types of linear
transformations; that is, they are expressed by means of first-degree
equations. Linear transformations have an origin that predates the formal
development of coordinate systems. Francois Viéte (1540-1603, French)
solved quadric, cubic, and quartic equations by a process that made use of
linear transformations. Felix Klein’s (1849-1925) famous “Erlanger
Programm” of 1872 firmly established their importance in the area of
geometry, for the essence of his program was to classify geometries by
means of their invariants with respect to given groups of linear transforma-
tions.

The transformation idea has more than historical interest. It plays a
major role in the present-day study of physical laws. In fact, the use of
vector analysis as a descriptive language for physical sciences is largely
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based on the invariant.properties of vector relations under certain types
of transformations. _

The specific transformations studied in this section are called transla-
tions and rotations. It is of some philosophic interest to note that although
the names connote motion there is, in fact, none. This imposition made
by the English language on our thought processes probably does no harm
and has certain intuitional advantages.

Recall that in Section 1 a Cartesian vector was defined as a collection of
n-tuples (one n-tuple associated with each rectangular Cartesian coordinate
system) with any two of its elements related by transformation equations.
These transformation equations have not yet been specified. However,
the results of this section make it possible to introduce them.

Since more than one coordinate system is involved in the considerations
that follow, we shall begin to employ the term “Cartesian vector,” but
it is convenient and also appropriate to use the word “arrow” to point out
a geometric property.

Certain algebraic preliminaries are necessary. The notations and con-
ventions, here introduced, are fundamental throughout the book.

Definition 1-3.1. An arrow is called a position arrow if and only if the
initial point is fixed at the origin of coordinates. The symbols r, r,, ry, etc.,
are used to denote these arrows.20

Since the initial point of r is at the origin of coordinates, the coordinates
(X%, X2, X®) of the end point are simultaneously components of the arrow
(i.e., of the n-tuple which the arrow represents). Therefore

3
(1-3.1) r=Xy+ X+ X=3Y X,
i=1

The summation sign used in (1-3.1) is not really essential; that is, we
might just as well use the repetition of the index j as a means of indicating
summation. Such is the viewpoint of the so-called Einstein convention
traditionally used in tensor analysis. This notational concept is precisely
stated here and is used throughout the book.

Convention 1-3.1. Whenever the same index symbol appears in a term
of an algebraic expression both as a subscript and a superscript, the
expression is to be summed over the range of that index, called a dummy
index.

0 It will be seen that the property of the initial point of an arrow, being at the origin
of coordinates, is not maintained under translations. Since the property is not inde-
pendent of the coordinate system, there is no Cartesian vector, that is, class of triples,
by means of which it can be expressed. For this reason we refrain from using the term
*‘position vector’’ found in most elementary texts on vector analysis.
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With Convention 1-3.1 in mind, the relation (1-3.1) can be expressed in
the form

(1-3.2) r= X"t,-.l

The so-called Kronecker delta, §,*, named after the German mathe-
matician L. Kronecker (1823-1891), is another notational device that is
both simple and useful.

Definition 1-3.2. The Kronecker delta is denoted by the symbol é,* and
has numerical values

0 j#k
(1-3.3) 8)f = { if { .
1 i=k
Both symbols, d;;, and 6%, are used with the same meaning as the Kronecker

delta; thatis, if j = k, the value of either symbol is one, whereas, if j # k,
the value of either symbol is zero.

Example 1-3.1. The Kronecker delta is a set of nine numbers (in three-
space). When written out as a square matrix,

&' &% &° 1 00
(1-3.4) &' & &°|=|0 1 0
8t 85 85 001
The relation (1-3.4) is understood by equating corresponding elements.

A shorthand for the left side of (1-3.4) is (6,¥), where the lower index repre-
sents the row of the matrix and the upper index represents the column.

Example 1-3.2. If i ranges over the values 1, 2, 3,
8 = 6. + 6.2 + 63 = 3.
Example 1-3.3. If i and j range over the values 1, 2, 3,
(1-3.5a) X =a/X?
represents a set of three equations with three terms in each right-hand
member; that is, the set
X! = alll\_ll + a X + ai! Ya’
(1-3.5b) X2 = a2X1 + a,2X? + a2 X3,
X3=a>X' + a3X? + a3X3.
As previously stated, the index i in (1-3.5a) is a dummy index and could

be replaced by any other letter except j. Also note that j can be replaced
by any other letter except i. In other words,

(1-3.5¢) X? = g X
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is equivalent to (1-3.5a). An index such as j in (1-3.5a), which distin-
guishes between the equations of the set, is called a free index. Sets of
equations expressed in the index notation have a consistency with respect
to the position of an index which is valuable for purposes of checking
the accuracy of the set. For example, as in (1-3.5¢), a free index appears
in the same position in every term of the relation.

Although the summation convention is simply stated, it can give some
concern to the beginning student. The following examples may be of
assistance in assimilating the idea.

Example 1-3.4. If i and j have the range 1, 2,
a,»,-b"i = aljbli + GZjsz = allbll + alzblz + 021b21 + azzbzz.

Note that whether the summation on i or j is carried out first does not
matter. It is important to realize that i and j are dummy indices and may
be replaced by any other two distinct letters; that is,

L y o — 78
a;;b"? = a,b" = a,b", etc.

Example 1-3.5. If p and q range over the values 1, 2, 3, the expression
a,.b* represents a sum of nine terms.

a,b™ = a), b + a,b'% + a6 + a,, b + ag,b??
+ Gy3b% + @y 6% + agyb? + agb™®,

Note that we would never write a’b,; because the nature of the summations
in such an expression is not well defined; that is, we must denote different
index summations by different letters.

The first set of transformation equations to be introduced relates the
coordinates (X, X2, X% and (X!, X2, X?) of two rectangular Cartesian
systems whose corresponding axes are parallel. (See Fig. 1-3.1.) These
are called equations of translation. The Cartesian vector concept is
employed in obtaining them.

Theorem 1-3.1. Let (X, X2, X3)and (X?, X2, X®), respectively, represent
coordinates of rectangular Cartesian coordinate systems, the axes of which
are parallel. The sets of coordinates are related by means of the trans-
formation equations

(1-3.6) ¥ =X+ X, |

where (Xg!, X 2, X,®) represent the unbarred coordinates of the origin of
the barred system.

Proor. In Fig. 1-3.1 the arrows r, r,, and F can be associated with
the unbarred system. According to the parallelogram law of addition
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Fig. 1-3.1

(i.e., the law of addition of n-tuples),
(1'3.78.) F=r-— To.

On the one hand, F, thought of as a Cartesian vector, has an n-tuple
representation in the barred system (i.e., X, X2 X?3). Because the axes
of the two systems are parallel, these same symbols represent the com-
ponents of F in the unbarred system. Therefore, either directly from
(1-3.7a) or from the equivalent n-tuple form,

(1-3.76) (X4 X% X%) = (X', X2, X°) — (X, X% Xo9),
we obtain the transformation equations (1-3.6).

Example 1-3.6. A sphere of radius 2 and with center at (1, 2, 3), when
referred to a coordinate system X3, X%, X3, is algebraically represented by
the equation

(1-3.8a) (X =12+ (X2 =22+ (X3 —-3)2 =4

If a second rectangular Cartesian coordinate system, denoted by a bar, is
introduced such that

(1-3.80) X'=x1—1 Xt=Xx—2  X®=X3—3,
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then, with respect to this system, the equation of the sphere is
(XY + (X2 + (X2 = 4,

(See Fig. 1-3.2.)

The equations of translation are a simple sort, yet they hold an impor-
tant place in the history of classical mechanics and of relativistic mechanics.
More information on this point appears in Chapter 2.

Xl

Fig. 1-3.2

Let us turn our attention to a discussion of transformations relating
coordinates X7 and X’ of rectangular Cartesian systems with a common
origin. Such transformations are called rotations.

Theorem 1-3.2. The ordered triples (X', X2, X% and (X!, X2, X?)
associated with rectangular Cartesian coordinate systems having a
common origin and such that there is no change of unit distance along
coordinate axes are related by the transformation equations

(1-3.9a) X = a) X" |

where the coefficients of transformation a,’ are direction cosines satisfying
the conditions

3
(1-3.9b) S aja,’ = 6,
=1
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PrOOF. Let T, represent a set of unit orthogonal basis arrows, associated
with the barred system in the same way as the set 1, is associated with the
unbarred system. We interpret r and F as symbols for n-tuples in the
respective systems, but as representatives of the same Cartesian vector.
Furthermore, the barred basis arrows 1, 1,, {3, When considered as Car-
tesian vectors, have representations in terms of the unbarred basis ,, t,, 15.

pX)
(X’)

L X2

Fig. 1-3.3

Therefore the relation r = ¥ or
(1-3.10) X, = X4,

has a significance in a single coordinate system. This fact enables us to
employ the algebraic properties of n-tuples. Of course, a double interpre-
tation of the symbols X* is involved. On the one hand they are thought
of as coordinates in the barred system, and on the other they are considered
as numbers somehow associated with the unbarred system.

The next step toward obtaining the relations (1-3.9a) is to express the
i, in terms of the 1;. In particular, consider 1,. Since 1, is of length one, its
projections in the directions of 1, t,, 13 can be represented by the cosines
of the angles made by 1, with 1, 1, 13, respectively. Let o, o,% o,®
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represent the angles made by 1, with u;, 15, and g, respectively. Further-
more, let
ay’ = cos a,’.
Then
4 = a4y + %, + a3 = g,

If, in general, the angle®! from y, to T, is designated by «,’ and

(1-3.11a) a,’ = cos a’,
then
(l'3-llb) ik = akj‘j.

When (1-3.11b) is substituted into (1-3.10), we obtain
X, = Xa,
(X —a /X", =0.
Since the arrow set 1, is linearly independent, the result is (1-3.9a).
The relation (1-3.9b) follows from the solid analytic geometry formula

for the angle between two directions. The formula, as expressed in terms of

direction cosines, is
3

(1-3.12) cos 6 = Y a,la,’.

=1
If k = p, then, of course, T, and T, coincide and cos0 = 1. If k 5 p,
then 1, and 1, are orthogonal and cos #/2 = 0. This completes the
proof.

Those students who are not familiar with (1-3.12) may defer its con-
sideration until Section S has been studied. The formula is actually
developed there.

The significance of the conditions (1-3.9b) can be made more distinct
by writing out the coefficients of transformation in the form of a square
matrix.

(1'3.13) (akj) = aal azz ags

ag' ag® ag®

According to (1-3.9b), the sum of the squares of the elements of any row
is one, whereas the sum of products of corresponding elements of different
rows is zero.

With a square matrix of numbers, such as (1-3.13), we can associate a
determinant. For notational convenience we denote the value of the
determinant of (a,’) by a. The next theorem evaluates this determinant.

! The angle «,’ should be thought of as formed by the positive senses of 1, and t,
and measured from t, to T,. However, it should be noted that cosine is an even function,
and therefore the direction of measurement of the angle is not algebraically significant.
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Theorem 1-3.3. We have
(1-3.14) at=1.

Proor. Consider (1-3.9b). The determinant of (d;,) is one. The
determinant of the left-hand side of (1-3.9b) is @®. This proves the theorem.

No doubt some of the readers of this book have not been exposed to
determinant multiplication, hence do not realize that the determinant of
the left-hand side of (1-3.9b) is as indicated. I refer them to Section 6
in which the fundamental ideas concerning determinants are reviewed
and elaborated.

The determinant theory to be developed in Section 6 will enable us to
see that our previous restriction to a single type of coordinate system
(right-handed) requires that

(1-3.15) a=1.

It will also be determined that @ = —1 if and only if 1, 1,, T3 have an
orientation corresponding to an odd permutation of i, i, 5.

Since a # 0, the linear equations in (I-3.9a) can be solved; that is,
inverse transformation equations can be obtained by a straightforward
application of determinants (Cramer’s rule). The procedure is facilitated
by means of the following definition.

Definition 1-3.3. Let

(1-3.16) AF = cofactor of a;’ in det (a;’) s,
-3. Fe |
a

As an immediate consequence of definition (1-3.3), we have
(1-3.17) (@) Afa? =06, (b) Afa/ =06r

It need be observed only that (1-3.17a, b) represent expansions of the
determinant of (a;*) around a given column (row) so that we obtain the
determinant divided by itself (i.e., 1) or a determinant with repeated
22 The cofactors of a,!, a,!, a;! in

a' a® a?

a;' a a?

ay' as® a®
a,t a?

a? a,? a® a?®

are

b b
a® ag’ a;®  a,? a? ag®

The cofactor of a,* is the second-order determinant, obtained by striking out the jth
row and kth column, multiplied by (—1)/*%,
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columns (rows). This statement is illustrated in detail in the following
example.

Example 1-3.7. Choose j = p = 1 in (1-3.17a). Then

k1 _ 41,1
Affa! = Ay'at + A,%a! + Aayd

On the other hand, if we choose j =1, p = 2,

Alkak2.=A11a12+Al2a22+ A13a32

3
2
as” 4+ ' ag

The reader not familiar with the relation (1-3.17a) should experiment with
other examples.

The algebraic facility that evolves from the relation (1-3.17b) is demon-
strated in the next theorem in which transformation equations inverse to
those of (1-3.9a) are obtained.

_ Theorem 1-3.4. The set of transformation equations inverse to (1-3.9a)
is

(1-3.18) X? = 4,2X0,
ProOOF. According to (1-3.9a),

X = a) X"
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If the three equations of this set are multiplied by 4,?, 4,7, A;” and the
resultant expressions are added [for the sake of brevity we say that (1-3.9a)
is multiplied and summed with 4,?], then

A’_PXJ' — Aj”a,cjj—’k = akpfk — ip.
The last two members of this equation were obtained by making use of

relation (1-3.17b) and the definition of the Kronecker delta. This com-
pletes the proof.

Before turning attention to examples of rotational transformations, it is
worthwhile to establish the following algebraic properties of the coeffi-
cients of transformation.

Theorem 1-3.5. The set of inverse transformation coefficients Af is
obtained from the set a,? by interchanging rows and columns of the
matrix; that is,

(1-3.19) A4 = af,

PRrROOF. According to (1-3.17a),
A,kak” = (3,”.

If this set of relations is multiplied and summed with a,?, then
3 3
2 Afala” = 3 6/a..
p=1 p=1
By making use of (1-3.9b) on the left and the definition of the Kronecker
delta on the right, we obtain the result
Aff 0y = a].
or
qu —_ aqi’
as was to be proved.

The orthogonality conditions (1-3.9b) hold for columns of the matrix
of coefficients as well as for rows. This fact is demonstrated in the next
theorem.

Theorem 1-3.6. We have
3
(1-3.20) Y ajfa} = 6%
i=1

PrROOF. According to (1-3.19),

i— gk
Al = af.
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Multiply and sum this relation with a,°. Then
3

a4’ = Y afaf.
i=1

From (1-3.17a) it follows that a,°4,’ = 9,7; therefore the proof is complete.

The reader should observe that the relation (1-3.19) implies that the
A satisfy the same orthogonality conditions as the a*. The algebraic
properties of the coefficients of transformation may be summed up as
follows:

3 3
@ I a’a’ =34, ) 3 ajaf=o6"
p=1 =1

C a= 1, d A k =a i,
(1_3.21) ( ) . ( ) ; k
(e) Zl APA> = b, ® zlApﬁApk = o'
p= o
(8 A=1
(1-3.21h) Afaj = 8}, Aja? = 8.

The orthogonality of the transformations (as well as preservation of the
unit of length) can be characterized by (1-3.21a). As indicated previously,
(1-3.21¢) is an assumed condition that restricts the set of coordinate
systems to the right-handed type (or to the left-handed type). The other
relations which are not purely algebraic in nature follow from these.
Note that relations (1-3.21h) are purely algebraic; that is, they are a con-
sequence of the definition of the 4,* and have nothing to do with the fact
that transformations of rotation are under discussion.

The significance of the conditions (1-3.21) is further illustrated by the
following example.

Example 1-3.8. The matrix of coefficients

YERN U

2 2

3 -3 1
1-3.22 ky V3 =3 =
( a) (ay) 4 4 2

1 =3 -3

4 4 2

satisfy the conditions in (1-3.21a, b, c), hence are valid coefficients of
transformation relating two right-handed rectangular Cartesian coordinate
systems. [Note that (1-3.21b) is a consequence of (1-3.21a).] To see that
these conditions are met, the reader must notice that the sum of squares
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of any row (column) is one; the sum of products of corresponding ele-
ments of different rows (columns) is zero, and the value of the deter-
minant of coefficients is one. Similar remarks hold for the inverse
transformation coefficients:

VERVER!

2 4 4

1 =3 -3

1-3.22b Ah=] - — X
( ) (4;) 5 /
=

2 2

Quite legitimately we might wonder how the set of coefficients (1-3.22a)
is obtained. This question is considered in Section 8, where a simple
method for generating sets of three-space transformation coefficients is
introduced. The following example is pertinent to that method.

Example 1-3.9. Rotations in a plane, say the X, X2 plane, are special
types of three-space rotations. Therefore the appropriate equations of
transformation should be contained in our general results. The equations
of rotation result from (1-3.9a) by noting that v,, t,, and ¢, respectively,
make angles of /2, 7/2, and O with T;. Since cos7/2 =0, cos0 =1,
(1-3.9a) reduces to

Xl = 011)71 + a2172

(1-3.23a) X2 = g2X! + g2 X2
X3 = X3
XZ
% X!
/
\\ /
\\ 42
iz\\ //t1 ¢
1
/N4 X
,/ S
/ \\\
/ ~

Fig. 1-3.4
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If the angle of rotation is denoted by 6, where 6 is measured from X? to
X1, then

a,* = cos (14, 1) = cos 6,

a,® = cos (T3, 1) = cos (7—; - 0) = sin 6,

(1-3.23b)
ag' = cos (Tz, 1;) = cos (7—27' + 0) = —sin 0,

a,® = cos (iz t;) = cos .
Therefore (1-3.23a) can be put in the form
X! =cos X! — sin 6X2

X?=sin X' + cos 6 X2
Intuitively, we can think of a counterclockwise rotation from X’ to X”.
Using the relation 4,* = @/, we determine that the inverse transforma-
tion equations are

(1-3.23¢c)

X' = cos 6X* + sin X2,

X% = —sin 6X* + cos 6X2.
This rotation can be considered as clockwise from X? to X”.

(1-3.23d)

Example 1-3.10. As a simple illustration of a transformation of
rotation in the X% X2 plane, let 6 = /6. Then (1-3.23c) takes the form

X! = l/_3 - _1- X
2 2
x=lp Bpy
2 2
Often the algebraic representation of a geometric configuration is much
simpler when referred to a particular coordinate system. Consider a
hyperbola which when referred to the coordinates X, X2has the equation

(X2 + 2431 X2 — (X222 = 2.
When expressed in terms of the barred system of coordinates, the equation
of the hyperbola is of the simpler form,
X2 — (X2 =1.
Problems
1. This problem deals with notational concepts. We define
6;? =6,%,7, 63[;0 = TP — o).
The first expression is a generalization of the Kronecker J, whereas the

second symbolizes a particular combination of such generalized entities
represented by means of a bracket notation.
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(a) If the indices j, s, k, p are placeholders for 1, 2, 3, how many elements
are in the set 6577

(b) What numerical values do these elements take on?

(c) Evaluate 8{*®) for all possible sets of values j, s, k, p.

(d) Show that a““’l e

(e) Show that 6,’“’1 = 6[ 7> Where the brackets about j, s imply

[m = H‘S“ - ‘s:jp-

2. (a) Evaluate ¢;* 6, 6,/ where j, k, p take on values 1, 2, 3.
(b) Write out the equation 6,; XX’ =0.  i,j=1,2,3.
3. The equation of a sphere in a given rectangular Cartesian coordinate
system is

(X)2 + (X2 + (X3)2 — 6X1 +2X2 — 8X3 +25 =0.

How is this coordinate system related to one with corresponding axes
parallel and origin at the center of the sphere ?

4. Give an example of a transformation relating a left-hand and a right-hand
rectangular Cartesian system (i.e., an inversion) and therefore such that

= -1
s. I]lustrate the validity of (1-3.17b); that is, 4;%a,’ = 6,%, by writing out the
details for two or three choices of g and k.

6. Show that the determinant of coefficients a,’ of the transformation equations
(1-3.9a) can be expressed in terms of partial derivatives as follows:
X! ax? axs
aX! ax! ax!
Xl ox2 ax3
oX? 9X® ax®
oX1 ox2 ax3
X3 aX® oX?®

X
a.X*

7. Consider a transformation of rotation in the X, X2 plane. Using the equa-
tions in (1-3.23c), find the X7 coordinates of a point whose X’ coordinates
are (2, 3, 0) when (a) 60 = /4, (b) 8 = =/3.

8. (a) Show that the following matrix of numbers satisfies the conditions in

(1-3.21a, b, ©).

-1 -1 -1
EEE IR
1 1 -1
> 2 va
1 -1
v
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(b) If the matrix in (a) is considered as a set of coefficients of a rectangular
Cartesian transformation, find the set of inverse transformation
coefficients.

(c) If the X7 coordinates of a point are (1, —2, 3), find the X7 coordinates,
given that the transformation coefficients a,* are those of (a).

9. Suppose that a set of transformation coefficients is given by

1 =3
2 2
@hH=4 vz 1
2 3 0
0 o0 1

(a) Show thata = 1.
(b) Find (4,).
(¢) Describe the transformation.

10. (a) Show that the algebraic form
3
z (XJ = Xoj)z’
ji=1

representing the square of the distance determined by two points P,
and P,, is invariant (i.e., remains unchanged) under rectangular -
Cartesian transformations.

(b) Suppose that X! =4X?, X% =4X2 X3%=4X% then show that the

forms
3

3
Z(Xli - Xuj)2 and Z(Ylj - )705)2
i=1 =1
are not equal. Suppose that the X7 coordinate system is rectangular
Cartesian. Is the X7 system rectangular Cartesian? Why is such a
transformation excluded from the set of orthogonal Cartesian rota-
tions?
(c) Assume that X! =4XL, X2 =3X2, X3 =2X3 Is the form

3
306 = Xy
~

invariant with respect to this transformation?
11. Parametric equations of a line are of the form (see Example 1-1.3)
X' =X’ + Bt
Suppose that B! = X,7 — X, (X,’, X,’ are coordinates of points on the
line) and ¢ is unchanged by a coordinate transformation. Show that the

algebraic form of the parametric equations of a line is unchanged by an
orthogonal Cartesian transformation (i.e., a translation or rotation).
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4. Definition of Cartesian Scalar and Vector

A Cartesian vector was initially defined in terms of the set of all rec-
tangular Cartesian coordinate systems. A law of transformation relating
the vector components in any pair of systems was alluded to but not
specifically stated. It is the purpose of this section to supply a precise
mode of transformation for the components of a Cartesian vector as well
as to introduce the concept of a scalar, which is also dependent on a set of
transformations.

The terms vector and scalar are both due to W. R. Hamilton. Each
constituted a part of his so-called quaternion, with neither having the
stature of an entity in its own right. A significant measure of the credit
for dissociating the vector and scalar concepts from the quaternion ideas
and thereby putting them within a structure convenient to geometry and
physics belongs to W. Gibbs.

The definitions that follow specify the meanings of vector and scalar
with respect to the set of transformations relating rectangular Cartesian
coordinate systems.t These statements are formulated so that they will
correlate with the usages of the terms vector and scalar when more general
sets of transformations are involved. (See Section 5*.)

In the following definition the symbol {U?, U2, U3} denotes the collection
of ordered-number triples (U7, U?, U3), (07, U?, U®), etc; one triple is
associated with each possible rectangular Cartesian coordinate system.

Definition 1-4.1. A Cartesian vector is a collection {U?, U2, U3} of
ordered triples, each associated with a rectangular Cartesian coordinate
system and such that any two satisfy the transformation law

_ox!

oXx*
The triples (U?, U?, U3) etc., are called components of the Cartesian vector
in the respective coordinate systems.

(1-4.1) U o

As stated in Section 1, it is notationally convenient to use the same
boldface symbol U that previously has characterized an n-tuple (and the
family of arrows geometrically representing the n-tuple).

For a transformation of rotation, that is, X’ = a,’X*, the relation in
(1-4.1) reduces to

(1-4.2a) Ul = a/UF,
whereas for a translation, X! = X7 4+ X, it takes the form
(1-4.2b) Ui = 8, 0% = U,

t For clarity of presentation the definitions are phrased for the case n = 3.
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It is worth noting that the components of a Cartesian vector transform
under rotations as the coordinates transform. Furthermore, the collection
of coordinate differences {X,’ — X’} is a Cartesian vector, for when the
relation in (1-3.9a), that is,

X = a/X*,

is applied to the coordinates of P, and P,, we have
(1-4.3) X7 — X =a/X* — a/ Xy = a)( X — X5).

The coordinate differences clearly satisfy (1-4.2a). A corresponding
verification of the statement for translations is left to the reader. We
already know that a Cartesian vector can be represented geometrically by
an arrow (any one of a family of arrows). The preceding statement
establishes the fact that an arrow determined by a pair of points, P, and
P,, gives rise to a Cartesian vector. (

There is some need for caution, as pointed out by the following pair of
theorems.

Theorem 1-4.1a. The concept of position arrow is not a vector concept
with respect to the set of translations; that is, the components of two
positionarrows r and F of systems X7 and X, one translated from the other,
are not related by the transformation law (1-4.2b).

Proor. The proof consists of nothing more than writing down the
transformation equations

Xj = A_,] + Xoi.
Rather than being equal, the components of r and F differ by the terms X;’.

Theorem 1-4.1b. Suppose that the X’ and X systems are related by
means of a rotation. The components (1, 0, 0) of the basis arrow 1, are
not related to the components (1, 0, 0) of the basis arrow T, by means of the
law (1-4.2a).

PrROOF. We have

T =gk
U= aly.

Therefore the components of T, in the X’ system are (a,!, a,2, a,®). These
coefficients of transformation in general do not take on values (1, 0, 0).

If the components of a Cartesian vector are known in one coordinate
system, then they can be found in any other coordinate system of the set.
The procedure for doing so is illustrated in the next example.

Example 1-4.1. Suppose that two coordinate systems X’ and X’
are related by the transformation equations of Example 1-3.10. If the
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components of a vector U are (0, %) in the barred system, the components
in the unbarred system are determined as follows (see Fig. 1-4.1):

s

2\2 4
S VAT ANVE
v _2(0)+ 2(2)— 4’

The vector concept received much of its early impetus from the theo-
retical physicist. Today it fittingly plays a fundamental role in many aspects
of physics. Linear velocities, accelerations, and forces fit nicely into the
vector pattern, as do electric- and magnetic-field strengths. Also, much
of the vector terminology and structure has wandered far afield and is
becoming more and more important in biological and social sciences.
For example, hereditary patterns are studied with the aid of vectors and
matrices, as are linear programming problems. 23

A second concept which has evolved in the development of theoretical
physics is that of the scalar. The definition of “scalar,”” which has come
down from Hamilton,?* states that it is a quantity possessing magnitude
but no direction. Such entities as mass, time, density, and temperature
are given as examples. However, the prize example is a real number.
This definition will not satisfy our needs, but it is worth mentioning for
two reasons. First of all, it is vague, as illustrated by the incorrect prize
example. A real number does not have to be associated with magnitude.

# An introduction to these ideas can be found in Kemeny, Snell, Thompson, Finite
Mathematics, Prentice Hall, 1957.
* See Gibbs’s interpretation, Vector Analysis, Gibbs, Yale University Press, 1947.
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!

It can be given no interpretation whatsoever, it can denote position, or it
can distinguish one object from another as in an index. Secondly, the
use of the word “scalar” to denote a real number, or more generally an
element of a field underlying a vector space, has become prevalent in the
area of algebra.

It fits our purpose to use a definition of the term that is common to
modern-day physics, differential geometry, and other fields in which
transformation theory plays a prominent part. From a historical point of
view this approach, which specifies a scalar as any quantity invariant
under all transformations of coordinates, can be found in the texts of
Felix Klein.2s The definition is now stated formally. The symbol {®}
denotes a collection of functions, one associated with each rectangular
Cartesian coordinate system.

Definition 1-4.2. If the elements of {®} satisfy the relation
(1-4.4) (X, X2, X3) = O(X, X2, X¢),

then the collection {®} is called a Cartesian scalar with respect to the
rectangular Cartesian set of transformations. The functions @, O, etc.,
represent the scalar in their respective coordinate systems.

Under this definition such a phenomenon as temperature, which is a
function of position and not dependent on the coordinate representation
of that position, can be thought of as a numerical scalar. Other entities,
such as the magnitude of a vector, have an additional property in that the
form of their algebraic representation is the same in all coordinate systems
of a given collection. These entities are said to be invariants.

Example 1-4.2. Suppose that a function f has a domain consisting of
all triples (X?, X2, X?) that satisfy the relation (X?)? + (X?)% + (X?)? =1;
that is, the ordered triples of the domain correspond to the points of the
unit sphere. If the rule for the function is f (X! X2 X3) = In r (where
r = [(XY)? + (X?)2 + (X??]*), then this function is a scalar representa-
tive with respect to the group of orthogonal Cartesian rotations. Further-
more, the function has an invariant algebraic form, since

(X + (X7 + (X = (X + (X + (X
under all rotations.

There are many physical ideas that can be represented by the scalar
concept. For example, electrostatic or magnetostatic potential has scalar

s Klein, op. cit., p. 47.
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representations in terms of integrals containing functions that are pro-
portional to 1/r. The very useful innovation of the physicist called ‘“work"’
is also of scalar character.

In the next section more information of a positive nature concerning
scalars is discussed, but, before going on, there are a few negative bits of
information that have some interest.

Example 1-4.3. The components of a Cartesian vector do not represent
Cartesian scalars with respect to the rotation transformations in (1173'.9a).
This statement follows at once from the fact that the vector components
satisfy the transformation law

U’ = q/U*
This law is not of the form of (1-4.4). Problem 3b at the end of this section
deals with the nature of vector components with respect to the set of
translations.

Example 1-4.4. The distance formula
(X — XD + (6 — X + (X2 — X
is an invariant with respect to the transformations (1-3.9a, b).

Problems

1. The components U* of a vector in an X* coordinate system are (3, 0, 0).
The coefficients of an orthogonal Cartesian rotation relating the X* and
X*systems are

0 -1 0
(a,") =11 0 0 N
0 0 1

(a) Compute the components U*.
(b) Construct the two coordinate systems and a representation of the
vector.
2. The components U* of a vector with respect to an X* coordinate system are
(0, 1, 3). Coefficients of an orthogonal Cartesian rotation relating the
X*and X* systems are

V3 1 0

2 2
V3 3 1
ky — e - P
@) 4 3 2
1 vi V3
4 4 2

Compute the U* components of the vector.
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3. (a) Show that distance is a scalar quantity with respect to translations.

(b) Show that the components of a vector are scalars with respect to trans-
lation.

4. Suppose the n-tuple representatives P/ and Q7 of vectors P and Q are linearly
dependent; then show that the representatives P* and O in a second
rectangular Cartesian coordinate system are dependent. Note that this
result justifies speaking of linearly dependent Cartesian vectors and
associating the results of Section 2 with them.

5. The Inner Product

Many of the concepts studied in a course concerning vector and tensor
algebra have resulted from fundamental ideas of Hamilton and Grassmann.
As we pointed out in the historical introduction, these ideas have been
subject to so much sifting, sorting, and adding that it is difficult to assign
individual credit for them. However, one concept which specifically
resulted from the ingenuity of Hermann Grassmann is used to introduce
a second type of vector binary operation. (Addition constituted the first
type.) This process has intimate ties with real-number multiplication.

In analogy to the procedure of Grassmann, consider two three-space
Cartesian vectors, each expressed in terms of a basis t;, 1, t3; that is,
P = Py 4+ PA, + Py and Q = Q% + Q%, + Q%;. When naively
multiplied together,

(1-5.1a) PQ = P1Q,, + P1Q%t, + P1Q%; + P2Q% + P2Q%,,

+ P2Q%,1; + P3QW,, + PRQ%51, + P3Q%,L,.
The expression (1-5.1a) has no preassigned significance. In fact, a variety
of binary operations can be specified, each depending on the meaning
assigned to the nine quantities vy, j, k = 1,2, 3.

We introduce a binary operation for a pair of Cartesian vectors P and
Q, symbolized by

(1-5.1b) P.Q =PiQk,.y,
in the following definition.
Definition 1-5.1. Let
(1-5.2) Loy =cos b, = d;,.

We specify that 0,; has either the value #/2 or 0 and is determined by the
positive senses of t; and t,.

As a consequence of this definition, relation (1-5.1b) takes the form

(1-5.3) P.Q = PIQ*, = PIQ" + P*Q* + P3Q".
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Because of the notation employed, P - Q is often called the *“‘dot” product
of P and Q. The term “inner product” is also commonly associated with
the expression.

A common practice, when building a mathematical structure, is to look
toward the set of real numbers for comparison and analogy; that is, we
ask whether a newly introduced operation satisfies the same laws as a
corresponding real-number operation. The following theorem points out
that the inner product conforms to several basic rules of real numbers.

Theorem 1-5.1. The fundamental properties of the inner product are
the following:

(1-5.4a) (Commutative law) P-Q=Q-P.
(1-5.4b) (Associative law with respect to a real number)
(@P)-Q = «(P- Q).
(1-5.4c) (Distributive law) P-Q+R)=P-Q+P-R.

(1-5.4d) (Positive definite property) P-P>0; P-P=0-P=0.

ProoF. The proofs are left to the reader. The first three follow from
the definitions of inner product, vector or a-tuple addition, and corre-
sponding properties of real numbers. The proof of (1-5.4d) is trivial with
respect to the form (1-5.3), since a sum of real-number squares can never
be negative.

Note that the inner product of two vectors is not a vector. This is
described by saying that the operation is not closed.

The next matter to come under discussion is the behavior of the inner
product when subjected to transformations of the orthogonal Cartesian
set. Of course, the symbol P - Q is only a notation for the inner product
of two vectors P and Q. To investigate the way in which this product
transforms, we must concentrate attention on the right-hand side of
(1-5.3).

3
Theorem 1-5.2. The form > P’Q’ is an invariant Cartesian scalar.
[See (1-3.9a) and (1-3.9b).] 7=
Proor. By making use of (1-3.9a) and (1-3.9b), the transformation can
be carried out as follows:

3 3 3
2 PQ' = 3 (a,'F)a,Q) = 3 a’a’P'O
=1 =1 . =1
= 6"FrQa - z Fka
k=1
The last member of the string of equalities results when the meaning of the
delta symbol is invoked. The proof for translations is trivial.
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In the exercises at the end of the section the reader is asked to show that
the form (1-5.4b) is not preserved under linear transformations whose
coefficients do not satisfy the orthogonality conditions in (1-3.9b). This
illustrates the fact that whether a given algebraic form is invariant depends
on the group of transformations under consideration.

The availability of the dot product greatly enhances the procedure for
exhibiting various geometric concepts in Euclidean three-space. (This
statement is even more significant for » > 3.) Magnitude and angle are
fundamental to the metric structure of Euclidean space. These concepts
are dealt with in the following theorems.

Theorem 1-5.3. The magnitude of a Cartesian vector P is represented
by the Cartesian scalar {|P|}, where

(1-5.5) |P| = (P - P)*% = [(PY)? + (P?? + (P??)* = (6, P'P¥)*S.

Proor. The magnitude of a Cartesian vector is expressed in any given

coordinate system by the representation (1-1.5b), that is VEPP, In
3

Theorem 1-5.2 it was shown that z P’P?was a scalar representative; hence

i=1 ,
(ZPPYS is a scalar representative. The expression 8,,P/P* is just another

notation for 2 Pips,
If |P| = l then P is said to be a unit Cartesian vector.

The foregoing has been introduced in a manner analogous to the pro-
cedure of Grassmann in order to emphasize that the inner product is only
one of a possible variety of binary operations. Indeed, another binary
operation is presented in Section 7. In Gibbs’s development of vector
analysis a geometric form of the scalar product is given. This form,

(1-5.6a) P-Q=|P||Q]| cosb,

was suggested by physical applications, such as the concept of work, and
geometric considerations, for example, that of the angle between two
directions. In the next theorem we verify that the representation (1-5.6a)
is consistent.

Theorem 1-5.4. P - Qand |P||Q] cos 0 are equivalent relations; that is,
(1-5.6b) z P'Q’ = |P| |Q]| cos 6,
j=1

where 6 is the angle measured from P to Q and such that 0 < 6 < =.
PROOF. As a matter of convenience, choose geometric representatives
of P and Q with their initial points at the origin of coordinates. (See
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Fig. 1-5.1

Fig. 1-5.1.) According to the law of cosines,

(1-5.7a) |Q — PI* = [P|* + |Q|* — 2 |P| |QI cos 6.

This relation can also be expressed in the form

(1-5.70) 8,(Q' — PIXQ* — P¥) = 6, P'P* + 6,,0°Q" — 2 |P| |Q] cos 6.

By writing out the summation in the left member of (1-5.7b) the reader
can verify that a usual multiplication of the parenthetic expressions,
followed by a distribution of 4, is valid. Therefore

(1-5.7¢)
0,,0'Q% — 20,,P'Q* + 6, P'P* = 6, P'P* + 6,,0'0* — 2 |P| |Q| cos 6.

Subtracting the appropriate terms from each member and then dividing
by —2, we obtain

(1-5.7d) 8,,P'Q* = |P| |Q| cos 6.

Since (1-5.7d) is equivalent to (1-5.6b), the proof is complete.

By making the association |P|(|Q|cos6) in the right member of
(1-5.6) we are able to interpret the inner product geometrically as the
magnitude of P multiplied by the perpendicular projection of Q on P
taken with the appropriate sign. Of course, P and Q can be interchanged
in this statement. The interchange would correspond to the association

|QI(IP] cos 6).
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It is worthy of notice that the relation (1-5.6) should not be new to the
reader. When written in terms of the components of P and Q,

PlQl + P2Q2 + PBQS

[(P)* + (P + (PHH(QH? + (0% + (@»1*
This expression is recognizable as the formula for the angle made by two
directions, usually presented in a development of solid analytic geometry.

Other representations of geometric concepts and entities in Euclidean
three-space depend in a large measure on the relationship between the
inner product and the ideas of distance
and angle. The following theorems and

examples draw attention to some of the
elementary ideas and configurations.

(1-5.8) cos 6 =

Theorem 1-5.5. If P and Q are non-
zero vectors,

(1-59) P-Q =0« Pand

Q are orthogonal.

ProoF. From (1-5.6) it follows that,
if 6 = m/2, then P-Q =0, and con-
versely.

Example 1-5.1a. An equation of a
plane can be obtained by making use of
the characterization of orthogonality
Fig. 1-5.2 stated in Theorem 1-5.5. Take (as in
Fig. (1-5.2) the geometric representation
of a fixed vector A whose initial point

has coordinates X,’. Then the end point of a position vector r, subject to
the condition,

(1-5.10a) A-(r—ry)) =0,

generates a configuration in space, which we call a plane. Note that the
equation of a plane can be put in the expanded form

(1-5.106)  AY (X! — Xg) + AX(X? — X)) + A*(X® — X,3) = 0.

Another notational form for the equation of a plane, which is sometimes
useful, is

(1-5.10c) 0, A(X* — Xo*) = 0.
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Example 1-5.1b. The plane through (2, 1, 5) and perpendicular to the
vector A = 31; 4 51, — 13 has the equation

3(X1—2)+5x2-1)—-1(x*—-5)=0.
Of course, this equation can also be put in the form
3IX1+5x2— X3=6.

An interesting formula for the perpendicular distance between a plane
and a point follows from writing the equation of the plane in “Hesse’s
normal form”;%¢ that is, in the form

o «(r—ry) =0.

1-5.11
( ) 1A

The word “normalized” implies, as indicated in (1-5.11), that the direction
perpendicular to the plane has been expressed in terms of a vector of
magnitude 1, that is, A/|A|.

Theorem 1-5.6. The perpendicular distance D, determined by a point
with coordinates X;’ and a plane with the equation (1-5.11), is

(1-5.12) D=

| +(r, —1p)

A
ProoF. Let the components of C be given by the coordinate differences
(1-5.13) C=X/—- X,

From the geometric interpretation of the inner product it follows that

D =

. A
proj. C on —
[Al

= | |C| cos 6).

xi

Fig. 1-5.3

28 The form was named after the German mathematician Otto Hesse (1811-1874).
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Since

it follows that

The relation (1-5.1) is obtained when C is replaced by r, — rg, a sub-
stitution justified by (1-5.13).

Example 1-5.2. If the point with coordinates (2, 5, 1) and the plane
whose equation is 3(X! — 2) + 2(X%2 — 1) — 5(X3 + 2) = O are given,
the perpendicular distance (1-5.12) is

_[3¢=2+25-D—501+2 _‘:_7‘=L
JI+4+25 N N

Example 1-5.3. Another common geometric configuration with a
simple vector representation is the sphere. A sphere is geometrically
defined as the set of all points equidistant from a fixed point. If, as in
Fig. 1-5.4, the fixed point has coordinates X,/ and the radius of the sphere
is denoted by a, then r — ry is a vector of constant magnitude a. The
algebraic representation of the sphere is

(1-5.14a) (r —rp) - (xr — 1ry) = a

D

X3

Fig. 1-5.4
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This representation can also be put in the form
(1-5.14b) [r — xy|2 = al.

Problems
1. Suppose A = 3y + 24, — 543, B = 24 — 71y, + 44y,
(a) Compute A-B,A-A,and B-B.
(b) Determine a unit vector with the sense and direction of A,
(c) Determine the angle 0 < 6 < = made by A and B.

2. Does the relation (1-5.3) in any way define A - B - C? Explain.

3. Suppose that the coordinates X7 and X7 of two rectangular Cartesian systems
are related by means of the transformation equations X i = g,/ X%, where

vi 1o,
2 2
@) =] -1 v3
2 2 0
0O o0 1

(a) Describe the rotation.

(b) If A = 31, + 5i,, B =21, — 41, find A- B.
(c) Find A and B.

(d) Compute A - B.

3

Remark. Since Y A’B’ is an invariant with respect to orthogonal
i=1

Cartesian transformations, the result of (d) is known from (b). The

purpose of the problem is to illustrate this scalar relation through

numerical calculation.

4. Perform the tasks analogous to (b), (), and (d) of Problem 3 if A and B have
components 1, 3, 5 and —2, 3, 4, respectively, and

v3i vV3 1
2 4 4
1 -3 —-V3
AX) = = —_— e
(45 2 4 4
o ! —V3
2 2

5. Show that A = 2y, — 31, + yyand B = 5y + 21, — 443 are orthogonal.

6. Suppose that an object is moving along a straight line a distance |r; — ry
with a direction and sense corresponding to the vector r; — r,. Let F
represent a constant force acting on the object. If the “work™ done by
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this force is defined as
W=F-:(r, —ro),
(a) when is there no work done?
(b) Make an analysis of the way in which the work done varies with the
direction and sense of F.
7. (a) Show that the diagonals of a square are perpendicular by showing that
E, -E; = 0. (See the accompanying figure.)

=1 =2

(b) Show that the diagonals of a rhombus are perpendicular. (A rhombus is
a four-sided polygon, all sides of which are equal in length.)

8. (a) A line passes through the point (I, —3,2) and has the direction of
B =21, — 51, —41;. What are the parametric and symmetric
representations of the line?

(b) Find the parametric representation of the line in an X’ coordinate
system related to the X7 system of (a) by means of the transformation

equations
X = AJX%,
where
-1 -1 -1
2 2 V2
wno | 1L 2
* 2 2 V2
1 -1
V2 V2
9. Show that the two lines with parametric representations
X1=5+2t X1=2—6s
X2=3+4+7t and X%2=4 +2s
X3=2—4 X3 =6 +14s,

respectively, are perpendicular.

10. What is a necessary and sufficient condition that two lines with vector repre-
sentations r =r, + B,f and r =r, + B,s, respectively, be (a) parallel,
(b) perpendicular ?
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11. (a) What is an equation of the plane through (—2, 4, 1) and perpendicular
to A = 3!1 + L - 513?
(b) Find the equation of this plane in the X7 system of Problem 8b.
12. Find a necessary and sufficient condition that two planes be parallel.

13. What is the meaning of the statement: two planes are perpendicular?
(Refer to a text on solid analytic geometry.)

14. Prove that A/|A| is a unit vector. A # 0,

15. Find the perpendicular distance between the plane with equation
2(X* = 3) = 5(X% + 1) + 3(X® — 4) = 0 and the point (1, 2, —1).

16. Is the algebraic representation of a line dependent on a coordinate system?

17. Show that the angle 6 determined by two vectors P and Q satisfies

.9, (P-P)Q-Q) —(P-Q)
sin? 0 =

P-PXQ-Q
18. Find components of a vector C perpendicular to linearly independent

vectors P and Q.
Hint: Solve the equations P-C =0and Q- C = 0.

.

5*. General Cartesian Coordinates

Historical perspective on the significance of linear transformations in
geometry can be obtained from an examination of Felix Klein’s “Erlanger
Programm’’ of 1872, mentioned in Section 3. This program,* which was
inspired by the work of Arthur Cayley (1821-1895, English), defines a
geometry as a theory of the invariants of a transformation group.?
From this viewpoint, projective geometry, which was suggested by Cayley
as the universal geometry, is characterized by the set of transformations

e a X' + a;X® + aX® + a,
X'+ & X* + dX® + d,’

7o by X' + by X* + byX® + b,
aX'+ e X + e X® + ¢,

= X'+ e X+ e X2 + ¢,
HX 4+ fo2X2 + X2+ f,

Incidence relations are among the invariants of this group of transforma-
tions.

¥ Klein, op. cit., 130.
18 See Definition 1-5*.3.
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Affine geometry?® consists of the study of the invariants of a subset of
the foregoing transformation relations; that is,

X'=a, X + a, X% + a, X3 + a,,
X2 = b, X'+ b X%+ by X? + b,,
.Y3=CIX1+C2X2+03X3+C4.

A significant aspect of affine geometry is its inclusion of the parallel concept
which plays no part in the more general projective geometry.
When orthogonality conditions (1-3.21) are imposed on the coefficients

a, a; ag
b, by bs],
¢ C C3

the transformations characterize Euclidean metric geometry. Sometimes
the orthogonality conditions are slightly relaxed to enable inclusion of the
transformations that change size but do not destroy proportionalities;
that is,

Xt=21x, X*=1X? X*=1X%

Under this circumstance the transformations characterizing Euclidean
metric geometry are called similarity transformations.

If a, = b, = cy =0, the affine transformations leave the origin of
coordinates fixed and are called centered affine transformations. This is
the set with which we shall be concerned.

The centered affine transformations form a transformation group.
The meaning of the term group is indicated by the next definition.

Definition 1-5*.1. A set of transformations R, S, T, - - - is said to form
a group if the following properties hold:

(a) (Closure) Two successive transformations of the set result in a
transformation of the set.

(b) (Associative law) (RS)Ty’ = R(ST)y’.

(c) (Existence of an identity element). The transformation I with co-
efficients ¢,* is an element of the set of transformations.

(d) (Existence of a unique inverse to each transformation of the set). To
each transformation T of the set there is a unique transformation
T-1 such that the coefficients of T followed by T or T followed
by T are (6,%).

2% The term affine apparently goes back to Euler and Mdbius.
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Theorem 1-5*.1. The centered affine transformations form a group.
Proor. Consider successive transformations

(1-5*.1a) 7° = B}y, = G~
We have
(1-5*.1b) 7= CB}y.

Denote the set of nine numbers represented by C,2B* by

(1-5*.10) D:a = quBjk.
We have
(1-5*.1d) 7' = DYy,

If the determinant (D,%) # 0, the property of closure has been exhibited.
The fact that D 3 0 follows from the knowledge that B and C are nonzero
and that D represents the product of determinants B and C. (The student
not familiar with determinant multiplication should see Section 6.)

To consider the associative property, make use of the relations in
(1-5*.1a) along with a third transformation

y = D7
Then

?7' = (quckq)Bjkyj = DqT(CkGBJk)?/j

represents a statement of the associative law. That the law holds is
fundamentally a consequence of the associative and distributive laws of
real numbers. This can be verified in the straightforward but tedious
manner of writing out the summations.

Since §’ = §,’y* is a centered affine transformation, (c) holds. Finally,
to each transformation 7’ = B,y* of the set there corresponds y* = by
such that

bitBj = 8}, det. (Bf) # 0.

Therefore (d) holds and the theorem is proved.

The important ideas to be developed in this text could be stated without
formally introducing the group concept. We might ask, then why intro-
duce it? There are at least two reasons. First of all the existence of a
well-defined meaning of the term in the mind of the reader adds measurably
to the fluency of communication. Second, the group concept has played
such a fundamental role in mathematics, especially the ideas developed
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in the nineteenth century, that the reader should be aware of its presence
in this discussion.

The seed of the group idea was planted by Lagrange (1736-1813,
French) around 1770-1771. By critically examining solutions of equations
of second, third, and fourth degree (with the purpose of extending his
examination to equations of higher degree), he made a beginning in the
theory of permutation groups. The term “‘group’ is actually due to E.
Galois (1811-1832, French), who was stimulated by interest in showing
that equations of a degree higher than four could not in general be solved
by radicals. The group concept entered into geometry principally through
the writings of Sophus Lie (1842-1899, Norwegian) on continuous groups.
It culminated in Klein’s “Erlanger Programm,” in which it was used to
classify the geometries of that day.

The properties (a)-(d), which characterize linear transformations as a
group, have been pointed out. It is left to the reader to show that the
orthogonal linear transformations, that is, those relating rectangular
Cartesian coordinate systems, form a group contained in the linear group.

The “Erlanger Programm,” or the definition of a geometry as the set of
invariants of a transformation group, is to be understood from the view-
point of space mappings; that is, if we think of a transformation as a
replacement of a space by a new one, the question of finding those entities
that have an absolute meaning is of prime significance. In this book we
are interpreting the transformations differently. From our viewpoint the
space is fixed (i.e., it is a Euclidean metric space), and the transformations
simply bring about a change of coordinate system. From this standpoint
we can employ the affine transformation equations when considering
metric concepts. Of course, representations for distance or angle will not
have an invariant algebraic form.

In this section it is shown that the affine transformations relate Cartesian
coordinate systems (i.e., systems determined by straight-line axes). In
particular, the axes of these systems need not be perpendicular to one
another. Representation of various concepts in the Cartesian systems
will give us some direction as to which of the concepts considered in the
framework of rectangular Cartesian systems should be generalized as well
as how to bring about the generalizations. Moreover, the availability of
Cartesiansystems of reference will be valuable when considering the special
theory of relativity in a later chapter.

Perhaps the simplest way of assimilating new ideas is to look at special
cases. The following example affords this opportunity.

Example 1-5*.1. Let (X2, X2, X?) represent rectangular Cartesian co-
ordinates while the triple (Y2, Y3, Y3) represents an arbitrary set of
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y? vt
/ -
/ 4
/ -
/ Wil
/ e
// ///
-
s
/ 7
//1p1 Xl
Fig. 1-5*.1

Cartesian coordinates. (See Fig. 1-5*.1.) Consider the linear transfor-
mation equations

Y1 =2/3x* - 2x7,
(1-5%.2a) Y= —X'+3X2
Y3 = X3,
It follows from these transformation equations that
Y'=0 ifandonlyif 2v3X'—2X2=0,

Y2=0 ifandonlyif —X'+/3X2=0,
Y3=0 ifandonlyif X3=0.

Therefore Y =0, Y2 =0, Y3 = 0 can be identified with the coordinate
planes 2/3X1 —2X? =0, — X'+ /3X2=0, and X* =0, respectively.
The axes of the Y7 system correspond to the lines of intersection of these
planes. The fact that the plane Y3 = O corresponds to the plane X® =0
simplifies matters. We are able to interpret the axes Y? =0and Y2=0
as lines in this common plane. Specifically Y% = 0, that is, the Y? axis,
corresponds to the line — X* 4 J/3X? = 0 and the Y2 axis is incident with
2V3x1 —2x2=0.

Now let us investigate other aspects of this transformation. The matrix
of coefficients of the transformation is

2/3 -1 0
(1-5*.2b) BH=|-2 3 0
0 0 1
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where as usual the lower index represents row and the upper index repre-
sents column. Note that the equations in (1-5*.2a) correspond to the
form

(1-5*.2¢) Y*= B}rX’.
The determinant of the transformation has the value
(1-5*.2d) B =4

Since this value is different from zero, we can obtain the inverse trans-
formation by use of Cramer’s rule. More simply, the inverse transforma-
tion coefficients can be obtained from the definition

_ cofactor of B, in det (B,

1-5*%.3 b}

( a) j B

As in Section 3, the definition implies the algebraic conditions
(1-5*.3b) bfBf =46F,  brB =0}

These relations are used freely throughout this section.

J3

VLo,
4 4
1 3
* (bik) e Y l/_ 0
(1-5*.3¢) 2 2
0 0 1
Note that
1
1-5*.3d b=-=
( ) 3
and therefore
(1-5*.3e) Bb=1.

It will be seen that the fact that the product of the values of the determinant
of transformation and its inverse equals one is a general property of
transformations.

It has been assumed that the space under consideration is a Euclidean
metric space. We have defined a Cartesian vector as a collection of n-
tuples, one n-tuple associated with each rectangular Cartesian system, and
we have taken a family of arrows as the geometric representative of the
collection. The question that we pose for ourselves is that of extending the
algebraic formulation of the vector concept to nonorthogonal Cartesian
coordinate systems. We attack the problem by the consideration of bases
that can be associated with these systems. A basis that occurs naturally is
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Fig. 1-5*.2

geometrically represented by arrows of fixed magnitude, direction, and
sense along the coordinate axes. Let us examine the set of n-tuples p;, ps,
Ps, given rise to by the relations

(1-5*.4) p; = by,

With respect to the example under consideration [see (1-5*.3b)], we have

3 1

P = \/T L+ Z'-z
(1-5*.5) —
1 3

p: = 5‘1 + '2_ L

It is clear that these n-tuples can be represented along the ¥* and Y2 axes,
since the lines corresponding to these axes have direction numbers (+/3,1,0)
and (2, 2\/3, 0), respectively. (See Fig. 1-5%.2.) It is worth noting that
the basis p;, introduced by (1-5*.5), is not composed of unit n-tuples. In
particular,

[l = 3.

In this example it does happen that p, and p; are of unit length.

Before generalizing our observations and specifying the significance of
introducing a basis as we have just done, it would be convenient to illustrate
a second way of determining a basis. Suppose that the n-tuples p*, p?, p®
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are given by the relations
3
(1-5*.6) p = 2 By,
k=1

(The significance of the superscript notation is discussed presently.)
Again, in terms of our example, we have

pl = 2\/—3|.1 e 212

gl el B + \/312.

By straightforward computation, we find that the bases (1-5*.5) and
(1-5*.7) satisfy the conditions (see Fig. 1-5*.2)

(1-5*.8) P P* =6
that is,

(1-5*%.7)

p! is perpendicular to p, and p,,

p? is perpendicular to p; and py,

p is perpendicular to p, and p,.
This completes the example.

The preceding example can be used as a guide to intuition as we proceed
with a general development of vector concepts in Cartesian coordinates.
Note that the linear transformations

(a) Yj = Bk’.X k’

(1-5*.9) .
(b) X*=b}Yi, B0,

where the X7 are rectangular Cartesian coordinates, at once establish the
fact that the Y system is Cartesian (i.e., referred to straight-line axes).
For example, if Y* = Y2 = 0, the conditions

B'X' + B,'X® 4+ B,'X* =0

Blle + BZZX2 + B:Xs = 0.
determine a set of points for which only Y3 varies. Since each of the
equations represents a plane, the curve of intersection is a straight line.

The next theorem establishes the fact that an arbitrary pair of Cartesian
coordinate systems is related by a linear transformation.

(1-5*.9¢)

Theorem 1-5*.2. The coordinates, Y7 and Y7, of a pair of three-space
Cartesian coordinate systems are related by linear transformations.
PrROOF. Let X7 represent rectangular Cartesian coordinates such that

Y = BiX*, X*=d}Y, B0, d0.
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By a straightforward substitution
Y! = B/d}Ye.

The products B,/d* give rise to nine constant coefficients of transformation
which are denoted by ¢.’; that is,
(1-5*.10a) ¢’ = Bjd}.
When this notational substitution is made in the preceding relation, we
have
(1-5*.10b) Y=Y
Since d # 0 and B # 0, the inverse transformation equations
(1-5*.10c) Y'=cCpY, Cp=Dj%f

can be uniquely determined. Therefore ¢ 3 0, which completes the proof.
We are able to introduce a basis into a Cartesian coordinate system by
means of the relation (1-5*.4); that is,

For purposes of identification the basis introduced in this way is called a
covariant basis. Incidentally, the reader should establish the fact that

P1, P2, P; are linearly independent (see Problem 9); otherwise the term
basis would be inappropriate.

Theorem 1-5*.3. The covariant basis n-tuples p; can be geometrically
represented by arrows along the corresponding coordinate axes.

ProorF. We have

Y] = Bijk.
If Y1 = Y? =0 and the conditions in (1-5*.9c) determining the Y3 axis
are multiplied by B,? and B!, respectively, then subtracted, we have
Xt Xt
BB} — B3B!  B,'B}' — B,'B?"

A corresponding elimination of X2 when combined with the preceding
result leads to the symmetric form of the rectangular Cartesian repre-
sentation of the Y3 axis;

(1-5%.11)
Xl XB XS
"(B:;IBaz2 - Bsale) B _(BaaBll - 331312) B —(BalBl2 - 322311) -
The direction numbers exhibited in (1-5*.11) are cofactors in the deter-
minant (B/) and therefore proportional to bg!, bs?, bs®. (See 1-5*.3a.)
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Therefore
ps = b’y

can be represented along the Y2 axis. The corresponding considerations
for p, and p, are left to the reader.

Theorem 1-5*.4. Covariant bases p; and p,, associated with Cartesian
coordinate systems satisfying (1-5*.10b, c), are related by

(a) pl e quiq)
(b) l-)a = Cajl’f'
Proor. We have (see 1-5*.10a and 1-5*.10d)

(1-5*.12)

P; = bjy. = b D%, = C/P,.
This completes the proof of (a); (b) is left to the reader.

Following the procedure of the example, we introduce a second basis
in a Cartesian system Y’ by means of (1-5*.6); that is,

3
p = Z By,
x=1

This basis is called a contravariant basis. Consideration of the deter-
minant of the components B,’ enables us to establish the linear independ-
ence of p', p% p®; therefore the term “basis™ is justified. A procedure
similar to that employed in the proof of Theorem 1-5*.3 leads to the
relations

@ p=c'P,
() p°=Cp.
In the introductory example we were able to determine that the bases

p, and p’ were reciprocal by calculating the appropriate dot products.
The next theorem exhibits the generality of this reciprocity.

(1-5%.13)

Theorem 1-5*.5. The covariant and contravariant bases, p, and p’, are
reciprocal; that is,

(1-5*.14) PP =04t

Proor. The proof follows by employment of (1-5*.4) and (1-5*.6).
We have

3 3
p;* Pk = b,"l.q . 21 Brk"r = 21 b,’B,"a,,, = be,k = 6,".
re= r=

If a basis 1, 1, 13 associated with a rectangular Cartesian system is
considered, we find that it is self-reciprocal. In other words, a basis v,
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introduced according to (1-5*.14), that is,
Ly =4f,
does not differ from the original basis ;.

The determination of covariant and contravariant bases for general
Cartesian systems makes possible a natural interpretation of the vector
concept for those systems.

We start with the definitions that follow. In the first it is assumed that
triples of numbers (G, G2, G®), (G, G2, ), etc., are specified in each
Cartesian coordinate system. As before, the symbol {G*, G, G®} denotes
the collection of all such triples.

Definition 1-5*.2a. A contravariant vector is a collection {G*, G?, G®} of
ordered triples, one triple associated with each Cartesian system, the
elements of which satisfy the transformation law
1= e

or*
The triples (G*,-G?, G®) etc., are called the contravariant componentg of a
contravariant vector in the respective coordinate systems.

(1-5*.15a) G

It is also assumed that ordered triples of functions (G,, G,, Gj),
(G, Gy, G;) can be associated with the respective Cartesian systems.

Definition 1-5*.2b. A covariant vector®® is a collection {G,, G, G} of
ordered triples, one triple associated with each Cartesian system, the
elements of which satisfy the transformation law
_ap
) 2
The triples (Gy, G, Gy), etc., are called the covariant components of a
covariant vector in the respective coordinate systems.

(1-5*.15b) G,

The use of subscripts to denote covariant components is adhered to
throughout the text.
Since the laws of transformation of the coordinates are linear, that is,
Y =b/YF, Yt = B}Y’,
the sets of partial derivatives d Y//0Y* and 0 Y*/0Y’ are nothing more than
the sets of constant coefficients 4, and Bf, respectively. It should also
be noted that the orthogonal Cartesian rotations are included as a sub-

group of the more general group of transformations now under con-
sideration.

0 The terms contravariant, covariant, and invariant were introduced by the English
mathematician James Joseph Sylvester (1814-1897).
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The next two examples stipulate geometric interpretations of contra-
variant and covariant vectors and their components.

Example 1-5*.2a. Let G*, G%, G® be the components of a contravariant
vector in a Cartesian coordinate system Y?. Consider the form G’p;.
Transformation rules for the components G’ and the basis elements p,
have been formulated so that the form is invariant; that is, by employing
(1-5*.12) and (1-5*.15a) we obtain the relation

(1-5*.16a) G’p; = ¢/G*CHp, = §,°G"p, = G*py.
In particular, with respect to a rectangular Cartesian system X?, we have
(1-5*.16b) G'p; = G'y, = G.

Therefore in a Euclidean metric space referred to affine coordinates the
contravariant vector components can be interpreted as components of a
Cartesian vector. This means that a geometric representation by means
of an arrow (or family of arrows) is valid. We use this fact to find the
geometric significance of the contravariant components with respect to
a general Cartesian system. Suppose, for simplicity of geometric presenta-
tion, we consider a contravariant vector with components (G, G2, 0);
then

(1-5*.17a) G = G'p, + G%..

The basis n-tuples p, and p, are not necessarily of unit magnitude.
Therefore we replace (1-5*.17a) by

(1-5*.17b) G = G |pi| B1 + GIps| P2,

where ), and f, are of unit length.

The fact that G* |p,| and G2 |p,| are measures of the parallel projections
of the arrow representative of G on the Y* and Y? axes, respectively,
follows immediately from the parallelogram law of addition. (See Fig.
1-5*%.3a.) If the units of measurement along each axis are specified by
|p:| and |p,|, the components themselves, G* and G? represent parallel
projections onto the Y* and Y axes, respectively.

The preceding geometric interpretation of contravariant vector com-
ponents is not dependent on two dimensions in any way; we let G2 =0
for simplicity of pictorial representation.

#1 A basis of unit n-tuples py, fy, B, is called a physical basis. If we make the identifica-
tions g, = |p,| G*, g2 = |pa| G%, g5 = |Ps| G°, then g, g1, and g, are called physical
components of the vector G. These physical components are geometrically represented
by parallel projections on the coordinate axis and are often used in making physical
interpretations.
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Fig. 1-5*.3a

Example 1-5*.2b. Suppose that G,, Gi, G; are the components of a
covariant vector. As a consequence of the transformation rules for G;
and p’, we obtain the invariance of the form G,p’. The details are left to
the reader. With respect to a rectangular Cartesian coordinate system, X7,

s —
Gp' =GV =206, =G;

that is, the contravariant basis in the rectangular system does not differ
from the covariant basis. Therefore the components G’ are Cartesian
vector components.

The components of a covariant vector with respect to a general Cartesian
coordinate system are readily interpreted by the arrow representation of
the Cartesian vector G. Consider the form

G = Gjpjo
If we take a dot product of the relation with p,,

(1-5*.18) P G=Gp. P =G

1 ao
= Py S

Fig. 1-5*.3b
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In other words, the covariant components G, are measures of the orthog-
onal projections of the arrow representative of G onto the coordinate
axes when we measure in units of 1/|p,|, 1/|p| and 1/|ps|, respectively.

Geometric interpretations of contravariant and covariant vectors are
usually given in terms of projections on the covariant-basis arrows, since
the coordinate axes correspond to them in direction. However, a fully
analogous interpretation could be given with respect to the contravariant
basis by an interchange of the association of parallel and orthogonal
projections.

In a metric space (i.e., a space in which provision is made for measure-
ment of distance and angle) the concepts of contravariant vector and
covariant vector are not completely distinct.

A more detailed investigation of the relationship between contravariant
and covariant entities is facilitated by the introduction of a matrix of
numbers (h;). Later it will be found that .the set A, has profound geo-
metric significance.

Definition 1-5*.3. Let
(1-5*.19) hy = P;* P
The numbers h;;, are easily expressed in terms of transformation co-

efficients relating the Cartesian coordinate system Y’ to a rectangular
Cartesian system X7. If

X' =bY",
we have
3
hix =p; P = bty » by, = 04,b°by" = 21 blqbka
a=}
that is,
(1-5*.20a) by =2 b4

Either from (1-5*.10) or (1-5*.20a) we can observe that the set hy; is
symmetric. In other words,

(1-5*.20b) hy = hy,.

Example 1-5*.3. In Example 1-5*.1 the matrix of coefficients (b,
specifically

J3 1
s 4 °
1 3
bH= 5 \/ 0
0

2
0 1
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Therefore the matrix of A;; is

1 J/3
4 = 0
4
V3
(hy) = vy 1 0
0O o0 1

The numbers A;, provide the algebraic link between the covariant and
contravariant bases. The linear relation between the two is stipulated in
the next theorem.

Theorem 1-5*.6. We have
(1-5*.21) P, = AP

ProoF. According to (1-5*.14),

Pope=206/.

Multiplying and summing each side of this expression with h,; leads to
(1-5*.22a) hoi’ = P = by 8 = by = pg - P
or
(1-5*.22b) (he®’ — Do)« P = 0.

The set of Cartesian vectors p; is a linearly independent set. Therefore
not all three of p;, ps, ps can be perpendicular to the expression in paren-
theses. We must conclude that

hoi®’ — P, = 0.
This completes the proof.

By introducing a set of numbers inverse to the set 4; we obtain a com-
plete reciprocity.

Definition 1-5*.4. The numbers A’* satisfy the relation

(1-5*.23) W*h, = 6;.
Theorem 1-5*.7. We have
(1-5*.29) p* = h*p,.

ProoF. Multiply and sum both members of (1-5*.21) with 4*?; then
hsqpq = haahajp:i = 5,~‘p" _— pa_
This completes the proof.
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In a Euclidean metric space covariant and contravariant vectors are
not completely independent of one another. Every covariant vector gives
rise to a contravariant vector and conversely. Corresponding covariant
and contravariant vectors are equivalent to the same Cartesian vector.
Suppose that G?, G?, G® are the components of a contravariant vector.
Then

G = G'p;

represents a Cartesian vector referred to the covariant basis p;. The
reciprocal or contravariant basis p* can be introduced as indicated by
(1-5*.21). We then have

G = G'h,p*.
This relation points out that linear combinations, G’h;;, of the components
of the contravariant vector serve as components of a covariant vector.

We formalize this fact by denoting the combinations with the same symbol
G; thatis,

(1-5*.25a) G, = h,,G'.
Note that it does not matter whether we write Ay or A, since the set is
symmetric.

A process of multiplying and summing (1-5*.25a) along with the use
of (1-5*.23) produces the form

(1-5*.25b) G’ = WG,

From this form it is inferred that each covariant vector gives rise to a
contravariant vector. In the terminology usually employed in tensor
analysis the components A; and A* are said to lower and raise indices,
respectively. The precise meaning of this terminology, for example, with
respect to (1-5*.25a), is that linear combinations of the contravariant
components G’ are replaced by the covariant symbols G; and that the
coeflicients of the linear combinations are the 4.
A Cartesian vector G can be written in either of the forms

G =Gp; = Gp.
It is this fact that initiated the statement that covariant and contravariant
vectors are not entirelyindependent. This statement actually has meaning,
not only with respect to a Euclidean metric space but whenever a metric is
introduced into a space and the algebraic manipulations of raising and
lowering indices by means of a set of numbers resulting from that metric
are possible.

Example 1-5*.4. The identity of covariant and contravariant bases, t;
and ¢, with respect to a rectangular Cartesian coordinate system, has
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already been pointed out. This fact can be symbolically expressed by
writing

= ;.
Therefore we have
G = Gy = G §,0F = GpiF,
where
G, = 6,G' = G~
In other words, the covariant and contravariant components do not differ
in a rectangular Cartesian system.

Let us turn our attention to the sets of numbers (h,;) and (h%). These
matrices have played a part in our previous considerations. The following
development points up their fundamental importance.

Theorem 1-5*.8a. With respect to transformations (1-5*.10a,b), the
numbers hy;, transform according to the law

(1-5*.26) by = C2Ch,,.

The proof, which follows from the definition of h; and (1-5*.12a), is
left to the reader.

Theorem 1-5*.8b. With respect to transformations (1-5*.10a), the
Kronecker delta, d;%, transforms according to the law

(1-5*.27) 8F = CPct 5

ProoF. Because of the inverse relation of the sets of transformation
coefficients, the expression is merely an identity.

Theorem 1-5*.9. With respect to the transformations in (1-5*.10a), the
numbers A’* transform according to the law

(1-5*.28) HE = ¢ e b
ProoF. By definition we have
hpi? = 8,7,
By using (1-5*.26) and (1-5*.27) this relation can be put in the form
(1-5*.29a) CACTh W? = Cle,? 8,
If (1-5*.29a) is multiplied with ¢,* and summed,

Cf 8, hoJi® = 6,%¢,” 8!
or

(1-5*.29b) Ctho i = 8¢,
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Multiplying with 4°* and summing leads to

(1-5*.29¢) C/h'? = h¥%c 2.

Application of the coefficients ¢,? produces the result
he? = ¢ ek,

This completes the proof.

Now that the transformation rules satisfied by the numbers h;; and h¥*
have been specified, we turn to the role that they play in describing the
basic structure of the space.

Theorem 1-5*.10. The square of the magnitude of a Cartesian vector
G is represented by any of the forms

(1-5*.30) G: G = h;G'G* = W*G,G, = G,G".
The proof is left to the reader.

Theorem 1-5*.11. The cosine of the angle 6, determined by the positive
senses of two Cartesian vectors V and W, is represented by any of the
forms

V-W_ haV'W  R*YW, VW,
JYevywew v |wl IviIwl vl [w]

The proof is left to the reader.

(1-5*.31) cos O =

The matrices (h;;) and (h’®) are instrumental in expressing the metric
concepts of magnitude and angle. When considerations of non-Euclidean
spaces are made, the metric ideas are defined in terms of these matrices.
They provide the first examples of tensors of the second order.

Definition 1-5*.5a. The collection {h;}, the elements of which satisfy
the transformation law (1-5*.26), is called the fundamental metric tensor
with respect to the centered affine group. It is said to be of covariant
order 2.

Definition 1-5*.5b. The collection {#’*}, the elements of which satisfy
the transformation law (1-5*.28), is called the associated metric tensor with
respect to the centered affine group. It is said to be a tensor of contra-
variant order 2.

Definition 1-5*.5c. The collection {6,*}, the elements of which satisfy
the transformation law (1-5*.27), is called a mixed tensor, with respect
to the centered affine group, of contravariant order 1 and of covariant
order 1.
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Definitions 1-5*.5a,b,c serve as a model for the general tensor defini-
tion. Although it is not the present purpose to pursue the idea in any
greater depth, the general definition is presented for completeness.

It is assumed that the Cartesian coordinates ¥’ and %’ are related by
means of the transformation equations

yﬁ' = ijgk.

Furthermore, suppose that a set of numbers, T5:..:%¢, T%1.: 2, respectively,

is associated with each Cartesian coordinate system.

Definition 1-5*.6. The collection {T%:::%d}, the elements of which
satisfy the transformation law
(1-5%.32) Thio ke = ck1 o chga CpTr e

is said to be a mixed tensor with respect to the centered affine group of
contravariant order q and covariant order p.

Problems

1. Prove (b) of (1-5*.12).
2. Suppose that a Cartesian vector G is represented in terms of the basis p; and
p; of Example 1-5*.1. Show that |G| = 1if G* =2 and G? = 0.
3. (a) Show that the set of n-tuples p, ps, 3 is linearly independent.
(b) Show that the set of a-tuples p!, p?, p® is linearly independent.
4. (a) Construct a matrix of coefficients (B;*) such that B =1 but the
transformation is not rectangular Cartesian.
(b) Find (b;%) and b with respect to the matrix of (a).
5. (a) Suppose that the X’ coordinates are rectangular Cartesian and that
the Y’ coordinates corresponded to a general Cartesian system.
(See the accompanying diagram.) Let Y3 = X3, thereby reducing
the problem to one in two dimensions. Show that if p,, p,, and p; are
of unit length

Xl = Ylcosa + YZ2cos B,
X% = Ylsina + Y2sin 8,
X3 =173
where « is measured counterclockwise from X! to Y2, whereas B is

measured counterclockwise from X1to Y2
Hint: Start with X7 = b,7Y* and also use p; = Bj*y.
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2 y2

X
I
I
l
|
|
l
|
|
!

(b) Show that the transformation equations inverse to those of (a) are
X1sin B — X2cos B

1,

Y G

rio —X1sin o + X2cos «
e -0

Y® = X

(c) Write out the equations in (a) and (b) if « = /6, B ==/3.
(d) If « and B are given as in (a), write out the expressions for p;, p; and
p, p?in terms of v, 1, 1.

6. Let X7 represent rectangular Cartesian coordinates. Suppose that
Xl= —V3rl 4 ve
Xz — Yl — Yz’
X3 =173
(2) Show that b = V3 — 1

(b) Show that _
Y= — (l +2\/3)X1 _ (l +\/3)X2,

2
14+V3 3+V3
re - (H)e- ()
YS = X%
(c) Show that B = 1/(V3 — 1), hence Bb = 1.
(d) Show that p; = —V31, + 1,
Pe=14h — U
P3s = 3.

7. What form does the formula for the distance between two points take in the
Cartesian system Y7 of Problem 5?

8. (a) Show that the set of rectangular Cartesian rotations form a group.
(b) Is the set of all translations a group?
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9. Show that
3 aXP aXP

& b = 2 57 77
) 3 9Y’ oYk
ik = —

(b) B =3

© hik = pki,

10. Suppose that the X7 coordinates are rectangular Cartesian and that they are
related to general Cartesian coordinates Y7 by means of the transforma-
tion equations

Xt=2Yy1, X?2=3Y% X%=4Y3
Determine
(a) whether py, p,, p3 are of unit length,
(b) expressions for p!, p?, p®in terms of y, t,, 13,
(c) the metric tensor components (),
(d) the components (h).

11. Determine general expressions for the magnitude of a vector A in the coor-
dinate systems of Problems 5 and 6.

12. Show that 474, is a scalar with respect to the centered affine group.

13. With respect to transformations (1-5*.9a), show that

(@) G* = Bj*G’. Hint: Start with (1-5*.15b).
(b) k' = B, BFh™.

6. § Systems and Determinants

Besides vector addition and the inner product there is one other binary
operation that is a significant part of the algebraic structure of vector
analysis—the vector product or cross product. Development of its
fundamental properties is facilitated by using certain notational devices
and by a firm understanding of determinant theory. Therefore this section
is devoted to the introduction of these underlying notions.

The major notational innovation, the so-called & systems, or indicators,
is introduced in the following definition.

Definition 1-6.1.32

1 even,
(1-6.1) E¥* =28, ={—1 ifi,j, kisan { odd permutation of 1, 2, 3,
0 otherwise.

%2 The use of two symbols Ei* and &« to represent the same set of numbers has no
significance at this point other than, perhaps, facilitating the use of the summation
notation. In Section 7* it is shown that E** and &* are not equal, and therefore use
of two symbols avoids an inconsistency.
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The term otherwise refers to a repetition of a number. For those not
familiar with the terminology of the definition, the following example may
be of some help.

Example 1-6.1. Consider the set of numbers 1,2,3. These three
numbers, used without repetition, may be arranged in six ways:

,2,3 2,31 3,12
2,1,3 1,32 321

Any of the first three arrangements can be put in the order of 1, 2, 3 by an
even number of interchanges of adjacent elements. Hence these are called
the even permutations of 1, 2, 3. The last three combinations, which can
be put in the order 1, 2, 3 by an odd number of adjacent interchanges, are
called odd permutations of 1, 2, 3. Since the triple of symbols i, j, k& can
be freely replaced by the numbers 1, 2, 3, it is also the case that a combina-
tion involving repetition, such as 1, 1, 3, might appear. The expression
otherwise refers to this situation. In particular,

81a3 = Bpg1 = &35 = 1

a1 = 130 = 839y = —1,
whereas all other symbols have the value zero. An important property
of the & systems, and one that makes them especially valuable for deter-

minant representation, is that of skew symmetry in any adjacent pair of
indices. This is the property illustrated by

8ﬁk = "gmc-
Corresponding remarks can be made with respect to the system E*,
which is introduced in order to facilitate use of the summation notation.

The purpose of a different kernel letter (i.e., E instead of &) is discussed in

Section 7*.
If one of the indices in (1-6.1) is suppressed, we define in an analogous

way

1 1,2,
(1-6.2) E* = &, = —1 ifj, krepresents { 2, 1,
0 otherwise.

This simplified version is employed in an example illustrating the usage of
indicators in determinant representation.

Example 1-6.2. Consider the second-order determinant

al a’
1

k| — e 1l 8 2. i1
la)| = L | = ara —alay.
ay Gy
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This determinant can be represented by either of the forms
(@) a = |af| = §,a/at,

(1-6.3) _

(b) a = E*aja?
The validity of the statement can be verified by writing out the right-hand
members of the equations. Furthermore, we can write

@ &a= gikawjaak’

(1-6.4) .
(b) E™a = E*a/ra’.

If p=1, g =2, then the factor &, =1 is not detectable and (1-6.4a)
reduces to the form (1-6.3a). If p = 2, ¢ = 1, the left member of (1-6.4a)
contains the factor &, = —1. However, the right-hand member of the
equation is expressed in a way that corresponds to the interchange of two
rows; that is, a change of sign is introduced in the right-hand member
also. Similar remarks can be made about the relation (1-6.4b).

It is interesting to note that the determinant® concept played an out-
standing role in the mathematics of the eighteenth and nineteenth cen-
turies. The names of many famous mathematicians appear in a historical
development of the theory. Leibniz (1646-1716, German), who originated
the concept, Cramer (1704-1752, Swiss), and Bezout (1730-1783, French)
set forth rules for solving simultaneous linear equations which touched on
the determinant idea. Improved notations and certain useful identities
were introduced by Vandermonde (1735-1796, French) and Lagrange.
The structure of determinant theory was completed by the detailed work
of Jacobi (1804-1851, German), Cayley,3* Sylvester, and others. Felix
Klein® credits Cayley with having said that if he had fifteen lectures to
devote to mathematics he would devote one of them to determinants.
Klein’s own opinion of the place of determinant theory in the field of
mathematics was not so high, but he did feel that they were vital in general
considerations and as a part of the theory of invariants.

The popularity of tensor algebra, brought about by the advent of
relativity theory, put in the foreground a notation that in many ways made
trivial the great body of theory that had been developed. This notation,
which includes the concepts of summation convention and & systems, is
used in order to put at our disposal the fundamental facts of determinant
theory.

3 The name is due to Cauchy.

3 The symbolizing of a determinant by a square array with bars about it is the
handiwork of Cayley.

3 Klein, op. cit., p. 143.
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Note that the & systems are nicely designed to fit the definition of a
determinant. If the order of |a}| is p, then we expect its expansion to be a
sum of p! terms, each a product of p factors. Exactly one element from
each row and one element from each column should appear as a factor
in every term. For example, if the superscripts are kept in the order
1---p, then each term involving an even permutation of 1 -+ p with
respect to the subscripts is prefixed with a plus sign. If there is an odd
permutation, a minus sign is appended.

It is clear from the mode of presentation of these notes that some
familiarity with the determinant concept has been assumed. However,
if the reader has had no previous experience with determinants, the follow-
ing formal definition can serve as a starting point. For simplicity we
restrict ourselves to third-order determinants. However, the transition
to the general theory can pretty much be made by replacing 3 by p.

Definition 1-6.2. A determinant of order 3 is a three-by-three array of
elements.

a' al? a’
(1-6.5) lafl =|a a® a®|,
ag' agl a®
with which a numerical value a is associated.
The subscripts indicate row and the superscripts indicate column. The
numerical value a is obtained as follows:

(1-6.6) Sipna = & ,0.7afa;".
Example 1-6.3. The third-order determinant (1-6.5) has the value
(1-6.7a)
81230 = a = 8,530,'a,%a5° + E3,a,%a,%a;"
+ 83100,%a5'as? + 8530,%a5'a5°
+ 81300,'a,%a,% + 83p1a,%a,%a51;
that is

(1-6.7b) a = a,'a,’as® + a’abas! + afa,las?
27 1,43 34 2 2, 1
— (a%aj'as® + a)'a’as? + aar’ay’).

The student who is unfamiliar with the determinant concept will profit
by letting i, j, k = 2, 1, 3 and then writing out (1-6.6).

The determinant representation (1-6.6) is by no means unique. A
second representation in terms of E** is introduced by the following
theorem.
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Theorem 1-6.1. A third-order determinant |a}| has the numerical
representation
(1-6.8) E¥%q = E"q 'qjak.

Proor. The order of superscripts i, j, k in (1-6.8) represents a chosen
column arrangement. To ascertain the equivalence of (1-6.8) and (1-6.6),
we can write out (1-6.6), as in Example 1-6.3, and then permute the factors
of each term until the column indices are in the order i, j, k. Corresponding
permutations of subscripts occur simultaneously. Examination reveals
that the form (1-6.8) has been obtained.

Some of the simpler properties of determinants are implicit in the
notational representation. These properties are stated in the following
theorem.

Theorem 1-6.2.

(1-6.92) If all of the elements of any row (or column) of a determinant
are zero, the value of the determinant is zero.

(1-6.9b) If all of the elements of a given row (or column) are multiplied
by the same factor, then the value of the new determinant is that
of the original multiplied by this factor.

(1-6.9c) An even number of interchanges of rows (or columns) of a
determinant produces a new determinant whose value is the
same as that of the original. If an odd number of inter-changes
of rows (or columns) is made, the value of the resulting deter-
minant differs from the original by a factor (—1).

(1-6.9d) If multiples of the elements of any row (column) are added to
corresponding elements of another row (column), the new
determinant has the same value as the original.

Proor. (1-6.9a) is an immediate consequence of the fact that every
term of the determinant expansion [see (1-6.6)] contains an element from
each column and each row.

(1-6.9b) follows from the fact that exactly one element from each row
and each column appears in each term of the expansion.

To prove (1-6.9c) for columns, consider (1-6.8). Interchange of columns
corresponds to interchange of the superscripts i, j, k. The & system is
such that under an even permutation of i, j, k the sign remains the same,
whereas with respect to an odd permutation it changes. Since the value
of the determinant is represented by E'*q, the proof is complete. A
corresponding proof for rows follows from (1-6.6).

Proofs of (1-6.9b,c) are left to the reader. To prove (1-6.9d) with respect
to rows, consider (1-6.6). We have

— r
Sipa = & 0,70 a,”.
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Suppose that a multiple, Ba,?, of the jth row were added to the ith row;
the form corresponding to the right-hand side of (1-6.6) is then

8s0r@” + Ba)aja,
80rt’afa + BEyg,a7a e
Because of the skew symmetry of the & system in p, g, the term
(1-6.10) 8,70, = 0.
(See Problem 1, Section 6.) This completes the proof.
The & systems when subjected to summation and multiplication with

one another have some interesting and useful properties. They are
presented in the following theorem.

Theorem 1-6.3. & systems of order 3 satisfy the properties
(@) B8, = 20037,
(1-6.11) (b) E'*E,,, =26}
© Emauk = 3!
where by definition
6%’:1 = 3(6,' 8 — 9,* 4,)).
(See Problem 1, Section 3.)
Proor. All three proofs can be made by examining the validity of the

equalities for the various possible values of the indices. For example, to
prove (1-6.11a), we can write out the left- and right-hand sides as follows:

(a) Ei!kgiw — El!kglw + Ez!kgzm + Eaikgsm.

(1-6.12)
(b) 28U =59 8} — 557,

In both (1-6.12a,b) j, kK must be a distinct pair of numbers chosen from
1, 2, 3, otherwise the expressions will have the value zero. The same
statement holds for the pair p, 4. Furthermore, the pairs j, k and p, g must
take on the same numbers, but not necessarily in the same order, or again
both (1-6.12a,b) will have the value zero. To illustrate a nonzero evalua-
tion of expressions (1-6.12a,b) let

j=l, k=2, P=2, q=1.
Then
E%g, = —1.
2004 = —1.
The proof can be completed by considering the other possible choices of
number pairs.
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The properties of the & systems stated in the last theorem facilitate
consideration of determinant multiplication. A determinant whose
elements are constants has a specific numerical value. Of course, there is
no problem involved in multiplying two such numerical values together.
Therefore the task before us is that of finding a third determinant whose
numerical value is the same as the product of numerical values of two
given determinants. This third determinant arises from the first two by a
process that involves both multiplication and summation. We arbitrarily
designate the operation by the name multiplication. There is no claim that
this operation, introduced by the next theorem, is unique. In fact, we
shall subsequently find that it is not.

Theorem 1-6.4. Let |a/| and |b/%| be given determinants of order 3.
A determinant |c*| whose elements arise from those of |a*| and || by
means of

(1-6.13a) ¢/ =alb/
has the numerical value
(1-6.13b) ¢ = ab.
PrRoOF. According to the relations in (1-6.8) and (1-6.6), we have
a) E“qfafa’ = aE®,
Gty Eb; Sd,,b,,"b:'b’:’ = b .
Formation of the sum of the products in (1-6.14a,b) results in
(1-6.14c) E**§,,(a;*b,%)(a; b, )(a,™d,”) = ab3!
When the identification (1-6.13a) is used, (1-6.14c) takes the form
(1-6.14d) E"(8 4,,c8¢5c,”) = ab3!
According to (1-6.6), this relation is equivalent to
E*g,.c = ab3!

Therefore employment of (1-6.11c) produces the result (1-6.13b), as was
to be shown,

Definition 1-6.3. A determinant |c;*| whose elements arise from those
of |a/f| and |b%| by means of the rules (1-6.13a) is called the product
determinant of the determinants |a,*| and |b,*|.
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Example 1-6.4. Determinant multiplication is characterized according
to (1-6.13a) by a row-by-column multiplication.

1 3 5([-2 5 4 6 31 18
(1-6.15a) 2 41 1 2 3= 1 22 21
312 1 41 -3 25 17

The reader can evaluate these determinants and observe that the numerical
values satisfy the relation
ab = c.

The numerical values are just real numbers, hence they commute; that is,
ba = c.

However, it is of some interest to note that the product |5| |a;*| does not
produce the same square array as |a;*| |6,%|. In particular,

-2 5 41 3 5 20 18 3
(1-6.15b) 1 2 3/|2 4 1|=|14 14 13
1 4 1({3 1 2 12 20 11

Of course, the numerical value of the right member of (1-6.15b) is the
same as that of the right-hand member of (1-6.15a). This noncommutative
aspect of determinant multiplication will come to our attention again in
Section 8 where matrix theory is discussed.

We have consistently emphasized the transformation concept that
underlies many aspects of vector and tensor analysis. We shall consider
the behavior of the systems &, with respect to the orthogonal Cartesian
group. Similar considerations can be made for the systems E“*; however,
they will be deferred until Section 7*, since there are no distinctions between
the contravariant and covariant forms in rectangular Cartesian systems.
(See Section 5*.)

We assume the existence of sets of numbers &5, &, etc., in corre-
sponding rectangular Cartesian systems X7, X7, etc. Each set is defined
by (1-6.1). The following theorem establishes the way in which two such
sets are related when the coordinate relation is

X' = a) X",
Theorem 1-6.5. We have

(1-6.16) 8ip = aAPAA Sy,  a= 1.
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PrOOF. On the right-hand side of (1-6.16) we have

adPASAE g, = aAgia'k = Eiik;

that is, the relation (1-6.16) is simply an identity. This completes the
proof.

The determinants 4 and a both have the value 1, so that the inclusion
of the symbol a in relation (1-6.16) might be questioned. The purpose of
carrying the symbol is to provide consistency with those considerations
involving a transformation group of more generality than the orthogonal
Cartesian group and to identify properly the nature of the & systems.

Definition 1-6.4. The class of & systems {§,,}, the elements of which
satisfy the transformation rule (1-6.16), is said to be a covariant tensor
density of order 3 and weight +1 with respect to the rectangular Cartesian
group of transformations.

In one or two spots before this point in the book the concept of a co-
factor of an element in a determinant has been used in numerical calcula-
tions. The foundation of determinant theory set forth in this section
makes it possible to formulate algebraically the cofactor concept.

Definition 1-6.5. The cofactor D, of d,’ in the determinant |d,f| is
given by
(1-6.17) Eppe D" = 8. d,7 djf.

Example 1-6.5a. Consider the expression (1-6.17) Suppose we were
interested in the cofactor of d,3. The indices p, ¢, and i are free and
therefore may be chosen. In order to obtain Dg?, pick i = 3, p = 3, and
q = 1. The relation (1-6.17) reduces to

om Dg® = 8315 dy? dh® + 85 ds? dy,
or, upon evaluating the & symbols,
D% = 4! d2 — dg? dl.

Example 1-6.5b. Consider the set of simultaneous linear homogeneous
equations

(1-6.18) dFxt=0.

This set of equations has the trivial solution (0, 0, 0). If |d*| ¢ 0, the
trivial solution is unique. If |df| = 0, then, in general, the equations have
nontrivial solutions. In particular, they are satisfied by D!, D%, D3, that
is, the cofactors of the elements dy’, d,’, and d;‘ of any column. (See
Section 2.) The veracity of this remark can be demonstrated as follows.
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By multiplying and summing (1-6.17) with E*??, we have
D = yE?E,;, dj dF.
The cofactors D, can be put in place of the X* in the left side of (1-6.18)

dzk D," _— %dg"E‘W&js dpj dqt
= $8ys(E'?? d* dp7 dy").
Since the parenthetic expression represents the value of the determinant,

and that has been assumed to be zero, it follows that the cofactors satisfy
the system of equations.

Example 1-6.6. Under certain linear transformations of coordinates
the components P’ of a vector remain fixed or change at most by a common
factor of proportionality. The algebraic conditions that specify this
behavior are

(1-6.19a) ApP = ¢ fp*.

The values of 4 which satisfy this relation are commonly called eigenvalues
of ¢;’ and the corresponding vectors P are called eigenvectors.
In order to find the values of A which satisfy (1-6.19a), we rewrite the
set in the form
A6,}P* = ¢, P*
or
(1-6.19b) (c¥ — A6 /)Pk = 0.

As indicated in the discussion of Example 1-6.5b, this system of equations
has nontrivial solutions (P!, P% P3) if and only if

(1-6.19¢) le)f — 18,7] = 0.

Let us proceed under the assumption that the determinant is zero. Then
it can be written in the form

(1-6.19d) &, E™(c,i — 28,%)(c,’ — Ab)(c,t — AdF) = 0.

By expanding this equation by multiplying out the parenthetic expressions
and using the multiplicative properties of the & systems, we obtain the
third-order equation in 4.

(1-6.19¢) B—cti2+clcth—c=0,

where as previously indicated the brackets imply c¢,c,! = }(cc,t — c,’c,?).
This is called the characteristic equation. The eigenvector P? corresponding
to the eigenvalues A obtained from this equation can be specified as co-
factors in the determinant (1-6.19c), since such cofactors satisfy the set
(1-6.19b).
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Problems

1. Prove (1-6.10). Hint: Show that the expression is equal to its negative by
using the facts that p, ¢ are dummy indices and skew symmetric on
Spar; thatis, &p0r = —8&gpre

2. Complete the proof of Theorem 1-6.2.

. Complete the proof of Theorem 1-6.3.

4. (a) Suppose that §,;;,, were defined in analogy to (1-6.1). How many

nonzero components does the symbol possess? (i, j, k, p taken from
the set 1, 2, 3, 4.)
(b) What can be said if i, j, k, p take values from the set 1,2,3?
5. By writing out the summations involved, show that

(7]

Ei* = §97 gkag, |

6. Show that the following representation is valid for a third-order determinant

la;*:
1 o
a= 31 SiinEPata’a,”.
7. Show that a skew symmetric (a;* = —a,?) determinant of order 3 has the
value zero.

8. Generalize the representations (1-6.6) and (1-6.8) to determinants of order p.

9. (a) How can the representation in Problem 6 be generalized to higher
order determinants ?
(b) Can Problem 7 be generalized ?

10.  (a) Multiply the determinants

1 3 =2/|12 1 5

(b) Give a simple example showing that determinant multiplication is not
commutative, that is, that the array arising from la;¥| 1b2| is in
general different from the one produced by |%| |a;?|. (The resulting
numerical values are the same, of course.)

11. Explain why b;*B,? = 6,7 implies bB = 1.
12. Start with the cofactor representation

Erpa Di" = 8 dpj qu-

Show how multiplication and summation of the relation with d,? and
Et™ ]eads to

diDt=5¢d.
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7. The Cross Product

Again consider the introductory relation (1-5.1a), which is
PQ = > PQ%y,.
ik

In Section S5 the binary relation, inner multiplication, was defined for
vectors P and Q. Now we introduce an operation called the cross product
of P and Q. The mode of introduction follows the path indicated by
Grassman’s work in that we begin with algebraic statements. It can also
be said that the delineation of ideas is not too far removed from the order
used by Hamilton, for his development of quaternions (from which the
theory of the cross product can be extracted) started with a search for
meanings to be associated with the “product” of two directed line segments.
He then set forth algebraic properties, geometric meanings, and physical
interpretations in that order.
A meaning is given to (1-5.1) in the following definition.

Definition 1-7.1. A binary relation between vectors P and Q, called the
cross product of P and Q, is denoted by

3
(1-7.1) P x Q = 31,6,,PQ"
r=1

By writing out the right-hand side of (1-7.1), we have
(1-7.2a)

P x Q = (P*Q® — P°Q%, + (P°Q" — P'Q%, + (P1Q* — P2Q",.
The relation (1-7.2a) is easily remembered when expressed in the symbolic
determinant form:

L L L
(1-7.2b) PxQ=|P' P* P?

o' ¢* ¢°
The determinant is said to be symbolic because one row contains vectors,
and therefore a numerical value cannot be associated with it. Itis interest-
ing to note that we can expand the symbolic expression (1-7.2b) around
any row or column just as it is possible to do to an ordinary determinant.
The meaning of various other determinant operations is not clear. For
example, although interchange of the second and third rows is intuitively

useful (see 1-7.4a), an interchange of the first and second rows produces a
state of confusion.36

% It is not implied that meanings cannot be given to ordinary determinant operations
for this symbolic determinant but only that such meanings do not already exist.
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From either this form or its expansion (1-7.2a) we can determine the
following table of cross products of the unit arrows.

L ) L3
(1'7.3) ll 0 13 - |.2
L[ —1 0 u

The table should be read from the left-hand column to the top row. For
example, 1, X 13 = ;. '

Example 1-7.1. Let P = 21, + 31, Q =y + Sty; then

Y L Yy
PxQ=|2 3 0{=",
1 50

Example 1-7.2. Let P = 8Q; then

4y lg (7Y
PxQ=|pQ" Q' pQ°*|=0.
Ql QB Q3

Hence, whenever P and Q are parallel, the cross product has the value
zero. Assuming that neither P nor Q is the zero vector, we can show that
the converse also holds by writing out the determinant in the form
(1-7.2a) and by making use of the linear independence of i, 12, and t,.

The next objective is to determine the fundamental algebraic properties
the cross product satisfies and those it does not.

Theorem 1-7.1a. The cross product is
(1-7.4a) (Anticommutative) PxQ=-QxP
(1-7.4b) (Distributive) Px(Q+R=PxQ+PxR.
(1-7.4c) (Real number associative) (P x Q) = («P) x Q =P x aQ.

ProoF. Relation (1-7.4a) is an immediate consequence of the skew
symmetry exhibited by the § symbol in (1-7.1) or the parenthetic expres-
sions in (1-7.2a). Relations (1-7.4b,c) can be proved by straightforward
computation starting with either (1-7.1) or (1-7.2a). The details are left to
the reader.
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Theorem 1-7.1b. (Closure). If P and Q are Cartesian vectors, the
components of P x Q transform as vector components with respect to
the orthogonal Cartesian group of transformations.

Proor. Consider the equation of rotational transformation,

Y= akJ'A_/I.',,
and recall that
rsl 8
We have
grstPaQt = (grstal,akt)Pij'
If we employ the representation for cofactor as expressed in Definition
1-6.5, the right-hand side of the expression will take the form

ad,’8 ;P Q"

Since @ = 1 and 4,° = a,", we have
3 - A
(1-7.5a) 8, P°Q' =Y a8, PO~
=1

The correspondence of the form (1-7.5a) with the appropriate transforma-
tion law becomes visually clearer if T, and T; are used to replace §,,,P*Q*
and §,;, P’ Q*, respectively. We have

3
(1-7.5b) T,=Xa/T.
i=1
Consideration of the proof for the group of translations is left to the
reader. Although this completes the proof, the following pair of remarks
may be helpful.

1. The coefficients of transformation A4,* are cofactors of the elements
a;" in the determinant of the small a’s only because a = 1. More generally,
the cofactors are designated by a4,®. This remark not only clarifies that
step in the proof involving cofactors but also points out the interesting
observation that the components of the cross product satisfy the law of
transformation for vector components only because of the special trans-
formation group under consideration.

2. The replacements

Tr=T, =T,

enable us to put (1-7.5b) in the nicer notational form
(1-7.5¢) T = a,/T'.
Theorem 1-7.1c. The cross product is not associative in general; that is,

Px(QxR)# (P xQ)xR.
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PrROOF. In order to show that a property does not hold in general, all
we need to do is give a contradictory example. Therefore let

P=y,, Q=y, and R =1,
Then

Px(QxXR) =1 % (1; X1,) = —1,,
whereas

PxQxR=ELxux,L,=0x1,,=0.

This completes the proof.

The existence of an identity element, X, such that A x X = A for any
A must be ruled out. (See Problem 1 at the end of the section.) Since
there is no identity element, the possibility of an inverse is negated.

Our consideration of the geometric properties of the cross product
really begins with Problem 18 of Section 5. The perpendicularity con-
ditions

(1-7.6a) P.C = PIC* + P:C*+ P3C3 =0,

Q-C = QIC'+ Q2Ct + Q3C* =0,
are satisfied by
(1-7.6b)
P2 P3 P3 Pl Pl P2
Q' ¢ Qo ¢ o' ¢*
where y is any real number. As an aid to clearly relating this problem to

the cross product, note that the determinant of the components of v, t,,
t3 has the value

C1=‘y 2 Cz='}’ H C3='y ’

1 00
01 0(=1>0,
0 01

whereas that of ,, t,, —t;is

1 0 0
0 1 0|=-1<0.
0 0 -1

The following definition is consistent with our previous statements con-
cerning right- and left-hand coordinate systems, Furthermore, it includes
the foregoing introductory illustration.
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Definition 1-7.2. Suppose P, Q, R are linearly independent vectors. If
pt p* p?
(1-7.7) &aPQ'R = (0" 0 0°|>0,
R* R® R®
the vectors P, Q, R, in that order, are said to form a right-hand system.

If the value of the determinant is less than zero, the vectors in the given
order determine a left-hand system.

Theorem 1-7.2. The sign of the determinant of the vectors P, Q, C, in
that order, of Problem 18, Section 5, is the same as the sign of the factor y.

Proor. In order to facilitate the use of the summation notation, let
PT=P, 0°= Q, Then
&P inCk = &P in?’EkrsP Qs
hat i = ?’2 BEZS]PiQiPTQs = y[(PTPr)(Qst) - (Pst)(PrQr)];
that is g

8 PIQIC* = y [P|2]Q2 (I — cos? §) = ¥ |P|? |Q|2 sin2 6,

where 0 is the angle determined by P and Q, 0 < 6 < =. Since y clearly
determines the sign of the right-hand member of the foregoing expression,
the proof is complete.

When y = 1, the components (1-7.6b) become precisely those of the
cross product. Therefore, as a consequence of the preceding definition
and theorem, it follows that P, Q and P x Q, in that order, form a right-
hand system. Furthermore, P x Q is perpendicular to both P and Q.
The definition (1-7.1) of the cross product does not demand that P and Q
be linearly independent. If P and Q are proportional, then P x Q = 0,
as illustrated in Example 1-7.2. If P = 0 or Q = 0, it is easily seen that
againP x Q = 0.

Our considerations are restricted to right-handed rectangular Cartesian
coordinate systems; therefore a = 1. The vector character of the cross
product with respect to the transformation group relating these systems
carries with it the implication that the geometric interpretation of the
cross product does not depend on a particular one of the coordinate
frames. This fact is helpful in associating a geometric meaning with the
magnitude of the cross product. To this purpose, let a coordinate system
X’ be chosen such that the linearly independent vectors P and Q have
components (P2, 0, 0), (Q%, Q% 0), respectively.

Theorem 1-7.3. The magnitude of the cross product is
(WRTTUYO BE FiSiB4 Q| = |P| |Q| sin 6,
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XS

\PXQ

X 1
Fig. 1-7.1

where 0 is the angle determined by the positive senses of P and Q such
that 0 < 6 < =. (See Fig. 1-7.1.)
PrOOF. According to (1-7.2b),

L L 4
(1-7.9a) PxQ=|P' 0 0|= P04,
Q' 0* 0

From examination of Fig. 1-7.1, we observe that |Q?% = |Q| sin 6. There-
fore

(1-7.96) [P x Q| = [(P x Q)+ (P x Q)] = [P'Q* = |P||Q] sin 6.

This completes the proof.

Theorem 1-7.3 points toward the natural association of the cross product
with a plane area, in particular, the parallelogram area determined by the
vectors P and Q. In order to correlate this result with the preceding facts
concerning the cross product, we simply abstract the plane area number
|P|-|Q| sin 6 and reinterpret it as the length of a vector perpendicular to
P and Q. Then

(1-7.10) [P x Q =|P| |Qlsinfm,|




102 THE ALGEBRA OF VECTORS

where n is a unit vector perpendicular to P and Q and chosen so that
P, Q, n, in that order, determine a right-hand system. In most texts
(1-7.10) is used as the definition of the cross product.

The geometric interpretation of the magnitude of P x Q as a plane
area points toward meanings not yet expressed. These remaining thoughts
have both mathematical and physical significance.

From the mathematical viewpoint, the components

(1-7.11a) 2PUQH = Pigk — PEQi

of the cross product determine a system of the second order. In general,
the number of components of such a system in three-space is nine. The
skew symmetry of the set (1-7.11a) implies that only six of these components
are nonzero and that these six can be paired off according to the arrange-
ment

P[1Q2] = —P[2Q1], P[2Q3] — —P[SQ2], P[1Q3] —_ '—P[3Q1].

In other words, the system of components is specified completely by an
appropriate choice of three components. Thus the system can be associated
with a vector by means of the identification

(1-7.11b) C; = &P 0 .

As we have seen, it is this vector that is called the cross product of P and
Q. It should be noted that the identification (1-7.11b) has no analogue
outside three-space. For example, in two-space we might consider identi-
fying 2PU Q¥ by the relation

(1-7.11c) 8,P'Q’,

but this expression produces only a single component, not the pair of
components needed to determine a two-space vector.

From the physical point of view the cross product is used to represent
entities associated with rotational motion. A simple illustration is given by
the next example.

Example 1-7.3. Suppose that F is a force applied to a body at a point P.
The vector moment of the force related to another point O is defined by

(1-7.12) M=rxF.

(See Fig. 1-7.2.) The moment of force is then a measure of the rotational
effect of F in the plane of r and F. The magnitude of this effect is geo-
metrically expressed by the area of the parallelogram of r and F. The

sense of rotation is determined by the orientation with which F endows
the parallelogram. Therefore

M=rx(—-F)=Fxr
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represents a moment of the same magnitude as M but with the opposite

rotation sense. The relationship between M and M represents a combined
geometric and physical interpretation of the anticommutative property of
the cross product. (For further remarks see the problem section.)

Physicists have distinguished vectors (i.e., the cross product) associated
with plane areas by calling them axial vectors, while using the term polar
vector for our ordinary free vector.

There are two important algebraic expressions that involve inter-
relationships in some fashion between the dot and cross products. The
first of these, the so-called triple scalar product, P - Q x R, is examined
in the next theorem.

Theorem 1-7.4. The triple scalar product P - Q x R (for rectangular
Cartesian systems) is represented by

Pt p* Pp?
(1-7.13a) P-QxR=|Q' 0* Q°|,
R' R* R®

or

(1-7.13b) [P-Q x R =§,PQR|
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Proor. To prove (1-7.13a), we simply note that

: M R R A I
_ 1 2 3| _
QXR_ il iz Q3 =t RZ Rs L R3 Rl ts Rl RZ O
R
Therefore
2 3 3 1 1 2
P-Qx"R=P‘Q ) +P2Q ) |2 @
R? R® R® R! R' RZ|’

The right member of this last expression is equivalent to the determinant
representation in (1-7.13a).

The form (1-7.13b) likewise follows directly from the definitions of dot
and cross products with respect to an orthogonal basis.

It is interesting to note that the triple scalar product represents a deter-
minant. This fact is clearly exhibited by either (1-7.13a) or (1-7.13b).

The triple scalar product is more accurately described as a scalar density,
but with respect to the rectangular Cartesian transformation group it has
a valid claim to the simpler designation scalar.

Theorem 1-7.5. The quantity
P-Q xR = g, P'Q’'R*

is a scalar with respect to the rectangular Cartesian transformation group.
PrOOF. We have

8P Q'R* = aAiTAIsAktaeiafjaakgrstP- *Q'R
=ad,” 8,%,',, P Q'R
= at,, P"O*R.
Since a = 1, the proof is complete.

The geometric interpretation of the triple scalar product presents the
possibility of an interplay between algebraic and geometric modes of
thought.

Example 1-7.4. The absolute value of the triple scalar product
P . Q x R can be interpreted geometrically as the volume of a parallel-
epiped determined by vectors P, Q, and R. To see this interpretation
clearly (Fig. 1-7.3), recall that the volume of the parallelepiped is deter-
mined by multiplying the area of the base by the height. According to
the definition of the dot product [see (1-5.3)],

P-Q xR =|P||Q x R|cos 0 = |Q x R|(|P| cos 6).
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Then |Q x R|is numerically equal to the area of the base, whereas
|P| |cos 6] represents the height of the parallelepiped.

Itis an interesting sidelight to observe that the volume of a parallelepiped
is algebraically represented by a determinant. This fact is the basis for
volume representations when the space dimension is greater than 3.

Example 1-7.5. We might be concerned about the ordering of the
vectors P, Q, R in the representation of the triple scalar product. In
particular, the question may be asked whether this ordering has any
significance with respect to the geometric interpretation of Example
1-7.4. It can be answered in the negative except for sign, for from either
(1-7.13a) or (1-7.13b) we can conclude that

(1-7.14a) P-QxR=Q-RxP=R:-PxQ
=—=P:RxQ=—-R:QxP=—-Q-PxR.

By commuting R and P x Q in the last member of the first line and then
by equating it to the first member of that line, we get the rather interesting
algebraic relation

(1-7.14b) [P.QxR=PxQ-R.|

The implication of this expression is an algebraic property of interchange
of the dot and cross.

During the discussion of left- and right-hand coordinate systems,
which took place in Section 1, it was indicated that more information
would be supplied in this section. The remarks of the following example
pertain to that discussion.

Example 1-7.6. Suppose that X7 is a right-hand rectangular Cartesian
coordinate system and that X’ were left-handed. (See Fig. 1-7.4.) Let
the transformation equations relating the systems be

(1-7.15) = x3 X:=x1, X3 = xs3,
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xX3x9

x3xYH

xXix?

Fig. 1-74

The determinant of the transformation is

01
(1-7.16a) a=|1 = -1,
1
and
(1-7.16b) P.QxR=-P.-Q xR

Therefore the numerical value of the triple scalar product is not invariant
with respect to an inversion. Under this circumstance the geometric
interpretation of the triple scalar product as a volume is not completely
satisfactory. In fact, inversions are classified as transformations that do
not preserve volume. The restriction to right-hand systems eliminates
the difficulty and the orthogonal Cartesian group with the condition
a = 1 associated is said to be volume preserving.

It was indicated that there are two algebraic relations of significance
to the development of the subject. The second is the so-called “triple
vector product.” It has been shown that, with respect to the rectangular
Cartesian transformation group, Q x R could be considered a vector.
Hence P x (Q x R) is also interpretable as a vector. In a specific instance
this vector can be computed as follows:
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Example 1-7.7. Let P=2, 4+ 3t3— 13, Q=1 — 41,4+ 13, R=
31, — 215 + 215 Then

QXR= 1 —4 1 =—6|.1+|.2+10l3

3 =2 2
and

Px(QxR)=| 2 3 —1|=31y— 141, + 201,
-6 1 10

The computation of Example 1-7.7, although not difficult, is a little
tedious and certainly does not lend itself to theoretical considerations.
This fact increases the importance of the following discovery.

Theorem 1-7.6. The triple vector cross product has the representation
(1-7.17a) E’ xQxR)=QFP-R)—R(P- Qﬂ
The component form of this expression is
(1-7.17b) | E*"P 8, Q'R* = Q'(P,RY) — R'(P,Q), |
where
(1-7.17¢c) P, =4, Pt =P,

ProoF. The fact that (1-7.17b) is the component form of (1-7.17a)
follows from Definition 1-7.1 and appropriate use of the summation
notation. The relation (1-7.17c) is introduced to facilitate this usage of
the summation process.

The theorem is proved by starting with (1-7.17b). Beginning with the
left member,
E™P#,; Q'R = E™&,,P,Q’RF = E'r¢,,P,Q'R",
Employing (1-6.11a), we can continue the string of equalities
= 20{'P, Q'R = 2P,Q"R" = P,(Q'R* — Q'R")
= Qr(PaRa) - Rr(PaQ.)'
Any difficulty on the part of the reader in eliminating the &[}’! can be

resolved by expanding the bracketed expressions and applying the defini-
tion of the deltas.

Although the index notation employed in the last proof may seem some-
what involved to the beginner, some idea of its power and usefulness can
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be obtained by comparing the simplicity of this proof with any of those
usually given in texts on vector analysis.3”

Example 1-7.8. The computation of Example 1-7.6 can be accom-
plished as follows:

P.R=6—-6—-2=-2, P:-Q=2-12—-1=-—11
Px(QxR)=QP:-R)—RP-Q) = —-2Q —11R= =2(1; — 4, + 1)
+ 1134y — 24, + 213) = 31y, — 141, + 20,
In Theorem 1-7.1c it was shown that the cross product is not associative.
The rectangular Cartesian representation of the triple vector product

makes possible a statement of the relation between P x (Q x R) and
P xQ) xR.

Theorem 1-7.7. We have
(1-7.18a) PxQ xR=QP:-R)—PR-Q).
Therefore
(1-7.18b) Px(Q xR —(PxQ)xR=PQ:R)—RP-Q).

Proor. Making use of the anticommutative property of the cross
product and Theorem 1-7.8, we have

PxQxR=-RxPxQ=—[PR:-Q)— QR-P)]
= QR :P) - P(R-Q).

This completes the proof of (1-7.18a). The relation (1-7.18b) is obtained
by subtracting.

It seems appropriate to conclude this section with a few words about the
possibility of vector division.

The operation of division is usually thought of as the inverse of multi-
plication. The two types of multiplication we have considered are dot
and cross products. Hence it is natural to ask whether it is practical to
introduce inverse operations with respect to these processes.

A fundamental property of real-number multiplication is its uniqueness
characteristic; that is, the solution to the problem is unique. It is this
property that makes possible a simple and useful process of division.
Now suppose that with respect to the dot product we considered

P-Q=0,

3 A variety of proofs can be found in Murray S. Klamkin’s article ““‘On the Vector
Triple Product,” American Mathematical Monthly, December 1954,
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where P is given. In particular, suppose P = 2y, — 31, 4+ 41;. Then
Q = 31, + 21, or Q = 41, + 34 satisfy the relation. Since Q cannot be
uniquely determined, division is no¢ defined with respect to the dot
product. For the same reason division is not defined with respect to the
cross product.

There are still other possibilities for the operation of division. Another
that is ruled out of the present considerations is the quotient constructed
from the components of a pair of vectors; that is, given vector components
Piand Q’, Q7 # 0, we can certainly form the quotients P¢{/Q7. Thisis justa
real-number division. The number of possible quotients involved (for
n = 3) is, however, nine. Therefore the resulting set of components
cannot represent a vector. For that reason this sort of quotient does not
enter into our present work.

A type of pseudo-division with a place in the algebra of vectors is a
special case of the so-called *“‘quotient law” which is usually stated in a
development of the algebra of tensors.

Theorem 1-7.8. Suppose that for any vector P

(1-7.19a) P-Q=P-R;
then
(1-7.19b) Q=R.

Proor. From (1-7.19a)
P.(Q — R) = P{(Q! — RY) + P¥Q® — R) + P(Q® — R% = 0.
P is arbitrary; therefore we can make the successive component choices
1,0,0), (0,1,0), and (0,0,1).
With respect to these choices,
Q'=R, j=123.
This completes the proof.

Problems

1. (a) Prove (1-7.4b) and (1-7.4c).

(b) Show that the relation A x X = A is satisfied if and only if A = 0.
Hint: Use the form &;;4°X* = 4; and show that A is self-perpen-
dicular.

2. (a) Determine a vector perpendicular to A =2y 4+ 31, — 13 and B =
4y -y + 213
(b) Compute B x A and then compare with the result of (a).
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(c) Search the mathematical literature for other examples of noncom-
mutative products.

3. Compute the area of the parallelogram determined by the vectors A =
Sy —2uL4+3y, B=y -3, + 4y

4. Show that P x Q is perpendicular to P and Q by starting with the com-
ponent expression &;;,.P' Q.

5. Use the cross product to determine an equation of the plane passing through
the points P;(1, 2, 5), Px(0, 1, 4), and Py(1, 0, 3).

6. How many components has the system 2P Q¥! in a four-dimensional space ?
How many are nonzero? If appropriately chosen, what is the least
number needed to determine them all?

7. Show that the moments of Example 1-7.3 satisfy the relation M = ~M.
Write a statement interpreting the sense of the moment vector.

8. Transform r x F with respect to an inversion

X1 =x,
X:=—x,
X3 = xo,

9. The representations of two lines are given parametrically by

Xt=1+43s, Xl =1s,
X2=2+ 5, X2 =4 + 3s,
X3=3 -2, X3 =2+ 3s.
(a) Find the parametric equations of a line through (1, 5, 2) and perpen-
dicular to each of the two given lines.
(b) Show that the given lines are skew (i.e., nonintersecting).

(c) Find the representation of a line perpendicular to each of the given
lines and intersecting each of the given lines.

10. Prove that in three-space there is a unique line that is perpendicular to both
and intersects each of two given skew lines. (Parallel lines are an exception
to this statement.)

11. Given
P=2'~1_5'-2+|-3, Q=l'1+3l'29 R=3l1+lz+|.3,

(a) compute P-Q x R;
(b) compute P x Q - R and compare with the result of (a). Why are
the results the same?

12. Find the volume of the parallelepiped determined by vectors
P= 2"1 + 3"2’ Q= 3l1 + 4‘2, R = 413.
13. Given
P=ll—4"2 +4|'3’ Q=2t1—3l2+l3, R=412+2|.3,
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(a) compute P x (Q x R) directly;
(b) compute P x (Q x R), using (1-7.17a);
(c) compute (P x Q) x R.

14. Show that (P x Q) x R = Q(P :R) — P(Q - R) by showing that
Eiik(g;, PP QYR = QUP'R;) — PY(Q'R;).

15. Give an example showing that the solution for Q in P x Q =R is not
unique. (Choose P and R arbitrarily.)

16. Given A = 5y + 31, — 213 and A - B = 15, show that B is not unique.
17. Given B =3y + 5;;and A-B = A -Cfor all A, find C.
18. Show that (identity of Lagrange)

(AXB)-CxD)=(A-C)B:-D)—-(A-D)B-O).

19. Let P, be a given point andr =r, + Bra given line. Show that the distance
h from point to line is given by

_|r; —ro) x B

- IB| ’
where Py is the end point of the position vector r;.

20. Suppose that unit vectors A and B determine an angle 6. Show that

h

A2 A%)2 A3 A2 A Aaz%
|sm6|=(B2 B + B B + Bl B2|)
21. The determinant
A.A A-B
B-A B:B

is a second-order example of Gram’s determinant, or the Gramian of the
system A, B. Show that a necessary and sufficient condition for the linear
dependence of A and B is that the Gramian has the value zero.
Hint: Method 1. Make use of Lagrange’s identity (Problem 18).
Method 2. Start with the algebraic expression «A + B = 0 and
dot with A and then with B.

7*. & Systems and the Cross Product in General
Cartesian Systems

The discussion of & systems and the cross product in Sections 6 and
7 was general enough that much to be said in this section borders on
repetition. It is important, however, that certain concepts be clarified
and that other ideas be refined.

The first considerations deal with the seemingly strange procedure of
using a different kernel letter (E) for the contravariant components E*/*
from that used for the covariant components &,;,. Recall that in Section
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5* covariant components G, were associated with contravariant compo-

nents by means of the rules

(@ G, = h,G*,

(b) G* = H¥G,.
Of course, in Section 5* the linear combinations (G;) of the G* were intro-
duced in conjunction with a change to a new basis. The relations in

(1-7*.1a,b) also serve as a starting point in the development of an algebra

of components.

The covariant metric tensor and the associated contravariant metric
tensor are used to introduce linear combinations of given components.
The processes involved are designated by the terms “lowering indices’
and “raising indices.”” For example, associated with the covariant com-
ponents &,;, we have

(1-7%.1)

(1-7*.2a) 874" = hPhVH™E ;.
Associated with the contravariant components E** is the system
(1-7*.2b) Epgr = hyihoshn E7.

Theorem 1-7*.1. We have
(a) Erar — 'h.ﬂc' Ewr’

(b) qur = |h1k| 81’01"

Proor. If we apply the determinant definition to relations (1-7*.2a,b),
both results follow.

Theorem (1-7*.1) explains the use of different kernel letters. The values
of the determinants of the contravariant and covariant metric tensors are,
in general, different from 1; hence the values of §**" and E,,, are not
defined by (1-6.1).

Suppose that §,;, and E“* satisfy Definition 1-6.1 in every Cartesian
coordinate system. The laws of transformation are given by the next

theorem.
Theorem 1-7*.2. If Y/ = b,/ Y*, we have

(@) & = bB,”B/*B,"¢,,,,
(b) EU = Bb,'bbFEP".

(1-7+.3)

(1-7+.4)

PROOF. As in theorem (1-6.5), these relations are identities.

Definition 1-7*.1a. The class of & systems {§,,,}, the elements of which
satisfy the transformation relation (1-7*.4a), is said to be a covariant
tensor density of order 3 and weight +1 with respect to the centered
affine group.
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Definition 1-7*.1b. The class of & systems {E**}, the elements of which
satisfy the transformation rule (1-7*.4b), is said to be a contravariant
tensor density of order 3 and weight —1 with respect to the centered
affine group.

Now let us turn our attention to the cross product. A rectangular
Cartesian system with coordinates X’ can be conveniently used as a
connecting link in determining the general rule of transformation. Let
a rectangular Cartesian system be identified by coordinates X’, and
suppose that Y7, ¥’ are coordinates of arbitrary Cartesian systems.
Denote the equations of transformation as follows:

(@ X' =Y, X =d7Y

(1-7*%.5) _ i o -
(b) Y*=C}tX'=C}djY® =b)Y?,

where

(1-7*.5¢) b= Ckd.

Theorem 1-7*.3. The cross product of a pair of contravariant vectors
is a covariant vector density of weight 41 with respect to the centered
affine group of transformations.

Proor. If P and Q are given vectors, then, in a manner analogous
to that employed in Theorem 1-7.1b, we obtain '

(@) &,P'Q" = cC,’5;,P*Q,

(1-7%.6) S
() &,,.P'Qt = dD,’%,,,P’0".
Therefore

¢C’8;,P*Q" = dD,’8,,, P D"
By multiplying this relation by Cc,” and using the properties ¢C = 1
(see Problem 11, Section 6) and ¢,"C,” = 6,7, we obtain,

8P Q! = CdB,'E,;, P10,
According to the theorem on determinant multiplication, Cd = b. This
completes the proof.

The preceding theorem implies that the appropriate representation of
the cross product is in terms of covariant components. This conclusion is
enforced further by carrying out the transformation of P x Q rather
than the components, with respect to the equations,

X =¢/Y*
Then

3 . 3 =
P x Q = er gratP’Qt = zcrqcr’cgiklpkglpa
r=1

r=1

= hﬁl’q"gjktis 0 = chga'kzp Q"



114 THE ALGEBRA OF VECTORS

The cross product has its simplest representation in terms of the reciprocal
basis p’ (i.e., in terms of covariant components).
Establishment of the transformation law

(1-7%.7) 8, PP = bb,75;,,P! O

for the covariant components of the cross product sets the ground work
for consideration of the triple scalar and triple vector products.

Theorem 1-7*.4. The classes of triple scalar products {8, P'Q’R¥},
{E"*P,Q,R.} are scalars of weights + 1 and —1, respectively, with respect
to the centered affine group of transformations.

PROOF. The result is obtained by employing the transformation laws
of the factors involved.

Theorem 1-7*.5. The class {E¥*P,§,,,0"R*} is a contravariant vector of
weight zero with respect to the centered affine group.
The proof is obtained by straightforward computation.

Problems

1. If Y’/ = b,7 Y*, determine the transformation rule,for
A, 1A*, &K By

2. Construct a tensor of weight zero from |h;| and E;j.

3. Prove Theorem 1-7*.4.

4. Prove Theorem 1-7*.5.
5. Prove that the class E*/*P;Q, is a vector density of weight —1.

8. The Algebra of Matrices

In the preceding development of vector algebra use was made of
matrices of numbers such as

all 012 ‘713

(ajk) = azl a22 a’ |, (P, P, Pa)

ag' ag® agd

The square matrix (a;*) was employed in a variety of ways. It represented
a set of coefficients of a system of linear equations, a set of transformation
equation coefficients, and a set of elements of a determinant.

The utility of such sets of elements had become quite apparent by the
middle of the nineteenth century. Determinants and linear transforma-
tions were under intensive study at that time. The rather natural, and
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very important, step of formally developing the algebra of matrices of
numbers was taken by the English mathematician Cayley.

The following definition serves the purpose of introducing the matrix
concept.

Definition 1-8.1. Any array of elements arranged in m rows and n
columns is called a matrix.

In this book the elements are real numbers or real-valued functions.

The concepts of vector algebra could be developed without mentioning
the term matrix. However, the matrix and the algebra of matrices have
become an important part of modern-day mathematics. Therefore a
discussion of the basic language and some of the ideas of matrix algebra
should be valuable to the reader in his assimilation of the materials pre-
sented here and elsewhere.

The matrices of concern are mostly square, one row, or one column
arrays. However, as indicated by Definition 1-8.1, a matrix is not re-
stricted to any one of these forms.

Example 1-8.1. It is quite simple to think of matrices formed from
everyday experiences. For example, the weekly array of prices of three
“come on” articles, 4, B, and C, sold in a supermarket would appear as
follows:

S M T W THF S
A 99 99 99 99 69 69 69
(1-8.1) B 87 87 87 87 49 49 49
C 98 98 98 98 79 79 79

Some residents of northern California may even be able to identify the
items.

The following convention corresponds the notation of this book with
that commonly used in the development of matrix algebra.

Convention 1-8.1. A matrix of m rows and » columns is denoted either
by capital letters 4, B, - - -, etc., or by (a;/), (§;), (c¥),-:-. When the
index notation is used, the subscript represents row and the superscript
represents column.

The fundamental laws of matrices are defined as follows:

1. When a matrix is multiplied by a number or function, each individual
element is multiplied by that number or function, that is,

(1-8.2a) c(bf) = (cb®).
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2. The sum of two matrices is a new matrix, the elements of which are
sums of corresponding elements of the original matrices.

(1-8.2b) ®F) + () = BF + <)

According to (1-8.2b), matrix addition has meaning only when the two
matrices involved have the same number of rows and the same number of
columns.

The law of multiplication for matrices is analogous to the rule for
determinant multiplication. If the matrices are square, there is no dis-
tinction. )

3. The product of two matrices (b,%) and (c;) [note that the number of
columns of (b,’) must agree with the number of rows in (c,”)] is a new
matrix (b,’c;?), summed on j. The product matrix may also be written in
the form BC.

Definition 1-8.2. A matrix whose elements are zero is called a zero
matrix.

It is important to have the meaning of the equality sign, as used in
connection with matrices, clearly in mind. :

Definition 1-8.3. Two matrices 4 and B are equal if and only if
ak =btk

Clearly two matrices cannot be equal unless they agree with respect to
numbers of rows and columns.

Example 1-8.2. As an illustration of matrix multiplication consider

1 2 3 2
(b,") = 0o -1 =21, (c,") =[4].
-3 0 4 6
Then
24 8418 28
(blep)=| —4—-12 s =|—16].
—6 424 18

Matrix multiplication is not defined in other situations than that
indicated by 3. Therefore consideration of the foregoing example leads
to the observation that this type of multiplication is another illustration of
a noncommutative process.

In Example 1-8.2 there is no meaning to CB, since the number of
columns of (¢;*) does not agree with the number of rows of (b,*). However,
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the noncommutivity of the binary operation does not depend on this cir-
cumstance. Even if both matrices were square, we could not expect the
product to commute. This fact is pointed out by the following simple
example.

Example 1-8.3. Let

SEEAPNE
(b)) = o o (c;) = e
bjp (2 0)
(by'c,”) = 0 0’

o= ()
(¢.’b) = 11

The two resultant matrices are clearly not equal; therefore

BC # CB.

Example 1-8.4. If the product of two real numbers is zero, then it
follows that one or both of the numbers is zero. The cross product of
two vectors is an example of a binary operation which does not share this
property. If the cross product P x Q = 0, it is possible that neither
P nor Q is zero but rather that P is proportional to Q.

Then

whereas

The matrix operation of multiplication presents another example of a
type of multiplication such that

AB =0,

but neither 4 nor B is necessarily zero. This fact is illustrated by the

The zero matrix is a rather special type. Others are introduced in the
next two definitions.

Definition 1-8.4. The square matrix (6,) is called the identity matrix.
Let the symbol 7 denote this matrix. Then

1 0 --- 0

...........
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Definition 1-8.5. The matrix 4’ obtained from A by interchanging rows
and columns is called the transpose of A4.

A number of interesting facts are concerned with these special matrices.
Some of the ideas relating to them have been touched on previously in
terms of the index notation. For example, the Kronecker delta, used to
introduce the identity matrix, has been a standard tool.

The following theorems and examples illustrate both properties of the
special matrices and their relation to the development of preceding
sections.

Theorem 1-8.1. Transpose matrices are subject to the following sum
and product rules:

@@ (A4+ B =4 +B.
(1-8.3) (b) (xA) = aAd’; «is a real number.
(© (4B =pB4.

Proor. The first two proofs are left to the reader. To prove (1-8.3c),
let
a;k = akf’ b;,’ — bj”, c;cp — C,,k,

where ¢, = a,’b} and c,? are the elements of the transpose of C. Then,
starting with the right-hand side of (1-8.3¢c), we have

bjaf = bra,’ = a’bp.
This completes the proof.
Example 1-8.5a. The identity matrix is its own transpose.

Example 1-8.5b. The identity matrix commutes with any other square
matrix of the same order, for

dja;? = a = af 7.
Definition 1-8.6. The inverse A~ of a square matrix 4 is a matrix that
satisfies the conditions
(1-8.4) AA = A"14=1

Theorem 1-8.2. If the determinant of a square matrix 4 is different
from zero (i.e., a = |a/*| 3 0), the inverse matrix has elements

_ cofactor a* in |a,]|
a

A

PrOOF. This result was obtained in Section 3. [See (1-3.17).]
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Example 1-8.6. In rectangular Cartesian rotations the inverse of the
matrix of transformation coefficients is the same as the transpose. In
Section 3 it was shown that

A =aft.

Example 1-8.7. Suppose that X7, X7, X/ are coordinates of rectangular
Cartesian systems with a common origin. In Section 5* it was pointed
out that the transformations relating such systems determined a trans-
formation group. These fundamental group properties are satisfied by
the matrices associated with the transformations. In fact, this statement
is nothing more than a shift in emphasis from the transformations to the
arrays of transformation coefficients. In particular, if the transformations
are denoted by

X=X, Xi=b/K, X=X
and 4, B, Crepresent the corresponding matrices, it can be shown that the
matrices satisfy the group properties. (See Definition 1-5*.1.) We

illustrate with the closure property. Suppose that (a;%), (b)) were orthog-
onal transformation coefficients and c* = a/b}. Then

3 3
c'c.” = 3 a,/’bfa,'b” = 3 a,/a b b
1 i=1 i=1
_— 6jab -kb P — 61:17
) Ve *
The corresponding proof in matrix notation would appear as follows.
We have (as a translation to matrix form of (1-3.21h)

A'A =1, BB=1,

e

3

where the ' indicates inverse as well as transpose. Therefore
C'C = (AB)'(AB)= B'A’AB = B'IB=B'B=1,
as was to be shown.
Definition 1-8.7. The set of coefficients of transformation (%) associated
with a pair of Cartesian coordinate systems is called a rotation matrix.

The (a,*) associated with rectangular Cartesian systems is called an orthog-
onal rotation matrix.

In studying Section 3 the reader may have been impressed with the
seeming difficulty of even making up a specific example of an orthogonal
rotation matrix.

The nine cosines, a;*, must meet the rather stringent conditions

3
zailakj = (5,-,‘, a= l..
i=1
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However, construction of examples is made quite easy by the process of
successive transformations mentioned in example (1-8.7). A two-dimen-
sional rotation is dependent on only one angle, hence is simple to
determine. By carrying out successive plane rotations, three-dimensional
transformations can be accomplished.

Example 1-8.8. Plane rotations

1 0 0 1 3 0
o 1 3 P2
2 2 |, -3 1
— 3 0
0 =3 1
2 2 0 0 1
give rise to the three-space rotation
1 3
- — 0
2 2
—V3 1 3
4 4 2
3o
4 4 2

The question whether any orthogonal rotation matrix can be obtained
as a product of plane rotation matrices naturally arises. This question is
answered by the following theorem.

Theorem 1-8.3. Any orthogonal rotation matrix can be obtained as a
product of not more than three plane orthogonal rotation matrices.

PrOOF. It must be shown that any orthogonal rotation matrix D can
be obtained according to the following relation:

(1-8.5)
‘dt d d? 1 0 O b 0 b2\ /it 2 O

1 2

dy' dt dt|=|0 a? a® 0 1 0 et ¢k 0
d d? dg? 0 ag® ag bs' 0 bg? 0O 0 1

There is no claim that the representation in (1-8.5) is unique.

The orthogonality conditions (1-3.21a,b) are not independent. There-
fore only one set should be considered in determining the number of
parameters of d;* that are independent. There are six conditions imposed
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on nine unknowns d;*; hence choice of an appropriate triple of the d}
along with the orthogonality conditions determines the set.

This means that we must show that knowledge of an appropriate three
of the d;* determines the second-order matrices 4, B, and C.

A first step in this procedure is to carry out the multiplication on the
right of (1-8.5). We obtain

byle! bylc,? b,®
(1-8.6a) (d)5) =| azlc,! + a’asle,® as’c® + a®byle,? a’hy’ |.
agics! + ag’hyler  asicy® + ag’bylc,?  ag’hy’
By definition of matrix equality
(1-8.6b) d® = b

Each of the three matrices 4, B, C must satisfy the orthogonality conditions
(1-3 21a,b,c). By substituting d,® for b,® the elements of the first row of
(1-8.6a) are seen to satisfy the relation

(1-8.6c) B + (2] + @) = 1.
But

P+ (=1
Therefore

B + @ =1
and
(1-8.6d) bt = [l — (d,%)?)%, ol = +1.

If we employ the orthogonality conditions to which B is subject, we can
determine bg!, b,3, and by up to sign. The elements of C can be evaluated
by assuming knowledge of a second value d*. For example, from (1-8.6a)

bles! = dyl.

Therefore

«

1 d 1
1-8.6 14 4
S T G — @

The other elements of C are obtained as a result of the orthogonality
conditions. Finally, a third value 4;* leads to the determination of the
element of 4. The €’s must be chosen so that each of the matrices 4, B,
C has a determinant with value +1. This completes the proof.
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Problems

1. Make up an example of a matrix from everyday life.
2. (a) Add the matrices

2 31 1 3 4
543 2 5 1
A= B=
215 6 1 4
-2 0 6 o -1 2
(b) Can the matrices be multiplied ?
(c) Determine the product 4B if it exists.
3. Find the rotation matrix obtained as a product of
V2 —V2 1 0 0
7z 7z ° vi o1
vi V3 ° 7 73
P 1 V3
o 0 1 O

4. Show that the matrices of Problem 3 do not commute; hence rotations are
not commutative,

5. Is the determinant of the product of two square matrices equal to the product
of the determinants of the matrices ?

6. Show that an arbitrary three-space rotation cannot be obtained by means of
two plane rotations.
Hint: Set up the product (a;/%)(b;*) = (d;¥) where the matrices on the left
represent plane rotations. Show that three values (d;*) cannot be arbi-
trarily determined.

7. Write X’ = @,/ X* in matrix form,



chapter the differentiation of vectors

1. The Differentiation of Vectors

In this chapter many of the ideas of the differential calculus are amal-
gamated with the algebraic theory of vectors previously presented. From
a modern-day viewpoint two concepts, limit and function, assume
fundamental importance in its development. The reader who has been
subjected to a rigorous course in calculus is aware of the inherent
difficulties associated with these ideas. Indeed, the difficulties are not
peculiar to beginning students alone. Isaac Newton (1642-1727, English)
and Gottfreid Wilhelm Leibniz are given the principal credit for the
origination and compilation of the basic concepts of differential calculus.
Leibniz originated the term function. Yet, according to the standards of
our time, neither had a clear idea of the meaning of either function or limit.
The same can be said of a host of other outstanding mathematicians
[e.g., Leonard Euler (1707-1783, Swiss)] who lived in the eighteenth
century. In fact not until the nineteenth century and the advent of a
serious study of the foundations of analysis did the limit concept receive a
rigorous treatment. Then Augustin Cauchy (1789-1857, French) and his
contemporaries began a study of the foundations that has extended into
the twentieth century.

The first section in this chapter deals with functions of one variable and
their differentiation. Because the meaning of the term function has gone
through a long evolutionary process and is still used with various shades
of meaning, a formal statement of the meaning of the term as applied in
this book is presented. The concept is employed with this significance
throughout the notes.

123
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Xl X2 X3

/™ L v =\ t ¢
NS

(@) ©®) ()
Fig. 2-1.1

Definition 2-1.1. A function fis a set of ordered pairs, no two of which
have the same first element. The set of first elements of the pairs is called
the domain of the function, whereas the set of second elements of the pairs
is called the range. The domain and range elements are related by a given
rule.

In this section the doméin is either the set of real numbers or some
subset of real numbers. The independent variable representing the domain
elements is often referred to as a parameter. (See Figs. 2-1a,b,c.)

Example 2-1.1. The following three functions will be useful in the
future for illustrative purposes. The symbol ¢ is used to represent the
parameter in each instance.

(a) Domain: the set of all real numbers.
Rule: XY(t) =cos t.
Range: the set of values X(¢) such that —1 < X'(r) < 1.

(b) Domain: the set of real numbers.

Rule: X?%(t) = sin .
Range: the set of values X%(z) such that —1 < X?%() < 1.

(c) Domain: the set of real numbers.

Rule: X3@) = |t|.
Range: the set of values X3(z) such that X3(¢) > 0.

From a geometric standpoint, the main interest of this section centers
around curves in Euclidean three-space. It is assumed that the analytic
forms for these curves are expressed with respect to a rectangular Cartesian
coordinate system.

The kinematical viewpoint of the path traced by a moving particle
presents us with an intuitive representation of a curve. The following
three-part definition gives a preciseness to the meaning of the concept.
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Definition 2-1.2a. Let functions X, X2 and X® have continuous
derivatives of order 1, at least, on a closed interval @ < ¢t < b. Suppose
that the first derivatives are not simultaneously zero. Then the rep-
resentation

(2-1.1a) X=X, j=123
is said to be an allowable parameter representation.

Definition 2-1.2b. Suppose that a function
(2-1.1b) t=t(t*)

is defined on an interval a* < t* < b* with corresponding range values
in a < t < b and such that #(a*) = a, t(b*) = b or t(a*) = b, t(b*) = a.
If the function in (2-1.1b) has a continuous first derivative, at least, which
is different from zero everywhere on a* < t* < b*, then (2-1.1b) is said
to be an allowable parameter transformation.

Definition 2-1.2b makes it possible to construct equivalence classes of
allowable representations. Two representations are said to be in the same
equivalence class if they are related by a transformation satisfying
Definition 2-1.2b.

Definition 2-1.2c.! The set of all points specified by the allowable
parameter representations of an equivalence class is said to be a smooth
curve. (Note that a smooth curve is ordered in a certain manner.)

Quite often a smooth curve? serves as a mathematical model of the path
of motion of a physical particle; the parameter ¢ represents time values
and the coordinates X7 represent the position of the particle. Mathematical
models of physical motion are developed later in the book and then, as
just indicated, ¢ should be interpreted as representative of time. However,
it would be unwise of the reader to allow this connotation to become too
firmly fixed in his mind. There will be occasions when it will be convenient
to interpret the parameter otherwise.

1 See Kreyszig, Erwin, Differential Geometry, University of Toronto Press, 1959.

% The definition given is not the most general description of a curve as indicated by
the adjective “smooth.” The fact that we are studying the elementary calculus of
veotors evokes the need for the property of differentiability. It will be found that a
well-defined tangent at each point of the curve is the geometric manifestation of the
property. It is cumbersome to continue to attach the word smooth; therefore we shall
do so only when the emphasis seems useful. The curves in this text are assumed to be
smooth unless it is specifically stated otherwise.
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The following examples of smooth space curves should familiarize the
reader with the concept.

Example 2-1.2. A circular helix is represented by the parametric
equations

Xl =cos ¢,
X2 =sin¢,
X3=1

This curve can be thought of intuitively as a spiral on a circular cylinder.
(See Fig. 2-1.2.) If the domain values ¢ are restricted so that # > 0, a curve
lying entirely above the X, X2 plane is obtained. Compare with Example
2-1.1. The equations

X! = cos (t*)®

X2 =sin (t*)®

X3 = (1%)?

form another allowable parameter representation of that part of the
circular helix corresponding to ¢ and ¢* greater than zero. Note that the
representations cannot be thought of as in the same equivalence class if
the domain of ¢* is extended to include zero for dt/dt* = 0 at t* = 0.
On the other hand the derivative is different from zero on every closed
domain of positive ¢* values.

-

Fig. 2-1.2
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Fig. 2-1.3

Example 2-1.3. Parametric equations of an ellipse, in the plane X = 0,
and with its center at the origin are

X'=acost,

X2=bsin¢, 0<t<2m,

X3=0.
If ¢ is interpreted geometrically as a measure of the central angle, then
0 <t < 27 gives rise to the complete ellipse. (See Fig. 2-1.3.)

In the study of differential calculus we investigate the properties of a
given curve by examining the behavior of the tangent (i.e., by considering
the slope function of the curve). Physically it is found that velocity and
acceleration vectors have a relationship to the path of motion of a particle.
We prepare the way for a study of these and other considerations by
introducing the idea of vector and scalar fields with respect to a smooth
space curve.

Definition 2-1.3. Let X’ = X(t), #, <t < t,, represent parametric
equations of a smooth space curve C. 'Suppose that @ is a function,
defined along C, which at any point of C transforms according to the
scalar law of transformation. (See Chapter 1, Section 4.) Then ®(X?) is
the X7 coordinate system representative of a scalar field {®} with respect
to the curve C.

The function ® is assumed to be differentiable, and therefore continuous,
unless otherwise stated.

Definition 2-1.4. Let X7 = X’(¢) represent a set of parametric equations
of a smooth space curve C. Let U’ be three functions defined on C.
Furthermore, suppose that at any point of C the set of three functions
transform as components of a vector U. Then U is said to represent a
vector field with respect to C.
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Unless otherwise stated, the functions U’ are assumed to be differ-
entiable.

Example 2-1.4. Let
(D(X19 X2’ X3) =In (P ° Q)’

where
P=— 1, + = b2 Q = (XY, + (X¥,.
Then
1\2 2\2
p.o= (0 ()
a® b

is the X7 coordinate system representation of a scalar with respect to the
orthogonal Cartesian group. Since P -Q is a scalar, it follows that
In (P-Q)is a scalar.

If P - Q is defined along the curve C of Example 2-1.3, ® = 0 at every
point of C; that is, the scalar field is constant over C.

Example 2-1.5. Let a space curve C be given by parametric equations
Xl=1, 0<t1,

X = (12
X3=0.
Let
U =1,
' U?=2X",
U =0.

The curve is the segment of the parabola X% = (X?)? defined on the
interval 0 < X* < 1. (See Fig. 2-1.4.) Since U%/U' = 2X1 (i.e., the slope
of the tangent line at any point of the parabola), it follows that the vector
field U is a tangent vector field along C.

The tools of elementary calculus suffice for exhibiting the derivative
properties when dealing with scalar fields.

If @ is thought of as a function constructed from ® = ®(X?, X2, X3)
and X’ = X’(z), the ordinary definition of derivative may be employed;
that is, if @ is differentiable,

do(t) = lim Dt + At) — O(¥)
dt At=0 At '

(2-1.2a)

On the other hand, when @ is treated as a composite function® = ®[X7(1)],

dd ob dx* ob dx* o dx®* od dx’
2-12b) |—m= = —
( ) dt  0X' di +8X2 dt +8X3 dt 0X’ dt
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Fig. 2-1.4
The d/dt notation of Leibniz predominates throughout these notes.

Example 2-1.6. Consider the scalar P - Q of Example 2-1.4. Suppose
that a curve is given by parametric equations

Xl=cos t, 0Lt

Xt=sint,
X3=0.
Then
j (XY | (XY _, (cos’t  sin®t
O(X’(t)) =1n (-—(;—2— + ——b?— =In —;;— + BT

is a scalar field along the curve. (See Fig, 2-1.5.) The derivative of the
scalar field can be calculated from either the middle or the last member
of the foregoing relation. If we differentiate the last member, we have
o _ 1 (—ZCostsint 2sin t cos t)
dt  [(cos® t/a®) + (sin® t/b?)] a® b*
_ 2costsint(a® — b%
b®cos®t + a®sin®t

The process of differentiating a vector field, defined along a curve C,
is an immediate abstraction from that of scalar field differentiation.

Definition 2-1.5. Let U represent a vector field along a curve C. When

the limit exists
(2-1.3) AU _ i UC+ 89 — UG
dt  at-o At

is called the derivative of the vector field U.
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X2

Xl

Fig. 2-1.5

If the elements of the n-tuple basis to which U is referred are constants,
as are ty, L, and t,, the differentiation (2-1.3) can be carried out component
by component. We have

Ut + Ar) — U@1)

lim
At—0 At
(UMt + Aty + Ut + A, + Ut + At)]
=1 — [U'(O)y + U + V(D]
= llm
At=0 At
 lim {[U‘(t +A4) — Uy | [U% + A) — Ul
At—0 At At
(Ut + A — U(D]y
+ At ;
[ UMt + Ay = U .Ut + A1) — U%1)
N [L':Eo At :lll + I:lAlt[Eo At ]lz
. Ut + A — U3®)
+ I:l.ltn—?o At ]la

In other words, for a constant basis t,, L, L3

dU qdUu? dU? dud du’
2'1.4 = —1 e — - .
(2-14) - a T et sy
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U(t + At)

Fig. 2-1.6

The derivation of the relation (2-1.4) depended on two important facts.
First of all the vectors U(r + At) and U(¢) were compounded in a com-
ponentwise manner. This procedure is justified by the fact that the basis
is independent of the curve point under consideration. Second, the basis
n-tuples were not affected by the limiting process. (See Fig. 2-1.6.)

In a Euclidean space a constant n-tuple basis may always be introduced.
Therefore there is meaning associated with the difference U(r + Ar) — U(¢)
and with the vector field derivative dU/dt as defined in (2-1.3). If the
space is not Euclidean, a re-examination of the derivative concept is
necessary. However, even in a Euclidean space, if systems of representation
are used in which the basis is not constant, the basis elements enter into
the differentiation process and (2-1.4) is not valid.

According to (2-1.4), whenever a vector field U is referred to a rectan-
gular Cartesian coordinate system, and more to the point, to the associated
orthogonal unit basis vy, 15, 13, the vector field differentiationis acomponent-
by-component differentiation. An immediate consequence of this is that
the usual laws for differentiation of sums and products carry over from
calculus. This information is formally set forth in the following theorem.

Theorem 2-1.1. Let U and V be differentiable vector fields defined on a
curve C. Then

(a)M=§H+d_Y
dt dt ~ dt’
® UV _ () . (DY),
- ©) dU‘i‘V=E£J;xV++U£d(dl’)’
dt dt
o Bt
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ProoF. Our considerations assume the framework of a rectangular
Cartesian coordinate system and a constant unit orthogonal basis t;, ts,
and ;. Therefore the properties in (2-1.5) follow immediately from the
corresponding elementary properties concerning derivatives of functions.
To illustrate this fact, consider (2-1.5c). In order to facilitate use of the
summation convention, let U, = 0, U*and V; = §,,V* = V7. Then

d(Ud: V) - ( L EPI*Y V) =1t E”"‘—(U V)
dU, dV
= Ev:ﬂc( J V k)’
WET g et Uiy
dU xV+ U x dV
dt

The proof of relations (2-1.5a,b,d) is left to the reader.

Note carefully that the order of U and V must be meticulously observed
in (2-1.5c). This is because the cross product is anticommutative. In
(2-1.5a,b,d) the ordering is not so important because the sum and products
have the commutative property! However, it is worthwhile to form the
habit of maintaining order.

The derivative formulas (2-1.5a), (2-1.5¢), and (2-1.5d) can be extended
in the usual manner; that is, for three vectors U, V, and W, (2-1.5a) is
extended to

dU+V+W)_dU 4V  dW
dt dt  dt dt

for a set of n vectors U, - - - U,,.

dzu i
(2-1.6a) =1 ET'

Extension of (2-1.5c) involves consideration of the triple vector product.
Its derivative has the form

(2-1.6b) w=d_‘JX(vxw)+Ux (d_wa)
dt dt dt
+Ux (Vx‘fv—v).
dt

Observe that the cross product is not associative. Therefore the association
made on the left of (2-1.6b) must be maintained in the right member of
that expression. The proof of (2-1.6b) is left to the reader. If, in relation
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(2-1.5d), fis a product of functions, (2-1.5d) can be applied and followed
by the product formula of elementary calculus with respect to the factor
df]dt.

Finally, we observe that there is no meaning to a dot product of more
than two vectors; hence the derivative formula (2-1.5b) is not subject to
extension.

Two questions which may or may not have occurred to the reader are
asked. Assuming that U and V are vectors and f is a scalar, are the
derivatives expressed in (2-1.5a,c,d) of vector character? Is the derivative
(2-1.5b) a scalar? These questions are answered for orthogonal Cartesian
transformations by the following theorem.

Theorem 2-1.2. Let U and V be vector fields along a curve C and
let f be a scalar field along this curve. Assume that the derivatives
(2-1.5a,b,c,d) are well defined on C. Then (dU + V)/dt, [d(U x V)]/dt,
df U/dt are vector fields on C and (dU - V)/dt is a scalar field on C with
respect to the group of orthogonal Cartesian transformations.

ProoF. Each proof follows from the fact that the coefficient of trans-
formation are constants. For example, to prove that d(U x V)]/dt has
vector character (see Theorem 1-7.1b), we simply note that

d(8,,U"V?) _
dt dt

In other words, the components of the derivative of the cross product
satisfy the vector transformation law. It is left to the reader to show that
the other derivatives satisfy the appropriate vector or scalar transformation
law.

One way of studying a curve is by investigating the behavior of the
tangential field along it. This is the viewpoint of differential calculus.
The question before us is that of extending our analytic tools so that
curves in three dimensions can be included in these investigations.

The vector field

. At) —
2-1.7) 4 im 220 10
dt  at-o At
comes to mind for at least two reasons. First of all, in a special case in

which the curve lies in the X? X2 plane, the ratio of the components
dX*/dt and dX?/dt of dr/dt is dX?/dX*. We recognize this derivative as the



134 THE DIFFERENTIATION OF VECTORS

X3

r(t+ At)—r(t) yC

x(t)

x(t + At)

X2

Xl
Fig. 2-1.7

representative of a slope function. Second, a geometric argument for the
significance of dr/dt can be made on the basis of Fig. 2-1.7.

Definition 2-1.6. Let a smooth curve C have the vector representation
r =1(t). Then

(2-1.82) dr _ jim T80 —x(®)
dt  at-o At
is called a tangential vector field along C. A line
(2-1.8b) Y=r, + (d—')u
dt)o

is said to be the tangent line to C at a point P, of C. The symbols u
and Y are chosen to represent the parameter values and coordinates,
respectively, along the line in order to distinguish them from the corre-
sponding entities for the curve.

The direction of the tangent line at a P, of C is unique, but the sense and
magnitude of a tangential vector depends on the parameterization of the
curve. (See Fig. 2-1.8.)

Example 2-1.7. Parametric equations of a parabola in the X, X2 plane
are
Xt=1+13
X2=1¢
X3=0.
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X2

Xl

By differentiating, we obtain

3
ax’ _o.
dt

Therefore the tangent vector field is expressed by

dr
E =20y + L.

The tangent line to the parabola at 1 = 3 is
X' = 10 + 6u,
X2=3+4u,
X:=0.
If the parameter 7 is replaced by v = —¢,
(Xl, Xza XB) e (l + 029 -0, 0)’
and
dv’ dv’ dv
A comparison of these components with those previously determined

reveals that the change in sign of the parameter corresponds to a change
in sense of the tangent vector field.

) = (20, —1, 0).
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Fig. 2-1.9

With few exceptions, intuition adequately guides our notions concerning
tangent lines to plane curves. However, visualization of space-curve
tangents is not always so easy. Our intuition is helped by the discovery
that, roughly speaking, the tangent line at a curve point P, lies in a plane
determined by P, and two neighboring curve points. In the following
paragraphs the equation of the plane is developed, and it is shown that the
tangent lies in it. (See Fig. 2-1.9.)

Let ry, = r(#,) be a position vector with end point Pyon C. Letr(ty + h),
r(t, + k) have end points on C in a neighborhood of P. Ifr(¢y + h) — 1,
and r(ty + k) —r, are linearly independent, they determine a plane
through P. This plane is also determined by a pair of linear combinations
of the two vectors. In particular, choose

1 1
r(ty + h) —r, z [r(to + h) — xo] — X [r(ty + k) — 1)
h ’ P

If we use the Taylor expansion® for r(fy + h) and r(z, + k), these ex-
pressions can be written

ﬁi‘%}):r(’, + 18 §+
Tirtty + By = 1 = L x(to + &) — 1o]
h k =r_;;+mr(’)”+...,
h—k 2 3!

where the prime denotes differentiation with respectto z. Ash — 0,k — 0,
the two vectors approach r;, 3r;. If ry and r; are linearly independent,
then r’ x r" is perpendicular to their plane. These remarks serve as
background for the following definition.

% This development assumes the existence of higher ordered derivatives of r.
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Definition 2-1.7. The plane
(2-1.9) : R—rg) rgxr,=0

is called the osculating plane of a curve C at a point P. R represents a
position vector whose end point assumes values (X!, X2, X®) associated
with the plane points.

The word osculating, which means kissing, was introduced by Tinseau
around 1780. The term is appropriately chosen, for the plane (2-1.9) is
the plane of closest contact with C in a neighborhood of P,. This fact can
be established by introducing the concept of order of contact. Such
studies are traditionally a part of differential geometry and are not further
pursued in this book.

The relation (2-1.9) can be put into the form

X' — X XE— X2 XP— X,

(ark Cah (G
(2-1.10) dt /o dt /o dt o [=0.
a’x? ( d’Xx? ( d’X ")
( ar )o dr )o at o

It is clear that a curve C has a unique osculating plane at a point P, if
and only if ry and rg exist and are linearly independent.

Theorem 2-1.3. Let P, be a point on a curve C at which there is an
osculating plane. The tangent line to C at P lies in the osculating plane.
Proor. If the vector representation of the curve is r = r(¢), the tangent
line may be represented by
dr
Y=r,+ (—) u,
° dt)o
where the zero subscript implies evaluation at P,. It is seen by direct
substitution of
Y —r,=rpu

into (2-1.9) or (2-1.10) that the tangent line lies in the osculating plane.

Problems

1. Construct a diagram of the curve represented by these parametric equations:
(@) X! =cosht, X2 =sinht, X3=1¢,¢2>0.
(b) X! =acost, X2 =asint, X3 =¢',t>0,a >0.
(©) X*=acost, X2 =asint, X3 =¢*0t ¢t >0,a >0.
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2. Suppose that a line segment with end points (2, 3, 1) and (5, 7, 9) represented
the path of an oscillating particle. Complete the mathematical model by
finding a possible set of parametric equations for the motion.

3. Determine the tangent vector field dr/dt along each of the curves of
Problem 1.

4. Find the derivatives of the scalar fields r - (dr/dr) associated with each curve
of Problem 1.

5. Prove the differentiation rules (2-1.5a,b,c,d) directly from definition; that is,
in (2-1.5a,c,d) start with (2-1.3) and use the methods employed in an
elementary calculus class rather than the results of function differentia-
tion.

6. If A =cos t1; + sin 11, + 213, B =sin 11, + cos t1, + fig,

(a) find (dA - B)/dt in two ways;
(b) find (dA x B)/dt in two ways.

7. A vector field V has a constant magnitude, thatis, V- V = constant for all ¢.
Show that if dV/dt # 0 it is perpendicular to V.

8. A third-order determinant

Al A2 AS
B! Bz Bs
ct ¢ C?

can be represented in either of the forms
A B x C L sl'jkAiBjCk.

Assume that the vectors A, B, and C are differentiable functions along
some curve and show that the derivative of the determinant is given as

follows:
1
aop o |44 a8
d B B B dat dt dt
ae| . | |B B B
Cct c* C ct ot c?
At 42 A3 At 42 A48

dB'! dB® dB3 Bl B B3
a a a|Vlac dc dc
ct c? c® dt dr dr

9. Determine parametric equations of the tangent line to the elliptic helix
X1 =2cost, X2 =3sint, X8 =¢ %

at (V 5, 3V 5, =[4). Also find the equation of the osculating plane at this
point.
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10. In Example 2-1.6 find components of P and Q in a system with coordinates
X if X! = 4,X* and

vio1 o
2 2
“A@)=1 -1 v3
7 7 °
0 0 1

How is the scalar ® expressed in the barred system?
11. Find the tangent line to

Xt=1,
X2=1¢, at(0,0,0).
X3 =0,

12. Find the osculating plane at a point P, for each of the curves of Problem 1.

2. Geometry of Space Curves

The purpose of this section is to extend the discussion of geometric
concepts concerning space curves, begun in Section 1. These ideas are
used, at least in part, to construct mathematical models of physical
phenomena. The discussion is facilitated by the introduction of the
concept of length of a space curve. Recall that a smooth space curve C
is algebraically represented by functions with continuous derivatives that
are not simultaneously zero.

Theorem 2-2.1. Suppose that the finite smooth space curve C were
represented algebraically by functions X? = X(¢t) t, <t < t,. Then a
number L, given by the following formula, can be associated with C.

i U
(-2.1) _f (,,c A )d:,

where Xy = Xi(t)) and X, = X'(1,), respectively, represent the co-
ordinates of the initial and terminal points of C.

PROOF. A partition (¢, * - -, ¢,,) of the common domain of the functions
X7 (see Fig. 2-2.1) gives rise to a partition [X*(t,), - - -, X*(t,)] of C.

A polygonal path is determined by joining the points of the partition on
C by straight-line segments. Denote the length of this path by L,. Then

(2-2.2a) L,
where
(2-2.2b) AX} =X *(t;) — Xt

(B DX P DX,

||M:
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to t te b tj th=1p

Xp*
X k()
Xkt
Xk -2 \
-\__/X (tj)
Xok
Fig. 2-2.1
According to the mean value theorem for derivatives,
ax*
(2-220) AX[ =Xt = X (1) = — - (=) B, <ttt

Since the derivatives are continuous on closed intervals, (2-2.2c) can be
replaced by
k
(2-2.2d) AX} = (dl(n) + ¢ )
that is, the intermediate domain values 7%, where j and k denote dependence
on the subinterval of the partition and the particular function, respectively,
can be replaced by values 7; which depend only on subinterval of the
partition.* When the expression (2-2.2d) is substituted into (2-2.2a), we
obtain
dx* dx* &
(222) L, = 2 [(5kq( (r;) + ¢ ) (d_t )+ e,“)] At.
S
Then, as refinements of the partition (4, * - -, #,) are taken, hence with
corresponding refinements of (Xy,:--, X,’), the continuity of the
functions on closed intervals implies that the summations involving e terms
approach zero. In the limit we obtain a number given by (2-2.1). ThlS
completes the proof.

Definition 2-2.1. The number

i k
= )

is called the length of the smooth space curve C.

¢ The theory relating to continuity of a function on a closed interval (i.e., zLﬁ?niformly
continuous function) is properly a part of advanced calculus. It is assumed in this text
without proof. (See Angus E. Taylor, Advanced Calculus, Ginn, 1955.)
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The vector field dr/dt associated with a curve C was investigated in
Chapter 2, Section 1. We found that dr/dt was a tangential vector field
along C and that in many circumstances it is advantageous that it have a
constant magnitude of 1. This property can be brought about by rep-
resenting the equation of the curve in terms of a parameter whose values
represent arc lengths from a fixed point P, of C to P on C. This parameter
is denoted by the symbol s.

Theorem 2-2.2. If C is represented by functions whose domain values
represent arc lengths s, then dr/ds is a unit tangent vector field.
ProorF. From (2-2.1) it follows that

(2-2.33) s= f t”(d’ d’)

dt dt
Therefore
V3
@2 R
dt dt dt

In other words, ds/dt is the magnitude of the tangent vector field dr/dt. If
t = s, this magnitude is 1. This completes the proof.

The properties of space curves to be pointed out in this section constitute
only a small fragment of those intensively investigated in the nineteenth
century. Joseph Liouville (1809-1882, French) and several of his associates
made a thorough study of curves and surfaces by using the methods of
analysis. The major features of their study of space curves can be developed
nicely by the introduction of an orthogonal triad of unit vector fields on a
curve C. The primary field of this triad is the unit tangent field dr/ds.
The other two members of the set, and some concepts which naturally
appear during their introduction, are represented by the following theorems
and definitions.

For simplicity of notation let us use the symbol t in place of the unit
tangent field dr/ds along C.

Theorem 2-2.3. If dt/ds # 0,

%
(2-2.4) Y (—- . —)

Kk ds
is a unit vector field orthogonal to t for all s.

Proor. Because t is a unit vector field for all s, we can write
(2-2.5) tet=1.

By differentiating this expression, we see that t and dt/ds are orthogonal,
for

2-2.5b t-—=0.
( ) e
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Since the factor « represents the magnitude of dt/ds, it follows that n is also
a unit vector field.

Definition 2-2.2. The vector field n defined on a curve C is called the
principal normal field on C.

In a plane there is only one direction perpendicular to a given direction.
However, in three dimensions the situation is quite different; there is a
plane of directions perpendicular to a given direction. Therefore there is
reason to give a special name to a chosen one of the set of vectors or-
thogonal to t. The following theorem gives still greater meaning to the
designation of the vector field n of Definition 2-2.2 as the principal normal
field.

Theorem 2-2.4. At each point of C the principal normal n lies in the
osculating plane.

Proor. In Chapter 2, Section 1, it was seen that the equation of the
osculating plane at a point P, of C could be put in the form

X — X! XP—-X,2 X—-Xx;®

PR v S v M v O S
() (G ()

Parametric equations of a line through P, and with the direction of n are

(2-2.6b) Y =X, + (

We see immediately that the coordinates of any point on this line satisfy
(2-2.6a). This completes the proof.

According to this theorem, the osculating plane, or, intuitively speaking,
the plane that comes closest to containing the part of the curve in a
neighborhood of Py, is the plane of the tangent vector t and the principal
normal m.

The magnitude « of the principal normal is significant in itself. Roughly
speaking, dt/ds is the change in the tangent vector t caused by a change in
the arc length value s. Since t is a unit vector, this change deals with the
direction of t.

Definition 2-2.3. « = |dt/ds| is called the curvature of C at the point P
with coordinates X7(s). =)
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Example 2-2.1. Consider a straight line with the vector representation
l'=l'o+BS, |B|=l,
where B is a vector constant. By differentiating, we obtain

=" _B
ds
Therefore
a_y.
ds

Hence the curvature, «, of a straight line is zero at every point of the line.

Example 2-2.2. A circle of radius a can be represented by the vector
form

s .S
r=acos—1, + asin -,
a a

where a is the radius of the circle and v, t, is a pair of orthogonal unit
n-tuples. Then

t= Ly = —sin3 L+ cos> Ly,
ds a a
it= oe (cosit1 + sinit,).
ds a a a
Hence
2.7 e=1 =1
a a

Note that, by defining « > 0, n has the same sense as dt/ds. In the
circle n points inward. (See Fig. 2-2.2.)

X2

L
U
Qe

Xl

Fig. 2-2.2
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Examples 2-2.1 and 2-2.2 facilitate a good intuitive grasp of the meaning
of the curvature «. A straight line has curvature zero at any point. The
curvature of a circle increases without bound as the radius of the circle
decreases. In general «(s) is a scalar field (with respect to rectangular
Cartesian transformations) along C. The numerical value «(s) at a point
of C is small if the curve does not appreciably deviate from the tangent
line; the number representing « increases as the deviation from the tangent
line becomes more pronounced. Another way of expressing this idea is to
say that the curvature of C at a point is the same as that of the circle
which best fits the curve at that point. Indeed, the study of curves by
examination of the best-fitting circle at each point is a well-developed part
of differential geometry.

The concept of curvature, with its associated vector ideas, suffices for a
study of plane curves. However, to describe space curves completely, a
third unit vector must be introduced. Since t and n are unit orthogonal
vector fields, the third vector completes the formation of a unit orthogonal
triad.

Definition 2-2.4. The vector field
(2-2.8) b=txn
is called the binormal vector field along C.

Theorem 2-2.5. t, n, b, in that order, form a right-hand orthogonal
unit triad of vectors at each point of a curve C.

PrROOF. b is orthogonal to t and n by definition. Its magnitude of 1
can be computed directly from (2-2.8). The fact that

l=b:b=b:txn=txn-b=t-nxb

is also a consequence of (2-2.8). Since the triple scalar product of the last
member of this expression is equivalent to the determinant of t, n, and b,
in that order, and since the value of the determinant is greater than zero,
it follows that the system is right-handed.

The magnitude of the vector field db/ds also has a geometric significance;
b is a unit field, so that the change, db/ds, of b with respect to change in the
value of s has to do with direction. In this case the deviation in direction
can be tied in with the variation of the curve from the plane of t and n.
In particular, we measure the projection of db/ds onto the principal normal.

Definition 2-2.5. 7(s) = —n - (db/ds) is called the torsion® field with
respect to a curve C.

¢ According to Erwin Kreyszig, op. cit., p. 38, the name *“‘torsion’’ was introduced by
L. I de la Vallée in 1825. =
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It is not the purpose of this book to delve deeply into the field of
differential geometry. Therefore, having introduced the fundamental tools
used in differential geometry to study smooth space curves, this section is
brought to a close with a statement of a basic set of relationships. These
are the so-called Frenet-Serret formulas given by Joseph A. Serret (1819-
1885, French) and F. Frenet.®

Theorem 2-2.6. (Frenet-Serret formulas)

@ =,
dn
(2-2.9) (b) — = —«t + 7b,
ds
db
— = —7n.
© ds T

PROOF. Relation (2-2.92) has already been discussed. [See (2-2.4b).]
To obtain (2-2.9¢), first of all note that b-b = 1 implies (db/ds) - b = 0.
Hence db/ds lies in the plane of t and n and can be expressed in the form

(2-2.10a) Z—b = a(s)t + B(s)n,
s
where «(s) and B(s) are unknown. Next note that b+t = 0 implies
db dt
. t:-—=—-b:—=—xb.-n=0.
(2-2.10b) s s K
On the other hand, from (2-2.10a) we see that
(2-2.10c) t. L) = as).
ds
Comparison of (2-2.10b) and (2-2.10c) leads to the evaluation
a(s) = 0.
With «(s) = 0, it follows as a consequence of Definition 2-2.5 that § = —r.

To prove (2-2,10b), we note that dn/ds is perpendicular to n, hence can
be written

(2-2.10d) % = y(s)t + O(s)b.

¢ Dirk J. Struik (Concise History of Mathematics, Vol. II, Dover, 1948) attributes the
French School of mathematicians headed by Liouville with having developed the
formulas around 1847. On the other hand, Coxeter (Introduction to Geometry, Wiley,
1961) states that the formulas were presented by Serret in 1851 and Frenet in 1852,
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To evaluate ¥ and J, we must differentiate both
ten=0 and b:.-n=0.
These differentiations lead to
dn dt

2.2, D B | S

(2-2.10e) 5 e

(2-2.10f) b. ﬂ! = —N- db = 47mn-n= 4.
ds ds

By making use of (2-2.10e,f), we find that

y(s) = —«(s),  O(s) = 7(s)-
This completes the proof of (2-2.9b).
In Section 3 we apply some of these ideas in a study of the kinematics
of motion.

Problems

1. Find the length of each of the following space curves:

@ X'=1, X*=£, 0<r<} |Ans.VE+iln(vV2+1)

(b) X' =cost, X2=sint, X®=1t O0<Lt<t,.

2. Express the parametric equations of the circular helix (Problem 1b) in terms
of arc length.

3. Find the magnitude of dr/dt in each of the following cases:
@ Xl=1+1, X2=1, X3 =0.
) Xi=1, X2 =12 X3 =7,
(¢) X! =agsintfa, X2 = qcos t/a, X3 =0.
d Xt=1, X2 =1, X8 =sinzt.
4. Does the parameter ¢ represent arc length in any of the parts of Problem 3?

5. Assume that s and an arbitrary parameter ¢ are functionally related. Further-
more, assume the existence of all necessary derivatives. Show that

d°r _[(dr dr\du dr dx\dr] (dr dr\?
@w=\a e \awa\az) -
. d’r _ dr (dt} d?r dt d¥ dr d%
OF~w\s) et as
6. Using the results of Problem 5 show, that
_ (dr/dt x d*/dt?) - (dr/dt x d%r/dt?)
B (dr/dt - dr[dn? ’
o dr/dt « d?r|dt® x dr[de®
" (dr/dt x d’[df?) - (dr|dt x d’t[df?)"

(a) x?

(b) ~
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Hint: In (a) employ the triple vector product and the Lagrange identity,
Section 7, problem set.

7. Compute (or comment) «* and  in each part of Problem 3.

8. Compute (or comment) «2 and  if
(a) X1=2cost, X% =3sint, X8=0.

(b) X1 = cosh¢, X?% =sinhy, X3 =0.
(¢) X! =cos5t, X2 =sin 5¢, X3 =et,

9. Find the equation of the osculating plane, the parametric equations of the
tangent line, and the parametric equations of the normal line to each of
the curves in Problem 3 at the point corresponding to t = =/4. Let
a =4in(c).

3. Kinematics

Kinematics is sometimes called the geometry of motion. In this
approach to mechanics the motion of a physical particle or group of
particles is represented by means of a mathematical model. The pictorial
representation of the model plays something of an intermediate role; that
is, both the physical happening and the corresponding mathematical
analysis have a common geometric interpretation.

In this section the motion of a single particle will be studied. In a
kinematical investigation, the particle is idealized as a point. No con-
siderations of mass enter into the discussion. The main objective is to
describe the motion of a particle by means of a smooth space curve
(intuitively thought of as traced out by the particle) and then to examine
the concepts of velocity and acceleration in terms of this representation.
Various frames of reference prove to be appropriate for such developments.
In this section we consider three examples: a rectangular Cartesian
coordinate system and an orthogonal triad of unit vectors which vary
along the path of motion, a rectangular Cartesian system and the constant
bases t;, t;, and 13, and polar coordinates in a plane along with an
appropriate set of basis vectors.

Definition 2-3.1. Let C be a smooth space curve with the vector
representation r = r(r), where ¢ represents a measure of time. Assume
that at least second derivatives of r exist on C. Then

dr d’r
23.1 v=2, —4ar
( ) dt 2 dr?

respectively, are called the velocity and acceleration vector fields on C.
Vélocity can be thought of as the rate of change of position with respect

to time. In the case of one-dimensional motion (say along the X! axis)
dr/dt reduces to (dX*/dt, on v, an expression that might be recognized
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from elementary calculus. Of course, we must realize that direction and
sense, as well as magnitude, play a part in the present usage of the term
velocity. Similar remarks hold for the acceleration concept.

Theorem 2-3.1. Let s = s(¢) be an increasing differentiable function.
Then we have

(a) V=-Z—‘:t=[V|t,

(2-3.2)

ds
() |a= Et-at + « [V|*n.

PrROOF. According to Definition 2-3.1,
(2-3.3) V=—s=——=t—.

Since t is a unit vector, |ds/dt| must represent the magnitude of V. Because
s = s(¢) is an increasing function, ds/dt > 0, and therefore (2-3.2a) is
proved.

Relation (2-3.2b) is obtained by differentiating (2-3.2a):

2 2 2 2 2
dv dr(ds) dr d*s Kn(£)+tds

a=—=—[— —_——= —_
dt ds di* dt dr®

This completes the proof.

From (2-3.2a) we observe that the velocity vector is a tangential vector.
The magnitude |V| = |ds/dt| is usually called the speed. It is interesting
to note the fact that V is a tangential vector correlates nicely with Newton’s
first law, which indicates that a particle tends to maintain a straight-line
motion unless outside influence is brought to bear.

From the relation in (2-3.2b) we learn that the acceleration vector
always lies in the osculating plane, that is, the plane of the tangent vector
and the principal normal.

The reader should also note that the basis t, n, b differs from any we
have previously considered because the elements t, n, and b are not
constant. At each point of C the triple of vector fields t, n, and b is a unit
orthogonal triad, but each element, in general, varies in direction along C.

Most of the development of these notes has centered around rectangular
Cartesian coordinates and a basis 1, t,, and ;. In m4ny instances it is
quite convenient to describe the kinematical aspects of particle motion in
terms of such a system. This description is rather straightforward.
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The position of the particle is given by the vector representation

(2-3.4a) r= Xl 4+ X%, + X2,
where
(2-3.4b) X7 = X(¢).

Since the basis n-tuples are constants, the rectangular Cartesian rep-
resentations of the velocity and acceleration fields are obtained by
straightforward differentiations.

dr _dx'  dx* _ dx®

= It = 7 u+ 7 L+ I L. (2-34C)
d2 d2xl d2X2 d2x3
A= d_tl; Sar Tt gt e G

Note that the expressions for velocity and acceleration can also be written
in the concise forms
ax’ X’
2-3.4e V=—u, = L.
G dr -’ ¢’
The following examples illustrate particle motions, as described in
rectangular Cartesian representations.

Example 2-3.1. Let the motion of a particle be represented by the
parametric equations

X = X + Be, 0Lt
where
(X X2 Xd) = (2,1, 3). (B, B%, B®) =(—1,3,1),
and e’ is the exponential function. Then
r=02—e)y + (1 4+ 3e, + 3+ e,
V = —ely + 3elt, + e,
a = —e', + 3el + e,
Furthermore,
V| =vVV-V=4VIl¢,
|a] = Va-a=+11e"

Therefore the particle is at (1, 4, 4) at ¢ = 0 and has a speed numerically
represented by V11, (See Fig. 2-3.1.) The acceleration is also indicated
by V11 at £ = 0. The motion is along a straight-line path, with both
speed and acceleration increasing exponentially. Note that both the
velocity and acceleration vector fields vary in magnitude along the curve
but are constant in direction.
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(2=e,143¢,3+e)

Fig. 2-3.1

Example 2-3.2. Suppose that a particle moves along the circular helix
described in Example 2-1.2. Then

r = cos fi; + sin 1, + fi,,

V = —sin f1; 4+ cos f1; + 3,
a = —cos f1, — sin ft,.
Furthermore,
VI =VV-V=V2, J|a|=V],
and
V:a=0.

We observe that the magnitude of the velocity, as well as the magnitude
of the acceleration field, is constant. Both fields, however, vary in direction
along the curve.

Another point of interest is that the velocity and acceleration vectors are
perpendicular for all .

A third way of illustrating kinematical ideas is in terms of a polar
coordinate system. This model represents particle motion which takes
place in a plane and presents another example of the usage of a non-
constant vector basis.

A polar coordinate system is constructed by choosin;a pole O and a
polar OP. (See Fig. 2-3.2.) A point is designated by a number pair (p, 6).
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The parametric equations of a curve are expressed in the form
(2-3.5) p=opl), 6=00).
(See Fig. 2-3.3.) As in the preceding discussions, the parametric equations
are dually interpreted as equations of motion of a particle and as equations
of a curve.
The basis associated with the polar coordinate system consists of the
pair R, a unit vector with the sense and
direction of the position vector r, and P, e
a unit vector orthogonal to R. o o
Theorem 2-3.2. dR/d0 is a unit vector //;S/a
perpendicular to R. O
PrOOF. Since R is a unit vector for

Fig. 2-3.2
all 0, N
(2-3.6a) R-R=1.
By differentiating with respect to 6, we obtain
(2-3.6b) 2R o
do

Therefore dR/d6 is perpendicular to R.
R can be represented in terms of a constant orthogonal basis (with 1,
along OP), as follows:

(2-3.6¢) R = cos O, + sin O,.
Therefore IR
(2-3.6d) == = —sin 6y + cos Ou,.”

db

Fig. 2-3.3

7 The representations of R and dR/df in terms of a basis 1, and i, identifies them as
Cartesian vectors and therefore justifies the use of the term vector in this discussion of
polar coordinates. Considerations of a vector as a collection of n-tuples associated
with nonlinear systems, such as polar coordinate systems, are treated in Chapter 3.
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From (2-3.6d) it can be determined that the magnitude of dR/d0 is 1. As
a matter of fact, the orthogonality of R and dR/df also follows from
(2-3.6c) and (2-3.6d). This completes the proof.

Definition 2-3.2. R and P = dR/d0 are the basis vectors associated
with a polar coordinate system.

As a matter of future convenience, the following relations are introduced
at this time.

Theorem 2-3.3. We have

d’R
2-3.7 — = —R
(2-3.7) 10°
Proor. When (2-3.6d) is differentiated, we obtain the result
2
ZTI: = —cos O, — sin O, = —R.

This completes the proof.

The expressions for velocity and acceleration of a moving particle can
be obtained by straightforward differentiation. In the following theorem
it is assumed that the derivatives exist.

Theorem 2-3.4. The velocity and acceleration vector fields of a particle,
with parametric equations p = p(t), 6 = 6(t), are

@ v-Eueple
(2-3.8) & do a0, dpdf

W a= (G ()R (p5a 22 5P

(®) a (dt2 dt + e e dt dt

Proor. The position of a particle is given by
r = pR,

where p is a function with domain ¢ and r is a vector function of a function;
that is, R depends on 6 and 0 in turn depends on the parameter . Therefore

vodr_dog, RO _dpy . db,

dt dt Pao dr  dt Pt

When V is differentiated with respect to ¢, we obtain a; that is,

d’p dpdRdO  dpdb d20 (g)z d’R
=—R+--"——4—-—P ==
de® dt dO dt  dt dt dt S dt] do®
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Making use of (2-3.7) in the last member of this expression and collecting
the components of R and P, we obtain the result (2-3.8b).

Example 2-3.3. If the acceleration is purely radial, then
d*0 dp db

AR B B e
Par dt dt

that is (multiplying by an integrating factor),

ﬁi_ (p2 d_@) =0,
dt dt

'y et
dt

and

Now the formula for area, as expressed in polar coordinates, is

area = pr” do.

Therefore
darea _ 45399 o constant.
dt dt

This relation is known as the ‘“‘law of areas”: If the acceleration of a
particle is always directed toward a fixed point O, the position vector will
sweep out area at a constant rate.

Problems

1. Suppose that the parametric equations of motion of a particle were given by
X! =cost, X% =sint, X3 =1, t>0.
(a) Find V, a.
(b) Show that V and a are perpendicular for all 7.
(c) Compute .
(d) Express s in terms of 1.
2. Find V and a if the parametric equations of motion are given as
(@) X! =acos s/a, X? = asin s/a, X3 =0.
M) Xt=1, Xt=¢, X3 =0, t>0.
(c) Find ds/dtin part (b).
3. Writeout the expressions for r, V, a if the parametric equations of the motion
of a particle are
@@ X1=1+¢, X2=1, Xé:=0.
(b) xt=1:, X2 =p2 X3 =p,
(¢) X! = asintfa, X2 =acos t/a, X3 =0.
d) x1=1, Xt=1t, X3 =sint.
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() X1=2cost, X2 =3sint¢, X8=0.
(f) X! =cosht, X% =sinh¢, X3=0, t >0.
(® X! =cos5t, X2 =sin 5¢, X3 =et
4. If A, B, and o are constants, A and B are linearly independent and

r = A cos ot 4+ Bsin ¢t

show that the acceleration vector is directed toward the origin and has a
magnitude proportional to the magnitude of r.

5. If the motion of a particle is uniform and rectilinear along a line through
(Xol, X% X®) and with direction (B, B% B®), write down a representa-
tion for the position vector. Then show that the velocity vector is con-
stant and the acceleration vector is zero.

6. Construct the representation of a motion that traces out the same path as
that of Problem 5, but for which the velocity and acceleration vectors are
not constants.

7. The parametric equations of motion of a particle are

Xl =3cost, X% =3sint, X3 =1t
(a) Write down expressions for r, V, and a.
(b) Construct a unit vector ﬁeld perpendicular to the plane of r and a
(for all #).
(c) Briefly describe the motlon
(d) What angle does V make with a?
8. Answer (a), (b),(c) of Problem 7 for a particle with parametric representation

Xl=e¢, X2 =e¢et, X8 =sinz¢.

d?R ( d2R)
— = (R-=|R,

9. Make a proof of

do? de?
assuming that
d’R

d6*
and computing « and B.
10. Show that the magnitude of the velocity field can be expressed in the form

dbé

! A
|V|=(V-V)'A=[(;’;)+p2} =

=oR + P

ar|’

11. Find r, V, and a for the motions with the following parametric representa-
tions:

b>0.

= ebt = i

(@) p = e, 0=t 1fb<0.
(b) p =sin¢, 6 =cost.
(c) p =coshyt, 6 = et

12. Discuss briefly the nature of the motion in each pa}ﬁ of 11
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4. Moving Frames of Reference

In preceding sections it was assumed that the coordinate systems
described fixed frames of reference. In this section transformation relation-
ships between rectangular Cartesian coordinate systems describing
reference frames in relative motion are investigated.

A principle of relativity of motion, that is, a statement of the fact that
the motion of a body has meaning only with respect to surrounding
bodies, has played a fundamental role in the theoretical development of
mechanics at least since the time of Newton.® In particular, Newton, in
his development of gravitational theory, postulated a principle of relativity
for bodies in uniform rectilinear motion with respect to one another.

Today, with man at the threshold of a period of solar and universe
exploration, mathematical models of bodies in relative motion are of great
importance.

Suppose that a frame of reference O is assumed fixed and that a frame O
is in rotational and translational motion with respect to O. (See Fig. 2-4.1.)

Fig. 24.1

® Theoretical knowledge of the nonobjective nature of motion dates back to the
Greeks. Aristotle defines ““place” as the relation of a body to the bodies in its neighbor-
hood.
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Furthermore, let an object P be in motion with respect to O. A kinematical
study of the relationships between these bodies can be made by setting up
the following mathematical model.

Rectangular Cartesian coordinates X7 and X7, respectively, describe the
systems O and O. It is assumed that there is a universal time. (This is
the Newtonian assumption. Its denial leads to Einstein’s special theory
of relativity.)

(2-4.1) t=10
Therefore the parametric equations of a particle in motion, that is
@) X' = X(1),

(2-4.2)
() X* = XX1),

can be expressed in terms of a common domain of values t.

Our assumption is that the X’ coordinate system is fixed. From the
physical point of view this means that the laws and concepts at the base
of classical mechanics take on their natural forms when referred to these
coordinates. In particular, the components of velocity and acceleration
vectors can be represented as projections on the coordinate axes. Obser-
vations and measurements intrinsic to the X7 system cannot be interpreted
so simply in general, for the measurements of velocity and acceleration
exhibit deviations. The outside observer attributes these to the motion;
the intrinsic observer thinks of them as pseudo-effects. To determine
these effects, we start with the laws of transformation relating the systems
O and O. Then appropriate expressions are obtained for velocity and
acceleration in the moving system by computing the standard forms,
that is, the first and second derivatives, in the O system.

According to the results of Chapter 1, Section 3,

(2-4.3a) Xi(1) = 44() X*(r) + Xi(0),

where X,/ are the O coordinates of the origin of the coordinate system of O.
The relation (2-4.3a) can also be described as the component form of the
vector equation T = F, + r. (See Fig. 2-4.1.) Because of the motion of O
with respect to O, the translation components X,/ and the rotation
coefficients 4, are functions with domain ¢. The variability of these
quantities distinguishes this situation from preceding developments.
Since the O system is assumed fixed (i.e., the motion of other systems is
judged with the O system as reference), the components of velocity are
obtained by differentiation of (2-4.3a).
(2-4.3b) 5 % X* 4+ 4, I + e
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Since it is assumed that the components dX’/dt determine the true
velocity, it is apparent from (2-4.3b) that this velocity cannot be obtained
from the functions dX?/dt alone. We must take into account functions
dX,’/dt and dA,’|dt, respectively, because of translational and rotational
effects. The terms A,/(dX*/dt) are usually called components of the
‘““apparent velocity,” whereas the (d4,//dt) X* are designated as components
of an “angular velocity.”” For the moment, we stop the discussion of
velocity with the remark that it is not, when defined in the usual sense, a
vector concept. This fact is pointed out by comparing the transformation
rule (2-4.3b) with (1-4.1). A way in which velocity can be expressed
mathematically by means of components that satisfy the transformation
law (1-4.1), even when the coefficients of the orthogonal Cartesian trans-
formations are dependent on a parameter ¢, is discussed in Section 4.*
Our present objective is to investigate the acceleration concept. The
components of acceleration arise by differentiation of (2-4.3b).

d’X &4 dA,’ dX* ;X &EXY
(2430 G =g XX e Y e T

The components d2X’/dt? of the fixed O system (it is assumed that they
denote the “true” acceleration) do not arise from the components dX*/dt?
alone. Therefore acceleration, as previously defined, does not fit into the
vector concept with respect to the group of variable rectangular Cartesian
transformations now under discussion if a requirement of that concept is
the transformation law (1-4.1).

The remaining theoretical development of this section is devoted to
expressing the velocity and acceleration in a classical form found in most
texts on vector analysis. We call it the arrow form. In Section 4* it will
be seen how the concepts of velocity and acceleration can be redefined so
that they once again fit into the fold of vector concepts.

In most texts that deal with moving frames of reference we find the
relations

V=V, +V,+wxr,

d
a=ao+aA+2waA+wx(wxr)+di:xr,

where V, and a, represent apparent velocity and apparent acceleration,
respectively, whereas the components of w measure angular velocity.
These relations are algebraically equivalent to the component forms
(2-4.3b) and (2-4.3c); however, they are expressed in terms of angular
velocity. The following definitions and theorems, which introduce and
develop the algebraic properties associated with the angular velocity
concept, establish the connecting link between the foregoing representations
and the component forms.
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Definition 2-4.1. Functions w,; are defined by

(2-4.4a) Wy = % A’ da/ .
i=1 dt
Theorem 2-4.1a. The matrix (w,,) is skew symmetric, that is,
0 W2 W3
(2-4.4b) Wy = —Wy, Or | —wp, 0 Wag
—w;3 —wy O

Proor. For any domain value ¢ the rectangular Cartesian systems X’
and X7 are related (with respect to the rotation) by the orthogonal trans-
formation equations of Chapter 1, Section 3. Therefore the orthogonality
conditions hold; that is,

3
(2-4.52) D> A’A7 =0,
j=1
By differentiating (2-4.5a) with respect to ¢, we obtain
(A, ; ;dA{
2-4.5b —* 47+ 47 —‘) =0.
) ) > ( dt foat
The relation (2-4.5b) can then be put in the form
3 dA.? 3 dAS
w=2 A =L ==-3 4, L = —w,
P gl dt j§1 bodt *

This completes the proof.

In general, the matrix (w;,) has six nonzero components. Because of
the skew symmetry property, these six components can be specified by
appropriately choosing three of them. A set of three components
emanates by means of the following definition.

Definition 2-4.2. The components w? are defined by
(2-4.6a) w? = }EPq,,.

The way in which the matrix elements w,; are represented in terms of
the w? is stated in the next theorem.

Theorem 2-4.1b. We have
(2-4.6b) w,, = &, 0"

PrOOF. When (2-4.6) is multiplied and summed with &,,,, the result
(2-4.6b) follows as a consequence of the algebraic properties of the &
systems developed in Chapter 1, Section 6.
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We are now in a position to bring about a connection between the two
forms of expression for velocity and acceleration. The next theorem
introduces the necessary computations.

Theorem 2-4.1c. We have

dA.’ ; 3
(a) = a; & pw® = Z mkw s

(2-4.7) “ .
| (b) LA:j = —20074,'0,0% + a8,y do?
PROOF. According to (2-4.4a) and (2-4.6b),
(2-4.82) > A o o 8
=1 dt

Multiplying and summing (2-4.8a) with a;* produces the result

(2-4.8b) S 87 dAk

q=1

i »
= a;6,30".

When the definition of the Kronecker delta is employed in the left member
of (2-4.8b), the result in (2-4.7a) is obtained.

The first step toward realization of the form in (2-4.7b) consists in
differentiating (2-4.7a). We obtain
d*4,’ (da » - dw”)

=& w? 4+ af .

at "\ adr " dt
Since a; = A/, the first term of the parenthetic expression on the right of
(2-4.8c) can be replaced according to (2-4.7a). Then

(2-4.8¢)

3
(2-4.8d) d A" Z mk(a 08, w” + a; fd—::—)
When, for convenience of notation, we let w, = " and replace &, by
E™ and a2 by 4/, (2-4.8d) has the form

A} . . . dw®

(2-4.8¢) = A8, E0,0" + a6,

de? dt
v
= —24,7 6"0 w? + af6,, ddi

t

This completes the proof.

The arrow form of the velocity and acceleration expressions (2-4.3b)
and (2-4.3c) now can be obtained.



160 THE DIFFERENTIATION OF VECTORS

Theorem 2-4.2. The components of velocity d X?/dr and of acceleration
d2X’/dt? in an O frame of reference (which is assumed fixed) are obtained
from measurements in an O system (which is in rotational and trans-
lational motion with respect to 0) according to the following relations:

Y’ Y 7 k
@ DL B S Atk
(2-4.9)
EX  &BX 4 dx*
b =X g 23 A8 2
®) T e E e

dw?
dt

Proor. Relation (2-4.9a) is an immediate consequence of substituting
for the first term of the right-hand member of (2-4.3b), according to the
result (2-4.7a).

In order to obtain (2-4.9b), we must appropriately substitute both
(2-4.7a) and (2-4.7b) into (2-4.3c). This action results in the form

3
+ 40 XN — (0,0)X] + 3 A8, —— X*.
i=1

&£X_dKy |, A ax*
4, 23 478,07
de? e T et Z T at

(2-4.10a)

( 2P 0w S A dﬁi)"-
i=1

The relation (2-4.10a) also can be given the form

d*x’ d2X dzxk dx*
2-4.10b o4 ig,, o 4X°
( ) dt2 dtz ik dt
j : do®
+ A4, [(0, X"o? — (w,0")X] + z A8 E X" .
=]

This completes the proof.

As previously indicated, the results in (2-4.9a) and (2-4.9b) are commonly
found in the arrow form,

(a) V=V°+VA+0)XI',

(2-4.11) (b) §=§0+3A+2waA+wx(wxr)+‘;—‘:)xr,

where V , signifies an apparent velocity and a, indicates an apparent
acceleration. w, with components —w?, is referred to as an angular velocity
“vector.” We have already noted that the components of velocity and
acceleration do not transform according to the law (1-4.1). Later it will
be seen that the same statement can be made concerning angular velocity.
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In comparing (2-4.9a,b) with (2-4.11a,b), we must make the following
correspondences:

Arrow Components Common Name
o dxy Translation velocity
] “ar of O
dX* )
Vi A’ I Apparent velocity
3
wXxr > A8, 0P XE Apparent velocity
=L of rotation
- d2 X,y Translational
Ll ar acceleration of O
diX*
a, A v Apparent acceleration
s ., X* .
2w XV, 2 Y A,78,,07 — Coriolis acceleration
i=1
W X (W Xr) A (0, XNw? — 0,07 X9 Centripetal acceleration
dw 3 dw?
—_ X A8y —— X*
dr r izl iOpik

The component forms make possible a clear geometric interpretation of
each arrow. The translational velocity and acceleration terms are straight-
forward projections on the axes of the O system. In all other cases a set
of values referred to the O system are operated on by 4,’. This corresponds
to projecting arrow representatives in the O system onto the axes of the
O system. Of course, these projections are dependent on .

Now attention will be turned to examples in which relations (2-4.3b,c)
or (2-4.9a,b) are used to illustrate given kinematical situations.

Example 2-4.1. Let a rigid body be rotated about a fixed axis. Suppose
the fixed axis is parallel to the X3 axis of the coordinates of a fixed frame
of reference. Furthermore, let an X’ coordinate system be associated
with the rigid body in such a way that the origin is on the axis and the X3
coordinate line corresponds to the axis. (See Fig. 2-4.2.) Now what is the
motion from the viewpoint of the fixed system of a surface point P of the
body that lies on the X* axis a distance r from the origin O? The para-
metric equations of such a point with respect to the X’ system are simply

(2-4.12a) Xt=r, X*=0, X:=0.
The parametric equations in the X system are

(2-4.12b) Xi= AX* + X,
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?3

el

Fig. 2-4.2
where X, are the coordinates of O. If

cos —sinf O

(2-4.12¢) AH=|sinf cosf 0],
0 0 1
then
X'=rcos 6 + X!,
(2-4.12d) X2 = —rsin 0 + X2,
X2=0+4 X2

Note that it is quite convenient to think in terms of matrix® multi-
plication in order to obtain the relations in (2-4.12d) as well as some of
those that follow.

In order to obtain the velocity components, we must first compute
dA,’|dt.

—sinf —cos6 0
(2-4.12¢) iy _ cos —sinf O d_B
dt dt
0 0 0

® We would put the first term on the right of (2-4.12b) in the form X*4,’. This
corresponds to the matrix form

A A A48
(X, X2, X0 [ A A A4,

At AE A
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By substituting into (2-4.3b) we have
—sinf —cosfO O
yv1 ve v3
(di,dl,di) = ﬂ9(r,O,O) cosf —sinf O
dt dt = dt dt
0 0 0

cos® —sinf O

+(0,0,0){sinf cos6 O] + (0,0,0),

0 0 1
that is,
axt . ,df
—— = —rsinf—,
dt dt
v
(2-4.12f) a4 i cos Gd—e,
dt ; dt
yv3
ax_o.
dt

In order to obtain the components of acceleration, we must compute
d®4,7[ds2.
—cosf sin6 O

2 j 2
(2-4.12g) (gﬁ_) ={—sin6 —cosb 0 (j—f)
0 0 0
—sinf —cosf 0
d%0
+ os —sinf O0)—.
cos sin T

0 0 0

The only term of the right-hand member of (2-4.3c) that contributes to
the result is the first. This is because the particle is fixed in the X7 system.

Hence
d:*xt doy? . ,d%
—- = —rcosﬂ(-d—t> - rsmeﬁ,
2 V2 2 20
(2-4.12h) ddff = +rsin e(j—f) Bl 37,
X

R 0.



164 THE DIFFERENTIATION OF VECTORS

When considering problems involving rotating frames of reference, it is
standard practice to start with knowledge of the angular velocity com-
ponents w’ and a set of given initial conditions. For example, in con-
sidering the motion of a particle in relation to the earth’s surface, we
might assume that a frame of reference, fixed with respect to the earth,
rotated uniformly in a system associated with the sun. The results from
which the computations of the last example were made are expressed in
terms of rotation coefficients 4,*. The way in which the 4,* are produced
by means of an initial state of rotation and a prescribed constant angular
velocity is indicated in the next theorem.

Theorem 2-4.3. If the angular velocity components w’ are constant
and (4;%), is a given set of values 4;* at t = 0, then

(2-4.13a) A,"=|:(A")o o (dzA’)} L (dz )cosKt

dr? K2\ dr
1 dA,") .
— K,
+ K ( dt osm
where
(2-4.13b) K = [(0Y)? + (0?)? + (0®?]*.

PrOOF. From (2-4.6b) and (2-4.7a) we obtain

(2-4.14a) ‘%“'—t — whA =0,
t
where
(2'4.14b) wjk = 6:”,(0 k = w'k
i 3

is introduced as a notational convenience. The relation (2-4.14a) can be
put in the form
(2-4.14¢c) (6{% - w"k)A," = (,

For each value of g (9 = 1, 2, 3), relation (2-4.14c) consists of a set of
three homogeneous first-order differential equations with constant coeffi-

d .
cients. The solutions of this system are annihilated by (6,,’ i w’k).
Since

2
(2-4.14d) det. (6 ,di - w’) = d— + K? di = dit (é—%+ K’),
it follows that ‘

(2-4.14¢) Ak = ¢} + dfcos Kt + e sin K1,



Problems 165

where ¢, d, e are constants of integration which must be determined
from the initial conditions. (See the problems at the end of the section
for details. Also see the discussion of eigenvalues at the end of Chapter 1,
Section 6.) Since the 4, are known at ¢ = 0 and the w’ are given, from
(2-4.14¢) and the result obtained by differentiating this expression we can
compute dA,?/dt and d®4,°%/dt* at t = 0. This enables us to calculate the
unknown coefficients. Att =0

(A:'k)o = C:'k + d:'k,

dAR o,
(2-4.140) ( ar )o‘ Kes
(dzA:ik)___ _sz k‘
de* i

When these relations are substituted into (2-4.14¢), the result (2-4.13a)
follows.

Problems

1. Determine the components of F, V, and a as well as the components w;; and
w? if the parametric equations of a particle in the X7 system are

() X1 =2 + 3,
X2=1+ 4,
X3 =3 + 5¢,

(i.e., straight-line motion) with
1 0 0
(4% =0 cos6 —sin6|. 6= 6@).
0 sinf cos6

Xl =y,
(b) Xt =,
X3 =0,

(i.e., parabolic motion), with
cos6 —sin6 0
(47 =|sin6 cos6 0], 0= 0@).

0 0 1
In each case let
X! =1t
Xe2=1+2t,

/‘_/03=2 +3t.
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2. Repeat Problem 1 if
Xl =rsing,p =1t
X2 =0,
X3 = rcos¢,

where r is constant, ¢ is measured from X3,
cos® —sinf O

(A:'k) = |sin® cosg 0).9=0@r)

0 0o 1
and (X,%) = (0, 0, 0).

3. Show that —}w",w?, = K% where K2 is defined by (2-4.13b).
4. Show that det. [6,/(d/dr) — w¥x] = (d%/dr) + K*(d]d).
Hint: Start with det. (8,7(d/dr) — w%))

1 . d . d . d
= ﬁ EijkEWf(épi 'Jt' - (l)”,) (607 2—[ - (l)]q) (6,." Ef - wk,.).

5 lIf ! = w? =0, w® = w, and (4;%), = 6;*, show that

coswt —sinwt 0
(Af) =|sinwt coswt 0).
0 0 1

6. If o! = w? =0, w® = w, show that the Coriolis components are
ka k
2w| —co 831, —— — Si 8anr ——
(0( S WlGg ar SIN wtbgox dar ),

_ X* dx*
2w | sin w1831k7 — COS wt83qy ? , 0,

and, when dX/dt = f(t),dX?/dt = dX3/dt = 0, these components reduce
to 2w(df/dt sin wt, df|dt cos wt, 0)

4*. A Tensor Formulation of the Theory of Rotating
Frames of Reference

In this section the allowable transformation group is the set of orthogonal
Cartesian rotations with time-dependent coefficients

(2-4*.1) X/ = AJ() X"

The goal of this section is to determine mathematical formulations of
the concepts of velocity and acceleration such that the respective com-
ponents transform according to the law (1-4.1). The attainment of this
objective makes possible the generalization of the vector concept to
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systems of orthogonal Cartesian coordinates related by transformations
with variable coefficients. The importance of representing physical con-
cepts, such as velocity and acceleration, in vector form lies in the
adaptability of these forms to the expression of physical laws in a universal
manner. This mode of thought is illustrated in Section 6 of this chapter.

In a sense, the set of components w,,; comprises the key to the mathe-
matical formulations to be developed in this chapter. Therefore, as a
first step in the development, the relations (2-4.9a,b) are expressed in
terms of the components wy;.

Theorem 2-4*.1. The relations in (2-4.9a,b), for rotations alone, can be
written

Y k
(a) d_AL — Akj (ddX _’ wkiXi),
(2-4*2) . t
axx’ .(dek dxt ; do* )
b = A4,’° 20F, — Eaf X 4 ——9 X)),
®) de * dtz-l—w’dt-'-ww'z &

where @, = oy,

Proor. The relations (2-4*.2a,b) can be obtained most easily by

computing -d4,’/dt* from (2-4.4a) and then appropriately plugging the
result in (2-4.3b) and (2-4.3¢c); that is, according to (2-4.4a) and also using
the fact that 4,/ = a7,
e » 44y
(2-4*.3a) a, 20
where w?, is written rather than w,, simply for notational convenience.
Summing the products of (2-4*.3a) with 4,9, we obtain

— D
—wk’

(2-4*.3b) el A 0%
Another differentiation yields
d’4,0 _ dA} dw?
2-4*3 k200 p 4 4ok
Gt a a4
dw?,

= A 0" ,w"% + A,° i
As previously indicated, when we substitute the results (2-4*.3b) and
(2-4*.3c) into (2-4.3b,c) the relations in (2-4*.2a,b) follow. This completes
the proof.

The next theorem investigates the mode of transformation of the com-
ponents w’,. As in the considerations of Section 3, it is assumed that O
is a fixed frame of reference; O and O are frames in rotational motion
with respect to 0. X7, X, and X7 are rectangular Cartesian coordinates
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associated with 0, O, and 5, respectively. Furthermore, 4,/ and B,’ are
coefficients of orthogonal transformations such that
(2-4*4) X = A4 X*, X' = B X"
As usual, a,/ and b, represent the inverse transformation coefficients.
Theorem 2-4*.2. The transformation rule relating the components
', and @' is
i t k
(2-4*.5) o = aX 8X" @, 4+ 9% 1.4 d(aX"/aX)
dX° 9X* ax dt

ProorF. From (2-4*.4) we observe that

X' ., ox
(2'4* 63) é—X—k = Ak 5 a_,?—k =

i
r e

Therefore
; (d4, _ 0X'd (0X’

@4neh) W= T om dt(axk)

_0X'9X"d (0X'9X°

T oX*oX’dt (ﬁ W)

_ gg‘_az’[d(a)?"/a)?a) aX° . 9X'd(@ fm/axk)]
0X®oXx’ dt  oX* ok° dt

_ a{" 2.X° ) »dB,’ 4§52 a)g d(aX"/aX")
axrox*’ dt " aX* at

The desired result is a consequence of making the replacement

»dB _ 5o
J dt aq
in (2-4*.6b).
It is left as an exercise for the reader to show that the transformation
rule (2-4*.5) is symmetric in nature. In other words,

- _ 0X'9X® ., , 0X'd@X%oX"
(2-4%7) Tt Toaxs T ar

The reader should note that the O system is assumed fixed. Physically,
this can be interpreted to mean that O has no rotational motion and
therefore the set of components @¢, (which measure the rotation) is a
zero set, that is,

(2-4*.8) w4 = 0.
From the standpoint of the transformation concept we could say that
the components @°, are obtained by consideration of the identity
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transformation; that is,
J
wh =0/ s _ o,
dt
Now that the transformation rule for the components ?, is determined,
we can turn our attention to the problem of expressing velocity and
acceleration in a form in which the respective components will transform
consistently with the law (1-4.1). If this law is satisfied, the entities are
said to be of vector character.

Definition 2-4*.1. Let {U*} be a collection of n-tuples U*, U¥, etc., one
n-tuple associated with each rectangular Cartesian coordinate system. The
collection {U*} is said to be a contravariant!® vector with respect to the
orthogonal Cartesian group with time-dependent coefficients of trans-
formation. The elements (U?, U% U?) are components of the vector.

The solution to the problem of formulating expressions for velocity and
acceleration that transform appropriately lies in relation (2-4*.2a) and is
indicated by the following definition.

Definition 2-4*.2. Let U* be the components of a contravariant vector.
Then
k k
(2-4*.9) LA 1Y + o*U*
dt dt

are called the components of the rotational derivative of the vector U.

Theorem 2-4*.3. The rotational derivative DU¥/dr is a contravariant
vector.
Proor. Consider the coordinate systems related by

= i _
X' =/ =% gr
oxX*
Of course, they are both rectangular Cartesian and the transformation is

orthogonal. By substituting for U* and w*; according to their trans-
formation rules, we obtain

(2-4*.10a)
k k
‘DU = dl + wk,-Ui
dt dt
_ X420 | [5’_?5_"3_)?'(;» 'a_xkg@?’_/ax_i)]a_x‘ o
- dt oX?ax* °  aX® dt oX’
" =p _ X i k 1 §7 i =
_x (dU +c3",v’) N (d(ax (X% | ox* z;gw)m
2%\ ar dt X7 oXx’  dt

19 For a discussion of the term contravariant see Chapter 1, Section 5*.
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To show that the theorem is valid, we must verify that the second paren-
thetic expression on the right of (2-4*.10a) has the value zero. This fact
follows by the differentiation with respect to ¢ of

0xX* o X’ %
= o =0,
X’ ox®
When the parenthetic expression is set equal to zero, (2-4*.10a) reduces to
DU* _ ox* DU’
dt 90X dr’

(2-4*.10b)

This completes the proof.

Since the rotational derivative of a vector is a vector, it follows that
rotational derivatives of any order are vectors. This fact puts us in a
position to consider the concepts of velocity and acceleration. In par-
ticular, recall that the transformations being dealt with are rotations, hence
X7 are components of a position vector r. Because the X? are vector
components, we can take a rotational derivative.

Definition 2-4*.3. Let the velocity and acceleration concepts be defined

by means of the respective sets of components
DX? DX DDX’/dt)
dt ° de® a

Theorem 2-4*4. Velocity and acceleration as defined in Definition
2-4*.3 are vector concepts. Furthermore, in a given coordinate system
they reduce to the usual forms (2-4.9a,b).

PROOF. The rotational derivative was modeled after the parenthetic
expression in (2-4*.2a). Furthermore, the components @*; equal zero.
Therefore the components of velocity satisfy Definition 2-4*.2. The
computation showing that the components of acceleration satisfy (2-4*.2b)
is straightforward and is left to the reader.

The problem of determining “universal laws of nature” is one of the
major concerns of theoretical physics. Vector and tensor analysis have
gained prominence as valuable scientific tools because they, more than
any other mathematical discipline, lend themselves to this cause.

Problems

1. Derive the transformation law (2-4*.7),
(a) repeating the procedure used to obtain (2-4*.5), and
(b) starting with (2-4*.5).

2. Is the transformation rule for the components ¥, consistent with the tensor
transformation rule stated in Chapter 1, Section 5*?

3. Show that the components of acceleration D%X7/df? are in agreement with
(2-4*.2b).
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5. Newtonian Orbits

A problem in dynamics is investigated in this section. Studies made
under the heading of dynamics differ from kinematical investigations in
that the concept of mass is considered. Particles are still idealized as
points, and their paths are represented by space curves, but because mass
(m) is taken into account the study of velocity and acceleration fields along
the curves is replaced by a study of momentum (mv) and force fields (ma).

To the ancients the earth was a plane in a vast sea. Observations
concerning the nature of the earth and its relationship to the other heavenly
bodies were made over a long period. By the time of the Greek civilization
important facts concerning these relations had been established. Hippar-
chus, 160 B.c., and Ptolemy, A.D. 100, developed a theory of epicycles
which described the motions of the. known planets from an earth-centered
viewpoint. More than a thousand years later Copernicus'! brought about
a philosophic revolution with the observation that paths of planets
could be represented more simply by taking the sun as the center of
reference.

By using observed data, obtained by himself and his predecessor Tycho
Brahe (1546-1601, Danish), Johann Kepler (1571-1630, German) elab-
orated on this view and determined empirically the motion of the planets
with respect to the sun. Half a century later Isaac Newton published his
Principia in which he set forth a theory of gravitation that formed a
theoretical foundation for Kepler’s empirical results. No doubt Newton
fashioned his theory to include Kepler’s laws. But, as every student of
physics knows, the Newtonian theory was not sterile. It has been the
working model of the physical sciences for more than two hundred years
and has formed a foundation stone for much of modern-day physics,
including Einstein’s general theory of relativity. Discrepancies in obser-
vation and Newtonian gravitational theory led to the discovery of the
planet Neptune. Adams (English) and Leverrier (French) obtained
sufficiently accurate mathematical results to enable astronomers to locate
the planet. (Neptune was first recognized by Galle (German) in 1846.)
In fact, still further astronomical investigations, spurred by the discov-
ery of Neptune, led to the discovery of Pluto by C. W. Tombaugh in
1930.

The objective of this section is to illustrate the way in which the Kepler
laws of planetary motion can be obtained from the Newtonian theory.

11 His proper name was Nicolas Copernik and he was born in Polish Russia.
Copernicus is the Latinized form of Copernik.
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These laws are as follows:
(a) The planets describe ellipses with the sun at one focus.
(b) The radius vector from the sun to a planet sweeps out equal
(2-5.1) areas in equal times.
(c) The squares of the periods of the planets are proportional to
the cubes of their mean distances'? from the sun.

Our starting point is Newton’s law of gravitation.

Newton’s Law of Gravitation. Any two bodies whose dimensions are
negligible in comparison with their distance apart attract each other with
forces directed along their joining line. The force on either body is
directly proportional to the product of the masses of the bodies and
inversely proportional to the square of the distances between them.

The algebraic structure of vectors was not developed until the nineteenth
century, whereas Newton lived from 1642-1727. Therefore it is clear that
the vector methods used in this development were not included in the
original work. To see the degree of simplification brought about by the
vector concepts, we need only begin writing out the equations in complete
detail.

Regard the sun, of mass M, as fixed in space and let the point rep-
resenting it be the initial point of the position vector r = rR. (Ris a unit
radial vector.) Let the mass of a planetary body be represented by m.
On the one hand, the force vector field associated with the path of planetary
motion is defined to be F = ma. On the other hand, accordingto Newton’s
law of gravitation,

—mMGR

’
r2

(2-5.2) F =

where G is a constant of proportionality, the so-called gravitational
constant. Therefore we have

dv. —mMGR
m—=——

2-5.3

( 2) dt re

or

(2-5.3b) a= _MQGR .
r

Theroem 2-5.1. The planetary motion is planar.
ProOOF. By cross multiplication of both members of (2-5.3b) with r,
we obtain

(2-5.4a) rxa=0.

* The major semiaxis @ = (r, + r;) is called the planet’s mean distance from the
sun. For earth a ~ 92,900,000 miles.
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The relation (2-5.4a) is equivalent to

d(r x v)

2-5.4b —— =0,
( ) o
since

d(r x v) (dr ) ( dv)

—=|—x + X—)=(¥vxv)4+(rxa)=rxa.

dt dt Y r dt ( )+ ( )

Therefore by integration of (2-5.4b) we obtain
(2-5.4¢) rxv=h,

where h is a vector constant. Since r and v are perpendicular to the same
direction h for all ¢, the motion is planar.

Theorem 2-5.2. The equation of planetary motion is

_ MG

14 ecosf
where h = vh-handee, the magnitude of a vector constant of integration,
represents the eccentricity of a conic section.

PROOF. As a first step in obtaining the desired equation, cross multiply
(2-5.4c) with the acceleration vector a.

(2-5.5)

(2-5.6a) ax(rxv)=axh
On the one hand, the left member of (2-5.6a) can be written

(2-5.6b)
ax(rxv)= -MGRx (rRxgr—R) = _MGRx (r’Rx‘i—R)
t

re dt re
= —MGR x (R x d—R) = —MG[R(R-d—R) - d—R(R-R)]
dt dt dt
=M R
dt

In developing the result (2-5.6b), we must use the triple vector product
as well as the facts

dR

RxR=0, R-R=1, R- =0.
dt
On the other hand, the right-hand member of (2-5.6a) can be written
dv _divxh

2-5.6 =—xh
(2-5.6¢) axh dtx o
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Therefore, by replacing the members of (2-5.6a) according to (2-5.6b,c)
and putting the terms on the same side of the resulting vector equation,
we have

(2-5.6d) MG‘Z—?—W——(MGR—VXM—O
By integrating,
(2-5.6¢) MGR — v x h = — MGe,

where the arbitrary constant of integration is written with the factor— MG
simply for convenience of the algebraic manipulation that follows. From
(2-5.6¢),

(2-5.6f) vxh=MGR+ e).
When this expression is dotted with r, we obtain
(2-5.6g) r-vxh= MG(r + recos ),

where r - e = re cos 6. By using the algebraic property of interchange of
dot and cross on the left of (2-5.6g), as well as relation (2-5.4c), the
expression (2-5.6g) can be put in the form

h? = MGr(l 4+ ecos 6).

The result of the theorem follows by simple algebraic manipulation.

The relation (2-5.5) is the polar form of a conic section with eccentricity
e and with one focus at the origin. The orbit is an ellipse, parabola, or
hyperbola for e < 1, e = 1, and e > 1, respectively.

Since the orbit of a planet is closed, it must be an ellipse. The closest
point of the planet’s orbit to the focus is called the perihelion, whereas
the farthest point is called the aphelion. (See Fig. 2-5.1.)

The second Kepler law is satisfied, since, by assumption [see (2-5.3b)
and Example 2-3.3], the acceleration is always pointed toward a fixed
position. This fact may also be determined in the context of the present
problem, as indicated in the following example.

7 Perihelion

Aphelion

Fig. 2-5.1
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Example 2-5.1. The law of areas can be intuitively determined by
considering the element of area swept out in Fig. 2-5.1.

(2-5.7) AA = }r||r + Ar| |sin AB| = } |r x (r + Ar)|

=} |r x Ar|.
Therefore
A4 = g r x Ar , At > 0.
At 2 At
Then, assuming the existence of the limit,
d—A=1imA4=1}lim rx§!=§|rxv|
dt  t=o0 At At
=4 h.

Therefore dA/dt is constant.

The third Kepler law is derived as follows. Because the sectorial speed
4 |h| is constant, the period of revolution P in an elliptic orbit is obtained
by dividing the area of the ellipse by the sectorial speed. As indicated in
Fig. 2-5.1, the length of the major axis (i.e., 2a) is r; + r,, where r, and r,
are the perihelion (0 = 0) and aphelion (6 = =) distances, respectively.
From (2-5.5),

2 2
(2-5.8) y, = RIMG o MG N
1+e 1—e
Therefore
2h?
2 = -
S Y T
and
h2
(2-58b) 1 —e*= .
aMG
The area of an ellipse of semiaxis a, b is
(2-5.8¢c) mab = ma¥(1 — e?)'/2
Hence the period of revolution is
P = a1 —e)* 2ma® h  2ma*
3h h (aMG)*  (MGY*’
Therefore
P? 47
2-5.8d —_=—
( ) a MG

The right-hand member of (2-5.8d) is constant. Furthermore, the value is
not dependent on the particular planet under consideration. Hence
Kepler’s third law is valid for all the planets.
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Problems

1. If h = 0 in (2-5.4c), what, then, is the nature of the motion?

2. The angular momentum of a particle about a point, denoted by L, is defined
as
L =r x mv.

The moment of force or torque of a particle about a point is

H=r xXF,
where the force
dmv
= s
Show that
dL
H = 7

3. If the total torque is zero, show that the angular momentum is conserved.

6. An Introduction to Einstein’s Special Theory
of Relativity

Einstein’s initial paper concerning the special theory of relativity, “On
the Electrodynamics of Moving Bodies,”” was published in 1905. As with
any other theory of major importance, it was not the product of one man;
rather, Einstein’s work culminated the thoughts of many individuals. To
examine its origins, we must trace the histories of classical mechanics,
electromagnetic theory, and the related mathematical and philosophical
developments. It is not the purpose of this book to go into great detail
concerning these histories, but a few relevant facts may be useful in setting
the scene for those aspects of special relativity that are to be presented.

Alongside the knowledge of the solar system, discussed in Chapter 2,
Section 5, Galileo placed the mechanics of freely falling bodies. In his
turn, Newton combined the physical knowledge of the seventeenth century
with his own physical intuition and mathematical learning to formulate
the foundations of what is known today as classical mechanics. At the
base of Newton’s theory of mechanics were two assumptions of specific
importance to the development of the ideas presented in this section.
According to the theory:

1. Measurement of time does not depend on a physical frame of
reference; that is, time has a universal character.

2. Uniform rectilinear motion cannot be intrinsically determined by
mechanical experiments.
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Relativity of motion was not a new concept with Newton. The fact that
an individual’s observation of the motion of an object depended on his
own circumstances!® was known to the Greeks. On the other hand, the
idea that uniform rectilinear motion could not be determined mechanically
without reference to another physical object was new.

From the mathematical point of view, the facts of immediate concern
may be put as follows: It is assumed that a frame of reference (called by
the physicist an inertial frame) exists in which Newton’s laws of classical
mechanics hold.!* Any frame in uniform rectilinear motion in relation to
the original system can be shown to be an inertial frame. We associate a
rectangular Cartesian coordinate system with each reference frame. The
transformations relating coordinates, as specified by these various systems,
form a group, and it is required that the fundamental laws of classical
mechanics be invariant with respect to this group.’® These laws are
invariant under the Galilean transformations

Xi= AJXE— o1, |4 =1,

where the coefficients of rotation 4,7 and the velocity components v’ are
constants. It is assumed that at ¢ = 0 the origins of the orthogonal systems
coincide. The path of motion of one frame with respect to the other is
illustrated in Fig. 2-6.1.

Let us turn to the history of electromagnetic theory and, in particular,
to the developments of the nineteenth century. Late in the eighteenth
century Charles Augustin Coulomb (1736-1806, French) experimentally
confirmed an inverse square law for the electrostatic force field. Around
1820 Hans Christian Oersted (1777-1851, Danish) discovered that an
electric current produces a magnetic field, and a little later in the century
Michael Faraday (1791-1867, English) and Joseph Henry (1799-1878,
American) independently determined that a magnetic flux produces an elec-
tric field, thereby establishing the principle of electromagnetic induction.
The body of knowledge of electromagnetic theory was climaxed by Clerk

13 Are you moving at this instant ?

14 1. Every body tends to remain in a state of rest or of uniform rectilinear motion
unless compelled to change its state by action of an impressed force.

II. The *“‘rate of change of motion,”” that is, the rate of change of momentum, is
proportional to the impressed force and occurs in the direction of the applied force.

III. To every action there is an equal and opposite reaction, that is, the mutual
actions of two bodies are equal and opposite.

¢ Klein’s Erlanger Programm of 1872 classified geometries in terms of invariants
of transformation groups. The close relationship of this principle for classifying
geometries to the demand that physical laws have invariant mathematical forms with
respect to a given transformation group was pointed out by Klein. See Entwicklung
der Mathematik II, Chelsea, New York, 1950.
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X3

Path of
motion

X2

Xl

Fig. 2-6.1

Maxwell (1831-1879, English). His famous equations put the theory on
a postulational basis and opened the door to mathematical speculation.
The phenomena of electricity and magnetism were destined to have a

profound influence on the philosophical development of man, for electro-
magnetic theory set forth the physical properties of nonmaterial substances.
By application of his mathematical talents Lorentz determined that
although the Maxwell equations were not invariant to the Galilean
transformations they did preserve their form under a special set of trans-
formations, which subsequently were named after him. For the motion
of one rectangular Cartesian frame along a z axis common with the z axis
of another these Lorentz transformations have the form

r=z y=yv

_ z— vt .t — (v[cP)z

e R S e V= P

[1=(/e)] [1— (v /fe)?]*

where v is representative of a constant velocity and c is the velocity of
light in vacuo. Although these transformation equations preserve the
form of Maxwell’s equations, they also suggest from the classical point of
view a strange relation between space and time. It was not Lorentz’s
destiny to explain this relationship in a satisfactory manner. If he had
done so, much of the scientific glory which later went to Einstein might
have been his.
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To these brief accounts of classical mechanics and electromagnetic
theory let us add an experimental fact. It was hoped, because of the non-
material aspect of electromagnetic phenomena, that through it the uniform
rectilinear motion of a physical frame of reference might be determined
intrinsically (i.e., without reference to any outside body). In particular
optical experiments were attempted, the most famous of which was the
series carried out by Albert A. Michelson (1852-1931, American) and
Edward Williams Morley (1838-1923, American) in the last part of the
nineteenth century. In these experiments an attempt was made to deter-
mine the velocity of the earth (making the assumption that the earth
moved along the tangent line to its path of motion at a given instant, hence
could be considered in uniform rectilinear motion) by compounding its
velocity with the velocity of light, first in the direction of the earth’s
motion and then orthogonal to this direction. No positive result was
achieved; that is, the compounding of velocities, in the classical sense,
failed. Furthermore, these experiments and others pointed to the pos-
sibility that the measurement of the velocity of light did not depend on
uniform motion of either the source or the receiving agent.

We have before us two theories, classical mechanics and electro-
magnetics, and the experimental facts of the failure of the composition of
velocities when light is involved and the constancy of the velocity of light.
Let us add to these the theoretical physicists’ desire for a universal physical
theory and a suggestion by the French mathematician Henri Poincaré
(1854-1912) that perhaps neither mechanical nor electromagnetic experi-
ments could intrinsically detect uniform rectilinear motion. The stage is
set for a new theory; in this instance, Einstein’s special theory of relativity.

Let us turn our attention to the mathematical development of the
previously stated ideas.

If the axes of two rectangular Cartesian coordinate systems, O and O,
are parallel and the O system is in uniform translatory motion with respect
to O, the associated Galilean transformations take the form (Fig. 2-6.2)

=X — ',
(2-6.1a) )
=1

in which throughout the discussion we make the identifications X! = z,
X% =y, X®= z and correspondingly in the barred system. To interpret
these equations physically, we associate the coordinates X7 and X’ with a
particle P moving uniformly and rectilinearly with respect to either system.
It is assumed that time is measured in a common way for all systems
related by the transformation equations. Under this assumption a differ-
entiation of the Galilean transformation equations leads to the classical
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This law is a central concept in classical mechanics, but, as indicated in the
introductory remarks, the phenomenon of light does not conform to it.
Before beginning the search for transformation equations that produce a
composition of velocities consistent with the physical facts concerning
light, it is constructive to digress on a brief investigation of the geometric
interpretation of the Galilean transformations.

The equations in (2-6.1a) were introduced as equations of motion of
a particle in a three-dimensional Euclidean space. This interpretation
involves motion and therefore is primarily physical, rather than geometric,
innature. A static model can be developed by extending the dimension of
the space to four. Assume the space to be Euclidean and refer it to a
rectangular Cartesian coordinate system (z, ¥, 2, ). Then the transfor-
mation equations in (2-6.1a), which can also be written in the form

(2-6.1b) Xe=X*— v’ 8,2X*
or
(2-6.1c) X* = B,X?,

are centered affine transformations. In (2-6.1b) the Greek index « ranges
over values 1,2,3,4, and X*= ¢, whereas X*={ Throughout the
remainder of this section indices indicated by Greek letters take on values
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1, 2, 3, 4. The matrix of transformation coefficients is

1 0 0 O

1 0 0

.6.1d) (B = -
vt = —=® 1

As long as some one of the velocity components is different from zero,
this matrix will not satisfy the orthogonality conditions in (I1-3.2l¢).
Therefore the coordinate system founded on it will not be rectangular.
Specifically, the z, y, and z axes are not changed under the transformation;
however the { axis differs from the ¢ axis. It is impossible to construct a
four-dimensional diagram to illustrate the foregoing remarks, but our
intuition can be stimulated by suppressing one of the space dimensions
and then constructing the diagram. This is done in Fig. 2-6.3a. In Fig.
2-6.3b two-space dimensions are suppressed.

The transformation relation 7 = ¢ points out the universal nature of
time in classical space time. This fact is illustrated geometrically by a
plane of simultaneity in Fig. 2-6.3a. This plane, which is parallel to the
coincident ¥, 2, and ¥, Z planes, consists of the set of all points with a
common time coordinate. The existence of planes of simultaneity,
illustrated in Fig. 2-6.3a, and of lines of simultaneity, shown in Fig. 2-6.3b,
are specifically pointed out so that comparisons can be made with corre-
sponding representations in the relativistic situation. A word of warning
when interpreting the diagrams: the reader must realize that the unit of
distance is not the same along the ¢ and 7 axes. (See Problem 2b.)

In both Fig. 2-6.3a and Fig. 2-6.3b a line, called a world line, has been
constructed parallel to the 7 axis. This line consists of the set of all points
with the same space coordinates in the barred coordinate system. A
corresponding world line for the unbarred system must be drawn parallel
to the ¢ axis. The world lines illustrate the fact that the concept of rest
has no objective meaning in classical space-time.

The cone drawn in Fig. 2-6.3a degenerates to a pair of intersecting lines
in Fig. 2-6.3b. In both illustrations the lines of the cone represent
emanations of light rays from a source fixed at the origin of coordinates.
The cone is symmetric to the ¢ axis but it is not symmetric to the 7 axis.
This fact is expressed algebraically by the variance of the equation of the
cone under a centered affine transformation. (See Problem 3.) These
observations concerning the light cone conclude the digression and, at the
same time, initiate the discussion of the ideas underlying the special theory
of relativity.
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Classical space-time
t

World line

Plane of
simultaneity

“00
o o
2

y

Space motion diagram

Fig. 2-6.3a. The concept of rest has no objective meaning in classical space time but
simultaneity has.

Experiments such as those of Michelson and Morley indicated that the
measure of the velocity of light is independent of uniform rectilinear
motions. From the mathematical viewpoint the question is one of obtain-
ing the transformation equations relating coordinate systems O and O in
uniform rectilinear motion, with respect to one another, under the con-
dition?¢
(2-6.2a)

=X = (X% — (X + (X = —(X)* — (X*) — (X)* + (X
or
(2'6.2b) haﬂXGXﬂ = h;_“y;'fu,

1¢ More precisely, the condition is 4, X*X? = ptk, , X*X¥, but it can be shown that
p = 1. See W. Rindler, Special Relativity, Interscience, 1960, p. 17.
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Space motion diagram

Cone equation
-22412=0

224 20%f (1 —0)2=0

Fig. 2-6.3b
where
-1 0 0
-1 0
(hup) = (hap) = 0 0 —1 0

0O 0 0 1

From the physical point of view, we can think of light radiating from a
point source (the origin of coordinates) in a spherical wave. (See Fig.
2-6.4.)

If the velocity of light is denoted by ¢, and X* represents the time
elapsed while a point of the wave reaches the position P, then

(X1)2 + (X2)2 + (X3)2 - C2(X4)2_
By taking our unit of length as the distance traversed by light in one
second we impose the normalization ¢ = 1; the relation then has the form

_(Xl)! -— (X2)2 — (X3)2 + (XA)Z = 0.
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X3

X 1
Fig. 2-6.4

The requirement that precisely the same observations must be made
from the point of view of an O coordinate system (the origin of which
corresponds to that of the O system at the emission of the light wave)
leads to the relation

hysX°XP = h,, X' X*.
The fact that the systems O and O are in uniform rectilinear motion

with respect to one another implies that the coordinates are linearly
related; that is

(2-6.3) X*= c,,“)? B
where the constant coefficients of transformation c;* are not known.

(See Problems 1, 5,6.) In order that the form A,,X*X? may be invariant
under the transformation, it must be that
hyy = CrCythyy

Since the matrices (4,4) and (h,p) are identical, the foregoing conditions
remind us of the orthogonality conditions associated with the transfor-
mations relating rectangular Cartesian systems. Indeed, these conditions
are taken as the orthogonality conditions of the four-dimensional space
which is now before us. It is usually called a Minkowski space because the
geometrical aspects of the concepts presently under investigation were
first pointed out by H. Minkowski in 1908. Before pursuing this trend of
thought, it is convenient to make the following simplifying assumptions.

Let the axes of the three-space systems O and O be parallel. Further-
more, assume that the uniform rectilinear motion of the O system is along
the positive sense of the X3 axis of the O frame and that initially the origins
coincide. For simplicity of notation we also use X3and X*interchangeably
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Fig. 2-6.5
with z and ¢. The corresponding relations hold in the O system. (See
Fig. 2-6.5.)
Then

=x, xt=1x,
3= Css X3 4+ C43 X4, Yi= Cs‘ X3 4+ C.,‘ XA’
and the orthogonality conditions h,; = C,*Cs*h,,, reduce to
—1=—(C?
—1=—(CH*
—1= —(CSF + (CH
0= —-C*C2+C3tC!
1= —(CH* + (Coy.
If we concentrate attention on the relations
(€ — (G =1,
(C) = (Cor =1,

a marked resemblance to the orthogonality conditions on plane rotations
is easily noted. In that case the condition to be satisfied was of the form
(XY + (X = (X + (X,

whereas in the present case
(X%2 — (X3)2 = ( ,\74)2 —( Xra)z_

In the case of the rectangular Cartesian rotations, the coefficients of
transformation were parameterized by circular functions sin 6 and cos 6.
The foregoing considerations suggest that the coefficients of transformation
associated with the Minkowski metric be parameterized by hyperbolic
functions sinh and cosh. In particular, choose

Cg® = cosh g, Cst = —sinh y,
Cs* = cosh y, C = —sinh y,
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and the conditions on the coefficients will be satisfied. We have

(2-6.4a) Z = zcosh y — tsinh .
i = —zsinh y + tcosh %.

If we consider a particle fixed at the origin of O, then z = 0 and

that is, the uniform velocity of the O system with respect to the O system
is represented by tanh x. Furthermore, we can write the transformation
equations in the form

Z = cosh x(z — t tanh ),

i = cosh y(—=ztanh y + t).
Use of the identity
I — tanh? y = sech? y

immediately leads to a representation of the transformation equations in
terms of the velocity v; that is,

5= 2z — vt
- 1 — 02)‘4 2
(2-6.4b) (
;=2 +t
1 — ¥t

These are the special Lorentz transformations mentioned in the intro-
ductory remarks. The mathematical development just presented implies
that the measure of light velocity is an invariant of the Lorentz group of
transformations. In his paper, *“Electromagnetic Phenomena in a System
Moving with Any Velocity Less than That of Light” (English version in
Proceedings of the Academy of Sciences of Amsterdam, 6, 1904), Lorentz
showed that the Maxwell equations were invariant with respect to these
transformations; that is, the Lorentz transformations had the same
characterizing relation to electromagnetic theory as the Galilean trans-
formations had to Newtonian mechanics.

The invariance of the form F = (X*)? — (X®)% led to the special Lorentz
transformation group just as the invariance of G = (X*)% + (X3)% led to
the orthogonal Cartesian group. G imposes the ordinary Euclidean
metric geometry in the plane, but F imposes a hyperbolic geometry.t?
The development of special relativity as expressed in this hyperbolic
geometry was first expounded by H. Minkowski in 1908. The plane in
which the metric form F holds sway is accordingly called the Minkowski

17 The forms F and G are commonly called fundamental metric forms.
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plane. Minkowski’s method of presentation is advantageous in represent-
ing the kinematical aspects of special relativity: in particular, the concepts
of “contraction of length” and “dilation of time.”

Figure 2-6.6 illustrates the fundamental notions of the Minkowski plane.
Suppose that from the ordinary Euclidean point of view a particle is in
uniform rectilinear motion along the z axis of a coordinate system O.
Let an O system be associated with the particle with axes parallel to those
of the O system. (See Fig. 2-6.5. As represented in Fig. 2-6.6, the space-
time reference system of the frame O is denoted by the Z and 7 axes. Each
coordinate pair (z, ¢) is said to represent an event in space time. From the
viewpoint of the O system:

1. All events whose coordinates satisfy |s2 — | = L? are at an equal
interval from the origin. (This is the set of events represented in the
diagram along the branches of the conjugate hyperbolas.)

2. A light particle moving along the z axis in three-space is pictured in
space time by means of the events satisfying the equation 22 — 2 = 0.
One branch of this so-called light cone is represented in Fig. 2-6.6.

3. All events represented on a line parallel to the Z axis take place at the
same time in relation to the O system. Therefore such a line is called a
line of simultaneity with respect to the O system.

4, All events represented on a line parallel to the 7 axis take place at
the same spot in relation to the O system. Such a line is called a world line.

Nl

. Qo
Line of P2
simultaneity
isinhx
/ = 7
0 _ Po/a | P [Py 3
Lcospx

KWorld line

Fig. 2-6.6
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5. A particle moves from P, to P, in the time interval P,P. Therefore
2
ctnoe = - =p,
t

6. The path of a particle in uniform rectilinear motion with velocity v
is represented by a line 7 intermediate to the ¢ axis and the light-cone line
z — t = 0. Note that the ¢ axis denotes the history of a particle stationary
at the origin of coordinates, whereas z — ¢ = 0 represents the history of a
light particle. The intermediacy of the line corresponding to the motion
of a material particle correlates with the assumption that all velocities are
less than that of light (i.e., » < 1).

7. The z and 7 axes must be symmetric with respect to the light-cone
line z — ¢ = 0, since the equation of the cone is preserved under the
Lorentz transformations; that is, c =%/f =1, or 2 — i =0 must be
invariant. (See Problem 7.)

A line of simultaneity and a world line associated with the O system are
represented in Fig. 2-6.6. A striking feature of the special theory of
relativity is the breakdown of any absolute meaning to the concept of
simultaneity. The time relationship of a pair of events takes on precisely
the same relative aspect as the position relationship of a pair of events and
is dramatically expressed by the following theorems.

Theorem 2-6.1a. Let L be a rod fixed in an O coordinate system and in
uniform rectilinear motion in relation to an O system. The length measure-
ment of L is shorter when determined from the viewpoint of the O system
than it is when determined by 0 measurements. In particular,

(2-6.5) L,=(1—®)¥ L5,
where L, Lg, respectively represent the measures of L from the viewpoint
of O and O.

Proor. The end points of the rod must be considered simultaneously
to be measured. Therefore the length of the rod L, in the O system is
determined by the events O and P,. (See Fig. 2-6.6.) Since P, is the
projection of a point of the hyperbola on the z axis, the length OP, can
be conveniently represented by L cosh . Furthermore,

tanh y = v = ctna.
Hence
L,= 0P, = 0P, — P,P, = L cosh y — P,Pctna,

_rI (cosh® y — sinh® x) ,

= L cosh y — L sinh y tanh y cosh 7

= I L=\/1—02L
cosh y
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Since the rod is fixed in the barred system, L and Lg are identical. This
completes the proof.

Theorem 2-6.1b. Let [ be a time interval associated with an O co-
ordinate system, which is in uniform rectilinear motion with respect to an
O system. The O determination of this time interval is then less than the O
measurement. We have
(2-6.6) IL=(0—-v)"I;.

PrROOF. Let OQ represent the O time interval. (See Fig. 2-6.6.) The
branch of the hyperbola passing through O has the representation
12 — 22 = L2 Therefore the coordinates of Q can be expressed para-
metrically by

t=1Icoshy, =z=Isinhy.
The measurement of the time interval I with respect to the O system must
occur at a given place; hence we consider the interval 0Q,. In other
words, these considerations with respect to time interval are symmetric to
those concerning space interval. To complete the proof, we follow the
pattern of the preceding theorem.

The reader should be careful in his interpretation of the result of the
last theorem. The fact that the observed time interval is shorter in the O
system implies that the passage of time in O is judged greater. We can
summarize the result of the theorem with the statement that clocks appear
to run fastest in the system in which they are fixed.

Let us once more turn our attention to the consideration of composition
of velocities. Since the special Lorentz transformations were obtained by
denying the classical method of composition, it is clear that they will lead
to a new law.

Theorem 2-6.2. Let a particle P have a uniform velocity # along the z
axis of 0. If the O system is in uniform rectilinear motion along the z axis
of O with velocity v and u represents the velocity of P with respect to O,
then
(2-6.7) y=2+0
1+

PrOOF. The coordinates of P are (2, ?), (£ f) in O and O, respectively.
According to the Lorentz transformations,

72—t - —vz+t
1 — ot 1 — oyt
Upon dividing,
_ z z—ut u—v
u=—_= = .
7 —vz 4+t —vu +1
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The final result is obtained by solving the last equation for u. It is
interesting to note that |#] < I, |v] < 1 implies
U4
14
(See the problem section for more information on this statement.)

<1

The preceding theorem deals with a particle in uniform rectilinear
motion and therefore is restricted in scope. In order to be in a position to
consider velocities and accelerations of particles in general motion, it is
necessary to introduce a certain differential invariant of the Lorentz group.
This invariant, which is introduced by the next theorem, is analogous to
the differential form of the expression for arc length in Euclidean three-
space.

Theorem 2-6.3. The form
(2-6.8) ds® = h,p dX* dX 6

is an invariant of the Lorentz transformation group.
ProOF. The linear transformations under consideration are of the form

X'=CyX%  X*P= AR

and the components 4, have already been seen to satisfy the transformation
rule

by = C,°C,Phy.
Therefore we have
hy, dX* dX* = C,*C Phyc,} dXc ! dX7
=6, 0,fh,; dX*dX"= h,, dX*dX".
This completes the proof.
The class {dX*/ds} is a vector,® since

dX* X dx’ _ ,dX

Furthermore,

For small values of v, dX*/ds is approximately the same as dX*/dt. For
these reasons we make the following definition.

Definition 2-6.1. The vector {dX*|ds} is called the four-space relativistic
velocity vector of a particle that is in general motion in Euclidean three-
space.

18 See Chapter 1, Section 5.*
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With the introduction of a relativistic velocity vector, let us consider
the relativistic form of Newton’s second law. In particular, we approach
the problem by stating criteria a relativistic form of Newton’s law must
satisfy. We then determine the form of the law by analogy to the classical
law. Criteria commonly taken are the following:

(a) The law must have the same form as the classical law.

(b) For low velocities the relativistic form must reduce to the classical
form.

(c) Newton’s relativistic second law must be Lorentz-invariant.

Theorem 2-6.4. Newton’s relativistic second law is

4 d2x4‘l
(2-6.9a) F* = m, PR
where
4 Fa
b) Fl=——7-—+,
(b) 1= )"
(2-6.9) 3
n zFava 19
¢) Fé=-=l __
©) 0 — o

ProOF. The proof consists of showing that the criteria (a), (b), and (c)
are satisfied. The first three components of relation (2-6.9a) can be written
in the form

F? d{aX?d(1 = oY}y _ oy
2-6.10a) ———5; =m 1—2

or
(2-6.10b) po — Almal(1 — 0*F] dX*jdey

dt

This expression corresponds to Newton’s classical second law if
mgl(1 — v%)%

is interpreted as mass. This is done in the development of special
relativity. Some of the consequences of this identification are discussed
after the completion of this proof.

For very small values of |v| the relation (2-6.10a) approximates

a&Xxe

F* = :
Mo

1% See Problem 9.
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This is a classical form of Newton’s second law. The fourth component
can be expressed as

3
DR (I w DR
A—%F ™ & (1=
or
3
> F%* = mov-d—v(l — )%,
a=1 dt

When |v] is approximately zero, and therefore the components »* are also
nearly zero, this expression takes the form 0 = 0.

4
The Lorentz invariance of (2-6.9a) depends on the assumption that Fi
are components of a four-space vector and the linearity of the special
Lorentz transformations. The linearity accounts for the fact that d®X*/ds®
are vector components. On the one hand,
F*=c F.
On the other,
d’X‘= . Ad’)x_”.
ds® T ds?
When these relations are applied to (2-6.9a), we have
4 2y A 4 2 A
d°X a:X
0=F —m =c*(FV—m )
® ds ’ ’ ds?
Note that mqis a scalar. Since lcy‘| 7 0, we can sum the products obtained
by multiplying the preceding relation with C;#. When this is done, we have

4 2%,
dx*
F*—m
° ds?
Therefore the law in (2-6.9a) is invariant under special Lorentz trans-
formations. This completes the proof.

As indicated in the foregoing, the first three components of Newton’s
relativistic second law can be expressed in the form [see (2-6.10b)]
_ d{lmol(1 — vH*] dX°/d1}
dt ’

The relation (2-6.10) suggests the identification of m/(1 — v?)'/? as an
entity in its own right, for when this is done

F?

d
F*=— .
dt(mv)

This is the classical form of Newton’s second law.



An introduction to Einstein’s special theory of relativity 193

Definition 2-6.2. The quantity

Mo
(2-6.11) m= m

is called inertial mass; m, is the rest mass.

The introduction of inertial mass is responsible for a philosophic
revolution in physics. Mass can no longer be thought of as a constant.
The inertial mass corresponds to the rest mass if v = 0 and increases as
|v| increases. Moreover, from (2-69.a) and (2-6.9¢) it follows that

3

(2-6.12) dm_ > F
dt a=1

The right-hand member of (2-6.12) represents the rate at which the force
does work on the particle. In classical mechanics a definite integral of the
expression denotes the difference between the initial and final kinetic
energies of a particle. We make the assumption that relativistic kinetic
energy T is defined by

(2-6.13) L =3 Fo,

with the initial condition that the kinetic energy is zero when the velocity
is zero. Then

(2-6.14a) ar _ dm s
dt dt
and
(2-6.14b) T = m + constant.

Since m = m, when T = 0, it follows that
(2-6.14c) T=m-—m,

From this relation we see that the kinetic energy increases or decreases as
the mass increases or decreases. Furthermore, a search for an analogue

to the classical principle of conservation of energy leads us to write (2-6.14c)
in the form

(2-6.14d) m=T+ m,

Einstein made one of the most important discoveries related to the special
theory of relativity when he hypothesized the equivalence of mass and
energy. Under this hypothesis we identify not only the excess of mass
m — m, with kinetic energy but also the rest mass m, with energy. In
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particular, m, may be thought of as a manifestation of the work done in
creating the particle or as potential energy. Then the total energy E is

(2-6.15a) E=m=T+ m,.

The merit of this hypothesis has been amply demonstrated by the atomic
energy experiments of more than a decade. The relation (2-6.15a) is
usually expressed in the form

(2-6.15b) E = me,

where c represents the speed of light. We have chosen the light second as
our unit of distance; therefore ¢ = 1.

There are many other aspects of special relativity that would be interest-
ing to investigate. It is hoped that the reader will be stimulated to pursue
them. However, it would not be consistent with the purpose of this book
to carry their development any further.

Problems
1. If the motion of a particle is determined by the parametric equations
X = X, + B,

that is, it is linear and uniform in the X7 coordinate system, show that it is
uniform and linear in a system based on the Galilean transformations
(2-6.1).
2. (a) Compute the components
4 4 Y
haﬂ = z a_li_a ziﬂ
/S 0X% X
of the fundamental metric tensor if the transformation equations are
denoted by (2-6.1a,b,c). (See Chapter 1, Section 5*.)
Hint: First write down the inverse transformation equations.

(b) Determine the formula from which interval should be computed in the
barred system. Find a formula for the special case of an interval
along the f axis.

3. Show that —z? + 2 = 0 transforms to

—2 — i+ (1 — )2 =0

under the transformation

+ vf,

™

4
=

4. (a) Show that the z axis and Z axis coincide under the transformation of
Problem 3. If v = 1, construct the Z,7 axes under the assumption that
the z and ¢ axes are perpendicular to each other.
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+ ol

(b) If + v%, shows that the ¥ axis corresponds to the 7 axis and that

- aw
]
Ny

the z and Z axes correspond.
Hint: See Chapter 1, Section 5*.
5. Suppose that h,;, dX* dX# = h, dX*dX.
(a) Show that
oX*oX
«p = 3x% gxB

(b) Show that if the elements h,; as well as the values h,; are constants
the transformation is linear.
Hint: Start by differentiating the expression of (a) and arrive at the
conclusion 33X4/aX* aX# = 0.
6. (a) Show that the equations (2-6.1c) satisfy the conditions 32.X" Alox*axP = 0.
(b) Show that #X*/oX* 2X# = 0 implies that the 9.X4/aX? are constants.
7. Show that 2/t = 1 is an invariant under the special Lorentz transformations.
8. (a) If a coordinate system O is in uniform rectilinear motion with respect to a
system O with velocity » = 4 and a particle P has velocity # =} in
relation to O, find the velocity of the particle with respect to 0. (All
motions are along a common straight line.)
(b) Consider the formula in (2-6.7) for composition of velocities. If || < 1
and |v| < 1, show that || < 1.
9. Show that

3

. > Foe

F ==l
1 - %

results from the relation 4, (dX*/ds) (dX flds) = 1. [See (2-6.8).]



chapter partial differentiation

and associated concepts

1. Surface Representations

Just as the concept of curve serves as a geometrical bridge between certain
physical phenomena and mathematical analysis so does that of surface.
The purpose of this section is to introduce the reader to the idea of surface
as it is used in this text.

Elementary representations of surfaces usually take one of three forms.
That most often met in an analytic geometry or calculus course is the
explicit form

(3-1.1a) X3 = f(X?, X?),

in which X3 is expressed as a function of two independent variables. The
domain of definition is a region of the X, X2 plane, and it can be expressed
in terms of inequalities such as

a< X< b, c< X2<d, or (X4 (X322 et
A second representation is the implicit form
(3-1.1b) Y(X!, X2, X3) =0,

due to the mathematician Gaspard Monge (1746-1810, French), who was
one of the founders of the differential geometry of curves and surfaces.
The form (3-1.1a) can always be expressed implicitly by the simple
algebraic expedient of putting all the terms on one side of the equation.
The converse is true when the criteria of the implicit function theorem are
met. The third form of surface representation, and the one used most

196



Surface representations 197

often in this book, is the so-called parametric:
X1= X1, 0?),

(3-1.1¢) X% = X0, v?),
X3 = X3, v?).

This form played a fundamental part in the development of surface
theory by the “father of differential geometry,” Carl Fredrich Gauss. It
has many advantages for theoretic development, some of which are
utilized in the remainder of this book.

To make a detailed study of the concept of surface, its representations,
and their relations would be too great a digression. Therefore only the
definitions of the previously mentioned representations and some indication
of the way in which they are connected are discussed.

Definition 3-1.1. Let W(X?, X2, X3) be a continuous function on a
region R. Furthermore, let ¥'(X?, X2, X®) have continuous first partial
derivatives on R such that for each triple (X?, X2, X3) at least one of the
derivatives does not vanish. Then the geometric locus of points whose
coordinates satisfy

\I./'(Xl, Xz’ X3) =0

is said to be an implicitly defined surface.!

On occasion it will be expedient to follow the lead of Monge and use the
implicit surface representation (3-1.1b). However, most theoretical
considerations are based on the parametric form indicated in the next defi-
nition. This definition is stated in three parts, like the definition of a curve.

Definition 3-1.2a. Let D be a domain of real-number pairs (2!, %) such
that

(a) functions X7, expressed as in (3-1.1c) are continuous on D;

(b) there is a domain D in D on which the functions X7 have continuous
partial derivatives of at least the first order;

(c) the matrix (0X’/0vf),j = 1,2, 3, f = 1,22 hasrank 2 on D.* Then

1See V. Hlavaty, Differentialgeometrie der Kurven und Flichen und Tensorrechnung,
(translated to German by M. Pinl), P. Noordhoff, Groningen, The Netherlands, 1939.

2 Greek letters used as indices indicate a range 1, 2 in this section.

3 The rank of the matrix (9.X?/20f) is 2 if and only if at least one of the second-order
determinants

ax1 axe axt axs ax: axs
D a_v‘ Wt ot ovt dv!
axr ax:|’ axr axs|’ ax: ax?®
0t s T

is different from zero.
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(3-1.1c) is said to be an allowable parameter representation. The
symbols v* and v* are called surface parameters. The pairs (v!, v?)
in D are called regular, whereas those in D, but not in D, are said
to be singular.

The parametric representation of the preceding definition determines a
set of points in a three-dimensional Euclidean space; however, it is not
the only parameterization that specifies this particular set of points. New
parameterizations can be obtained by imposing a transformation

* = v*Wh).

In order to satisfy assumptions (a), (b), and (c) in Definition (3-1.2a), we
stipulate the following.

Definition 3-1.2b.  Suppose that the transformation v* = v*(u’) satisfied
the following conditions:

(a) It is a one-to-one bicontinuous transformation between domains
E of the «# and D of the v*.

(b) The functions v*(»*) have continuous first partial derivatives, at
least on a domain E, which corresponds under the transformation
to D.

(c) The Jacobian |dv/0u| is different from zero everywhere on E.

The parameter transformation is then said to be allowable.

The preceding definition makes it possible to classify parameter re-
presentations. We specify that two-parameter representations are in the
same equivalence class if they are related by a transformation satisfying
the conditions of Definition 3-1.2b. With this stipulation in mind, we are
in a position to give a meaning to the term surface.

Definition 3-1.2c. The set of all points represented by any one of the
allowable representations of an equivalence class is said to be a surface.

If a number pair (v*, v?) is singular, one of two possibilities hold. Either
the surface is not smooth at the point of consideration (for example, at
the vertex of a cone) or the parametric equations give rise to the singularity
even though the surface element could be geometrically classified as
smooth. (See Example 3-1.2.)

If the implicit form (3-1.1b) is given, then, in a neighborhood of a point
at which 0¥'/0.X? # 0 for some value of j, (3-1.1c) can be obtained. The
theoretical development of this fact makes use of an implicit function
theorem.*

¢ See Angus E. Taylor, Advanced Calculus, Ginn, 1955, Chapter VIII.
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Our definition points out that a parameterization of the implicit form
(3-1.11b) is not unique. Furthermore, a second parameterization satisfying
(3-1.1b) may not represent all of the original surface.

The following examples illustrate the preceding statement.

Example 3-1.1. A form of the equation of a plane is
A-r—r1)=0.
When this implicit surface representation is written out, we have
AYXT — X)) + A2(X2 — X@) + AA(X® — Xf) = 0.
A possible parameterization is
X' =,
X% =%
X° = Ala [4°X 3 + AY(X,! — o) + AXX.E — o)),

where — o0 < 1! < 0, —o0 < v?2 < . The reader can verify that the
parameteric representation satisfies properties (a), (b), (c) of Definition
3-1.2.
If the foregoing parameterization is replaced by
X' = sin *o!
X? = sin *v?

X = le [4°X® + AY(Xo' — sin *v') + A%(X,* — sin *o?)],

the whole plane is no longer represented. In particular, X' and X2 are
restricted to the interval [—1, 1]. The problem of finding and verifying
the validity of the domain of (*v?, *v?), for which these two representations
belong to the same equivalence class, is left to the student.

Example 3-1.2. The implicit representation of a sphere of radius @ and
center at the origin is

(3-1.2a) A2+ @2+ X2 —-a?=0.
A standard parameterization is

X! = asin § cos ¢,
(3-1.2b) X? = asin 0 sin ¢,
X®=acos0,

where we have let ' =0, 12 =¢, 0< 0 < w 0< ¢ <27 (See Fig.
3-1.1.)
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X3

Fig. 3-1.1
We have
(3.120) (aXi) ( cosfcosd cosfsing —sin 0)
-1.2¢ =a .
ovf —sinfsing sinfcosé O

The second-order determinants associated with (3-1.2c) have the values
a? cos 6 sin 6, —a?sin? 0 sin ¢, —a? sin? 0 cos ¢.

By careful examination of these values it is seen that (0, ¢) and (m, ¢) are
the only singular coordinate pairs. Since the surface is smooth at each
corresponding point, it is the parametric representation that produces the
singularities.

A second parameterization associated with the sphere is indicated below.
In order to satisfy the single-valued property associated with the term
function, separate representations must be given for that part of the sphere
corresponding to X3 > 0 and that part corresponding to X3 < 0. It will
be seen that this parameterization cannot account for X3 = 0 and still
meet the requirements of Definition 3-1.2a. Parametric equations repre-
senting the upper hemisphere are

Xl =l
(3-1.3a) X2 =3,
X3 = [a — ()2 — (v?)2]%.

Since only real surfaces are to be considered,

(1)1)2 + (02)2 < az.
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Parametric equations of the lower hemisphere are

Xl = U",
(3-1.3b) X% =

X3 = —[a® — (v})2 — (02)2]%’
where again

(1)1)2 + (02)2 < a2‘

The matrix (0.X?/9vP) has the following form with respect to the parametric
representation (3-1.3a) of the upper hemisphere:

_vl

10
i 2 _ 2 _ (2)214
(3-1.30) (al) - [a" = () — O]
avﬂ _va
[4* — @) — @)*T*
The matrix has rank 2 on the domain of definition. Note that the domain
of definition cannot be extended to
(vl)z + (v2)2 - aZ.

The few facts concerning surfaces so far stated will be valuable in the
geometrical interpretation of vector concepts. A knowledge of what is
meant by a curve on a surface is also important. The way in which this
term is to be used is indicated by the following definition.

Definition 3-1.3.5 Let ! and v? be functions, defined on a real number
interval a < ¢t < b, which possess the following properties:

(a) At least the first derivatives are continuous and do not vanish
simultaneously.
(b) The coordinate pair (v'(¢), v?(z)) is in D (see Definition 3-1.2) for all ¢.
(c) Not all elements 0X?/0v® vanish simultaneously at surface points
with coordinates (v'(z), v*(?)).
The set of points with coordinates (v!(¢), v%(?)) is said to be a surface
curve.! For our purposes, the most important of these curves are the
parameter curves.

0

Theorem 3-1.1. If a surface element is given by the parametric rep-
resentation X? = X?(+%), the sets of points in D, such that »! = constant
for all v® and the set v* = constant for all »!, represent surface curves.

Proor. Consider the points with coordinates »! = constant for all v2.
We can take as a parameterization

M =c, =1t
The properties of Definition 3-1.4 are easily checked.

b See V. Hlavaty, op. cit., p. 99.
¢ The curve has other parametric representations. See Definitions 2-1.2a, b, c.
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X'=o0

Fig. 3-1.2

Definition 3-1.4. The curves of the families v = constant for all v® and
v* = constant for all ¢! are called parametric surface curves.

Such curves play the same role on a surface as the curves X! = constant
and X? = constant play in the plane, that is, the two families determine
a coordinate net for the surface. (See Fig. 3-1.2.)

Example 3-1.3. Consider the surface (3-1.3a); v' = constant and v? =
constant correspond to X? = constant and X = constant. Therefore
in this situation the parametric curves
can be thought of as curves of intersec-
tion of the upper hemisphere and the

coordinate planes. (See Fig. 3-1.3.)

Example 3-1.4. Consider the para-

-ﬁ metric curves associated with the surface
‘g.- representation (3-1.2b). The curves 6 =
: constant are latitudinal circles and can

Fig. 3-1.3 be interpreted geometrically as intersec-

tion curves of cones 6 = constant with

the sphere. The curves ¢ = constant are longitudinal circles which can

be thought of as intersections of planes ¢ = constant with the sphere.
(See Fig. 3-1.4.)

The next example presents a general surface curve on a sphere.

Example 3-1.5. Consider the parametric equations (3-1.2b) of a sphere.
Let

(3-1.4a) =1

0<t<Z.
¢=2t 2
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Then
X' = a sin ¢ cos 2¢,
(3-1.4b) X® = asin ¢ sin 21,
X®=acost.

The reader can easily verify that Definition 3-1.3 is satisfied. Note that
the exclusion of the value ¢ = 0 is quite necessary. A rough sketch of
the curve is indicated by Fig. 3-1.5,

Definitions 2-1.3 and 2-1.4 introduce
the concepts of scalar and vector fields
over a space curve C. The following defi-
nitions extend these ideas to surfaces and
space regions.

Definition 3-1.5a. Suppose that the
class of functions {®} is defined on a
region R and that at each point of R any
two elements of {®} satisfy Definition
1-4.2. Then {®} is said to be a scalar
field on R with respect to the allowable Fig. 3-1.4
transformation group.

If R is a space region, then @, a representative of the class {®}, is a
function of the coordinates X?. On the other hand, if R is a surface or
section of a surface,then @ has a domain consisting of parametric values
(', vY).

Fig. 3-1.5
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Definition 3-1.5b. Suppose that the class of function triples {U?, U?, Us}
is defined on a region R and at each point of R any two triples of {U?, U?,
Us} satisfy Definition 1-4.1. Then {U?, U2, U3} is said to be a vector field
on R in relation to the allowable group of transformations.

The vector field is designated by the symbol U, to be consistent with
previous usage.

Example 3-1.6. The Newtonian force field, F = (—mMG/r®)R, played
a part in Chapter 2, Section 5. It was assumed that there existed a curve
C (the geometric representation of the path of a planet) along which F was
defined. We then proceeded to find the polar equation of C. Upon reflec-
tion, the viewpoint taken toward the vector field F must be considered as
rather artificial. Actually, the sun sets up a physical condition throughout
space such that, if a body of mass m = 1 were placed at any point, a force
F = — MGR/r? would be observed; that is, the physical phenomenon is
described by a vector function whose domain is the set of triples (X?, X2, X3)
corresponding to every point of space (except r = 0).

Example 3-1.7. Consider a windowpane. At a given instant of time
there is a temperature associated with each point of the pane. We can
introduce a temperature function that is certainly independent of coordin-
ate representation. The domain of the function is a set of number pairs
(v*, v®) corresponding to the points of a plane region.

Problems

1. Set up parametric equations for a plane surface other than those given in
Example 3-1.1. Check to see whether your representation has any
singularities.

2. Find parametric representations for each of the following surfaces. Check to
see that Definition 3-1.2 is satisfied.

@M xR (x3 _—
@ —~ +— + 5 =1, ellipsoid.

1)2 2)2 3)2
p &P ()

a? b2 c?

(

= 1, hyperboloid of 1 sheet.

xy (X (X3
a? b ® A

©

= 0, quadric cone.

Xl 2 2)2
d (Tz) - ();—2) + 2X3 = 0, hyperbolic paraboloid.



Vector concepts associated with partial differentiation 205
(xhH: - (x3?
a? b?

= 1, elliptic cylinder.

3. Let a sphere be represented parametrically by
X! = 35sin 6 cos ¢,
X2 = 3sin0sin ¢,
X3 =3cosé.
Construct a sketch of each of the following surface curves.
@b=t ¢=2t, 0<Lt<m
®o=t ¢=r2 0<t<a2.
4. Suppose the parametric equations of a hemisphere were
Xt =
X2 =12, WY + ()2 < 4.
X3 = [4 — () — @A
Construct a sketch of each of the surface curves

a) vl =1, = —
()zz=t2. -V2 <1<V
() v! =cost,

v? =sint. 0<7<2m
(c) v =cosht,

v?> =sinh ¢, 0<r<tL

How might these curves be thought of as intersections of surfaces?
5. Show that the curve ¢ = In (ctn 6 — csc 6) makes the same angle with each
of the meridians it crosses. Such a curve is called a loxodrome.
Hint: Show that
dr,/db - dry/db

— = __is constant.
ey B0 ey 0]

dr,/df and dr,/db represent tangential vector fields along a meridian and
along the given curve, respectively.

6. With respect to Example 3-1.1, find the domain (*»?, *»?) such that
v! = sin *p!
v® = sin *p?
is an allowable parameter transformation.

7. Find the appropriate parameter transformation for Example 3-1.2 and then
repeat Problem 6.

2. Vector Concepts Associated with Partial Differentiation

Let us suppose that a function ® represents a scalar field along a given
curve. The curve may be a space curve, in which case

(3-2.1a) © = O[X'(1)],
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and the associated derivative field is

i
(3-2.1b) ¢ _ 90 dX°
dt  oX’ dt
On the other hand, the curve might lie on a given surface. Then
(3-2.22) O = O{X’[’()]},

and the associated derivative field has the representations

(3-2.2b) d_(D_Q(RQ)ﬁd_v"_a;()d_X’

dt  oX’ o dt 0X’ dt
Whether the curve in question is a general space curve or one which is
restricted to a surface, the factors dX?/dr appearing in the representations
(3-2.1b) and (3-2.2b) are components of the tangent vector field dr/dt to
the curve.

For the moment, suppose that ® were defined along a space curve
X’ = X(t). The representation (3-2.1b) has the form of a dot product.
Furthermore, the factors dX’/dt have geometric significance. Therefore
it is quite natural to introduce an expression with components d®/0.X’
with the objective of determining its geometric properties. This is the
procedure used in the following development.

Definition 3-2.1. The symbol V (read “del”) is an operator whose
components satisfy the condition

(3-2.3) ©_vo.
dt dt
The operator V was first introduced by Hamilton in the development
of the theory of -quaternions. The preceding mode of introduction does
not coincide with that of Hamilton. The representation introduced by
him was the rectangular Cartesian form in Theorem 3-2.1.7

Theorem 3-2.1. The rectangular Cartesian form of V is

d d
(3-2.4) V= ﬁ + 1, — ax?

PrROOF. Represent the components of V@ by (V®),, (VD),, (VOD),.
Express the left-hand side of (3-2.3) as indicated by (3-2.1b). Then

oD dx’ ax’
3.2.5 90 dX’ _ e 94X
(3-2.52) ax a4 - V@i,

+|'8 z ian

7 See Philip Kelland, Peter G. Tait and C. G. Knott, Introduction to Quaternions,
Macmillan, New York, 1904. In this text the symbol V is called nabla.
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Relation (3-2.5a) can be written just as well in the form
od ax’
3-2.5b — — (VO :l - =
(3250) ERIE
The representation of V at a point P is not dependent on any one-space
curve through P. Therefore the components d.X?/d¢t can be chosen arbi-

trarily. Because of this fact the parenthetic expression in (3-2.5b) is equal
to zero. This completes the proof.

As far as the considerations of this section are concerned, the form
(3-2.4) of V could be introduced as the definition. However, this would
lead to future difficulties. In the section on curvilinear coordinates V is
used in a form consistent with Definition 3-2.1 but distinct from (3-2.4).

Various uses of the operator V are possible from a purely algebraic
point of view. We can consider the application of V to a scalar. On the
other hand, V might be employed in conjunction with the processes of
dot and cross multiplication. Let us explore these possibilities as well as
the geometric and physical concepts they initiate.

Definition 3-2.2. Let @ be a differentiable scalar function (the domain
can be coordinate n-tuples associated with a space curve, a surface element,
or a region of space). The quantity V@ is called the gradient® field derived
from ®@. For rectangular Cartesian coordinates
0D oD 0P
(3-26) V®=llﬁ+lza_‘xz+laﬁ-

Theorem 3-2.2. The gradient field V@ is a vector field with respect to
the orthogonal Cartesian group of transformations.

ProOOF. Recall the coordinate transformation relations in (1-3.9a),
that is, X’ = a,’X*. We have noted that

a’ = 26
faxe
Because we are dealing with the orthogonal Cartesian transformations
(see Section 3),

(3-2.7a)

X" ,_ ox’
5(—}=A"k=ak’=a_-)?k'
Now the components of V® satisfy the relation
Yk 3 J
(3-2.7b) DT R
X’ 0X'0X* iS0X*0X*
Therefore the proof is complete.

8 The term “‘gradient” is taken from meteorology.
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It is worth noting that this proof (that the components 0®/d X’ transform
in a manner contravariant to the way in which the basis n-tuples ¢; trans-
form) depends specifically on the property (3-2.7a) of the orthogonal
Cartesian group. More generally, as indicated by the middle member of
(3-2.7b), the components 0®/0X’ transform in a manner covariant? to the
basis n-tuples.

It is convenient to think of V as a vector operator; in order that it
may be so the components of V must satisfy the transformation law

Yk
(3-2.7¢c) _8_ = ?-A; i_ :
X’ ox’'oX*
Because no inconsistency can result from this procedure, it is used when-
ever convenient in the remainder of the book.

The next theorem serves to determine the major geometric properties

of the gradient function.

Theorem 3-2.3. If a scalar function ® is constant on a space curve C,
the gradient V@ is perpendicular to the tangent vector dr/df on C. (Assume
that VO 3 0.)

Proor. Since O is constant on C, d®/dt = 0. Therefore

ddo dr
3-2.8 =—=V0.—,
(3-2.8) 7 &
and since (3-2.8) is a necessary and sufficient condition for orthogonality

the proof is complete.

In the next theorem it is assumed that a surface is given according to the
representation of Monge, that is, in the form

(3-2.9a) Y'(X?, X3, X% =0,
and that the surface can also be expressed parametrically by
(3-2.9b) X' = X(v%).

Theorem 3-2.4. At each point of a surface (3-2.9a) where V" 2 0 the
gradient vector field V¥ is normal to the surface.
PROOF. Let P, be a point on ¥ with surface coordinates

(v5', vo%).

X' = X, )

Then

and
X! = X0, o)

® See Chapter 1, Section 5.*
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are parametric curves passing through P,. The surface representation
Y(X, X%, X% =0 can also be interpreted as a constant scalar field
Y[ X (vt, v*)] or W[X’(v', vy?)] defined on either of the parameter curves.
According to Theorem 3-2.3, V¥ is orthogonal to the tangent vector
associated with each parameter curve. Therefore VY is orthogonal or
normal to the tangent plane determined by these two tangent vectors.
Since orthogonality to the tangent plane is equivalent to orthogonality
to the surface, the theorem is proved.

It is possible to have a scalar function ® defined on a surface V' = 0
so that

(3-2.10) O = O(?).

Since V" has the value zero for every point on the surface, it follows that
the scalar function @ is constant on the surface. The relation between
the respective gradient functions is stated in the next theorem.

Theorem 3-2.5. If @ is a scalar field defined on a surface ¥ = 0 in such
a way that (3-2.10) holds:
L

3-2.11 VO = —VY¥;
(3-2.11) P

that is, V@ has the same direction as V.
Proor. We have

o0 _ 30 _ 20

3-2.12 VO = - —r
( ) E T A av

This completes the proof.

Example 3-2.1. The gravitational force vector field has the representa-
tion (see Chapter 2, Section 5)

(3-2.13a) F = —mMGR

’
r2

where R is a unit vector. For simplicity, assume that the center of the
force field is at the origin of a rectangular Cartesian coordinate system;
then

r=[(0) + (X9 + (P14

The immediate interest is in the fact that F is proportional to 1/r?; (3-2.13a)
can also be written in the form

(3-2.13b) F="==, k=-mMG.
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The introduction of a gravitational potential function

(3-2.130) o=k

,
is standard procedure in a theoretical discussion of gravitational concepts.
Then, as we can show by a straightforward computation,
(3-2.13d) F = -VO.
The function @ is defined everywhere except at the origin. In particular,
let

(3-2.13e) (XL X%L X)) = (XN 4+ (X2 + (X3 —a®=0.

The function @ is constant on the spherical surface (3-2.13¢). We have

(3-2.13f) V¥ = 2(X,; + X%y + X3,) = 2r;
therefore
(3-2.13g) Vo= _K__ kgy

rd 2r3

The last relation may be compared to (3-2.11) in Theorem 3-2.5.

Surfaces such as (3-2.13e), on which a given potential function is con-
stant, are called equipotential. It is clear from Theorem 3-2.5 that the
associated vector force field is normal to the equipotential surfaces. This
particular fact gives rise to a fruitful geometric interpretation of force
fields in terms of lines of force and equipotential surfaces. Such representa-
tions were first used by Faraday in his study of electric and magnetic
phenomena.

Although potential functions can be associated with many fields of
force (static electric, static magnetic, gravitational, etc.), it would be
improper to leave the impression that this can always be done. It is more
accurate to say that such a representation is possible only in exceptional
cases. Because these exceptions are important, a special name has been
established. When a force field F has a representation V@, it is said to be
a conservative field of force.

Another important property of the gradient of a scalar field ® is stated
in the following theorem.

Theorem 3-2.6. The maximum change of the scalar field ® takes place
in the direction and sense of V.

PROOF. Let P be a point in the region of space on which ® is defined.
Let C be an arbitrary curve through P,, whose parametric equations are
represented in terms of arc length 5. We have
(3-2.14) 9 _vo. 9 _ v

ds ds

cos 6.

dr
ds
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The change of @ with respect to s is represented by the left-hand member
of this expression. Examining the right-hand member, we observe that
V@ depends only on the coordinates X,’ of P, (in particular, not on the
choice of C), whereas |dr/ds| = 1 for all C. Therefore d®/ds depends on
cos 0. Since cos 0 is maximum when 6 = 0, it follows that d®/ds is
maximum when C is chosen such that the tangential vector dr/ds has the
same sense and direction as V.
If 6 = 7, then
ad

(3-2.15) — = —|\VQ[;
ds

that is d®/ds is minimum in the sense opposite that of VO.

Definition 3-2.3. Let a scalar field ® along a curve C be expressed in
terms of arc length s. The change of ® with respect to s, that is,

@ _vo.dr
ds ds

is called the directional derivative of the scalar field ® in the direction
and sense of dr/ds.

Note that the directional derivative’of @ is just the component (or the
projection with the appropriate sign) of V® in the given direction.

Example 3-2.2. Let ® = ®(X?, X?) be a scalar function defined on a
region of the X, X2 plane. A line,

X'=a+ scosb,

X2=b + ssin 0,

expressed in terms of the arc-length parameter s, specifies a direction at
a point P(a, b) of this region. The unit tangent vector

ax' ax®
ds ' ds
determines a particular sense. The directional derivative d®/ds is then
dd _ 20 dx* | 90 dx*

ds 0X' ds 0X*® ds

oD oD .
=5Fcos¢9 +a—X—2sm6.

The values 00/0X?, 0©/0X? depend only on the point P; therefore the
directional derivative is just dependent on the direction and sense of the

tangential vector or, in other words, on the angle . (See Figs. 3-2.1 and
3-2.2)

(3-2.16a)
(3-2.16b) (

) = (cos 0, sin ),

(3-2.16¢)
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X 2
!

Fig. 3-2.1

e(a,b,0)

/|
/
4
/8

Fig. 3-2.2
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In the first part of this example ® was not interpreted geometrically:
neither were V@, nor the directional derivative d®/ds. Geometric mean-
ings can be supplied by setting ®(X?, X?) equal to a dependent variable
X3. Then
(3-2.17a) X3 = D(X1, X?)
is the explicit representation of a surface (under the assumption that the
appropriate derivatives exist). The equations in (3-2.16a) represent a
plane, and the intersection of that plane with the surface in (3-2.17a) is a
surface curve:

X'=a+ scos0,
(3-2.17b) X2=0b+ ssinb,
X3=®(a + scos 6, b + ssin 0).
Observe that s does not denote arc length for this curve. (See Problem 15.)
If (3-2.17a) is expressed in the form
(3-2.17¢c) (X1, X2, X3 = (X, X?) — X3,
then
0¥ oV d¥ ) ( od 90 )
3-2.17d — = )=, —, —1]).
( ) (8X’ oXx* ox? ox' ox?
Therefore 0@/dX?, dP/dX? are the first two components of the normal
to the surface. A geometric significance for the directional derivative
itself can be obtained from the expression for a tangential vector field
to the surface curve (3-2.17b), that is,

(3-2.17¢) % = cos O, + sin O, + (aa—;)l cos 0 + ;—; sin 0) L3
When this expression is dotted with t3, we have

dr _dx® 0® od . dd
3-2.17¢ c—=—"—=——cosf + ——sinf =—.
( ) a4 ds | oxt cos ax? ds

Therefore the directional derivative of @ in the direction of 6 can be
interpreted as the projection, with appropriate sign, of the tangent vector
onto the X3 axis.

We conclude this discussion of the application of the vector operator
V to scalar functions by considering the differentiation of sums and prod-
ucts. The reader will find these rules easy to assimilate, for they agree
with those learned in the study of calculus.

Theorem 3-2.7. Let @, and @, be scalar functions defined on a common
region of space. If the partial derivatives exist, then
(3-2.18a) V@, + ©,) = (VO,) + (VD,).
(3-2.18b) V(@,9,) = (VD,)D, + O,(VD,).
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PrOOF. As a consequence of the corresponding properties of partial
derivatives, we have

V(®, +q>2)_z.

a 3

1oy (Pt ) = Z i ax' T2

The relation (3-2.18b) can be verified in an analogous manner.
If @, is constant (i.e., ® = ¢), then the relation (3-2.18b) reduces to

(3-2.18¢) Ved, = ¢ VO,.

A rather obvious next step (at least from the algebraic point of view)
is that of examining the properties of the vector operator del in connection
with dot and cross multiplication. Actually, the introduction of a new
concept is involved. This new entity is presented in analogy with and in
generalization of an old one.

ax' ’

Definition 3-2.4. If G is a differentiable vector field expressed in terms
of rectangular Cartesian components, then
0G' | 9G* A 9G*
3-2.19a V.G=——+——=+—.
( ) ox! + ox? + ox?
V . G is read “del dot G and is called the divergence of the vector field G.

The name divergence comes about because of the physical uses of the
concept. Roughly speaking, V - G gives a measure of the variation of the
field G at each point of definition. The name convergence was given to
—V . G by Clerk Maxwell and is still found in some writings on physical
science.

On occasion it will be convenient to express V - G in notational form
d,G’, where

0
(3-2.19b) 09, ik

This convention lends itself to the application of the summation conven-
tion.

The expression (3-2.19a) looks like the ordinary dot product; however,
the reader should be wary. In particular, note that V - G is not commuta-
tive; V- G is a function, whereas G - V is an operator.

The rules of differentiation associated with the divergence concept
agree with those of ordinary differentiation.

Theorem 3-2.8. If @ is a differentiable scalar field and G and H are
differentiable vector fields, then
(@ V.-(G+H)=V.-G+V-H.

(3-2.20)
b V. (@G)=Vd.G+DV-.G.



Vector concepts associated with partial differentiation 215

Proor. The proofs follow from the corresponding properties of partial
derivatives. The details are left to the reader.

Ample demonstration of the application of the divergence concept to
physics are to be found in the chapter on integration. The following
example may serve the immediate purpose of indicating its usefulness.

Example 3-2.3. In Example 3-2.1, as well as in the section on Newtonian
orbits, it was pointed out that the gravitational force field of a body is
proportional to r/r®. The same statement is valid for both the electrostatic
and magnetostatic force fields (under appropriate conditions). For such
fields we have
(3-2.21a) v. (-’-) =0, r=0.

r3

This fact is demonstrated by the following computations:

ox'  ox*  ox?

3-2.21b Ver=5,x = 25
( ) r=e ax Tox T
and

or® ne B el TP -) o
3221c) 9 = X* 2] =—-[ X 2] 2x+ 9%
(3-2210) =5 ax’ Z( ) PSRN P e

The results in (3-2.21b) and (3-2.21c) can be used to verify (3-2.21a).

The case in which a force field proportional to r/r® has a zero divergence
everywhere except at r = 0 corresponds to an idealized physical situation
in which the field is assumed to originate at a single point.

Theorem 3-2.9. The divergence of a vector field G is a scalar field with
respect to the orthogonal Cartesian group of transformations.
Proor. With the coordinate transformation equations

XJ' = ak:i/\_/k
in mind, we have
] 0 )
V . G = a}Gj = Ajka—?c(ap’(;p)

2G® 9G® —
Fee— = — =V.G.
?oX* oXx?

This completes the proof.

In particular, if G is a gradient vector, that is,

G =V,
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then V - VO is a scalar field. This expression is called the Laplacian and is
often written in the symbolic form V2®. Laplace’s partial differential
equation

VP =0
and Poisson’s equation

V20 = 47p,
play significant parts in various aspects of theoretical physics.

Let us turn our attention to the concept of cross multiplication as it is
related to the operator V. The following definition is suggested by the
cross product of two vectors.

Definition 3-2.5. If G is a differentiable vector field referred to rec-
tangular Cartesian coordinates, then

3 2 1 3
(3-2.222) va=ll(aG 83) l2(aG ac)

oxt ax® ax®*  axt
0G* oG*
+ l"(ﬁ - '372) ’
or
L L L3
0 0 0
3-2.22b VxG=|— — —|.
( ) X ax' axt ax®
Gt Gt G?

The expression V x G (read del cross G) is called the curl of G.

The determinant (3-2.22b) is merely symbolic. It provides an easy way
to remember the expression in (3-2.22a). Another form of the curl of a
vector, which is computationally advantageous, is

3
(3-2.22¢) VxG= 211,8,,k 0°'G*
where "
(3-2.22d) 0 = i A

ox’

The name “curl” was coined by Clerk Maxwell. Maxwell, in his
Electricity and Magnetism, published in 1873, made use of some of the
notation and terminology of Hamilton’s quaternion theory but pretty
much avoided the operational methods, probably because he considered
them too complicated.

We often find, especially in the German literature, the terms rotor or
rotation used for V x G.
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The next theorem points out the vector character of the curl of a vector
in relation to the orthogonal Cartesian group of transformations.

Theorem 3-2.10. Let G be a differentiable vector field. Then V x G
is a vector field with respect to the orthogonal Cartesian group of trans-
formations.

PROOF. The components of V x G are

%g ) i G*
=7 ox
We have

: = 0 :
z Wk z qA JrAksgqrs)Aiu Tu (av’l Gv)
i=1 i=1 X
ru § 8 ¢ d
0™ 0,°A, 6 4rs %

S 4% -2 ¢
=3 A4,%,,—C".
121 p e aX"

Gv

This completes the proof.

Problems

1. Put the surface representations of Problem 2, Section 1, in the form
¥'(x1, X2, X3) = 0 and find V¥ in each case.
2. (a) Find V¥ if ¥(X%, X2, X3) = (XY)2 + (X2 + (X3)2
(b) Let X! =3sin6cos ¢, X2 = 3sinOsing, X3 = 3 cos 6. Show that
VY = 6 (sin 6 cos ¢1, + sin 0sin g1, + cos Oty),
(c) If 6 = 6(r), & = ¢(¢) show that

dr_3 p db Bsi dp
i cos cos¢-2;—sm smqsd’ Yy

3 6 sind " 4 sin6 a 3sin 0 @

+ 3|cos 0 sin¢ 7 + sin 0 cos ¢ AL sin & 3.
[Use the parametric representation of (b).]
(d) Compute dr/dtin (c)if 6 =1, ¢ =1.
(e) Show by direct computation that V" - (dr/dr) = 0 [by using (b) and

(@1

3. The scalar function ® = In[(XY)? + (X2)? + (X3)?V2 is constant on the

surface
(Y + (X% + (X% = a”,

where a is a constant. Show by direct computation that the gradient of
the surface and the gradient of @ are proportional at each point of the
surface. In fact,

1
Vo = ;’ VY,
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4. Compute V- G and V x G for each of the following vector fields:
(a) G = X’l,.
(b) G = X1X3, + (X3, + X1X3X3,,
(c) G =sin X'cos X%, + cos X%, + sin X?cos X,
5. Find the equation of the tangent plane to the ellipsoid
1)3 22 8y2
(){4) + (Xz) + (Xl) =1 at (1,1,%).

6. Find a vector normal to the surface X1X? — X% =1 at the point (2, 1, 1).
7. If O(XL, X3, X3) = (X1)? 4 (X3)? + (X33, show that VO = 2r.

8. Find Hif H = —V® and ® = ¢*X® sin bX cosh ¢X3; a, b, ¢ are constants.
9. Given f = f(u, v), u = u(X’), v = v(X?), show that

of o of

Vf=aVu+avVv.

10. If d®/dt = F - (dr/dt) for arbitrary dr/d:, prove that F; = 3®/aX?.

11. Show that the parameter s, used to express the curve equations (3-2.17b),
does not denote arc length by showing that dr/ds is not a unit vector.

3. Identities Involving V

This section is devoted to a compilation of the algebraic properties of
gradient, divergence, and curl. All proofs are referred to rectangular
Cartesian coordinates. Later it will be seen that the results obtained in
this section can be employed in relation to general coordinate systems. It
is assumed throughout the section that the differentiations are defined.

Theorem 3-3.1. We have

(@ V-.r =3 (for a three-dimensional space),
(3-3.) (b) Vxr=0,
() V-r3r=0.

ProOF. The relations in (3-3.1a) and (3-3.1c) were developed as part
of Example 3-2.3. The proof of (3-3.1b) is constructed as follows:

3 3
Vxr=3 1,6,, 08X = 3 1,8,, 0" =0,
p=1 p=1
0
V=—.
ox’
The reader may verify the last equality by writing out the summations.

A simpler way of reaching the result is to note that, although % is sym-
metric in j and &, the symbol §,,, is skew symmetric (i.e., &, = —&.x;).

where
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Theorem 3-3.2. We have
(@ V-V x U = 0 (the divergence of the curl is zero).
(3-3.2) (b) [v x (VxU)=9V.U)— vaU,] (V2=V.V).
© (VxV)xU=0.

PrOOF. The proofs of the relations in (3-3.2a) and (3-3.2c) are left
to the reader. The expression in (3-3.2b) can be verified as follows: The
components of V x (V x U) are

E™9,8,, 0°'U* =E™,, 0,0°U*
= 26\19, 0’U* = 20, 0'U™
= 0'(9,U*) — (9, 2°U").
The relation in (1-6.11a), as well as the definition of the brackets [as
indicated in (1-6.12b)], was used to obtain the equalities. The last member

of the string of equalities represents the components of the right-hand side
of (3-3.2b). This completes the proof.

Theorem 3-3.3. We have
@ Ux(VxW=V,(W.-U) - ((U.-V)W

where Vy;, symbolizes the fact that V operates on W alone. The corre-
sponding statement holds for V.

(3-3.3)
b) VU-W) =V, U-W) +V,(U-W)
=Ux(VxW)+Wx (VxU+ U-V)W
+ (W.V)U.
c© V. UxW)=VxU) -W-=(VxW)-U.
@d Vx(@UxW)=W.-VU-=WYV.U)+UV-.W) — U-V)W.
PrOOF. The validity of (3-3.3a) is demonstrated as follows (for nota-
tional convenience let U, = U?and 0* = 0,):
U x (V x W) = L E*"U§,,, 0'W*
= 1,200 0'W! = L,2U, 0P Wd
=1,U,0°W? — U, O°W?
=V,(W.-U) - (U-V)W.

The other proofs are left to the reader. In particular, (3-3.3b) is easily
obtained with the help of (3-3.3a).
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Theorem 3-3.4. We have
(a) (W O V)l‘ = w;
(3-3.4) ) G (& .v)c, G = GIX'()].
dt dt

Proor. The proof of (3-3.4a) is left to the reader. Starting with the
right-hand side of (3-3.4b), we have

)
Q-VG dx’ o
dt dt 0Xx’

The relation in (3-3.4b) is nothing more than the vector statement of a
total derivative formula.

To memorize the identities of this section would be a tedious task.
Fortunately, this can be avoided. By close examination the observant
reader can determine that the derivative laws already known from calculus
actually hold. Of course, a consistency property must be kept in mind;
that is, V must operate on the same quantities in both members of an
identity.

Problems

1. Prove all identities left to the reader for verification.

2. GivenV x H =0and V - H = 0, show that V2H = 0.

3. Derive an expansion for V - (fG) where f = f(X?) is a scalar field and G is a
vector field.

4. Derive an expansion for V x (fG).

5. Show that in a two-dimensional Euclidean space V -r = 2,

6. If ®U satisfies La place’s equation (V3®U =0) and V x (V x ®U) =0
show that the gradient of (V®)-U + ® V - U is zero.

7. Show that V(a - r) = a where a is a constant vector.

8. Show that V x (a x r) = 2a, a constant,

9. Prove that with respect to the rectangular Cartesian group of transformations,
(@) V x (V x U) is a vector,
(b) U x (V x W) is a vector,
(¢) V(U -W) is a vector.

4. Bases in General Coordinate Systems

In this section the groundwork is laid for the task of expressing pre-
viously introduced ideas in terms of coordinate systems that are not
Cartesian. Probably the most familiar examples of non-Cartesian co-
ordinates are the cylindrical and spherical coordinate systems. These are
introduced by way of example.
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Two immediate values of developing the vector concepts in terms of
non-Cartesian systems come to mind. First of all, geometric models of
many physical problems lend themselves quite naturally to non-Cartesian
interpretation. For example, the gravitational field of a particle is such
that spheres with the particle at their common center are equipotential
surfaces. Therefore a spherical coordinate system affords’a simple de-
scription of this phenomenon.

Second, the general coordinate systems form a natural framework for the
introduction of concepts fundamental to the development of tensor algebra
and analysis.

In order to have specific coordinate systems at hand for purposes of
illustration, the cylindrical and spherical systems are introduced in the
following examples. The equations of transformation relating each of
them to rectangular Cartesian coodinates are also presented.

Example 3-4.1. The transformation equations relating cylindrical co-
ordinates to rectangular Cartesian coordinates are

X' = pcos0,
(3-4.1) X2 = psin 0,
X3 =z,

The cylindrical coordinate system consists of a polar coordinate system in
a plane along with a height. The transformation relations can be deter-
mined from Fig. 3-4.1.

The coordinate surfaces p = constant, 6 = constant, and z = constant
are circular cylinders, planes, and planes, respectively.

XS

Fig. 3-4.1
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X3

Fig. 3-4.2

Example 34.2. The transformation equations relating spherical co-
ordinates and rectangular Cartesian coordinates are

X! = rsin 6 cos ¢,
(3-4.2) X2 = rsin 0 sin ¢,
X3 = rcos?6.

These relations can be read directly from Fig. 3-4.2.
In this example the coordinate surfaces r = constant, 6§ = constant,
and ¢ = constant are, respectively, spheres, cones, and planes.

The general coordinate transformations discussed in this section are
symbolized by the form
(3-4.3) X =X(X, X%, X%, j=1,2,3.
It is assumed that
(a) each of the functions X7 has continuous partial derivatives of
at least the first order;

(3-4.4) (b) the determinant |9X’/dX*| 5 O for every coordinate triple
of the domain determined by the function X”.

It is the province of an advanced calculus course to show that these
properties ensure that each function has an inverse with continuous first
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partial derivatives in a neighborhood of a given point. We shall not enter
into the matter here, but certain consequences of the stated assumptions
will be derived at the appropriate time.

As has been the case throughout the book, it is assumed that the space
is Euclidean. Therefore a rectangular Cartesian coordinate system is
always available. As usual the symbols X7 are reserved for representa-
tion of a rectangular Cartesian system.

Example 3-4.3. The transformation functions relating cylindrical co-
ordinates and rectangular Cartesian coordinates satisfy the conditions in
(3-4.4a,b), except at p = 0. The determinant |0.X?/d.X*|, in which X! = p,
X2 = 0, and X?® = 2, is exhibited here.

dp Op Op cos 0 sinff 0
1 2 3
aalo a_a)g_ a_axo_ =|—psinf pcosf Of=p.
X x x ° 01
0z 0z 0z

The determinant |0.X?/0X*| is called the Jacobian of transformation of
the X7 coordinate system with respect to the X7 system. It is named after
C. G. J. Jacobi (1804-1851, German), an honor bestowed on him by
Sylvester in recognition of his outstanding contributions to mathematics in
general and the determinant theory in particular. It is notationally con-
venient to suppress the indices and write |0.X/0X]|.

Definition 3-4.1.
form

Allowable coordinate transformations are those of the
= Xn’(frk)
that satisfy assumptions (3-4.4a,b).

Important properties of the allowable coordinate transformations are
indicated by the following three theorems.

Theorem 3-4.1a. The Jacobians |0X/0.X| and |0X/0.X| of an allowable
coordinate transformation and its inverse, respectively, satisfy the relation

ox||ox
3-4.5 —|l=|=
( ) oxXlloxX
Proor. Since the transformation
(3-4.6a) X = Xi(X%)
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has an inverse (at least in a neighborhood of a given point),
(3-4.6b) X* = X*(X0).

We can write
ox

(3-4.6) aaﬁk
@ dR= ST

Because the relations (3-4.6c,d) are linear in the differentials, it is easily
shown that the sets of partial derivatives satisfy the property. (See
Problem 3.)

(3-4.6¢) == =6

The definition of determinant multiplication applied to (3-4.6) implies
the result (3-4.5), as was to be shown.

Theorem 3-4.1b. If allowable transformations

X=X X*= X4X7)
are defined on a common region and the composition transformation is
indicated by

X = X(),
the Jacobians satisfy the relation
(3-4.7a) a—’: = a—i, 8_)5( :
)¢ 0X || 0X

PrOOF. As a consequence of the properties of partial derivatives, we
have
Y? YioYk
(3-4.7b) P 0
0X* 0X oXx
The desired result is achieved by employing the definition of determinant
multiplication.

Theorem 3-4.1c. The set of allowable coordinate transformations forms
a group.

Proor. The properties of Definition 1-5*.1 must be demonstrated.
Observe the following:

(a) A composite of continuous functions is continuous; therefore

X = YXHX7)] = X(X7)

is continuous. Furthermore, from (3-4.7b)we observe that the partial
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derivatives 81\_”'/3)7” are continuous (products and sums of continuous
functions are continuous), and therefore closure is established.

b If R: XX,

then
R(ST) = (RS)T;
that is, the associative law holds. :
(c) The identity transformation X7 = ¥/ belongs to the set.
(d) The assumptions (3-4.4a,b) imply the existence of an inverse to each
transformation of the set. This completes theproof.

For the reader who has investigated the ideas introductory to tensor
analysis discussed in the starred sections the remainder of this section will
involve a certain amount of repetition. However, the generality of the
underlying transformation group makes it a little more than just review.
If the text has been used primarily as an introduction to vector analysis,
it would be worthwhile to refer to Chapter 1, Section 5*, for comparison
and analogy.

As in Section 5*, three bases are to be associated with each coordinate
system. The primary purpose of introducing this complication is to obtain
a framework that will make possible a careful discussion of gradient,
divergence, and curl in terms of general coordinate systems.

The rectangular Cartesian coordinate systems are allowable systems
and therefore are at our disposal. The procedure “going out from”
these systems, that is, the process of using such a system as a fundamental
frame of reference and then transforming away, is of much value.

Consider the position vector rexpressed in terms of rectangular Cartesian
coordinates and the basis v, 12, 13 associated with the axes of the system.

(3-4.8a) r= X'y

Let X’ = X’(¢) and X’ = X(t), respectively, be parametric equations of a
curve C in the rectangular Cartesian coordinates X’ and the general
coordinates X’. Then

dr _ or dX’
3-4.8b b
( ) dt 9X’ dt
The curve C is auxiliary; in fact, (3-4.8b) could just as well be stated in the
differential form
2 %

ar = —
T=ax
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X3
ar_
ax!
or
/ ax3
7
'/ ar
7 o’
e
Ve
X2
X 1
Fig. 3-4.3

The set of partial derivatives or/0.X?, or/0.X? Or/0.X® is the key to the
introduction of a basis for generalized coordinate systems. (See Fig. 3-4.3).
Such a set can be associated with each general coordinate system X?, X7,
etc. The significance of the collection {dr/d X"} is illustrated by the follow-
ing theorem.

Theorem 3-4.2a. The elements of the collection {Jr/0 X’} are related by
the rule of transformation

or _oX* or
3-4.9a =
o X’ aXx‘oXx*
If the initial system is rectangular Cartesian, then
oX* or
3-4.9b = .
o YT X0k

Proor. The equation in (3-4.9a) simply illustrates the usual rule of
partial differentiation; (3-4.9b) follows from the fact that in terms of a
basis 1, t, 3, ¥ = X', + X%, + X3, and therefore dr/dX! =, etc.

The significance of the theorem lies in the fact that the sets dr/0.X? and
Or/0X’ are algebraically related in a manner analogous to that holding
for rectangular Cartesian bases.

Theorem 3-4.2b. The set of n-tuples dr/0.X? is a linearly independent
set.



Bases in general coordinate systems 227

PROOF. Assume that the set is dependent. Then one of the arrows is
dependent on the other two; that is,

or or or
axn =~ “axn T Paxn
where « and 8 are not simultaneously equal to zero and j,, j,, js take on
distinct values from the set 1, 2, 3. From (3-4.10a) we are able to get a
contradiction to the fact that the Jacobian of transformation is different
from zero. If (3-4.10a) is cross multiplied with dr/dX’s and dot is multi-
plied with or/dX?s, we obtain

ox* or or or

3-4.10b | = X =

G-4100) £ |55 | = 5%% ax " axn
Since the assumption of linear dependence l}ads to a contradiction, the

theorem is valid.
In the sequel the partial derivatives dr/dX?, or/0.X2 and Or/0X? are
replaced by Ff,, T;, and fg, respectively. The same notational convention

is followed with respect to X/, fi, etc., coordinate systems.

(3-4.10a)

= 2(0) +(0) = 0.

F1, T, and T; are Cartesian vectors. The preceding theorems imply that
such sets will serve as bases in generalized coordinate systems, thereby
giving us the opportunity to extend the vector concept to them. Because
of their geometric interpretation, it is convenient to refer to f;, fy, and fg
as arrows.

Definition 3-4.2. The arrows f,, ,, and f; are said to be covariant basis
arrows associated with an X’ coordinate system. Corresponding state-

ments hold for sets T,, F,, etc.

The basis arrows are of a much more complicated nature than any we
have dealt with in that they are functions of position. However, at a given
point they have the direction of the corresponding coordinate curves just
as the covariant basis arrows associated with the general Cartesian systems
had. This statement is easily verified by holding two of the variables, say
X*®and X3, fixed in the expression

r = r(X, X3, X3).

The resulting representation is that of a coordinate curve along which
X1 varies; 0r/0X? corresponds to the ordinary derivative along this curve
and therefore is a tangential vector. The extension of the vector concept
to general coordinate systems is brought about in a manner similar to the
extension to general Cartesian systems. (See Chapter 1, Section 5*.)
It should be realized that the Cartesian systerns are included in the set of
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general coordinate systems even though our attention is primarily focused
elsewhere.

We assume that triples of functions U2, U2, U3; 0", U2, U3, etc., are
defined in the respective coordinate systems.

Definition 3-4.3. A collection {U*, U?%, U®} of ordered triples, the
elements of which satisfy the transformation law

(3-4.11) 0 =2< O,

is said to be a contravariant vector. The triples U, U2, U3, etc., are called
contravariant components of the vector in the respective coordinate
systems.

The prototype for this definition is the tangential vector field to a curve
C, that is, dr/dt. If we supposed that the field were defined in terms of a
rectangular Cartesian system X”, which is related to a general system by
means of transformation equations X’ = X’(X*), then

axs _ox’ ax-
dt X% dt
First of all it should be noted that this relation is the component form of
(3-4.8b). Second, if we write

ax’ _ox’dx*
dt 0X* dt
where X7 = X’(X*), then dX’/dt can be eliminated from (3-4.12a) and
(3-4.12b), thereby producing the relation

ax’ _ X dR*
dt  9X* dt
On the one hand, this expression is independent of a rectangular Cartesian
system and therefore quite general. On the other, it is precisely of the
form (3-4.11).

Another property implicit in Definition 3-4.11 is the algebraic invariance
of the form U’r;. (See Problem 13.) In a Cartesian system this form

represents a Cartesian vector and is geometrically represented by an arrow
(more precisely a family of arrows). Therefore it is consistent to write

(3-4.13) U = U7,

(3-4.12a)

(3-4.12b)

(3-4.12¢)

and to think in the same geometric terms relevant to the discussion of
Cartesian systems. Clearly, the components of a contravariant vector are
naturally expressed in terms of the covariant basis of Definition 3-4.2.
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Two other types of components are useful in this development of vector
concepts. The first is associated with the basis introduced in the next
theorem.

Theorem 3-4.3. The set of arrows ¥/, which satisfy the relation
(3-4.14a) et =4/

determines a contravariant arrow basis associated with the X’ system.

PrOOF. We must show that arrows satisfying (3-4.14a) exist and that
they determine a linearly independent set. Since (3-4.14a) can be construed
as a set of nine nonhomogeneous equations in nine unknowns (the
components of !, %, ¥ expressed in terms of a basis 1;) with the deter-
minant of coefficients different from zero, it follows that the ¥ exist.

In order to prove that the set ', 2, F? is linearly independent, assume
the contrary. Then

~—

(3-4.14b) P = o't + fis,

where jy, j,, and j; are distinct. By dot multiplying (3-4.3a) with T, , we
obtain the result

(3-4.14c¢) 1 =1, -F* = «0) + B(0) = 0 (no sum on jy).

This is an obvious inconsistency; therefore the set ¥ is linearly independent.
From the geometric standpoint, we see that

! is perpendicular to T, and T,
(3-4.14d) I? is perpendicular to f; and Ty,
3 is perpendicular to #, and F,.

For this reason the basis ¥/ is said to be reciprocal to F; and conversely.

In case the arrows F; consist of a mutually orthogonal set of unit elements
with a right-hand rotation, the ordered sets f; and ¥ coincide. As men-
tioned in Chapter 1, Section 5*, when the basis F; is the set 1, 13, 13 associ-
ated with a rectangular Cartesian coordinate system, then, according to
(3-4.14d), the reciprocal basis introduces nothing new. This is precisely
why the considerations presently being made played no part during the
portion of the development of the sections that deal with the orthogonal
Cartesian group of transformations. The immediate purpose in introduc-
ing a second basis is to obtain a measure of freedom in algebraic manipula-
tion which would not otherwise be possible. This algebraic flexibility
depends on the relations indicated in subsequent definitions and theorems.

The connecting links are matrices (g;;) and (). These arrays not only
relate the bases F; and ¥ but also determine the fundamental metric
properties of the space.
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Definition 3-4.4a. Suppose that X’ were the coordinates of a rectangular
Cartesian system and X’ = X’(X*) an allowable transformation. The
elements of (g;,) are given by

(3-4.15a) IR S TP S S S

Definition 3-4.4b. The matrix (£’*) is inverse to (g;), that is,
(3-4.15b) Za8’® = 87

Example 3-4.4. Rectangular Cartesian and spherical coordinates are
related by the transformation equations X = r sin 6 cos ¢, X2 = rsin 6

sin ¢, X3 = rcos 6. (See Example 3-4.2.) By direct computation based
on (3-4.15a,b), we can show that

10 0 10 0
1
G416) EGo=(0" 0 ). @m=|°5 O
2 ol
0 0 r®sin®6 0 25?6

The next theorem indicates a linear relation between the bases f,; and F’.
Theorem 3-4.4. We have
(@) ;= g,
(b) ¥ = g™*,.
PrOOF. According to (3-4.14a),
o =4F
Multiplying and summing the members of this relation with g, produces
the relation

(3-4.17)

l-'! ¢ gpki'k = £ 51k =8, = fv - Fj.
This expression can be written in the form
Ej- (g8 —F,) =0.

Since the elements r; are linearly independent, it is not possible that all
three of them are perpendicular to a given nonzero vector. Therefore the
expression in parentheses must be a zero vector. This completes the proof
of (a).

The proof of (b) follows from (a) by making use of (3-4.15b). The
details are left to the reader.

To every triple of contravariant components U* there corresponds a
second set of elements

(3-4.18a) U, = g, 0"
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By use of the elements g* we are able to solve (3-4.18a) for the contra-
variant components U*. In particular, employment of (3-4.15b) produces
the result
(3-4.18b) Ur = g»U,.
The notational convention introduced by (3-4.18a) endows the set of
elements g, with an algebraic property usually referred to as “lowering
of an index.” The remark that an index is lowered by g is simply an
abbreviation for the statement: for purposes of convenience the com-
ponents U* have been replaced by another set U, obtained through the
linear relation (3-4.18a). The process involved in (3-4.18b) is denoted by
the terminology “raising of an index.”

The elements U, are naturally associated with the contravariant basis
i/, for we have

U = Uit; = g"*U,g,;,f° = 6,0, f* = U, ¢

This fact motivates the following definition.

Definition 3-4.5. A collection {U,, U,, U,}, one element (U,, U,, U,)
from each allowable coordinate system such that

~ _0X*=
(3'4193) U_,'- = é—%—j Uk’
is said to be a covariant vector. The elements l-/,, etc., are called the
covariant components of the vector in the respective coordinate systems.

The rule of transformation (3-4.19a) must be consistent with (3-4.18a)
if the previously stated expressions are to fit together. This consistency is
verified by carrying out the transformation. We have

or  or o* or 0X® or 0X°0X* o

U,=8,0=— = 0t=% "= - ===
IS e =i A T aXPaX aXaxtax
a/?p= Sarrr 871’- rir 671’=
B ahdintr L adintr s - hes

The reader should note that in a Euclidean space a Cartesian vector can
be represented in general coordinate systems by components of either a
contravariant or a covariant vector. Therefore it is consistent to speak of a
vector with contravariant and covariant components. We use this
convenient language often.

The prototype of a covariant vector is the gradient d®/dX?. This
statement is initiated by the transformation rule
(3-4.19) 2 9%,

X’ o0x'oXx*
which is of the same form as (3-4.19a).
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The preceding development made use of the matrix elements (g;;) and
(g7 to relate covariant and contravariant sets. Let us investigate these
matrices in more detail. The next theorem introduces an explicit form for
the elements g’*.

Theorem 34.5. We have

iAYk

P = Z 0X'oX .
i=1 aX ¢ 3X g

ProoF. By dot multiplying the relation (3-4.17b) with F*, we obtain

(3-4.20a)

ek = g”’r — gm 5 i e gzk

This completes the first part of the proof. It remains to be shown that the
rectangular Cartesian components of ¥/ are dX’/dX*’. To obtain this
result, start with

= 5F

Since the components of F; are 9X?/dX?, the equations can be written in
the form

aifk 5jk,

where 71, 72, 3, respectively, are the components of f!, %, f>. By multi-
plying and summing with 0.X?/0X®, we obtain

i OX
prik . aX,, 6ik
or
ox*
Pk _
(3-4.20b) B =

The last member of (3-4.20a) is obtained by substituting the result (3-4.20b)
in the middle member.

The next theorem introduces the transformation laws for the elements
of (g;) and (g7%). It also illustrates a point emphasized throughout the
book, that scalar and vector character depend on the allowable group of
transformations. In particular, the dot product, which is a scalar with
respect to the group of orthogonal Cartesian transformations, is used to
introduce a nonscalar entity in relation to the more general group of
transformations now at our disposal.

Theorem 3-4.6. Let Y’ = X/(X*) be an allowable coordinate trans-
formation in the sense of Definition 3-4.1. Let matrices (g,), (£%);



Bases in general coordinate systems 233

(£1), (g") be associated with the respective systems. The matrix elements
then satisfy the transformation rules

. aXroxe .
@) gn= 3% 30+ 5
(3-4.21) T
b =ik — — — ~rQ
®) &= rixt

ProorF. We have

_ or Or 0X?0X° or or 0X?9X? .
Bt =3 3o = 2SI ATEAT 3Ty = AT 5ok Boer

This completes the proof of (a). The proof of (b) follows in the same way
from (3-4.20a).

Definition 3-4.6a. Let the set of matrices (£,.), (g;x), etc., associated with
the respective systems )7’,)?.",\etc., be deno.ted by {g,-k}. Then {g,.} is said
to be the fundamental metric tensor associated with the allowable trans-
formation group. The tensor is of covariant order 2 and the elements g,
are called covariant components.

Definition 34.6b. The set of matrices {g’} is said to be the associated
metric tensor with respect to the allowable transformation group. It is,
according to its law of transformation (3-4.21b), a contravariant tensor of
order 2. The elements g’* are called contravariant components of order 2.

The components of the metric tensor take on a special form in rectan-
gular Cartesian systems. In particular,

(3-4.21c) & = O
Furthermore, the transformation law (3-4.21a) reduces to
(3-4.21d) 05 = a,7a, 2 6, = 8.

Therefore the components can be interpreted as scalars. This rationale
establishes consistency in calling F; -, a set of scalars with respect to
rectangular Cartesian transformations and tensor components when
referred to a more general transformation group.

Before considering the third of the bases mentioned earlier in the section,
we digress by illustrating the previously introduced concepts in the follow-
ing example.

Example 34.5. Let X’ be the system of cylindrical coordinates
described in Example 3-4.1. Recall that

X'=p, X?=0, X’=u=



234 PARTIAL DIFFERENTIATION AND ASSOCIATED CONCEPTS

The set of basis arrows 0r/dp, 0r/d6, 0r/0z is represented in terms of t,,
L, Lg as follows:

F, = cos O + sin Ou,,
(3-4.22a) F, = —psin Oy + pcos O,

fa = 3.

It can easily be shown that the elements of the set are mutually orthogonal.
Furthermore, F, and f; are unit arrows. However, F; has a variable magni-
tude p and therefore has a magnitude of only 1 at those points on the unit
sphere, p = 1.

Computing from (3-4.15a), we have

100
(3-4.22b) &x)=|0 p* 0
00 1

The contravariant components g/* are obtained easily from (3-4.15b).
The ease of computation is a consequence of the orthogonality of (g;)
(i.e., the fact that the off-diagonal elements are zero).

Since ¥ = g*f,, we have

P! = cos 01, + sin 61,,
(3-4.22¢) B=—Langy +Lcosu,
P

P
?=ls.

The fact that 2, %, 3 correspond to Fy, f;, I3, except with respect to the
magnitudes of 2 and F,, agrees with the orthogonality of the bases. Note
that the magnitudes of F% and ¥, are reciprocal, as might be expected.

The preceding example brings to mind the observation that

gu 0 O
(3-4.23a) Ew=|0 g O
0 0 gy

is equivalent to
(3'4.23b) i, * f'k = 0.

In other words, the basis elements are mutually perpendicular or orthog-
onal if and only if (3-4.23a) holds.

The bases F; and ¥ contribute algebraic flexibility. In particular, they
introduce an aesthetic quality to that part of the theory involving trans-
formations. The third type of basis to be introduced in this section lends
itself to geometric and physical interpretation.
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Definition 3-4.7. Let

(3-4.242) L=l =il &mad,
&1 82 &3

where

(3-4.24b) g =12

Theorem 3-4.7a. The set €,, €,, &;, associated with a coordinate system
X/, is a unit arrow basis.

Proor. The arrows &; are proportional to the F;. Since each & is
formed by dividing f; by its magnitude, they are unit arrows.

Theorem 3-4.7b. A vector U expressed in terms of the basis & has the
forms

(-4252) W= (Wg))e, + (W8, + (W8,
(3-4.25b) W= (gl"\W@él + (8% W, 5208, + (W, 8,)8,.
PROOF. As a consequence of (3-4.24a,b),
W = Wig, = W58, + W358, + W3g,e,.

Since W’ = g*W,, the foregoing expression can also be written as in
(3-4.25Y).

Definition 3-4.8. The components w, = W'g,, w, = W2g,, ws = W,
associated with a basis &, &, €; are called physical components of the
vector W.

The physical components of a vector represent displacements in the
directions of the unit arrows €, Furthermore, they are dimensionally
correct. These properties make them useful in many geometrical and
physical considerations. However, their usage is primarily restricted to a
single coordinate system, for transformation laws involving physical
components can become cumbersome.

In some texts the physical components of Definition 3-4.8 are said to be
of the first kind. Corresponding components of the second kind are
introduced as coefficients of a basis

Lol i &
IE) 18 |2
If the basis F, is orthogonal, then so is the basis . Under this circum-

stance, the covariant and contravariant components of a vector W satisfy
the relation

(3-4.26) W, =g, W?* (nosum on z).
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The following theorem concerning the physical components is a con-
sequence of this relation.

Theorem 34.8. Let € be an orthogonal unit basis. The physical
components of a vector W can be expressed in terms of the covariant
components:

. 1 — _ 1 ~ 1 —
(3‘4.27) Wy = - Wl’ Wy = . WE! Wy = — WS'
81 82 8s

Proor. When (3-4.26) is applied to (3-4.25b), the result follows.

In Section 5 the physical component representations of gradient, diverg-
ence, and curl are among the results obtained.

Problems

1. The transformation equations relating spherical and rectangular Cartesian
coordinates are given by (3-4.2). With respect to them, complete the
following:

(a) Compute the matrix (3.X7/2.X*).
(b) Evaluate the Jacobian of transformation |9.X/3.X|.
(c) In light of the conditions in (3-4.4), which coordinate triples (r, 6, $)
must be excluded
(d) Compute the matrix 0.X%/a.X7.
aX*  cofactor (3.X?/a.X*)In |0 X/ X|

Hint: 53 = loX/aX]

(e) Check the property |3.X/3X|[8.X/3X| = 1 by direct computation.
(f) Express i, £/, and &, in terms of ;.
(g) Express f; in terms of i and conversely.
2. Repeat Problem 1 with respect to the transformation equations
X1 =pcosh 6cos ¢, X% = p cosh 0sin ¢, X3 =psinh 6.
Also compute g;; and g%*.

3. Show that relations (3-4.6¢,d) imply (3-4.6e).

Hint: Multiply and sum (3-4.6c) with a set 4,? satisfying the property
AP(2Xi|aX*) = 8,. Use (3-4.6d) to show that 4% = aX?/3X.

4. Generally speaking, little computation is done with the allowable trans-
formations X7 = Xi(X*). Instead, the vector and tensor concepts are
built around linear transformations of the form U’ = a.X7/ F)% L Ux
arising from the general group. Show that these linear transformations
form a group.

5. Show that the orthogonal Cartesian group is a subgroup of the allowable
group of Definition 3-4.1.

6. Prove (3-4.17b) (i.e., ¥/ = g%r;).
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7. Prove (3-4.18b) (i.e., O* = g+i0)).
8. Prove (3-4.21b) (i.e., §* = (3.XI/aX?)(2X*/aX0)g).
9. (a) Suppose that y, I, F3 were an orthogonal basis. Show that the recipro-
cal basis is given by
Fp X g
EAIETN

- P X7,

f's Xf'l
rz —

= — B =
- - - )
l'l-r2 Xl‘s

i =,
I, X Ty iy
(b) If the basis €,, &,, &; is a unit orthogonal basis, what is the value of
€ & X &7
(c) Identify the quantity F, -, X T3,
10. Determine the transformation rule for the elements of the set {d;*} where
Sik =88 Pk,
11. Show that both g;; and g7* are symmetric in j, .
12. If the basis F; is orthogonal, show that g=* = 1/g,,.
13. (a) Show that the form U’f; is an algebraic invariant.
(b) Show that the form U, is an algebraic invariant.

5. Vector Concepts in €urvilinear Orthogonal
Coordinate Systems

Most geometrical and physical problems involve orthogonal coordinate
systems. To employ other systems would lead us into involved computa-
tions, even on the theoretic level. For this reason the present section is
devoted to expressing the concepts of gradient, divergence, and curl in
terms of the orthogonal systems. The algebraic foundation established
in Section 4 enables us to do the job in a relatively simple way. It also
makes possible an approach that later can be extended easily to nonor-
thogonal systems.

If 1, v, 3 is a unit orthogonal basis associated with a rectangular
Cartesian coordinate system X7, then

or oOr
(3-5.1a) 8 = o o = O i
Since the reciprocal basis coincides with ;, i, L3, it is also the case that
(3-5.1b) g’k = o

This fact is important in the next theorem. The transformation rules
(3-4.21b) and (3-4.9b) also play a part.

Theorem 3-5.1. The physical components of the vector operator V
(in a curvilinear orthogonal coordinate system) are

(ii 10 li)
5 0XY g, 0X% g, 0X%
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Therefore

1. 0 1_ 0 1_ 0
3-5.2 V==& —+—8_—+—e;—.
(3-3-2) g oX' ' g 'oxt g, ‘ox°
ProoF. Starting with the rectangular Cartesian representation for V,
we can simply transform to a curvilinear system; that is,

) Kl
V= o, - =
El Y ax’ 7 axr g* Y ox*
_ (aX’ A ) (28 2) (o' )
axrax:t )\axiax) \oxtax
- 5 s 5 ﬁ i = gt — LI

%8 axoxt © axaxt
(g) is diagonal, therefore, according to (3-4.24a) and the fact that
a::c — I/gm’

(3-5.3) V=g

r 0 _

. 0
soX? KFye

, ax

Mw
||—

d

0g

1

This completes the proof.

The reader should note that the second member of (3-5.3) has all the
characteristics necessary for a definition of V valid in any of the allowable
coordinate systems. (See Chapter 3, Section 4, for a definition of an allow-
able coordinate system.)

Example 3-5.1. With respect to the cylindrical coordinate system of
Examples 3-4.1 and 3-4.5, the covariant components of the fundamental
metric tensor are

(3-5.4a) Ew={0 p* 0}
1
Therefore
g_1=15 g_2=P’ g-3=1’

and

) 1,0 )
3-5.4b V=p— —0— kK —
( ) 3 u a0 u 0z
where

e1=P, 52=0, Ea=k.

The derivations of curvilinear coordinate representations for divergence
and curl require knowledge of certain relationships between the Jacobian
of transformation and the determinant of the covariant components of
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the fundamental metric tensor. These facts as well as an extension of the
&-system concept are now discussed.

& systems were introduced in Chapter 1, Section 6. The components
of the respective systems transform according to covariant and contra-
variant laws with appropriate density factors. The major characteristic
of these systems is that their components have values 1, —1, 0 in every
allowable coordinate system. The next definition extends these systems
to the generalized coordinates presently under discussion.

Definition 3-5.1. Let

1 an even permutation,
(3-5.5) &, =E™ ={—1 if jkqis{an odd permutation of 1,2, 3,
0 otherwise.

Furthermore, let the components {%”;s‘t in any other general coordinate

system be related to the components {8E-",.",§, by means of the transformation
rule -
s 0X|0X?0X°0X'=
ST ~ axlamomaxe
(3-5.6) = A 75 2 DA e
o) g |2X|2TOTIT 5,
oXlox*ox*ox*

The set {8;,} is then said to be a tensor density of covariant order 3 and
weight +1; {E™?} is said to be a tensor density of contravariant order 3
and weight —1.

The Jacobians |0X/9X|*1, |0X/0X| represent the density factors. A
comparison with the introduction of & systems in Chapter 1, Section 6,
reveals that Definition 3-5.1 preserves the numerical values under trans-
formation of coordinates; that is,

(3-5.7) Bpor = bporr  EPT = EPO,
A proof of this fact based on Definition 3-5.1 is left to the reader. (See
Problem 9.)

Now consider the relationship of the Jacobian and the determinant of
the covariant components of the fundamental metric tensor.

Theorem 3-5.2. Let X7 represent a rectangular Cartesian coordinate
system and X’ represent an allowable general coordinate system. Then

- F

oxX
3-5.8 —
(3-5.8) Y
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PrOOF. We have
b4 q
(3-5.92) g =, D X

"X ax:

The right-hand side of (3-5.9a) can be thought of as two successive deter-
minant multiplications'®; that is, the multiplication 8,,(0.X®/0.X’) followed
by a multiplication of the resultant determinant with [0X?/0X*|. Hence

0X°
ox*

a_X 2

(3'59b) lg-JLI = Iapq, ox .

This completes the proof.

D& ~
X’

The next theorem represents a slight digression. Its usefulness is demon-
strated in the sequel.

Theorem 3-5.3. Let |d;f| be a determinant whose elements are in-
dependent functions defined in some region of space. Suppose that at
least the first partial derivatives were continuous on the domain of definition.
Then

(3-5.10a) 0ld]| _ pos,
od,*
where
(3-5.10b) D,” = cofactor of d,7 in |d|.
PROOF. We have
(3-5.11a) Spop || = ,p.d tdi dfE.

By partial differentiation of (3-5.11a)

d1d . , .
(3-5.11b) st a,,lz | 6,070, d/dx + d} 0707 dF + d1d) 67 8)
P
= 0,6 d,) A} + 0,8 d, dF + 878,54/ d,.

8 Yigk

According to Definition 1-6.5, a cofactor has the representation

(3-5.11¢) 8pet DS° = 6. d d}.
Therefore by substituting into the last member of (3-5.11b) we have
9ld| _ 55 v_ 8 v 4 87 v
(3 5.11d) grst 2d.¢ 6r avst Dq - 63 avrt Dq + 6t gvrs Dq .
P

19 In order to bring about row-by-column multiplication as indicated in the definition
of determinant multiplication, it is sometimes necessary to consider the transpose of the
matrix of determinant elements. This does not effect the numerical value of the product.



Vector concepts in curvilinear orthogonal coordinate systems 241

If we rewrite the right-hand member of (3-5.11d) with D,® as a factor and
multiply and sum with E7*¢, then

(3-5.11e) 3! % = (26, 6,” +.26,* 6,° + 26,2 6,) D,° = 6D,".
. P
The proof is completed by dividing each side of (3-5.11e) by six.
The result (3-5.10a) is immediately employed in the next theorem. Also
note that

oX*oXx’ _ 5k
ax’ax®
Therefore
(3-5.12) X" _ cofactor of 0X’[0X*in |0X/0 X|

ox’ |0X/0.X|
Theorem 3-5.4. Let X’ and X’ represent rectangular Cartesian and
general coordinates, respectively. Then

ox* o' _ 1 0
oXx’oX*ox” \/Ea)?v‘

PROOF. According to (3-5.7)

~ _|ox ‘
vE= ’ x|

By straightforward partial differentiation
oJ/g 010x/0X| 9dloX/aX| ox”
oxX*  9aX*  9(0X”0XY)oXtoxe
According to (3-5.10a,b) and (3-5.12),
0 |0X/0X| _ X |ox®
90x?/ox9 |axlox,
Again using (3-5.7), we obtain
010X/0X| _ \/—_?_17_"
9(3X?/0 X% x>’
The proof is completed by substituting (3-5.14c) into (3-5.14a).

With the appropriate algebraic tools at hand, it becomes a simple
matter to obtain curvilinear coordinate expressions for divergence and
curl.

Theorem 3-5.5. Let W be a differentiable vector field. Then
1 0/g W
~Jz ax

where the W? are contravariant components of the vector.

(3-5.13)

(3-5.14a)

(3-5.14b)

(3-5.14¢)

(3-5.15) v.W

b
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Proor. The method of derivation consists of starting with the rect-
angular Cartesian expression for the divergence of W and then performing
the transformation to a general system of curvilinear coordinates. We
have

(3-5.16a) v.w=2L =22

ox’ ox’ oXx*
_ ox* o*x’ . oX'ow®
0X’'0X*9X” 0X?0X*
By employing (3-5.13) we can put this relation in the form
- ENE ow?
35,16 v. W= LNy 22
el NS AR

Careful examination shows that (3-5.16b) is a differentiated form of
(3-5.15). This completes the proof.

If, in an orthogonal curvilinear system, the physical components of
W are represented by w;, then, according to Definition 3-4.8,

wi=Lw,
&;
Therefore, in terms of physical components,
. 3 =iy -
(3-5.17a) V.W =L zal(Jng,)w,,] ;
Jgr1 0X?

In orthogonal systems
\/E = £18283.
Therefore an equivalent representation for (3-5.17a) is

1 [0g,8,w 08,80 08.8.W
3-5170) |V.W = ( 20371 4 Tolo3 Rk 4 TOLoZT3)
( ) £1828:\ 0X* oxt oxs

Example 3-5.2. Again considering the cylindrical coordinate system of
the preceding example, in terms of physical components

= 1{dpw ow, = dpw
3-5.18 V.W==- (Pl PS)
( ) op +39+ 0z
_0w 10w, 0wy 1
T +pae+a +p

It is of some interest to note that the form dW’/dX’ is not preserved
under general transformations [see (3-5.16a)]; hence it is not of scalar
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character. The question is asked whether the concept of divergence can
be expressed in a way that gives it scalar character. It is answered under
the heading of covariant differentiation. (See Chapter 4.)

Example 3-5.3 A special case of the divergence V- W is presented
when W is a gradient vector; that is

(3-5.19a) W = Vo.
In this example the physical components of W are
_ 1 00
(3-5.19b) w; = E Sk [See (3-5.2).]
Under this circumstance [substitute into (3-5.16b)]
(3-5.19¢) a(gzga a(I)) a(glga ad)) 8(3182 8(1))
V.V < 1 & ox1 g 0X?2 g3 0X3
&g, ox! ox? oxs

This is the general orthogonal coordinate form of the Laplacian V2@
mentioned in Chapter 3, Section 2. It is named for the French mathe-
matician Pierre-Simon, Marquis de Laplace (1749-1827). The spherical
and cylindrical forms of Laplace’s partial differential equation

Vid =0

are often met in problems involving electric and magnetic phenomena
and in other aspects of mathematical physics.

The algebraic groundwork preceding the introduction of the curvilinear
representation for divergence also suffices for the development of the curl
concept.

Theorem 3-5.6. Let W be a differentiable vector field. Then, in an
orthogonal system,

5181 828 £s€
_!_ a d d

-5.20 v = = === —l
S VxW="lop i on

o |

&1 &y &aWs
where (1W;, Wg, ;) are the physical components of W.

ProoF. V x W can be represented in the rectangular Cartesian form
v,E#*? 9, W, where the W, are covariant components of W and

0
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Then
(3-5.21a)

ox* or 0X° o (oX'
Eﬂwa W, = ( )Eikp____( Wv)
bETATs = \Gxiaxe) " ax*axt\ax®

Y u )4 2yv

“oax'ox+” ax+\ox‘ox®ax axv

or ( ox" X" 0X“9X'oXx® ‘

Ere 94 _5q W, + Env 9 )

“ax\" axt > axeaxe T E axiaxtaxe
LAPRT o
ox 0X’0x*oX”
Because £’*? is skew symmetric in the indices k and p, whereas 92X/
0X* 0X? is symmetric in k and p, the product and summation

Wv + Eutv

—’5W

pro ZX__
oX*ox?®
Therefore (3-5.21a) reduces to (recall |a,\"/ax | = |0X/0X|! =1 /\/g.
(3-5.21b) \,E*? 9, W, = . E"“’ oW,
. \/8

Since

o _ _. o

ap =& W, = W,

it follows that (3-5.21b) is equivalent to (3-5.20).

Example 3-5.4. Again considering the cylindrical coordinate system of
the preceding examples, we have

(3-5.22)
P O k
= 119 9 0
VxW==|= = =
xW pldp 06 0Oz
Wi pWy Wy
1[ [ 0w, apwz) (aw1 aw) (apw awlﬂ
= - ——® e — — 273 k e ¥ .
pLP( 0 o) TPN\% "5 T\ e T
Problems -

1. Show that with respect to the spherical system of Example 3-4.2 V has the
form
coal.glo 1 @
=Gy telmt e’rsmoa.ﬁ
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2. Compute V® with respect to the cylindrical coordinate system of Example

3-4.1 if

@ © =p,

(b) ® =9,

© @ =pf,
(d) ® = psin6.

3. (a) Compute ¢ for the cylindrical system of Example 3-4.1.
(b) Compute ¢ for the spherical system of Example 3-4.2.

4. Determine the form of V - W for the spherical coordinate system of Example
3-4.2.

5. For the cylindrical system of Example 3-4.1 compute V - W in each of the
following:
(& W =p,
(b) W =,
© W = sin Op + cos 66.
6. Show that for orthogonal curvilinear coordinate systems
X’
axt
7. What is the form of V- V® in the spherical coordinate system of
Example 3-4.2?
8. What is the form of V x W in the spherical coordinate system of Example
3-4.2
9. Show that Definition 3-5.1 implies (3-5.7).

10. Show that the natural representation of V® is in terms of covariant compo-
nents by showing that

VX1. VX2 x VX =

v 2,0 = i? 5,0.

6. Maxima and Minima of Functions of Two Variables

The cylindrical coordinate system representation of V offers an oppor-
tunity to handle certain maxima and minima problems in an appealing
way. Since the method utilizes the results concerning maxima and minima
of functions of one variable, it is worthwhile to review the fundamental
facts of this theory.

Suppose that f were a differentiable function on a domain a < X' < .
Let ¢ be an interior point of the closed interval [a, b]. Furthermore, assume
that the second derivative of f exists at ¢. If f'(c) = 0, then c is called a
critical value of f. The nature of fat a critical value is explored by examina-
tion of the second derivative. In particular,

(@) iff"(c) > 0, fhas a relative minimum at X! = ¢,

1 f has a relative maximum at c is equivalent to the statement: there exists 6 > 0

such that f(X?) < f(c) whenever |X 1 _ ¢| < d. A similar definition holds for relative
minimum,
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(b) iff"(c) < 0, f has a relative maximum at X! = c,

(¢) iff"(c) = 0, no conclusion can be drawn.

When f“(c) = 0, f may have a relative maximum, a relative minimum,
or (¢, f(c)) may be coordinates of a point of inflection.

XZ

(a)

()

(c)
Fig. 3-6.1

Xl

Example 3-6.1a. If X2 = f(X") = (X% on the
domain —1 < X* < 1, then

f(xH =2xt
and 0 is a critical value of f; f“(0) =2 > 0, there-

fore f has a relative minimum at X' = 0. (See
Fig. 3-6.1.)

Example 3-6.1b. If X% = f(X*) = (X")? on the
domain —1 < X* < 1, then O is again a critical
value of f. However, in this example f"(0) =0
and no conclusion can be reached whether f has a
maximum or minimum at X! = 0. Further exam-
ination would show that (0, f(0)) are coordinates
of a point of inflection. [See Fig. 3-6.1b.)

Example 3-6.1c. If X2 = f(X!) = (X%)* on the
domain —1 < X! < 1, again it is the case that 0
is a critical value of f with f”(0) = 0. Detailed
examination in this instance reveals that f has a
relative minimum at X! = 0.

Having recalled the major results concerning
relative maxima and minima of functions of one
variable, let us consider functions of two variables.
In the remarks that follow it is assumed that f has
continuous first partial derivatives on a given plane
region and that (X!, X,?) are coordinates of an
interior point of this region. Furthermore, it is
assumed that the second partial derivatives of f
exist at (X!, Xo?).

Definition 3-6.1. Let f = f(X?, X?); fhasarela-
tive maximum at (X!, X,?) means that there exist o,
> 0and d, > 0 such that (X, X?) < f(Xo', X,?)
whenever [ X! — X, !| < 6, and | X% — Xp?| < 0,.

The definition of relative minimum of f'is acquired by simply reversing
the inequality relating (X2, X?) and f(X,!, X,?).

Theorem 3-6.1. If fhas a relative maximum at (X!, X,?), then 9f/0X* =
0, 9f/0X? = 0 at (X!, X¢?).
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PRrROOF. By definition,
G-6.1a) LK XS _ i) S + AXY XS — f(X', Xo?)

ox* AX =0 AX?
According to the definition of relative maximum,
(3-6.1b) S+ AXY, X)) — f(XG, X)) < 0.

Therefore the sign of the difference quotient involved in (3-6.1a) depends
on AX'. This means that the sign changes at (X;!, X,?). Since df/oX* is
continuous, this can happen only if dfjoX* = 0 at (X,!, X,?). The proof
that dfjoX%= 0 at the given coordinate pair follows the same pattern.

It is important to realize that the converse to Theorem 3-6.1 does not
hold. This fact is illustrated by subsequent examples.

Definition 3-6.2. If at (X,!, X,
A o A _,
ox* ox?
then (X', X,?%) is called a critical coordinate pair of f, and the point with
these coordinates is called a critical point of f.

Example 3-6.2. The theory of maxima and minima of functions of two
variables is a great deal more complicated than the corresponding theory
of one variable. For instance, consider

FORXH =14 () — (X
at (0, 0). We can write

(3-6.2a) X3 = f(X, X?)
and interpret (3-6.2a) as a surface. (See Fig. 3-6.2.) We have
af(Xo > 0) (le) _ 0
ox?
(3-6.2b) 270, X X”)
—2(X%, = 0.
X (X%)o
Furthermore,
Pf(X,0) _
(0x")? '
(3-6.2¢)
PO XY _
a(X2)2

From the geometric point of view, putting X! = 0 corresponds to restrict-
ing the considerations to the coordinate plane X* = 0. Hence we think of
studying the curve of intersection of X! = 0 and X3 =1 + (X%)? — (X?)?



248 PARTIAL DIFFERENTIATION AND ASSOCIATED CONCEPTS

x3

Fig. 3-6.2

in the plane X* = 0. From the first parts of the relations in (3-6.2b,c) it
is seen that this curve has a relative minimum at (0, 0, ). On the other
hand, the second parts of the relations in (3-6.2b,c) imply that the curve
X2=0, X3=1 4+ (X')?% — (X?? has a relative maximum at (0,0, 1).
Therefore the function f has neither a relative minimum nor a relative max-
imum at (0, 0). The critical point presented in this example is often called a
saddle point.

The last example clearly indicates that dfJ0 X! = 0f/0X?% = 0 is a neces-
sary condition that f have a relative maxima or relative minima, but it is
not a sufficient condition. We now utilize cylindrical coordinates to find
sufficient conditions.

The value of the cylindrical coordinate system in investigating maxima
and minima resides in the fact that 6 = constant represents a plane. (See
Fig. 3-6.3.) If the critical point lies on the z axis, then for each value of 6
we can investigate the curve z = 2(p), which is the trace of the surface on
the plane 6 = constant. These investigations can be carried out in terms of
the criteria for a function of one variable.

If the critical point to be investigated does not lie on the z axis, a new
coordinate system, obtained from the original by means of a translation,
can be introduced.

Itis important that the theoretical considerations made in the cylindrical
coordinate system be set up in vector form, for the vector representation
simplifies the transformation of the derived information into rectangular
Cartesian coordinates. The equations of transformation take the form

X'= X' + pcos 0,
(3-6.3) X%2= X, + psinb,
X3 =z,
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/
/

Ve
/
Y A

Fig. 3-6.3

where (X!, X,®) is a critical coordinate pair of a function f. Note that the
inclusion of the terms X,! and X,? simply provides for a translation such
that the z axis passes through the point with coordinates (X,!, Xy?) (i.e.,
p =0, and any 6).

Theorem 3-6.2. Let f have continuous first partial derivatives on a
given plane region and be such that the second partial derivatives exist at
an interior point (X!, X,?) of the region. Suppose that/(p, 6) = SIX(p, 6),
X?*p, 6)). Then

@ o-9=%,
dp
(3-6.4)

o
) e-V(p-9)=2=.
p
PROOF. By expressing the gradient in cylindrical coordinates, we have

of 1.9f of
3-6. =¥ ;0% 1 k&,
(3-6.5a) v/ pap+Pan+kaz
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Taking the dot product of (3-6.5a) with p produces the result
(3-6.5b) p-V==.
This proves (3-6.4a).

By applying the operator V to (3-6.5b), we have
o 1@

3-6.5 =L 4+ 2
(3-6.5¢) V(e V) pap2+p aeap+ 205"
Therefore

2
(3-6.5d) p-Vip - V)= g—sz.

This completes the proof.

Quite clearly the criteria for maxima and minima of a function of one
variable can be employed in the cylindrical case (with the additional under-
standing that it must hold for all 6). Therefore the next task is to determine
the meaning of this information in terms of rectangular Cartesian repre-
sentations.

Theorem 3-6.3a. At a domain value (X !, X,2) of f, df/dp = O for all 6
imples that dfjoX! = 0 and 9f/0X% = 0.
PrOOF. We have

p= a—/\_’l = a—Xka_A_’l = COSBI.I + sin 9|.2,
of of of
Vi=tgathgat o
Therefore
of - of . of
(3-6.6) 0=a—p=p-Vf=p-Vf=cos05+smﬁ.

Suppose that 9f/0.X* and 9f/0.X2 were not individually zero at (X}, X,?).
Then (3-6.6) determines a discrete set of values for 6. But this is contrary
to the assumption that (3-6.6) holds for all 6. The contradiction implies the
validity of the theorem.

Theorem 3-6.3b. At a domain value (X;2, X,?) of fat which the second
partial derivatives are continuous,

- ﬂ _ ot 0 : oy in? 0 —-—azf
(3-6.7) 20 = coS 0(8X1)2 + 2cosfsin 6 X ox® + sin @xy
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PrROOF. According to (3-6.4b),

2
(369 L= p-V(e V)= ¢-V(e -9
= (cos O, + sin 6t,) - [11 a PBXYf ) +, A %XYf ) + A ‘;X‘Zf ):|.
Now p - Vf = cos 6 (9f]X™) + sin 0 (9f/0X?) where 0 is to be thought of
as a fixed value (i.e., 6 = constant represents the plane in which the in-
vestigation of maxima and minima takes place). Therefore the result
(3-6.7) is obtained from (3-6.8) by straightforward calculation.
The theorems (3-6.3a,b) along with the theory of relative maxima and
minima of one variable lead to the following conclusions:
If ofjoX = 0, of /o X% = 0 at (X,!, X,?) the second partial derivatives of
Sfare continuous, and (3-6.7),
<0 / has a relative maximum at (X,!, X,?),
{> 0 then ( f has a relative minimum at (X!, X,3),
=0 no conclusion can be reached.
These results can be put in still better form. Let

_ 9 -9 _ oY
T (0xy)?’ T axtoxt’ T @xyr
Theorem 3-6.4. Suppose that f has continuous first derivatives on a
plane region. Let (X,!, X,?) represent coordinates of an interior point
of this region. Furthermore, suppose the second partials are continuous at
(Xo!, Xod). If (X!, X,d) is a critical coordinate pair (see Definition 3-6.2),
then

(a) B*— AC <0, A < 0 — [ has a relative maximum
l at (Xo', Xo?),
(b) B%— AC\< 0, A > 0— fhas a relative minimum
(3-6.9) at (X', X,®),
(c) Bt — AC > 0— f has neither a maximum nor a mini-
mum at (X,!, X,?),
(d) B? — AC = 0-— no conclusion can be drawn.
ProoF [of (a)]. The right-hand member of (3-6.7) can be written in the
form (whenever cos 0 7 0)
(3-6.10) P(6) = cos? 6[ A + 2Btan 6 + C tan?6],
where we think of P(0) as a polynomial in 8. Suppose that (3-6.9a) holds
and that cos 6 7 0 (cos 6 = 0 is considered separately). B2 — AC <0
guarantees that P(6) will have no zeros, hence is positive for all 6 or
negative for all 6. Since P(6) = A < 0 and P(6) does not change sign,
we have P(6) < O for all 6 (excluding 6 such that cos 6 = 0). Finally, if
cos 6 = 0, it follows from the right-hand member of (3-6.7) that

P@6) = C.
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But C must have the same sign as 4. Otherwise B* — 44C < 0 could not
hold. Since P(f) < 0 implies 9%//dp? < O, it follows that f has a relative
maximum at (X!, Xo?).

The proof of (3-6.9b) follows the same pattern. In (3-6.9c) the relation
B® — AC > 0 implies that P(0) has zeros. [See (3-6.10a).] Therefore the
sign of 9%/]dp® is dependent on 6, and there is neither a minimum nor a
maximum at (X,!, X,?). If the relation (3-6.9d) holds, then there are values
of 6 for which %7]dp? = 0. The theory of one variable indicates that in
this instance no conclusion can be drawn.

Example 3-6.3. Suppose that an ellipsoidal surface were given according
to the representation of Monge.

1=0.

_ L ypn s (XD (XD (X
(3-6.11a) PD(X', X} X?) = 7 + 5 + 7

Two of the possible functions that can be constructed from ® have rules:
1\2 2 14
(3-6.11b) fi= X = 4{1 _ I:(x) + ();)"]} ,

4
Gotg  pmxmafi— [0, 0"

Let each of these functions have domain [(X*)?/4] + [(X*)?/9] < 1. Then,
examining f;, we have

(3-6.11¢) %; __ gxz {1 : [(le)z N (_{92_)»]}_%'

The critical coordinate pair is (0, 0). This is an interior point of the set;
therefore we proceed to investigate its nature.

G-611f) S _{1 _ [(_)g_)2 N (X%r:“—x

(@x") 7
-jorr - [
(3-6.11h) (7622(%); - _ g {1 _ [_(%1)2 N (—X;)_j—%

-oerli- (224 57)
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By evaluating at (0, 0), we have

A= (ﬂL) = —1
0X®/t0.00 ’
o _ _Qz_fn_) =0
(3-6.11i) B = (axz X oo

O

¢= ((aa;f;)z)(o,o) -

B*— AC = —-%<0, A=-1<0.

Therefore

The function f; has a relative maximum at (0, 0). Similarly, it can be
shown that f; has a relative minimum at (0, 0).

Problems

1. Find the relative maximum and/or relative minimum for the function with

domain (X1)? + (X?)?2 < 1 and rule
SOXL X = (X2 + (X2 — XL

2. Find the critical coordinate pairs for each of the following functions and test
for maxima and minima:

-0 < X1 < oo,

—o < X2 < o,

-0 < X1 < oo,

—©0 > X?< o,

(@) f(X%, X?) =4 — (X)? + (X9)?,

(®) fXY X?) =9 — (X2 — (X,



chapter integration of vectors

This chapter is concerned with the integration of scalar and vector fields
over curves, surfaces, and space regions. It is assumed that the reader is
familiar with the fundamental ideas of integration of continuous functions.
To attempt to go into detail concerning the foundations of the integration
concept would involve a long digression into the field of analysis. Therefore
the discussion is restricted for the most part to extending the ideas of
integration over line and plane region to integration over curve and surface
element. Some attention is given to volume integrals. Naturally, the use
of vector language is emphasized.

Whether the integration involves a curve, a surface, or a space region,
it is defined in terms of a summation process. When vector fields are
concerned, the use of a summation process presents a difficulty that is
worthy of comment. Arithmetic addition of vectors depends on a com-
position of corresponding components. Since the discussion is restricted
to euclidean space, an orthogonal basis of constant elements ,, t,, 13 always
exists and therefore this addition can be carried out even though the
vectors involved are not associated with the same point of space. (Note
that the existence of the constant basis depends on the space being
euclidean.) However, if a given integrand is expressed in terms of a non-
constant basis, we cannot remove the basis elements inside the integration
sign. Such variable elements present computational difficulties. The
immediately important aspects of these remarks may be summarized.
The various integrals to be discussed have meaning in Euclidean three-
space regardless of the nature of the basis used. However, more often
than not, actual evaluation of an integral will depend on a constant basis
4, b, L.

254
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1. Line Integrals
b
In an elementary calculus course we consider the integral f f(x) dx

a
where fis a continuous function defined on the closed interval [a, ] of the
line y = 0. (See Fig. 4-1.1.) The concept of line integral extends this idea
by replacing f by a scalar function ® or
vector function U defined on a space curve y
X' = X@1), ty<t<t, The term line

integral is a little misleading, since geo- Ax)

metric emphasis is placed on a curve over

which the integration takes place. “Curve /\—

integral” might be more appropriate. x
However, to avoid confusion, we shall stick L x b

to the standard terminology.

Suppose that functions X’ = X’(r), with
continuous derivatives that are not simul- Fig. 4-1.1
taneously zero on the domain t, <t < ¢t,,
determine a space curve C. Then the concept of line integral can be ex-
pressed as follows.

Definition 4-1.1. Let ®(X’) be a continuous scalar field defined on C;
then

(4-1.1a) ft '"cb[xf(t)] di = lim_ gch[X’(T,)] At

is said to be a scalar line integral on C.

Definition 4-1.1b. Let G(X?) be a continuous vector field on C; then

(4-1.1b) f “GLX(0] dt = lim zG[xf(T,)]At

latl—0i=1
is saidx%l‘); a vector line integral on C.
The symbolism used in (4-1.1a,b) is the usual. In particular,

At;=t; — t,y,

and |At| — 0 means that all subdivisions of the refinements (¢, - *, t,)
of the partition approaches zero as n — co. The symbols 7; represent
intermediate values in the intervals Ar,. (See Fig. 4-1.2.)

tn

It may often be convenient to write f rather than f .
c ty

For purposes of analysis we can think of the parameter ¢ as representing

the domain values of @ and of G. The continuity of ® and of G implies
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X/ (tn)

7i

t ti-1 L tn GlXi(7)]
X7 (1)
Fig. 4-1.2

the existence of the integrals. (This is an assumption on our part. The
proof that continuity of a function on a closed interval is sufficient for the
existence of the integral is usually given in an elementary calculus course.)
The evaluation of the vector line integral is usually simplest when the
basis elements are constant. For a basis t,, 15, 13 we have

f G dt = lim Z G(t) At = llm 2 Gi(tn; At
c latl -0 i=1 latl i=1

Because ,, t,, 13 are constant and therefore do not depend on the limit
process,

J‘Gdt=t1 lim ZGI( ) At +t2 hm ZGz(‘r)At
c

latl—»0i=1 latl-0i=1

+ 13 lim Z G(r,) At

latl=0i=1
=llJt Gt d!+l.2f G* dt+l3J; G3dt.

Therefore the evaluation depends on a component-by-component in-
tegration. Difficulties that may exist are independent of the vector process.

For the most part we are concerned with the scalar line integral in
which @ has the form

(4-1.2) o=G.2.

Therefore ® is dependent on the curve. For this reason we demand that
in general the curve be smooth. As defined in Chapter 2, Section 1, a
smooth curve is characterized by continuous derivatives dX/dt, dX?/dt,
and dX3/dt, which are not simultaneously zero. The geometric implication
of these conditions is simply that the curve has a continuously turning
tangent.

Our conditions on the curve are slightly relaxed by the following
definition.

Definition 4-1.2a. A curve is said to be sectionally smooth if it is
composed of a finite number of smooth curves attached sequentially end
to end.
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Definition 4-1.2b. The line integral over a sectionally smooth curve is
the sum of the line integrals over the corresponding smooth pieces.

The preceding definitions make it possible to include such an intuitively
simple curve as a broken line segment in our considerations.

Geometric interpretation is often facilitated by representing a curve in
terms of a parameter s, which denotes arc length. The tangent vector
field dr/ds is a unit field and the line integral

(4-1.3) : f dr dr =
cds ds

where L is the length of C. More generally, the scalar G - (dr/ds) can be
interpreted as the projection (with appropriate sign) of G onto the tan-
gential direction at each point of C. If arc length is not used in the
parametric representation of the curve, then the preceding statement must
be modified to include the magnitude of dr/dt.

The J. G . (dr/dt) dt can be evaluated in at least three different ways.
c

These methods are presented in the following examples.
Example 4-1.1. As previously indicated, the parametric equations

X'=cost,
(4-1.4a) X?=sint, t>0,

X2=1
represent a circular helix, The position vector r has the form
(4-1.4b) r=cos ty + sin f, + fi,
and

dr .

(4-1.4¢c) ot = —sin fy, + cos Iy + ;.

Suppose that a vector field
(4-1.4%&1 G =sinty 4+ cos i, + 1y

is defined along the curve; that is, r and G have a common domain such
that if ¢, gives rise to r, then G is associated with the curve point with
coordinates X, (i.e., with the end point of r,). Then, as a consequence of
(4-1.4c,d),

foG-—dt —f (—sin®t + cos’t + 1) dt,

{7
=f (1 + cos 2f) dt = (: + 1 sin 2:)°,
0 0

mn2%

=t +
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In this example both the curve and the vector field are represented in
terms of the parameter ¢ and the integration was straightforward. The
next example presents a variation from this method.

Example 4-1.2. The f G - (dr/dt) dt also can be expressed in the form
c

(4-1.5) fG-dr =f Gldx +f G dX* +f G® dX®.
(o} (o] (o] (o]

This representation depends on a change of the variable of integration
from ¢ to X1, X2, X3, respectively. There are certain advantages to this
procedure. For example, if the curve is given by

2 __ syl\2
(4-1.62) ; = gx ¥ o< xi<2.
and
(4-1.6b) G = X% + (XY,
then
(4-1.6c) r= X% + (XH%4,,
and
(4-1.6d) dr = dX, + 2X'dXM,.
(See Fig. 4-1.3a.) Therefore
(2,4) (2,4)
(4-1.6¢) f G.dr=| (X*dX'+ 2(X")®dXY).
(0,0) (0,0)
xZ
2,9
©.0 X!

Fig. 4-1.3a



Line integrals 259

2,4)

1
(0,0) X

Fig. 4-1.3b

Again, using the curve representation, the right member of (4-1.6e) can
be put entirely in terms of X! and dX?; that is,

Iro

(2,
(4-1.6f) ﬁo G.dr _f (XY + 20X dx =% + 8 =¥

Note that if the vector field G of this example is integrated over

(4-1.7a) %= 2,
-1.7a
X8=0,
then
(4-1.7b) dr = dX, + 2dX,
and
“(2 ,4) (2,4) 2
(4-1.7¢) G.dr =f X2axt 4+ 2(xH) dx? =f Qx4+ 2(xH?)dx?t
J (ﬁx (0,0) 0

1y37 2
= [(Xl)' + .2&,:] =44 ls!— %s.
3 o
(See Fig. 4-1.3b.) Thus, comparing (4-1.6f) and (4-1.7c), it is clear that the

value of the integral depends on the path joining (0, 0) and (2, 4).

The next example illustrates a case in which the path of integration is
of no concern.

Example 4-1.3. Let
(4-1.8a) G = X4, + X,
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Consider any plane path given by differentiable equations which joins
(0, 0) and (2, 8). For example,

Xt=(x,
(4-1.8b) dX?=3(X)2dXx:,
X:=0,
or
X2 =4Xx7,
(4-1.80) dX? = 4dXx*,
X3=0,
In (4-1.8b) and (4-1.8c), respectively, we obtain
(2,8) (2,8)
(4-1.8d) G.dr = X2dX! + 3(XY)® dx?
(0,0) (0,0)

=f(2'8’[(xl)3 + 3(X")*)dX* = 16.
(0,0)

(2,8) (2,8)
(4-1.8¢) G.dr = X*dXx' + 4x1ax?

(0,0 (0,0
f 8X'dXx* = 16.
°

Choice of other paths joining (0, 0) and (2, 8) leads to this same numerical
value of 16; therefore we are led to doubt the importance of any particular
path in evaluating the integral. Closer examination shows that
(2,8
J. G.dr =f X*dX' + X' dX* = d(X2X1)—16
c c (0,0

that is, the integrand can be written as a perfect differential, and choice
of path does not matter. This question is examined more fully later in the
section.

Example 4-1.4. Consider the curve C whose parameterization is

Xt=1 Xr=1g, X3=0, 0<t<1
Xt=1, X:=1, X=1-—1t 1<1<2,
X'=3—1 X:=3-—1t X'=], 2<t<3.

Let G = X' X%, + X%, + X%;. (See Fig. 4-1.4.) This curve is sectionally
smooth. Therefore the line integral can be written as a sum of three line
integrals.

[eda=|w s+ [—a-na+ =00 G- e

5

=i+%—s=1‘2.
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Xl

Fig. 4-14

The next example introduces an application of the concept of line
integral to physics.

Example 4-1.5. In its most elementary form the concept of work?! is
defined as the product of a constant force by the straight line distance
over which it acts. Thus, if Frepresents the measure of the constant force,
Ar, the distance, and W symbolizes the measure of work, then

(4-1.9a) W = F Ar.
A slight generalization of (4-1.9a) consists in representing the constant

force by means of a vector F and allowing the vector to have a direction
different from that of the line segment over which it acts. Then

(4-1.9b) W = F Arcos0;

that is, the component of force in the direction of action is multiplied by
the distance through.which it acts.

These two elementary definitions of work (the second includes the first)
were supplemented after the introduction of the integral calculus by

(4-1.92) w=| F@)dsx,

Zo

where the force is variable along the line of action.

! The term work was used by G. G. Coriolis (1792-1843), and later by J. V. Poncelet
(1789-1867, French). These men were among the first to promote reforms in the
teaching of rational mechanics. (See Florian Cajori, 4 History of Physics, Dover,
1962, p. 59.)
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All these representations are included in the more general definition
given in terms of the line integral; that is,

(4-1.9d) W=f F-dr.
C

There will be further occasion to refer to (4-1.9d) after a more detailed
development of certain ideas associated with the concept of line
integral.

The next theorem introduces a property of the line integral that is
useful in applications in geometry and physics. The function G of Example

4-1.3 led to a line integral | G - dr, the value of which did not depend on
c

the path C. The theorem gives a first answer to the question of what form
G must take in general in order that the line integral may be independent
of path. Independence of path means that there is a scalar function,
which we shall call W(X?), such that

] P(X7)
(4-1.10) W(X?) =f , G.dr

Po(Xo")

In other words, the value of the integral depends only on the end points
P, and P, where P is variable and P, is fixed.

Theorem 4-1.1. Let G be a vector field that is continuous on R, a
preassigned region of space. Suppose that C were any smooth curve lying
in R. Denote the end points of C by P, and P,. Then

P
the value ofJ G - dr is in- there exists a differentiable

. P,
@1.1) dependent of "the path C 7 \scalar field ® such that

joining Py and P G =Vo.

PrOOF. Assume that G can be represented as the gradient of a differ-
entiable scalar field ®. Because ® is differentiable, a change of variables
from X*, X2, X3to @ is possible. This change takes the form of the chain
rule of differentiation and V® . dr is replaced by d®. Thus

(4-1.12a)
P1(X,) )
f G.dr =J. VO . dr =f dd = O(X,') — O(X,y).
c c

Pol X))

It follows that fG - dr depends on the coordinates X,/ and X,’ of the
c
end points of C but does not depend on C.
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Conversely, assume that the line integral is independent of path. From
(4-1.10) we can derive the expression

(4-1.12b)
W(X* + AX?, X2 Xa) — W(Xl, X2, X’)
AX?

1 x+ax,x%x® x,x%x®

=—1(f G-.dr — G'dl’)

AX Po Po

1 xraxlx,2x?

= A—X1 _L{‘,Xz 8 G . dr.

The path determined by the limits of integration is such that X2 = constant
and X3 = constant; therefore
WX + AXY, X2, X%) — W(XY, X2, X°) 1 fx‘+Ax‘,x’,x’
Ax? AX?
According to the mean value theorem of integral calculus, there exists Z*
in (X4, X1 4+ AX?) such that
1 [xaxixlx?
v
In turn, GY(Z*, X2, X3 can be replaced by G'(X?, X2, X3) + €! for a

sufficiently small value of AX?! because G' is a continuous function.
Therefore

G*dXx.
X! x% x®

. , Gldx! = G\Z, X2 X3).
xL,x%x

a 1 y2 y3) _ 1 y2 y3
@112 M o g WXL+ AXL X0 XY — WX X2 X0
aXI lax|~0 qu
= lim GY(X', X%, X°) + ¢ = G".
€ —0
It can be shown in a similar manner that

W _a W_ e

ax* ' ax® '
Clearly, the function W is the required scalar field and G can be expressed
as a gradient. This completes the proof.

Example 4-1.6. Suppose that a vector field
G = (X2X3 + i + (X1X® + S), + XX %,

is given. If the vector field is representable as a gradient field, an ap-
propriate scalar function ® can be found by making the identification

G=Vo,
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Then
od . od oD
T =XX+2, ——=XX+5, = X'X%
ox’ TE e X’
From the first of these relations we find on integrating that
O = X'X2X® 4+ 2X' + f(X?, XP).
Therefore

0P

Xlx3+5=67_xlx3+ af

oXx?
From this relation we ascertain that

S(X3 X3 = 5X2 4+ g(X?);
thus
O = X'X2X34+2X 4+ 5X%2 4 g.

The given expression for 0®/dX? leads to the result

oo og(X?)
X'XiP= — = X'X* 4 =2~
ox? + ox?
Consequently

g(X?) = constant.

By the foregoing process of partial integration we find that
® = X1X2X3 4 2X! 4+ 5X2 + constant.

The flaw in the method of this example is that it depends on G being a
gradient field. If G is not a gradient vector field, the method will fail, but
doubt may linger in our minds whether the failure was actually owing to
the nonexistence of a function ® or to personal inadequacy. Fortunately,
a more powerful test will become available later in the book.

In the next theorem the symbol ¢ is used to indicate integration over
a closed path; that is, the initial and end points of the path coincide.

Theorem 4-1.2. Let G be continuous on a region R. Suppose Pyand P,
are points in R and both C; and C, are smooth paths in R joining these
points. Then

The line integral f

is mdependent of the path § Grdr=0.
joining P, to P,.

(4-1.13)

Proor. To prove the equivalence of (4-1.13), start with the implication

from left to right. According to the preceding theorem, f G-dr in-
c

dependent of path implies that there is a differentiable function ® such
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that G = V®. Therefore

P Po
§G dr = Gdr+ G.dr = G.dr + G.dr

Cz Py Py
= dCD + dd)
Po P,
Py Py
P Py

Conversely, if § G « dr = 0, then

G.dr= G-dr+ G.dr=0.
c
Consequently, :

(4-1.14a) G dr = — G dr.

The relation (4-1.14a) can also be written in the form

(4-1.14b) f G.dr=f G- dr,
Cy —-Cs

where —C, is oppositely oriented to C,. Therefore the integration over
path C; or —C, (from P, to P,, see Fig. 4-1.5) produces the same result.
Since C, and — C, are arbitrary curves joining P, to P, (they must meet the
restrictions of the hypothesis), this completes the proof.

Example 4-1.7. Disregarding part of the
hypothesis of a theorem can have disastrous
results. The function C

2
® = tan™?! (—X—)
Xl

provides an opportunity for such neglect.
This function can be expressed in the form

G=V0 = %& ) Po
(XY + (XP)? Fig. 4-1.5

Therefore we might expect the line integral
around a closed path to have the value zero. However, consideration of
the circle

Py

G

X'=cos 6, X2=sin0, X:2=0
leads to the result

27 2 a2 2r
ffc'd'=f M_sm_fz:f 46 = 2.
c 0 1 0
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A careful analysis of @ solves the dilemma. The function @ is not defined
for X! = 0, that is, anywhere along the X2 axis. Therefore the statement
on the right-hand side of (4-1.11) is not satisfied and the conclusion
cannot be drawn.

Fields of force which can be represented as the gradient of a scalar field
(i.e., by F = —V®, where the minus sign is introduced for future con-
venience) play an important role in mathematical physics. Such fields of
force are called conservative and the scalar function is a potential function.
Among the physical phenomena that can be so represented are gravita-
tional, electrostatic, and magnetostatic force fields. It follows at once from
Theorem 4-1.1 that the work done by a conservative field of force in
moving an object from P, to P, does not depend on the path of motion.

Classical Newtonian mechanics makes much use of the concept of
energy. It is assumed that there are two kinds of energy, potential (a
measure of the capacity to do work expressed by means of the potential
function) and kinetic (defined as 4mV'2, where m is the mass of the particle
and V is the magnitude of its instantaneous velocity). The next example
illustrates that for conservative force fields the total energy (i.e., the sum
of potential and kinetic energy) does not vary. This is one of the three
famous conservation principles of classical mechanics.

Example 4-1.8. In Newtonian mechanics the force field associated with
a given path of motion is described in terms of the rate of change of the
momentum field; that is,

_ dmV

4-1.15a F
( ) o

3

where m represents mass (which is constant according to Newtonian
mechanics) and V represents the velocity vector field along the path of
motion.

When F is conservative (i.e., F = —=V®),

(4-1.15b)
P P P
f F.dr = —V(D-dr=—f dd = O(P,) — D(P).

Py Py Py

From the point of view of relation (4-1.15a),

P t t .
(4-1.15¢) fF-dr= dﬂ.d_rd,deud,
Py to dt dt 2 to dt

= %f dv® = 'r;'l [VE(P) — VE(Po)].



Line integrals 267
Equating the results in (4-1.15b) and (4-1.15c) we obtain

(4-1.15d) OP,) + % VY(P,) = B(P) + % VY(P).

Therefore the total energy is the same at any point P (or equivalently at
any time ¢) as it was at the initial position of the particle. Hence it is said
to be conserved.

Example 4-1.9. As a consequence of the conservation of energy
principle, illustrated in the preceding example, it is possible to predict the
initial velocity needed by a particle in order that it may escape from the
earth’s gravitational field.

It is assumed that as the distance from the earth’s surface — oo, the
total energy tends toward being all potential energy. On the other hand,
at the surface of the earth the energy is all kinetic.

According to Newton’s universal law of gravitation,

ymMr

(4-1.16a) F="——=—-mVo,
r
where
(4-1.6b) o=
r

R = radius of earth,
M = mass of earth,
m = mass of body,
y = gravitational constant.

P

Fig. 4-1.6
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Since work is the negative of potential energy, the fact that the total
energy at the earth’s surface (i.e., all kinetic energy) equals the total energy
at oo (i.e., all potential energy) produces the result

P P P
%mV2=limfF-dr=lim—m V(D-dr=1im—mf dd
R

P-wn JR P- o R P- o
P
= —lim M} = —lim (m”M - m”M) ey
P+o r JR P-w P R R

Therefore

/2yM
4-1.16¢c V= |—.
(4-1.16¢) R

Using the values
R = (6.37)108 cm, y = (6.67)10~® dyne/gm? cm?,
M = (6.1)10%" gm,
we find that
V = (1.13)10® cm/sec,
or about 7 mi./sec.

Problems

1. Find the values of the following line integrals:
X! =qgcost,

{'dr dr )
@ | —-—dt{X2=gsint, 0<£t<L2
Jodt dr e

P X1 = g cos s/a,

r dr

(b) rd_'d_ds X% =agsinsla, 0<s <2
Jods ds X3 = 0.

2. Find the value of f G - (dr/dt) dt in each of the following cases:
¢

1 _ 12,
(a)G=—X2|.1+X1|2{X2=2t, 0<t<2
(b) G = (X9, + (XH2,, X = V1 — (X%?, from (0, —1) to (0, 1).
X! =cost,
(c) G= —sinty +costy, +13 {X2=sint, O0<Lt<m
X3 =1,
Xl =t
(d) G = =5X2% +3Xh, +2X3,{X?=V1 —¢, —-1<t<1.
X3 =1,
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3. If G =2X1X2%, + (X121, evaluate fG -dr over each of the following
paths: .

(@) X2 =V1 + (X2 X3 =0, from (0, 1) to (2, V5).

V5 — _
(b) X2 = X! + 1, X8 = 0, from (0, 0) to (2, V5 — 1).
(c) The line path:
Xl=gy, X1 =2,
X2=0,0<¢t<2, X:=t-2, 2<t<V5+2
X3 =0, X3 =0,

@ Is f G - dr independent of path? Prove that your answer is valid.
c

4. Suppose that for all ¢ a vector force field F is perpendicular to the tangent
vector dr/dt along the path of motion. Show that the work done by F is
zero.

5. Suppose that a force vector field F = r is defined on

X' =h +acosb,
X2 =k +asinb, 0<6<Lm
X3 =0,

(a) Show that the work done is —2ah.
(b) What is the work done over the interval 0 < 0 < 2#?
(c) Letk =0, # = a. Then calculate

f"G “
o do
6. Show that f G - dr is independent of path for each of the following vector
fields: v¢
X2 Xt
(a)G=EF')-2l.1—(X—1)2I.2, X1 0.
(b) G=r.

r
) G=—, n 2 0 and an integer, r # 0.
rﬂ

Hint: We canshow that G - dr is a perfect differential or we can produce @
such that G = +V @.

7. Prove that fG « dr is not independent of path if
¢
G = — X%y + X,
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2. Surface Integrals

The fundamental ideas of this section are based on Definition 3-1.2c of
a surface. Analysis is restricted to surface sections, every point of which
is regular; that is, surface sections which have a parameterization

X = Xj(vﬂ)
such that at each point of the section

(a) the X7 are continuous functions,
(4-2.1) (b) the first partial derivatives are continuous,
(c) the matrix (0.X7/0vf) has rank 2 (i.e., dr/dv! x dr/dv? # 0).

By referring to Definition 3-1.2 we observe that these conditions guarantee
the coordinate pairs (v!, v*) to be in D.

Definition 4-2.1. A surface section satisfying conditions (4-2.1) is said
to be smooth.

The restrictions in (4-2.1) are severe. They eliminate from consideration
sharp points, such as the vertex of a cone, nonorientable? surfaces, such
as the Mobius strip,® and degenerate representations, such as

4-22) Xx'=o — 2 X2 = (0! — v?)?, X3 = (! — 1?3

The equations in (4-2.2) obviously can be expressed in terms of a single
parameter # = v' — v®. Therefore they represent a space curve rather
than a surface.

Unfortunately, the restrictions go further than our intuition might desire.
Most so-called surfaces met in analytic geometry and calculus conform to
the conditions in (4-2.1), except perhaps at isolated points. In particular,
quadratic surfaces are among those subjects to our considerations. But
such intuitively simple configurations as cubes, parallelepipeds, and poly-
hedra in general have edges that present difficulties. The problem can be
overcome by introducing the concept of sectionally smooth surfaces in
analogy to sectionally smooth curves. Then, for example, an integral
over a sectionally smooth surface can be defined as a sum of integrals
over the sections that compose the surface.

The major difficulty involved in defining sectional smoothness has to do
with the process of joining. For example, we cannot allow the definition

% A surface is orientable if and only if there is a continuous unit normal at every point.
8 A Mabbius strip is a one-sided surface, constructed by half twisting a strip of paper
and then sticking the ends together.
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Fig. 4-2.1

of a sectionally smooth surface to include a configuration composed of
two sections with a single point in common. (See Fig. 4-2.1.)

Definition 4-2.2. A surface is said to be sectionally smooth if and only
if the smooth sections that compose the surface satisfy the following
conditions:

(a) Any two sections have no points, one point, or an edge in
common.

If two sections have exactly one point P in common, then
there exists a chain of sections with P in common and such
that each consecutive pair has a common edge.

(c) No three sections have more than one point in common.

@23 ®

The preceding definitions and remarks enable us to continue with some
hope of intelligibility. The reader who is interested in pursuing a detailed
treatment of the theory of surfaces may begin with Advanced Calculus by
John Olmsted (Appleton-Century-Crofts, 1961), in which a very nice
presentation, as well as further references, is given.

The parameters v, in terms of which the surface equations are expressed,
are subject to.two geometric interpretations. On the one hand, the set
(v*, v*) can be designated as coordinates of the points of a plane region.
From this viewpoint X7 = X’(+%) can be thought of as equations of trans-
formation relating the plane coordinates to the space coordinates. We
say that the points of the plane region are mapped onto the surface region
by means of the transformation. This concept of “‘mapping” has proved
fruitful in modern mathematics. The idea is illustrated by the following
example.

Example 4-2.1. As we saw irf Chapter 3, Section 1, the parametric
equations
X1 =l

(4-2.4) Xt =12 @)+ @) < 1.
Xs=11— (vl)z —_ (02)2]%,
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constant

vl = constant

Xl

Fig. 4-2.2

are associated with the upper hemisphere of a sphere. From the standpoint
of mappings, we think of the plane point with coordinates (v*, v%) =
(X1, X?) as being mapped into the space point (X, X2, X3), (In this case
the inverse mapping would be an orthogonal projection of the hemisphere
onto the plane region (X*)2 4- (X?)% < 1.) In Fig. 4-2.2 point P is thought
of as being mapped into point Q. In particular, P4, 1) is sent into

bt
222

On the other hand, the families of parametric curves, »! = constant,
v? = constant, introduce a coordinate net on the surface; that is, each
surface point is the intersection of a unique pair of curves, one from each
family. The parameters (2!, v%) can be interpreted as surface coordinates
of a point. This approach, due to Gauss, leads to the development of
the intrinsic geometry of surfaces, that is, the study of the geometry of
surfaces dissociated from an embedded three-space.*

Example 4-2.2. The planes, X! = constant, X% = constant, intersect
the hemisphere

X1 =l X2 =2, X:=[1 — () — )"

¢ Bernhard Riemann followed up Gauss’s work on curved surfaces by setting the
foundations for the development of n-dimensional geometry which included Euclidean
geometry as a special case. This gave impetus to the introduction by Beltrami and
others of surface models of non-Euclidean geometries. Furthermore, the studies of
Riemann have played an important part in modern physical theory and philosophy.
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in two sets of curves. By denoting these sets by v* = constant and v? =
constant (see Fig. 4-2.2), we obtain a coordinate net on the surface that is
analogous to the coordinate net determined in the plane by a rectangular
Cartesian coordinate system. From the viewpoint of Gauss, we forget the
correspondence which we have just used to obtain the coordinate net on
the surface. The intrinsic geometry of the surface is developed by simply
assuming the existence of some such net (and all those that can be intro-
duced by surface coordinate transformations) and then proceeding with
an analytical development of the surface geometry.

In the development of the integral concepts we feel free to use the
geometrical viewpoint concerning surfaces that best fits the immediate
need.

Integrals with either a scalar or a vector integrand are considered. The
symbol N is used to denote a unit surface normal (i.e., N is, in general, a
unit vector field defined over the surface region), and d4 is symbolic of
the element of surface area. Before stating a definition of surface integral,
it is convenient to obtain representations for both N and d4. The following
theorems lead to this end. As in previous considerations of surfaces,
Greek letters have the range 1, 2.

Theorem 4-2.1. The square of the differential element of arc on a
surface has the form

(4-2.52) ds* = g,pdv*dv’ = gu(dv')’ + 2g1, dv* dv? + gao(dv?)?,

where

or oOr
42.5b) g, =22
( ) & ov* ovf
Proor. We have
ds® =dr.dr = LS dv* . o dvf = g,g dv* dvP,
o* ovf

as was to be shown.

Definition 4-2.3. The form (4-2.5a) is called the fundamental metric
form of the surface.

The determination of an expression for the differential element of surface
area is, of course, the basic step in defining that measurement, associated
with the surface, which is called area. The problems involved in giving a
meaning, consistent with intuition| to the concept of surface area are very
deep. In fact, it is of some interést to realize that a completely general
definition of surface area is of concern to modern research mathematics.
The obvious approach in defining the surface area as the limiting value of
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V2= constant

V1= constant
Fig. 4-2.3

areas of inscribed polyhedra (this approach would be in direct analogy to
that of determining curve length as a limiting value of lengths of inscribed
polygons) leads to inconsistent results. A simple example, called the
Schwarz example, which demonstrates this fact, can be found on page 616
of Advanced Calculus by John Olmsted. We restrict ourselves here to the
presentation of an intuitional background and a definition valid for
smooth surface sections. We should expect the forthcoming definition of
surface area to meet two fundamental requirements. First of all, the
formula should reduce to the usual thing if the surface is a plane. Second,
the representation of surface area should be invariant with respect to
surface coordinate transformation.

The fundamental metric form is an aid in the determination of an
appropriate representation for d4. Let ds, and ds,, respectively, denote
differential elements of arc corresponding to v? = constant and v =
constant. Then, according to the form (4-2.5a),

(4-2.6a) ds, = gy dv',  ds, = gy di?,
where
(4-2.6b) 8 = &

The property of magnitude cannot be associated with the differentials.
However, if dv', dv? are momentarily replaced by Av' and Av?, then the
area of a parameter parallelogram is approximated by

(4-2.6¢) AA = gyg, Av* Av?sin 0, 0w,

where 0 represents the angle determined by the positive senses of parameter
curves (i.e., the angle determined by dr/dv* and 0r/dv?). The representation
in (4-2.6c) motivates the following definition. (See Fig. 4-2.3.)

Definition 4-2.4. The differential element of surface area is
4-2.7) dA = g,g, sin 6 dv* dv®.

The next two theorems introduce a surface unit normal N.
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Theorem 4-2.2. The partial derivatives dr/dv! and Or/dv? are tangent
vector fields along the parameter curves »* = constant and v! = constant,
respectively.

Proor. Suppose that the parameter curve v? = constant is represented
in terms of its arc length s. Then (dr/ds), is a unit tangent vector field
along the curve. The subscript of 1 simply indicates the particular curve.
Since v? = constant, we have

(ﬂ') or d® or dv

(4-2.8) o ==

1=ﬁds ovt

Therefore odr/dv! is proportional to the unit tangent field (dr/ds),. By
letting v* = constant, we can show that dr/dv? is proportional to (dr/ds),.

Theorem 4-2.3. A unit normal vector field associated with a smooth
surface section is
1 2

(4-2.9) _ Or/dv* x Jr/ov*

" |or/ovt x or/dv?|

ProoF. The fact that (9X?/dvf) has rank 2 is equivalent to dr/dv! x
or/dv? £ 0. According to the preceding theorem dr/dv! and dr/dv? are,
at a point of the surface, tangent vectors to parametric curves, hence
determine the tangential plane at the point. It follows that the cross
product is normal to the surface and, when divided by its magnitude, is a
unit vector.

The relations in (4-2.7) and (4-2.9) together lead to a vector element of
surface area. Since

(4-2.10) aa—; % = %r_l aa—;-z sin 6 = g,g, sin 6, 0< <,
we obtain

2.11 Ndd =2 « O 4 g
(4-2.11) a—ix; v dv®.

This expression forms the basis for the definition of the integral of a
scalar over a surface.

Definition 4-2.5a. Let W be a continuous vector field defined on a
smooth surface sector S. The scalar surface integral of W on S is

(4-2.12a) fs W-Ndd= lim 3 3 00,0404,

la4l~0 i=1k=1

where ® = W - N.



276 INTEGRATION OF VECTORS

Definition 4-2.5b. If W is defined on a sectionally smooth surface S
composed of surface sectors S, - - - §;, then

i
(4-2.12b) LW-NdA=Z SW-NdA.
i=1 i
From the analytic point of view, the integral (4-2.12a) is precisely the
same as that studied in the calculus. Its evaluation depends on the fact
that the double integral can be represented as an iterated integral. By
using (4-2.11), we obtain the formula

ot pord G o
(4-2.13) fG-NdA=J;.2LoxG-a—v-lxa-—vzdvldv’.

Example 4-2.3. (See Fig. 4-2.4). Let X3 = (X)? + (X?)?, where
Xl =, X2= 2 X3 = (") + (v?)?, G = vy + 20%,;

then
or _or
a_:’ x Pk =20y, — 20%, + 1,

and
v 2 " 1
f G-Ndd = f ' f =200 — 4] dot dit.
S vo? Juot

x3

X2

Fig. 4-2.4
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Therefore the integral over the surface region in the first quadrant and
otherwise bounded by X = ¢! =3 and X2=v2=4is

4 3
1\2 2\2 1 2 2.
—2J;J;[(v) + 2(v»?*) dv' dv® = —43

The concept of surface area is defined in a manner consistent with
(4-2.12). In fact, if we let W = N and recall that the expression in (4-2.7)
for dA is equivalent to |0r/0v! x Or/0v?|, then (4-2.12) reduces to the
relation stated in the following definition.

Definition 4-2.6. The area of a smooth surface is given by the following
integral:

(4-2.14) f A = f j

Example 4-2.4. With respect to the surface region considered in
Example 4-2.3, we have

fs dA =J;4 L 3\/4[(01)2 + (%% + 1 dv* do®.

It is interesting to note that the area integral can also be represented in
terms of the determinant g of the surface metric tensor components g .

Theorem 4-2.4. We have

ar dvt dv’.

2 v 1 _
(4-2.152) f dA = f f " Jg dvt dv?,
S vo® Juo!
where
(4-2.15b) g = det (g,p)-

Proor. Recall Lagrange’s identity (Chapter 1, Section 7, Problem 18)
AxB):(CxD)=(A-C)B:-D)— (A-D)(B-C).

We have
i (ar ar) ] (ar ar)
— \ovt T 9t ot ov?
- (&2 (&2 (2
T ot ot/ \av? o o' 0%

By making the identifications

or |?
a_vll s g22=

or or

ot X ov?

~
QD

r Or

| 812—321—;&"6?’

gu =
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we obtain
2

gu 812
821 822

a o
ovt  ov?

= g.

The proof is completed by substituting this result in (4-2.14).

Example 4-2.5. Suppose the surface region S is, in fact, a region of the
X!, X% plane. (See Fig. 4-2.5.)

X1=2, Xt =2? X?=0,
asvt<b () <0 < 020

(1 0) ]
(gaﬂ)_ 0 1, g=1

Then

The area formula (4-2.15a) reduces to
b vlz
f \ dv? dv'.
a J0

In other words, we obtain the usual result. This confirms that the definition
of surface area is consistent with that of plane area. The second criterion
we ask of the definition, that of invariance, is considered in Section 2*,

Example 4-2.6. Suppose that a smooth surface is given by the explicit
representation
X3 = X3(X?, X?).

A parameterization for the surface is
X1=1l, X2 =12, X3 = X3!, v?).

vl

Fig. 4-2.5
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Then
L L
oxs
o o _|1 0 =% ox® ox®
5;)(50—2— v =—§l1 azl2+ls
3
0o 1 X
ov®
Therefore
o ar

) Xs)z ( 0 Xs)zjl %1
1 — + |5
W 3t [ + (avl ov®
By substituting this last relation into (4-2.14) we obtain the formula

o= LT G T o

The surface integral of a vector field is also a useful idea. This concept
is defined as follows.

Definition 4-2.7. Let W be a continuous vector field defined on a
smooth surface. The surface integral of W is

(4-2.17) WdA = lim Y W, v*) A4,
la4l-0 5, %

In order to evaluate surface vector integrals, it is, in general, necessary
to represent W in terms of a constant basis. Therefore it is convenient to
think of the factors of the integrand as initially defined in terms of
rectangular Cartesian coordinates. The surface equations X’ = X’(v) can
be construed in the sense of a change of variables made for the purpose of
evaluating the integral. This procedure is illustrated in the example that
follows the next theorem.

Theorem 4-2.5. The integral of Definition 4-2.7 can be expressed in
the form

vl fo,d
(4-2.18) f Wda = f f | JEW do* v,
S Vo Yo

Proor. The proof follows from the fact that the relation (4-2.7) for
dA is equivalent to

or oOr
_x_

31 X 58 dv! dv?

which in turn is equivalent to N} E dvt dv?.
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Example 4-2.7. Suppose that
W= X4, + Xu,
and the region of definition is
(X2 + (X2 + (X = 1,
X3>0, X*>0, X'>0,
that is, that part of the unit sphere in the first quadrant. In order to

evaluate f W dA, we can make use of the usual parametric equations
s

X! = sin ! cos v2,

X2 = sinv!sinv?,

X3 = cos vl
In this example

N) g = sinol.

Therefore

T/2 (Pu/2 7|2 (72
deA = llf f sin® o' cos v? dv* dv? + l2f f sin v* sin v® dv' dv*
S 0 0 0 0

. w/2 w/2
= Ztlf cosv?dv® + I.2f sin®dv®
1)

0
kul
=-(y+ ).
4
Problems
1. Given X! = sinv! cos v?,
X2 = sin v sin v,
X3 = cos v},
show that
or or S
P x 52 = Sinv'r.
5 B ovf
2, If v = vP(p*) and e # 0, show that
or or ov* | or or
@) i Xk T | ok |t X e

Hint: Start with &,;;,(2.X7/3v')(8.X*/8v?) and transform to the bar system.
(b) Parameterize X3 — (X1)? — (X%)? = 0 in each of the folowing ways:
(1) X!l = vl, X2 = vz, X3 = (vl.)z + (vz)z’
(2) X! =i cos 2, X2 = jlsin 72 X3 = @Y
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Show that at X! = V2, X2 =v2, X% =4,
or or 1 or or

W X T 2o

3. Suppose that a given surface can be represented by either £(X?, X2, X3) =0
or X/ = X¥(#). Then ar/dv' x ar/ov® and Vf would be normal to the
surface, hence proportional to one another.

(a) Show that if
f(Xl, Xz, XS) = Xs +g(X1, Xz)

and
X =, X2 =t X3 = X3, v?),
then
v or or
= X ar

(b) Show that in general
or or - Vf

Fralr= R AT TR
4. Let 0 be the angle determined by the positive senses of ar/av! and orfav®.
Show that
ve
sin f = ———.
VeuVen

Hint: Use the trigonometric identity sin* 6 = 1 — cos® 6.

5. Compute each of the following scalar surface integrals fw - N dA.
s

X1=v1, v120,
(a) W =r (X2 =12 v >0,
X3=1=0v—03 1+2<1

(i.e., the surface is a first octant plane area with vertices (1, 0, 0),
©, 1, 0), (0,0, 1).

(b) W = X1y + 2.X2, S is that part of the surface X! + X% = 1 which
lies in the first octant and is bounded by X3 =0, X3 =2, X! =0,
X% =0. Determine your own parameterization such that N points
away from the origin.

X! = cos v!,
© W =Xy + Xy, { X2=sinv!, 0<Lv<2r O0<L2<3,
X3 =17

6. Find the surface area in each part of (5) by letting W = N.
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7. Compute each of the vector surface integrals JW dA:
s

X1 = cosv!,
(@) W = X1, — X%, { X2 =sinol, 0Lt <~ 0<®<2;
X3 = vz’

X2 = sin vl sin v?, 0<v <,
X3 = cos v?, 0 <v? < 2n.

X1 =sin ! cos v?,
(b) W=r

2*, An Introduction to Surface Tensors and Surface
Invariants

The purpose of this section is to point out some of the elementary
aspects of the intrinsic geometry of a surface and to establish the invariance
of the area integral with respect to allowable surface coordinate trans-
formations. Throughout the discussion it is assumed that a smooth
surface section (see Definition 4-2.1) is under consideration.

If the surface has the vector equation

(4-2*.1a) r = (%),
then
(4-2*.1b) dr = aa—l; dv®, ds® = 8qp AV* dv®
1%
where
or or
4-2* 1 =——.
@2h1e) 0 = 0 o

In the preceding section we made use of the quantities dr/dv” and g, to
develop the desired integral formulas. Now we emphasize their geometric
nature and their properties under transformation of surface coordinates.

At a point P of the surface S the vectors 0r/dv?, or/ov? determine the
tangential plane. (See Theorem 4-2.2.) Furthermore dr/dv' X or/dv? = 0
implies that or/dv!, dr/0v? are linearly independent. Therefore these two
vectors determine a basis in the tangential plane, 7(P), to S at P. The
building block of the intrinsic geometry of a surface is the geometry of the
tangential plane.

Let W be a Cartesian vector defined at a point P of S and lying in T(P).
Then

(4-2*.2a) W= W, + Wi, = Wy
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Fig. 4-2*.1

where

(4-2*.2b) 43

= .
Y
(See Fig. 4-2*.1.) The Cartesian vectors r4 are not unit vectors in general;
rather they have magnitudes
88 = /85 = Tp " Ty
If we introduce unit vectors e; with the direction and sense of r, then

(4-2*.20) I = ggeg.
The vector W can now be expressed in the form
(4-2*.3) W= Wige + Wige;

and W'g,, W?g, are, according to the parallelogram law of addition, the
parallel projections of W onto the directions of r; and r,, respectively.
If it is desired, we can introduce a two-dimensional Cartesian coordinate
system into T(P) with the coordinate axes along r, and r;. Hence the
geometry of T(P) is local Cartesian.

Example 4-2*.1. Suppose that the equations
X! = X[*(1)]
represented a curve on a surface S. The tangent vector

dr _ or d* _ dvf
4-2*4 —=——=—T
( ) dt ok dt dr ’
is a concrete illustration of a vector at a point P in T(P). From the view-
point of the three-dimensional space in which the surface is embedded,
dr/dt, evaluated at P, is a free vector. In passing over to the intrinsic

geometry of the surface it is necessary to consider the vector as bound to P.
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Before commenting in a precise way on the vector concepts employed
in the intrinsic geometry of a surface, it is necessary to secure information
about surface coordinate transformations. It has been demonstrated that
a surface parameterization X’ = X’(t%) is not unique; that is, other
parameterizations of a given surface, for example X’ = X’(¢), also exist.
Now it is clear that any one of these parameterizations must satisfy the
requirements designated by the term smooth surface section. In estab-
lishing the allowable transformations,

(4-2*%.5) v* = vA(5%),

we guarantee that the requirements of a smooth surface section will be
met by making the following assumptions.

Agreement 4-2*.1. The surface coordinate transformations of the form
in (4-2*.5) satisfy these properties:

(a) The functions in (4-2*.5) are defined on a domain D’ of #
values such that the range values f include D. [See (4-2.1)
and (3-1.2).]
(4-2*%.6) (b) At least the first partial derivatives dv°/d7* are continuous
everywhere in D’.
(c) The Jacobian of transformation, |dv/d7|, is different from
zero everywhere in D’.

The coordinate transformations satisfying agreement (4-2*.1) are called
allowable coordinate transformations.

The preceding agreement establishes the nature of the allowable co-
ordinate transformations; therefore we can proceed with some of the
elementary aspects of the theory of surface coordinate transformations.

Example 4-2*.2. If vf = v%(#%), then

av? 9 di
4-2%7a =
( ) dt 09 dt
Therefore the element of the set {dv®/dt} are related by a rule previously
designated contravariant. The existence of the class of components
{dvP[dt} motivates the following definition.

Definition 4-2*.1. The class {W*}, whose elements satisfy the trans-
formation rule
s _ 0¥ —,
(4-2*.7b) Wi=—W
oo
is said to be a contravariant vector on the surface S with respect to the
allowable transformation group. (See Fig. 4-2.*1.)
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At this stage of development it is appropriate to dissociate from the
embedding three-dimensional space and to concentrate on the intrinsic
geometry of the surface. In terms of the geometry of the surface, which is
in general non-Euclidean, a contravariant vector cannot be endowed with
precise geometric meaning. The intuitional properties we can employ are
inferred by the expression “locally Euclidean™; that is, at a point P of S,
the linear algebraic relations to which the components of a vector are
subjected are precisely the same as those employed in the Cartesian
geometry of a plane. Therefore the surface can be thought of as Euclidean
in a small neighborhood of a point, or, in other words, the algebraic
relations can be interpreted in the tangential plane at the point. Clearly,
there are many difficulties awaiting discussion. For example, the tangential
plane T(P) is a function of P; therefore the linear geometry previously
mentioned js valid only at a point of S. The way in which we make
comparisons of vectors at different points of P is discussed in Chapter 5.

A second basis can be introduced into 7(P) in analogy to the develop-
ments of Chapter 1, Section 5*, and Chapter 3, Section 4. We define
contravariant basis arrows by means of the relations

(4-2*.8) o =04f

This sets the stage for a complete algebraic duality.

Just as the components of a tangential vector give rise to the concept
of a contravariant vector, so do the components of a Cartesian gradient
vector serve as the prototype of a covariant vector.

Example 4-2*.3. Let ® be a scalar function defined on a smooth surface
section S. Let v* = v#(”) be an allowable coordinate transformation.
Then
od 0’ oD
4-2*.9a et
( ) o 0P o

Definition 4-2*.2. The class {W;}, whose elements satisfy the trans-
formation rule

o —

(4-2*.9b) Wy =2 W,

T
is said to be a covariant vector on the surface S with respect to the allow-
able transformation group.

As long as a metric is associated with a given space, covariant and
contravariant vectors are just different algebraic representations of the
same geometric entity. The relation between the two types of vector is
established by use of the components g ;. The development of these ideas
is precisely the same as the curvilinear coordinate development of Chapter
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3, Section 4; therefore we restrict the following to a statement of fun-
damental facts.
A vector W has the representations

(4-2*.10a) W = Whry = Whg,r’ = W,

In particular, the contravariant and covariant components satisfy the
relations

(4-2*.10b) W, = g,zW?, Wt = ghw,,
where the g#? satisfy the defining equations
(4-2*.10c) 858" = 0p.

Definition 4-2*.3. The class {g,5}, whose elements satisfy the trans-
formation rule

ov* 09"
4-2*11a w8 = — — Ziys
( ) g p al)u avﬂ g/ly

is called the fundamental metric tensor of the surface and is a tensor of
covariant order 2.

It is shown (as in Chapter 3, Section 4) that g""S satisfies the contra-
variant rule of transformation
ov* v®
4-2*11b B = — — gt
( ) 8 Tt
Definition 4-2*.4. The class {g*} is called the associated fundamental
metric tensor of the surface. It is a tensor of contravariant order 2.

The determinant of the components of the fundamental metric tensor
will prove useful in the sequel. Its rule of transformation, as well as that
of the determinant of the contravariant metric tensor, is indicated by the
next theorem.

Theorem 4-2*.1. The classes of elements {|g,,|} and {|g**|} are scalars
of weights —2 and +2, respectively, with regard to the allowable group
of surface transformations.

ProOOF. The proofs follow by noting that the determinants of the
right-hand sides of (4-2*.11a,b), respectively, can be expressed as products
of three determinants. Thus

2
|g-i.yl'

a—

(@) |gul = |5

(4-2*.12) \
g% =

—2

ov N
12%].

0o

0
ov

(b) gl =
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According to preceding convention, the factors |dv/dd|=2, |dv/di|+?
represent weight factors of —2 and +2, respectively.

Let us investigate the invariance of the representation for surface area
under allowable surface coordinate transformations. (See Fig. 4-2*.2.)

In order to attack this question, we introduce a local plane Cartesian
coordinate system® in the tangential plane at a point P of a surface S.
Suppose the Cartesian system with coordinates X7, j = 1, 2 and origin at
Pis rectangular. Let Uand W be two surface vectors at P [hence in T(P)].
If the Cartesian coordinates are related to the surface parameters by means
of the equations

(4-2*.13a) X=X, j=1,2
and &, &, satisfy the transformation rule

@ B
9 3 . j k=12

X
ox’ ox*

(4-2%.13b) B —
ov

(see Chapter 1, Section 6, for the definition of &,,), the area of the parallelo-
gram determired by U and W is
0X

(4-2*.14a) 8, U'W* = ’ =

22 | &,,UWA.
S B

That the preceding relation represents the indicated arza can be made
clear by considering the left-hand member as the third component,
84, U’ W*, of the cross product of U and W. This statement is made under
the supposition that a three-dimensional Cartesian system can be intro-
duced by taking X3 perpendicular to the plane of X2, X2

rn
Fig. 4-2*.2

® The existence of such a local system can be demonstrated. See Synge and Schild,
Tensor Calculus, University of Toronto Press, 1956, p. 59.
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According to Theorem 3-5.2,
=g

Therefore the generalized expression for the area of a parallelogram, as
indicated by the right-hand member of (4-2*.14a), is

(4-2%.14b) J8 EagU WP,

It is this expression that gives rise to a general definition of the element of
surface area.

The procedure established in this development can be generalized to
elements of volume in a straightforward manner.

Definition 4-2*.5. Let §,0* = (6,04, 6,0%) and &% = (0%, d,0%) be
differential representations of independent directions in T(P) at a point P
of a smooth surface section S. The differential element of area determined
by 6,0 and d,v is
(4-2*.15) /8 8.5 8,0 80P
Since \/ é is a scalar density of weight —1, Saﬁ is a covariant density of

order 2 and weight +1 and the differentials are contravariant vectors of
weight zero, it follows that (4-2*.15) is an invariant. Furthermore, if

ot = dvt,  8°=0,
S0 = 0, 80 = div?;

that is, if the differential vectors have the directions of the parameter
curves (4-2*.15) reduces to the expression

(4-2*.16b) Vg dvt dv®.

This is precisely the area element introduced in the last section.

X
dv

(4-2*.16)

Problem

1. Carry out the proof of the scalar character of Vg &,; 6,v* 6,0,

3. Volume Integrals

This section deals with integrals of the types

(@) fV O(X, X, X°) dV,

(b) deV:tlfGldV+ " szV+13fGadV.
| 4 vV 1 4 vV
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Fig. 4-3.1

In both cases the integration theory discussed in the usual calculus course
applies. The standard method for evaluation of the volume integral
depends on its equivalence to an iterated triple integral.

A problem which might arise is that of determining the element of
volume associated with a given coordinate system. The key to this
determination is again the fundamental metric form

ds® = g, dX’ dX*.

Because orthogonal curvilinear coordinate systems are most often of
practical value, this discussion is restricted to them. (For an introduction
to a more general procedure see Section 2*.)

For n = 3, each of the equations, X* = constant, X2 = constant, X3 =
constant represents a coordinate surface. In rectangular Cartesian co-
ordinates each of these surfaces is a plane, whereasin cylindrical coordinates
p = constant is a circular cylinder and 6 = constant and z = constant
represent planes. The intersection of two coordinate surfaces determines
a coordinate curve. Therefore three families of coordinate curves are
associated with each system. It is in terms of the set of three coordinate
curves associated with each point P (see Fig. 4-3.1) that we offer the
following intuitive argument leading to a definition of an orthogonal
differential element of volume. The pattern follows that established for
surface elements of area.

Let (ds)y, (ds)g, (ds)s, respectively, represent the differentials obtained
from the fundamental metric form by holding X2, X3 constant, X1, X3
constant, and X?, X? constant.
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Theorem 4-3.1. For orthogonal curvilinear systems, we have
(4-3.1) (ds),(ds)s(ds); = \/g dX* dX2 dX°.
Proor. Holding X2 and X* constant reduces ds? to

(ds®); = gu(dX*)>.

Therefore

dsl = \/g-11 drl.
Similarly

dsy = Nga dX?,  dsy = g dX°.
Since the system is orthogonal g, is diagonal,

& = 81182285

This completes the proof.

Because magnitude cannot be associated with the quantities (ds);, it is
necessary to follow the pattern of intuitive development in Chapter 4,
Section 2; that is, we consider the finite quantities

VEn AT,  JEu AX?, Vg, AXE

Consideration of the finite volume (vVZ1; AXY( g2 AX2)(VZs AX3)
inspires the following definition.

Definition 4-3.1. The differential element of volume associated with an
orthogonal curvilinear coordinate system X7 is

(4-3.2) dv =g dX1dX*dXe.

Example 4-3.1. The differential volume element for rectangular
Cartesian coordinates is

(4-3.3a) dV = dX' dX®dX?,
whereas for cylindrical coordinates

(4-3.3b) dV = pdp df az,
and for spherical coordinates

(4-3.3c) dV = r¥sin 0 dr dO d¢.

The reader may recall having used these forms in a course in calculus.
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Problems

1. According to (4-3.3a), the rectangular Cartesian differential volume element
is dX*dX?dX3. Let 6,X7, 6,X7, 63X7 be defined such that

(6, X3, 6, X2, 6, X3 = (dX1, 0, 0),

(8, X1, 8, X2, 8,X3) = (0, dX?,0),

(85X, 85.X2, 8,X3) = (0, 0, dX3).
Assume a corresponding definition in any other system. Define the
8. X7 to transform as contravariant vector components. Then show that
(@) dX1dX2dX? = 8y, 6, X7 6, X% 8, X7,
(b)dX1dx2dXx3® = VgdX dXtdxs.

2. Show that V8. 8Xi 8X7 8X* is a scalar of weight zero with respect to
the allowable transformation group.

3. Find the element of volume in a system of conical coordinates related to
rectangular Cartesian coordinates by means of the transformation
equations

X! = (ssin 8 + rcos B) cos 0, Xl =y,
X% = (ssin B + rcos B)sin 6, X2 =0,
X3 =5scosB — rsin B, X3 =gy,

where B is a constant.

4. Integral Theorems

Certain theorems relating integrals of different types (line, surface,
volume) have proved to be of value in the development of theoretical
physics. The purpose of this section is to investigate some of the best
known. In particular, Stokes’s theorem and the divergence theorem are
discussed.

The first theorem to be considered is the so-called Green theorem,
named for the English mathematician G. Green (1793-1841). The
theorem appeared in his “Essay on the application of mathematical
analysis to the theory of electricity and magnetism,” a fundamental work
in the mathematical formulation of electric and magnetic phenomena.
From the viewpoint of our present development this theorem serves as
an aid in obtaining the more general Stokes theorem.

Definition 4-4.1. A closed curve is said to be convex if any line in the
plane cuts it in, at most, two points.

Theorem 4-4.1./(G/reen’s theorem in the plane). Let R be a plane

region bounded by a convex, sectionally smooth curve C. Suppose that
PY(XY, X?), P¥X?, X?), OP/0X% OP%/0X! are continuous on a domain
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containing C, hence R. Then

oP* oP!
4-4.1 f (—— = ——) dXx*dx? =§; P dX' + P*dX?).
(“4.1) r\0X' 0Xx*® c( + )
(C is oriented so that an observer moving along the curve always has the
inside to his left.)

Proor. The functions P! and P2 are independent of each other. Hence
we must show that

(@) [ oP*

i dX'dX?= ffCP’ dxe,
(44.2)

1
(b) f - a-P— X' dX* = SQPI ax,
where C is a composite of the smooth sections C,, C;and Cy; C,represents
the possibility of vertical joins X? = constant. Suppose we consider

(4-4.2b). The left-hand integral can be written as an iterated integral.
(See Fig. 4.4.1.) Therefore

op! X1 (J-Y, op?

4-43 —f ——Xman—— dX’)Xm
( ) Y an

Xo
X1
. f dX'[PAXY,) — PAXYD]
- f PUXY, Y,) dXt + f PY(XY, Y;) dX*
Xo
Pldx' + Pldx' 4+ Plaxt
Cy Cs Cs
=§ PldXx?.
C

| GlX? = Y,(X1)

Cs R

L C1[X2=YyXY) {

X=X, Xl=x,

Fig. 4-4.1
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Since X! = constant on C,, it follows that dX!= 0. Therefore
f P'dX' =0 and is included only for completeness. By the same
Ca

process we can show the validity of (4-4.2a). The conclusion of the
theorem follows by putting these results together.

It is left as an exercise for the reader to show that Green’s theorem in
the plane can be put in the vector form
(4-4.9) fN-VdeA=§P-dr,
R c
where N = 1,.

Example 4-4.1. Let P = — X%, 4+ X,.

According to Green’s theorem (note P! = — X%, P2 = X?),
ox* a(-x2))
2] dA = (—— — =) dxtdx? =§ — X%dXx' 4+ X'dx?;
fR fR oxt ox* c +
that is
(4-4.5) A= %fﬁ — X?dX' + X' dXx®.
c

In particular, the area of an ellipse can be calculated by taking as para-
metric equations

X'=acost,

0<t< 27
X% =bsint,

Then
1

N = N

27
A j [—b sin t(—a sin t) 4 a cos t(b cos t)] dt
(1}

o7
j ab dt = mab.

(]

G. G. Stokes (1819-1903, English), a contemporary of Green, was one
of the leading developers of the English school of mathematical physics.
The following theorem which bears his name plays a significant role in
the mathematical development of physical theories such as electro-
magnetism. In fact, as previously hinted, the mathematical expression of
physical phenomena gave rise to many of the integral ideas being studied
in this section.

Recall that the term surface implies that the parametric equations
r = r(v") have continuous partials of at least order 1.
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Theorem 4-4.2 (Stokes’s theorem).® Suppose that a closed curve C
bounds a smooth surface section S. If the component functions of r =
r(v?) have continuous mixed partials and the image of C on the v, v plane
is convex, then for a vector field G with continuous partial derivatives on
S we have

(4-4.6) fN.VdeA =§;G-dr.
S c

Proor. The method of proof consists in expressing the left-hand
member of (4-4.6) as an iterated integral and applying Green’s theorem
in the v, v? plane. According to (4-2.11),

'—vy (0%
(4-4.72) fN VdeA—f f ' (9'—1 ar, VxG) dv* dv®.
—vpl(0?) o’
Recall the Lagrange identity
AxB-CxD=(A-C)(B-D)—(A-D)B-C).

By applying this relation to the right member of (4-4.7a), we can express
the parenthetic factor of the integrand

(4-4.7b) a_l' or VxGe= (ar VG)(G ar) (ar VG)(G ar)

ovt av ov! ov® ov® ovt
Since

or _ox’ 0 0
4-4.7 L ox ap 2 _ 9
( © ov? ” b z . 8X" w7 axt ot

the relation (4-4.7b) assumes the form

ar ar 0G or 0G or
4-4.7d VxG=2=.ZL_ & o°
41D i X5V X =50 50 T 3 2w
_ G- @r/)] _ 3G - @rfou")]
ovt ov?

By putting this result into (4-4.7a), we have

.(4-4.7e) f N.VxGdd= f f " {a__[c (@r/av")]

1

9[G - @r/o)]| .1 , e
— T} dv" dv°.

¢ This theorem first appeared as a problem in a Cambridge examination paper in 1854,
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Now if we identify P! with G - (dr/dv*) and P? with G - (0r/dv?), it can be
seen that the hypothesis of Green’s theorem is satisfied, hence the con-
clusion may be employed; that is,

fN-VdeA §(G-ﬁd +G ) %G dr.
s ot

This completes the proof.
Example 4-4.2. It has been shown (Chapter 3, Section 1) that the
independence of path of a line integral | F -dr was equivalent to the

field F being conservative, that is, having a representative F = V®. To
show that there is @ such that F is the gradient of @ can be a difficult task.
With the help of Stoke’s theorem, we can show that

VxF=0

is a necessary and sufficient condition for the field F to be conservative.
In particular, if F is conservative,

VxF=VxVD=0.
On the other hand, if Vx F =0,

§F-dr7=foF-NdA=0.
c s

Since the left-hand member of this expression represents a way of ex-
pressing the integral’s independence of path, we can conclude that F is a
conservative vector field.

It should be mentioned that some of the restrictions on the bounding
curve C can be removed without destroying the validity of the theorem.
However, easing of the conditions on C makes the proof quite a bit more
difficult. It is also the case that the theorem can be extended to a surface
that is a composite of smooth sections by a simple process of addition.

Stoke’s theorem is not restricted to the scalar form in (4-4.6). This
statement is verified by the following two theorems.

Theorem 4-4.3a. Let the vector field G of Theorem 4-4.2 be replaced
according to the relation G = f(X*)a where f is a scalar function of

7 A vector field F with the property § F - dr = 0 often is said to be irrotational. The
c

term arises from a physical interpretation of F as a velocity vector in a fluid. The
relation V x F = 0 can be shown to correlate with the lack of rotational velocity of
the particles of the fluid. -
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position and a is an arbitrary constant vector. Then

(4-4.8) l f (N xVf)dA =§ fdr.
ProorF. We have s :
(4-4.9a) Vxfa=(Vf)xa=—axVf
Therefore
(4-4.9b) N:-VxG=—-N-.-axVf=a-NxVf
By employing (4-4.9b) we can put the relation in (4-4.6) in the form
(4-4.9¢) a: [L (N xVf)dA — fﬁfdrjl = 0.

The validity of removing a from the integral sign is a consequence of its
constancy. Since a is arbitrary, the parenthetic expression must be zero.
This completes the proof.
Theorem 4-4.3b. Let the vector field G of Theorem 4-4.2 be replaced by
G=Fxa,

where F is a differentiable vector field on S and a is an arbitrary vector
constant. Then

(4-4.10) L(N x V) x FdA =§Cdr x F.

PROOF. We have

(4-411a) N-VxG=N:-Vx(Fxa)=NxV-.(F xa)
=(NxV)xF-a
and

(4-4.11b) G-dr=Fxa-dr=dr-Fxa=drxF-a.
Therefore Stoke’s formula (4-4.6) can be written

(4-4.11¢) a~J(NxV)deA=a-§der,
S c

where again the constancy of a makes it possible to pull that vector out of
the integral. Relation (4-4.11c) is equivalent to

(4-4.11d) a-[L(NxV)x F dA —fﬁcdrx F] = 0.

Since a is arbitrary, the relation (4-4.10) follows.

Example 4-4.3. Let
G= —X2|.1+X115+X3|.3.
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Suppose G is defined on (X7)2 + (X?)2 + (X2 =1r2% X% > 0. Then,
according to Stoke’s theorem [see (4-4.6)],

(4-4.12a) f L. Qwda = fﬁ —X*dX' + X'dX® + X®dX®.
Sr C

The bounding curve C'is a circle in the plane X* = 0; therefore it follows
from (4-4.5) (or by direct use of the parameterization X = r cos ¢, X% =
rsin ¢, X® = 0) that the right-hand line integral has the value 27r2. Hence
from (4-4.12a)

2X 3 1 2 3 2
(4-4.12b) f —dX'dX*dX® = 2ur®,
s r
The next integral theorem to be considered is the so-called divergence
theorem, often called Gauss’s theorem. It states a relationship between
an integral over a closed surface and an integral over the enclosed volume.
As with Stoke’s theorem, we cut down on the generality of the theorem,
in this case by assuming that the surface is oval-shaped. (Any line in
space cuts the surface in, at most, two points.) This makes possible the
presentation of a relatively simple proof.

Theorem 4-4.4. Let G be a vector field with continuous derivatives on
a closed space region R. Suppose that S were a smooth oval-shaped
surface bounding R. Then

(4-4.13)

~fV-GdV=§G-ndA,
4 8

where n is an outwardly drawn normal.

PrROOF. Assume that the quantities involved in (4-4.13) are referred to
a rectangular Cartesian coordinate system. In orthogonally projecting
the surface S onto a coordinate plane (say the X, X2 plane) each point P
of the projection (see Fig. 4-4.2) corresponds to two surface points.
Suppose m, and m, represent the outward drawn normals on the upper
portion S, and lower portion S; of the surface, respectively. The vector
element of surface area is (assume parameterizations X! = »1, X2 = v?,
X8 = z4(v?, v?), B = 1, 2, respectively, for the surfaces S; and S,)

o 9
(4-4.142) NdA = a—v'; X a_:i dvt dv?
3 3
= (ll + %‘ ls) X (lz + %i;z ls) dvl dvz

ox? ox?
- (1, — 2 L — P ll) dvt dv®.
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xs
82:X3=z(x1x?Y
S1iX3=2z;(X'Xx?)
X2
P
xl
Fig. 4-4.2
Hence
(4-4.14b) 3 NdA = dvidvi=dX'dXx2

According to (4-4.14b), N has the orientation of 13, Therefore

la'nsz= deXz,

4-4.14
(4-4.14c) to-n, dd = —dX1dX®,

This result will prove useful in the sequel.
The next step in the proof consists of performing one of the integrations
indicated by the left-hand member of (4-4.13). We have

oGt | 3Gt | oG
4-4.15 v. GdV—fH( )d ldx*dx®.
(4-4.152) f i T o+ 5ye) X1 AX°d

Consider the third of these mtegrals, that is,

3 z 3
(4-4.15b) ﬂf 0C ixtaxraxt = [Taxrax [ 25 axs,

2 Ju1 Ju a)(s
where

7 S X<z HEA)SXSy(XY), 74X, X7 < X< z(X0 X0).
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By performing the indicated integration, we obtain
3
ff oc ——dX%dX'dx' = f [G’(X‘ X% 29) — G}(X1, X%, 2)]dX?dX?
z1 JV1
=f G%4enydA —f G%3(—n,)dA4
Sg sl

=§ G ndA.
s

In a similar manner, the remaining two integrals of (4-4.15a) can be
expressed in the forms

aG? 4;
ﬂ 92 4V =0 Gy -ndA,
2
JJ) ox

0G* §
ﬂf—dV Gl - ndA.
1
JJ ax

Together these results produce the conclusion (4-4.13).

(4-4.16)

Among the integral relations developed during the English upsurge of
interest in applied mathematics (nineteenth century) were the so-called
Green identities. The formulas, stated in the next two theorems, are
named after the same George Green previously mentioned in this section.

Theorem 4-4.5a (Green’s first identity). Suppose U(X’), W(X?) are
scalar functions with continuous second partial derivatives on a space
region R. Suppose R is such that the bounding surface S meets the
conditions of the divergence theorem. Then

(4-4.17) fV[UV“W+(VU)-(VW)]dV=§SUn-(VW) dA, V¥ =V.V

PrOOF. Let
(4-4.18) G=UVW;
then
(4-4.18b) V:-G=VU.-VW + U VW,

By making the substitutions (4-4.18a,b) in (4-4.13) we obtain the conclusion
of the theorem.

Theorem 4-4.5b (Green’s second identity). Under the hypothesis in
Theorem 4-4.5a

(4-4.19) fV(U VW — W V2U) dV=§sn-(va— W VU) dA.
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PROOF. Let
(4-4.20a) G, =UVW, G,=WVU.
Form
(4-4.20b) G=G, -G,

The result (4-4.19) is obtained by replacing G in (4-4.13) according to
(4-4.20D).

Example 4-4.4. Maxwell’s equations, which serve as a foundation for
electromagnetic theory, can be expressed in the form (in Gaussian units)

@) VxE=—laa—I:, (b) VD = dmp,
c
(4-4.21) _
© VxH=18 4% & v.B=o0¢
c ot c

where E and H represent electric and magnetic field strengths, respectively,
whereas B denotes magnetic induction, (1/47)D signifies displacement
current, and j is an electric current vector. The constant ¢ repre-
sents the velocity of light. For the most part these laws were derived
from the experiments of Oersted, Faraday, and others. (See Chapter 1,
Section 6.) However, the form of (4-4.21c), which resulted from experi-
mentation, did not contain the term 1/c (dD/dr). This term was added by
Maxwell on the basis of intuition supported by mathematical consistency.
Maxwell noticed that the divergence of the left-hand side of (4-4.21c) was
identically zero, whereas that of the right-hand side, in the absence of the
partial derivative term, was not. With this inconsistency in mind, he

considered the flux of electric current through an arbitrary area, | j-nd4.
According to the divergence theorem, o

(4-4.22a) fj-ndA =fV-J'dV-
S 4

Furthermore, Maxwell assumed the conservation of charge, that is,
(4-4.22b) fv jav=-22.

14 ot
where Q represents the charge inside the volume at any moment, that is,

(4-4.22c) 0 =f pdV.
P — vV

® A vector field G such that § G -ndA4 = 0 is said to be solenoidal. B is clearly a
solenoidal vector field. S
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From (4-4.22b) and (4-4.22c) it results that

(4-4.22d) f (v S+ gz
v d

%) 4y~
t

Since this relation is independent of the volume ¥, it follows that the
integrand is equal to zero.

(4-4.22¢) Vei+ g—f =0.

Maxwell assumed the validity of (4-4.21b), which, when solved for p, has
the form

1
= -—V L D.
B 4
From this it follows that
(4-4.22f) % _ly. 9D
ot 4m ot

Putting this result in (4-4.22¢), we have
1 oD 1 0D
0=V.j+—V.—=V. ('+——).
e Y
In other words, the divergence of j is not, in general, zero, but the di-
vergence of j+ 1/4m(0D/0r) is equal to zero. Therefore Maxwell
hypothesized that
4m 1 9D
VxH=— ( = _)
¢\ U 47 Ot

The existence of the displacement current, 1/4x(dD/0¢), was confirmed
later by experiments carried out by Hertz.

Problems

1. Use Green’s theorem to evaluate the integral of P over the closed path C:

P = X% c: [ = +4
@ P = X%, "l X2 = —[(XY)? — 8] counter-
clockwise.
b)) P = (X%, + X1X2,, C: the unit square with origin as
center.
© P = X1 (X%, + 2(XV)% X2, C: counterclockwise around the
ellipse

S NCe
9 4
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\ /
\\ 22=f2=1
AN
AN
AN
AN
AN
(21,0) .
/
/
/
/
/
/
/
/ N

2. Use Green’s theorem and the method of Example 4-4.1 to show that the area
x = cosh™z;. (See the accompanying diagram.)
3. Let P = U%; — U, Show that (4-4.4) can be put in the form

fV-UdA =§(U X dr) - 15,
s c

4. Use Stoke’s theorem to evaluate the integral of G over the closed path C
bounding the region R.
Xl=9, =1 <01 <1,
G = X% + X% + X'y, R:{X*= (Y,
X3 =11%0<1® <4,

X1 =9l X2 = (v)?, X3 =0, -1<v <1,
c. X =1 xt=1, X3 =12 0<0®<4,
Tlxt= ol X2=()2,  X%=4, -1 < <1,

Xl = —1, X2 =1, X3=4 — 12 0 < <4.

5. Show that the integral of G = —X?2, + X1, + X313 over any surface
satisfying the properties of Stokes’s theorem and bounded by a convex
curve in the plane X3 = 0 is equal to the integral of G over the plane
region bounded by C.

6. If G = X, find the JG -ndA, where § is the surface (X1)? + (X?)2 +
S
(X3)2 =1 by (a) direct integration, (b) the divergence theorem.
7. Find f G-'ndA over (X1)? 4 (X?%?% 4+ 2X?® by using the divergence
s

theorem, where G is defined in Problem 6.
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8. Suppose that W satisfied Laplace’s equation
Vi = 0.

Show that Green’s first identity reduces to

f VU.VWdV = § Un - VW dA.
14 ]

—§ X2dxt,
c

(b) Let P = X1y, and show that 4 = ¢ X1dX2

9. (a) Let P = X2, and show that 4

c
(c) Show that the results of (a) and (b) imply the area formula of Example
4-4.1.
(d) Use the formula of (a) to obtain the area of the ellipse of Example
4-4.1.
10. The experimental laws from which the Maxwell equations arose can be
regained from these equations.
(a) Obtain Faraday’s law of electromagnetic induction

10
§E-dl‘= —-—fB-NdA
Io} c ot S

from (4-4.21a) and the use of Stokes’s theorem.
(b) Obtain Oersted’s law

4
J‘H-dr =—fi-NdA
c ¢ Js
4

"t
VxH=—j.
c

from

(c) Show that the total magnetic flux (i.e., f B - n dA4) through a closed
oval-shaped surface is zero. o

11. Suppose that a continuous vector function F with continuous first partial

derivations over a region including a smooth surface section S is identi-

cally zero on S. Show that V x F is either tangential to .S or equal to 0.



chapter tensor algebra and analysis

Tensor calculus came into prominence with the development of the general
theory of relativity by Einstein in 1916. It evolved into a cohesive body of
knowledge through the efforts of Ricci and Levi-Civita, who published a
paper! in 1900 illustrating the application of the tensor methods to geom-
etry and mathematical physics. Tensor calculus comes near to being a
universal language in mathematical physics. It allows for compact
expression of equations and also provides a guide to the selection of
physical laws.

The role of tensor analysis is that of a theoretic tool. In general we can
expect qualitative results rather than quantitative; that is, relationships
can be found and examined but numerical answers are not so likely to be
obtained.

From the mathematical point of view, we shall be studying geometric
invariants and the modes of transformation of their coordinate system
representations. The intuitive background for the formal development
of the ensuing pages can be found in Chapters 1, 2, and 3. In fact, much
of the present task is simply that of extending the ideas previously developed
in terms of Euclidean two- or three-space to a generalized space of n
dimensions. This is precisely the process carried out by Riemann in
extending the surface theory developed by Gauss to a space of n dimensions.
In carrying out a process of generalization, the results must contain the
initial information as a special case or as an approximation. Furthermore,
itis hoped that the generalizations will lead to new results and new applica-
tions. This hope has been realized for the ideas presented in this chapter

1 Méthodes de calcul différential et leurs applications, Math. Ann., 54, 1901.
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by the development of general relativity and numerous other applications
to mathematical physics.

1. Fundamental Notions in n-space

The term *‘space” has been used consistently as an undefined concept.
The nature of man’s reality is such that the terms “euclidean two- or
three-space” have a meaning common to a large group of individuals. It
is usual (a practice on which our previous work depends) to assume a
one-to-one correspondence between the points of these spaces and the
sets of all real-number pairs or real-number triples, respectively. In fact,
it is not uncommon to say, for example, that the set of all real-number
triples is the three-space. I prefer to preserve the geometric identity of
the term “space,” as well as the language of geometry, as an intermediate
between the physical and the algebraic. Furthermore, surfaces provide
examples of non-Euclidean two-spaces, that is, spaces for which the
pythagorean theorem does not intrinsically determine the metric. For a
surface it is interesting to note that the set of real number pairs put in
one-to-one correspondence with the points may be a restricted set. For
example, in the sphere with parameterization X! = sin 6 cos ¢, X% =
sin 6 sin ¢, X3 = cos 6, the pairs (0, ¢) satisfy the restrictions 0 < 6 < =,
0< ¢ < 2m

It is assumed that there is a one-to-one correspondence between the
points of a general n-space? and the ordered set of n-tuples of real numbers
{X%,---, X"}. The real-number domain of any one of the coordinates
X%, - -+, X" may be restricted to a finite interval. Whether the n-space can
be attributed a physical existence is of philosophic importance but need
not concern us. The usefulness of an n-dimensional structure is pointed
out by the many physical problems involving more than three independent
variables; for example, the problem of describing the behavior of a par-
ticle whose velocity does not depend on the position. In this case there are
six independent variables and the physicist deals with a so-called six-
dimensional configuration space.

As a first step toward the development of the tensor algebra associated
with an n-dimensional space, let us fix our attention on a particular
coordinate system. Rules of operation for the following entities are
introduced.

Definition 5-1.1. Sets of n* elements are called systems of order k.

* The words “‘hyperspace,” “‘variety,” or ‘‘manifold”” are often used for n-space in
order to distinguish it from the usual three-space.
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Example 5-1.1. The linear homogeneous function
aX, j=1,--

is a system of order zero, whereas the sets (a,, * - -, a,) and (X%, - - -, X™)
are systems of order 1. The Kronecker delta

(5-1.1) (6 = 010
00 1

is a system of order 2.

Definition 5-1.2. A system, T"l ike, expressed by means of ¢ super-
scripts and p subscripts is said to havc contravariant valence ¢ and co-
variant valence p.

The Kronecker delta has a contravariant valence 1 and covariant
valence 1.

The terms covariant and contravariant were first discussed in Chapter 1
Section 5*. They refer to modes of transformation, and, of course, it is
our present purpose to set up an algebraic structure that will be consistent
with a theory of tensor transformations.

The systems introduced by Definition 5-1.1 are subject to the following
rules of operation.

Definition 5-1.3a. If two systems have the same covariant valences and
the same contravariant valences, the set of elements obtained by component
addition is a system of the same type (i.e., the covariant and contravariant
valences agree with those of the original systems).

Example 5-1.2a. If a, b are given systems, then
(5'1-2) djk L a,k + bjk

is a system of the same covariant and contravariant valences. The com-
ponents of d;* are n? in number. For example, if n= 5.

dll - all + bll
dzs = a25 + b25’ etc.

Clearly, the addition process can be extended to any number of systems, all
of which have the same covariant and contravariant valences.

Definition 5-1.3b. Let T,‘il ~Feand R+ ;™ be arbitrary systems. Then
the system

(5-1.33) S;c: kqm1 m, - le m1

sipla
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of contravariant valenceq + s and covariant valencep + rissaid to be the
outer product of the two original systems. The number of components of
the outer product is n?*7+7+%,

Example 5-1.2b. If P/ and Q* are components of n-space n-tuples, then
PiQ¥is a system of contravariant valence 2. The number of components of
this system is n?.

Definition 5-1.3c. Let T} /{4 be a system of mixed order; that is,
p > 0,9 > 0. The system

(5-1.3b) TR psipia = Th T Reala

*Ja—1da+1" 7u—1cja+1 ip

is said to be obtained from the original system by means of contraction.
The summation on j, = k, = c reduces both the covariant and the contra-
variant valence of the system by 1. Hence the order of the system is
reduced by 2.

Example 5-1.2c. If the Kronecker delta is contracted, we obtain a
scalar; that is,

(5-1.4) 6] = n.

Definition 5-1.3d. Let 7% % and R ;™ be arbitrary systems. The
system

(5-1.5)

Slql ckqmy - tMB_1Mb41 " My T

R’ml mb 16Mp+1 * My
*da—1dg+1 dply e l

1a-1cfa+1

obtained by summing on j, and m, is said to result from transvection of
the original systems. The summation could just as well be with respect toa
contravariant index of T and a covariant index of R.

The process of transvection can be thought of as a combination of
multiplication followed by contraction.

Example 5-1.2d. Suppose that P’ and Q* are components of three-space
n-tuples. The cross product

(5-1.6) R, =§,,P Q"

is a system of order 1 obtained by a double application of the process of
transvection.

The concepts of symmetry and skew symmetry for double indexed
systems have been discussed; that is, if

(5-1.7a) Ap = Aiy,
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the system A, is said to be symmetric, whereas

symbolizes the property of skew symmetry. It is advantageous to extend
the terminology to systems of higher order.

Definition 5-1.4a. A system 4, ... ;, which satisfies the property
(5-1.7¢) A; =4

for all pairs p, g =1, 2; 2, 3,---,k — 1,k is said to bs completely
symmetric.

1 dplat ey i dadpe g

Definition 5-1.4b. A system 4, ..., , which satisfies the property
(5-1.7d) A = —4

for any two adjacent indices is said to bs completely skew symmetric,

dyrccdpigec iy jl...jqu...,-k'

Definitions 5-1.4a,b apply to contravariant systems as well. However,
they are not to be extended to mixed indices.

Example 5-1.3. The &-system &, is completely skew symmetric;
that is,
8123 = 8231 = 8:uz = "8213 = —8132 = —83.

A system A* such that
Al = giki = gkii = giik = giki — ki

illustrates a completely symmetric set of components. The six possible
ways of expressing the three index systems found in this example are
easily obtained by a process of cycling. The procedure can be correlated
to that of interchanging an even or odd number of adjacent pairs, that is,
an even or odd transposition.

In Chapter 1, Section 8, equality of matrices 4, B was defined as
Aj. = By, for all pairs j, k. Therefore the transpose 4’ of a matrix 4 is a
new entity unless, of course, the matrix is symmetric. Just as a given
matrix gives rise to another matrix (i.e., the transpose), systems give rise
to other systems. This idea, and the meaning of equality of two systems,
is expounded in the following definition.

Definition 5-1.5. Two systems T} *¢ and R{" ' ;™ are equal if and
only if
(5-1.8) Ritfe=TH0

A given system, for example 4, ..., gives rise to p! systems by re-
ordering. of the elements of the set. Since an interchange of indices is
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equivalent to either an even number or an odd number of transpositions,
it is possible to classify the new systems.

Definition 5-1.6. A system T, ..., arising from T} ..., by meansofa
reordering of components is said to be an isomer of the original system.
If k, -+ - k, is an even permutation of j, - - - j,, the isomer is said to be
even. If k, - - - k, is an odd permutation of j, - - - j,, the isomer is said to
be odd.

Since all isomers of a given system are of the same order and valence,
we can carry the process of construction a step further and combine
isomers. This leads to the interesting consequence of being able to con-
struct completely symmetric or completely skew symmetric systems from
a given system.

Theorem 5-1.1. The systems A, ... ipy and Ay, ... 5, defined by
1 (sum of all even isomers +

= ; sum of all odd isomers of
A

(a) A(ir-'ip)

,-1...,-9),
(5-1.9) | (cum of aheven
sum Ol all even 1somers —
() Ay, =

- ;,-v sum of all odd isomers of
Ajioi)s

are completely symmetric and completely skew symmetric, respectively.
Corresponding statements hold for contravariant systems.

Proor. Consider (5-1.9a). If an interchange of adjacent indices is
made, the odd isomers become even and vice versa. Since a plus sign joins
the two groupings, the resulting expression is the same as the original.
In (5-1.9b) the two groupings are connected by a minus sign. This accounts
for the skew symmetry.

Example 5-1.4a. Let 4; be a given system. Then the completely
symmetric systems constructed from A, are, respectively,

(@) Ay = $(A4n + A,
() Ay = $ (4 — Ay).
Suppose that A4, is a symmetric system. Then from (5-1.10a)
Agry = 3(Ajn + Ayy) = 324, = Ay

Therefore the factor of 4, which is not necessary for the symmetry of the
expression, is needed for conformity.

(5-1.10)
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Example 5-1.4b. Let A4, be a given system. Then

1
©) A = 7 [(Ajep + Arps + Api) + (Aijp + Ajpi + Aps)]

(5-1.10) 1'
d) A = Y [(Ajp + Arps + Api) — (Agsp + Ajpec + Ape)]-

The differential form
ds® = gap dx* dXﬁ

plays a part in later considerations concerning Riemannian geometry.
The form is symmetric in dX* dX?. The next two theorems point out that
g.s Might as well be chosen as a symmetric system.

Theorem 5-1.2a. A quadratic system A4, can be expressed as a sum of
its symmetric and skew symmetric parts. The same statement holds for a
contravariant system.

PrROOF. We have

(5-1.11a)  Agey + Apg = 3 (A + Aip) + A — Ay) = A
In the same way, we determine that
(5-1.11b) A = AUR 4 gLkl

Theorem 5-1.2b. Suppose that B is symmetric and A; is skew
symmetric. Then

(5-1.12) A, B = 0.

Proor. First we use skew symmetry and symmetry, respectively, to
interchange indices and then replace dummy indices in order to switch
back. Symbolically, we have

ApB* = —A,,B¥ = — A, B*,
Therefore

This completes the proof.

The task of applying Theorems 5-1.2a,b to the differential form is left
to the reader. (See Problem 2.)

We next consider the extension of & systems and related entities to
n-space.
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Definition 5-1.7. Let

(5-1.13)
1 even permutation
8,...5,= E""""I ={—1if j, - j,is an { odd permutation of 1 - - - n.
0 otherwise

This definition differs from that in Chapter 1, Section 6, only in extent.
The meaning of the Kronecker delta is unchanged; that is,

1 [j=k
8)f = if
0 j# k.
It is convenient to have available the generalized Kronecker delta

introduced in the next definition.

Definition 5-1.8. Let
(5-1.14) o ifi=10500 - 0

The relation between the covariant and contravariant & systems can
now be stated as follows.

Theorem 5-1.3. We have
(5-1.15) & i ipkpar- kB = pl(n — p)t 6 R,
where the bracket notation has the meaning indicated in (5-1.9b).

Proor. Consider the left-hand member of (5-1.15). When the sum-
mation on k, is carried out, we obtain at most n — p nonzero terms.
The number of nonzero terms is exactly n — p if j; - - - j, is a distinct set
chosen from 1---n, and &, - - - k,, is some permutation of this set. [If
Ji***Jj, and k,---k, are otherwise, (5-1.15) reduces to the identity
0 = 0.] Under this circumstance, next sum on k,,_;. The resulting number
of nonzero terms is (n — p)(n — p — 1). Continuing this process of
writing out the indicated summations, we obtain

n=p)n—p—1---1=(@—p)!
nonzero terms. One typical term would be

kl""‘ﬂp'*‘l"'"
811...1pp+1...,,E .

Since the last n — p sub- and superscripts agree in each term, the value
(0, 1, —1) of any term is dependent on the subscripts j, * - - j, and the
superscripts k, - - - k,. If the one set is an even permutation of the other,
the product is +1; if it is an odd permutation of the other, the product is
—1. This result is represented exactly by the right-hand side of (5-1.15).
The p! compensates for its reciprocal in the bracket notation.
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Special examples of products of the type in (5-1.15) are listed in Chapter
1, Section 6.

The fundamental ideas concerning determinants were presented in
Chapter 1, Section 6. It would serve no purpose to repeat the details of
that development. However, the results were expressed for determinants
of order 3. Therefore statements of generalization may serve to clarify and
summarize the conclusions.

Definition 5-1.9. A pth order determinant symbolized by

(5-1.16a) laf| =

has the numerical value @ which is obtained in either of the following ways:
(b) 851...11)0 = 8k1...kpa’;:' . 'a’;;”
(c) Er g = EFiFagli-.. gln.

The expressions (5-1.16b,c) are not independent. One can be obtained
from the other, as indicated in Chapter 1, Section 6.

(5-1.16)

Theorem 5-1.4. The numerical value a of the determinant |a,*| is given
by
1
(5-1.17) a= p—' ET I8 At af?
The proof of (5-1.17) is left to the reader. The forms in (5-1.16b,c) and
(5-1.17) make trivial the proofs of the elementary properties of deter-
minants. (See Chapter 1, Section 6.)

Definition 5-1.10. A determinant |c}*| is said to be the product of |a*
and |6/ if and only if

(5-1.18a) ¢ =aPb .
J i Yy

Theorem 5-1.5. If cis the value of |a,?b,*| and |a,?|, |b,%| have the values
a and b, respectively, then
¢ = ab.

Again the proof is left to the reader. It differs only in generality from
that of Chapter 1, Section 6.

The multiplication in (5-1.18a) is not commutative. If
(5-1.18b) ¢fF = b%at,
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then, in general,
&k 5 cf,
However, it is true that
é=c.

The cofactor of an element @} in |a| has played and will continue to
play a part in solving systems of linear equations. By the cofactor of a/*
we mean the determinant of order p — 1 obtained by striking out the jth
row and kth column of |a,*| and prefixed with the sign (—1)**. According
to our notation, the cofactor 4,’ of a/* is represented by

(5'1.19) 8"{’ . "pA'k’ = 8]“;2 cen h,af: e a,’;’.

Theorem 5-1.6. The cofactor 4,7 of a/* in |a,% can be expressed in the
form

(5-1.20a) A = p o islgl. .. glp
where, according to (5-1.15),
(5-1.20b) oo ol = 1% Ef 08 o

The proof is left to the reader.

For n = 3, especially in relation to the development of transformation
concepts, we used the facts

(5-1.21) a?A) =06f, ajfAP=46fa, a0.
It was assumed that these expressions were consequences of the definition
of cofactor. This can be demonstrated rigorously by obtaining (5-1.21)
from (5-1.20a). (See Problem 7 at the end of the section.)

The preceding facts concerning determinants are of an algebraic nature.
The following result concerns a determinant whose elements are functions.

Theorem 5-1.7. Let |a,f| be a determinant whose elements are in-
dependent functions defined in some region of space. Suppose that at
least the first partial derivatives were continuous on the domain of defini-
tion. Then

i
(5-1.22) Olajl _ 4»
da,’
Since this theorem imitates Theorem 3-5.3, except for generality, the proof
is left to the reader.

Problems

1. Suppose that 4;; were skew symmetric. Evaluate A z,.
2. Show that g,; dX™* dX? reduces to g,z dX* dX?,
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3. If the components of an Euclidean three-space n-tuple A; are defined by
A; = &, B*C',

show that B* and C' are orthogonal to 4;.

4. (a) Prove Theorem 5-1.4.

(b) State a corresponding theorem for |a*|.
§. Prove Theorem 5-1.5.
6. Prove Theorem 5-1.6.
7. (a) Show that a,?4,* = d;*a is a consequence of (5-1.20a).

(b) Do the same for the right-hand member of (5-1.21).

(c) Show that |4, =a""
8. Use (5-1.21) to establish Kramer’s rule for solving simultaneous linear

equations; that is, show that the solution of the system of p equations in
p unknowns,

a X! =b*, a#0,

is bk A,
X =

a
9, Prove Theorem 5-1.7.

10. Prove that the determinant of a skew symmetric system A4, is zero whenever
its order is odd.

11. If the system Ay, satisfies the relation «4;, + BA4,; = 0, prove that either

o = —f and A, is symmetric or « = § and Ay, is skew symmetric.
12. Put the Maxwell equations (referred to rectangular Cartesian coordinates)
(@ VxE = 18 b) V.-D =4n
a X - c ot ’ ( ) * = Ps
10D 4=
VxH=-— +—j, ‘B =

© Vx car+c’ d) V-B=0,
in component form.
Answer:

L 1 oB? "
(@) EV* 0,E, = — c o’ (b) 6% 3;,D; = 4mp,

. 19D* 4n .
(c) E¥* 3;H, = Pl ?j', (d) 6 3,B; = 0.

13. Make the identifications
Bt = uH?, D! =¢E', ji =cE’, u, €, ¢ constants;
then show that both the systems H* and E satisfy the wave equations
€ RE, 4mucdE
| +5 =2+ =2 =0,
e ot A o

ue BH, 4muodH,
Wt +am a5

200 3, E,
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2. Transformations and Tensors

The major objective of tensor analysis is to determine algebraic repre-
sentations for physical or geometric relations in a form independent of
coordinate system, that is, we look for the algebraic and geometric in-
variants of a given transformation group.

We suppose that a set of coordinates X! - - X" can be introduced into
the given n-space and that other coordinate systems are introduced by
means of functions

(5-2.1a) X' = X(X®)
with unique inverses
(5-2.1b) X = XN(X*).

The allowable transformations, in other words, are introduced by Defini-
tion 3-4.1. (The term triple must be replaced by n-tuple.) Since this
definition guarantees the continuity of the partial derivatives 0X?/0X*,
0X*/0X’, the transformations (5-2.1a,b) give rise to the sets of linear
transformations
P
(5-2.2) ). ¢ 3T dx®, dX 3%
These linear transformations relating the differentials dX?, dX’ form a
group derived from the general group. This derived group lies at the
foundation of tensor analysis. In particular, the laws of tensor transforma-
tion are expressed in terms of the coefficients of the linear transformations.
We suppose that the physical or geometric entities under discussion can
be represented by a set of one or more functions in every allowable
coordinate system. Such an entity is called a tensor if its coordinate
representations satisfy the following definition.

ax’.

Definition 5-2.1. The class {Tf"" ¥4} is said to be a tensor of contra-
variant valence ¢ and covariant valence p with respect to the allowable
transformation group if and only if the elements satisfy the transformation
law,

23 o . XOE X,

oX™ 9Xmoxt o oxn VW
The elements, J}’il".'.',’;ﬂ, representing the tensor in a particular coordinate
system, are called the components of the tensor with respect to that system.
The tensor is said to be of order p + g.

It is convenient to identify the physical or geometric entity or concept
represented by the class {T}1"" ;f¢} with the class and refer to it as a tensor.
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As long as the distinction between the algebraic class and the physical
or geometric object is understood, the aforementioned identification is
valuable in that it enables us to express thoughts concisely.

It should be clearly noted that in general the components 73"11.'.',}; are
functions of the space coordinates X".

Definition 5-2.2a. A tensor of contravariant valence 1 and covariant
valence zero is said to be a contravariant vector with respect to the allow-
able transformation group. According to (5-2.3), the transformation law
for the components of a contravariant vector is

ox’
5-2.4a Al= A%

Definition 5-2.2b. A tensor of covariant valence 1 and contravariant
valence zero is said to be a covariant vector with respect to the allowable
transformation group. According to (5-2.3), the transformation law for
the components of a covariant vector is

ox*
(5-2.4b) A; = Z?X_’Jk'
Definition 5-2.2c. A tensor of order zero is said to be a scalar with

respect to the allowable transformation group. According to (5-2.3), the
transformation law for scalar representatives is

(5-2.4¢) =03

Example 5-2.1. Contravariant and covariant vectors have rather
familiar prototypes. In Euclidean three-space a space curve is represented
by parametric equations

X = X(t)

with continuous first derivatives that do not simultaneously vanish. Let
us extend this representation of space curve to an arbitrary n-space.
Then, with respect to a coordinate transformation,

X7 = X'[XY1),

we have
i i gyk

(5-2.5a) 2 a—)_(_— X H

dt 0X* dt
that is, the class {dX?/dt} is a contravariant vector. Its geometric cor-
respondence is defined as a tangent field, and a possible physical analogue
is a velocity field.
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Next consider a scalar function ®. Then

od _ oX* 30

ox’ ox’ oX*’

Hence the class of gradients of a function @ is a covariant vector. In

structuring an n-dimensional geometry, we use the three-space analogy and
visualize the class {0D/0X’} as the normal field to a surface.?

d(X7) = 0.

The covariant and contravariant vectors (5-2.5a,b) give rise to a scalar.
The preceding fact is algebraically determined by the computation

oD dx’ _ (a_x‘_k_ag)(axf dX’”) _ 5% 0% dX” _ 00 dX*

oX’ dt ~ \ox’ ox*/\oXx» dt ) " aX* dt  9X* dr

Example 5-2.2. An endless quest of science in investigating the world

around us is the determination of universal laws. Newton’s resolution of
his laws of motion was an outstanding achievement in this direction. The
second of his three laws states that the change of momentum of an object
is proportional to the applied force. The symbolic formulation of the law is
_ dmy?

dt
where the measure of mass m is considered to be a constant. Associated
with the Newtonian laws is a principle of relativity of motion which implies
that if the formulation (5-2.6) is valid with respect to a given frame of
reference then it is valid in any frame in uniform rectilinear motion with
respect to the original. We verify this by subjecting (5-2.6) to transforma-
tions relating rectangular Cartesian systems of the form

(5-2.7a) Xi = a i X* + bit.

The a, and &’ are constants. It is assumed that F’ is a contravariant vector
and

(5-2.5b)

(5-2.6) F?

Vi= Q
dt
We have
i Tk
yi = ddlt - akj% + b = a Pt b

% In n-space there is the question whether a surface should be defined in terms of two
or n — 1 independent parameters. Either generalization from three-space is possible;
n — 1 parameters, hence the form @ = 0, wins out, since the set of points satisfying the
relation divides the space into two sets, those points for which ® > 0 and those for
which ® < 0. Inorder to distinguish » > 3 from n = 3, the term hypersurface is often
employed.
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Consequently,

J i’k
(5-2.7b) A e

=a,’ —

dt dt
By using this result and noting that 9X’/0X* = a,/, we have

i i pk
0=F’—md—V=a—)£— (F"—mdl).

dt 0X* dt
By multiplying and summing the relation

ox’ ( _dl7")
—_— F* — —1] =0
ox* g dt

with 0X?/0X’, we obtain the result

(5-2.7¢) 8,3(1-‘* - -‘!ﬁ) =0.
dt

From this it immediately follows that the form (5-2.6) holds in the barred
system.

Example 5-2.3. We have encountered other tensors than those already
mentioned. For example, in Chapter 3, Section 4, the fundamental metric
tensor with components

; 3 0X' X'
was introduced. In this instance the X’ coordinates were rectangular
Cartesian. If the n-dimensional space is euclidean, the fundamental metric
tensor can be reintroduced by means of 5-2.8a. More generally, in the
manner of Riemann, we can start with a fundamental metric tensor and
develop the notions concerning the space from it.

The class {6,*} is a tensor with respect to an allowable transformation
group since

0X* 0X° ¢
(5-2.8b) 8)f = 3% 5% oF
is an identity.

The & systems &,; and E“* are tensor components with respect to the
orthogonal Cartesian group of transformations, but, as we saw in Chapter
1, Section 5*, these components transform in terms of more general
transformation groups with density factors of |0X/0X| and |0X/0X]|,
respectively.

In order that they may be included in our theory, we make the following
definition.
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Definition 5-2.3. The class T,"llj’;ﬂ is said to be a tensor density of
contravariant valence g, covariant valence p, and weight r if and only if the
elements satisfy the transformation law
kg |OX[OX™  0XM X 9X' 4, ...y,

T axl axe aXwoaxh  axih MY

Theorem 5-2.1. The & systems defined according to Definition 5-1.7 in
each allowable coordinate system satisfy the transformation laws

(5-29) T

e _|ax|axm  axh
(a) 3100041 oo a—f aX“ m Ky - kno
(5-2.10) 27| x4 ¥
SRVRL (FRN
® ox | x* Xkn

hence are components of tensors of weight +1 and —1, respectively.
The proof of this theorem is a consequence of the fact that (5-2.10a,b)
are identities.

Example 5-2.4. The classification of an entity depends on the underlying
transformation group. This is clearly pointed out by considering the
components

, O O

=% ax
in a Euclidean space. With respect to rectangular Cartesian transforma-
tions, each component is a scalar. Hence we have a set of scalars. With
respect to more general transformations, the g, are interpreted as com-
ponents of a tensor of covariant valence 2.

The algebra of tensors is based on the algebra of systems, as introduced
in Section 1. The present objective is to formalize the fact that such
operations with tensors result in tensors. It is understood that the terms
addition or multiplication applied to tensors is simply shorthand for addi-
tion or multiplication of their components in each coordinate system.

Theorem 5-2.2a (Addition). The sum of two tensors of the same kind
(i.e., withcommon contravariant valences and common covariant valences)
is a tensor of the original kind.

Theorem 5-2.2b (Outer product). The outer product of a tensor of
covariant valence p and contravariant valence g with a tensor of covariant
and contravariant valences r and s, respectively, is a tensor of valences
p + rand g + s, respectively.

Theorem 5-2.2¢ (Contraction). Given a tensor with component rep-

resentation 771", if any contravariant index is set equal to a covariant
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index, thereby implying a sum, the resulting entity is a tensor of one less
contravariant valence and one less covariant valence.
The proof of Theorem 5-2.2¢ follows. Proofs of the other two theorems

are similar and are left to the reader.
In order to prove Theorem 5-2.2c, it must be shown that the contracted
systems satisfy the transformation law (5-2.3). We have

(axkl 9X*er 9x! ) (aysl. B 3)7%—131\7’1’) Trioeore
dX™  9XTe-19Xre) \ox  9x’»-1 9xt)
- (axkl_ N ana—l) (a)?“ D b

kyc kgt
T’l ceedpit &

38 Tyt T
)B,gTsl...,p

oxm  axri)\gxn  axir1

oX™  aX%er\ (aX™ X\, ...
- i e — .- _ T;‘ln_;‘a:lt.

axn  oxre1)\oxn  gxie) e

Since the components satisfy the appropriate transformation law, the
theorem is proved.

Other tensor properties of importance are expressed by the following
theorems.

Theorem 5-2.3a. If the components 771" " 2" * 4" " " #r of a tensor in some
symmetric

. in j, " j, then
skew symmetric Jo" e

one coordinate system are completely

symmetric
skew symmetric
in the corresponding indices. A corresponding statement holds for
covariant components.

PROOF. Suppose the components are symmetric in j, -« j, (1 < p <
g < r). Then
Thikpee kg ok — ox*  oX*  gX* 8)7"'T,~1...,1,...

ox” 0X’»  oX% ox’
Let k, - -k, be an arbitrary permutation of k,, - - - k,. Then
ke 8)?"1__. aA—’k”I'” aykqx-..a)?k'le...j
0Xt  oX’»  9X'w  oX'r

The partial derivatives 0X*?1/0X?71---0X*u/0X'u are commutative
and can be put in the order k- - k,. Furthermore, the components
T m e tir by hypothesis are completely symmetric in j, - j,,
hence can be replaced by 771" *#»'"*Ja""*ir, Therefore the right-hand sides
of the foregoing expressions are equal and the equality of the left-hand
sides follows. The proof concerning skew symmetry is carried out in the
same manner.

the components in every coordinate system are completely

g dr

ﬁl...’.qll..j'».

Tkl...kpl...kql..
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Theorem 5-2.3b. If all components of a tensor are zero in some one
coordinate system, they are zero in every allowable coordinate system.
PROOF. Suppose that
T 52 =0.
Then

0 T m 0K XXM X"
nU T gxm gxemaxn xn th

Now we can multiply and sum with the successive sets of partial derivatives
and arrive at the desired conclusion.

The preceding theorem plays an important part in determining physical
laws of an invariant character. The invariance of the Newtonian second
law illustrated in Example 5-2.2 is a classical instance of its use.

Suppose the sum of products of tensor components 4,° and B is
formed in each allowable coordinate system. Theorems (5-2.2b,c) assure

us that the resultant
Ci = A, B*

comprises tensor components. But what of the converse process? This
question concerning division is answered in part by the following theorem.

Theorem 5-2.4. (Quotient law of tensors). Suppose that systems of the
form A(j:..'72) are defined in each allowable coordinate system. Let

B}‘ll_'.'.'j';ﬂ.',','jf' be components of an arbitrary tensor. If
G2y AR R - oy,

where the C"°+11 "' are tensor components, then the systems A(il

determine a tensor of covariant valence g and contravariant valence p
ProOF. In order to reduce the complexity of the notation, an example

exhibiting the method of proof rather than the general proof is presented.

Consider the systems A(j;c)’ the arbitrary tensor components B%*, and
the contravariant vector components C*. If (5-2.11) holds, we can write
i oXx’ ox* .4

0=A4(. |B*—-C=_—"= ( )E”"
(Ik) ax»ox” \jk ox:

Since (5-2.11) holds in each coordinate system, C? can be replaced by
making use of the relation

A'(S)BW=C’.
pq
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Then

0x’ ox* ( i) F). ¢ (s)
0=— Al . n_—4 2
oxroxe \Jjk s ox°  \pq =

=[a—’fia’f'°,4(.")—ﬁz(s)}yw
oxzoxe \jk ox* \pq

Since the tensor {B??} is arbitrary, we can impose various sets of values on
the barred system components. For example,

1 0 0

0 0 0
(B =

0 0 oo 0

By making n* such choices, we exhibit the fact that the parenthetic com-
ponents must be zero; that is,

0X? ox* i oxX* ( s )
5-2.12 — — 4| ) —— 4 =0
( 2) aX®oX? (Jk) X \pq
Upon multiplication by 9.X*/9.X",
0X’ oX* oXt (1) (t)
5-2.12b — Al V=4 .
( ) ox?oXox* \Jjk pq

Therefore the systems A(j;c) , etc., are elements of a tensor.

Example 5-2.5. A certain caution must be used in the employment of
Theorem 5-2.4. Suppose that

A,‘kW’.Wk = q)

held in each coordinate system in which W are components of an arbitrary
contravariant vector and @ is a scalar representative. By transforming
the vector components and replacing ® = @ by its barred system repre-
sentation, we have

X’ ox* —r e
oz ags VW= AV
or
0X’ ox* S
(5-2133.) ( ik 8—1‘_,—1) a—qu = A.,q) Ww*Wwe=0.
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In this example the tensor with components
Br = WrWe
is not completely arbitrary. It has the property of symmetry in p and q.

If, for example, we choose B2 = 1, then B2 = 1 also. Ifall other B* = 0,
the expression (5-2.13a) becomes

ox’ ox* oX’ ax*

( ) fkaXlaXa 12 ’kaxgaxl 21

By interchanging dummy indices in the second term, we can put (5-2.13b)
in the form

ox’ ox*

(5-2.13¢) (A + Ay 5—7—1 ﬁ — (A + 4y) = 0.

The procedure indicated in (5-2.13a,b,c) can be carried out with each pair
of indices. The consequence of this development is that it cannot be con-
cluded that the systems A, determine a tensor unless they are symmetric
in j, k. However, the symmetric systems A;, + 4,; do determine a tensor.

Problems

1. Show that 5-2.4a and 5-2.4b imply
(a) The components of a covariant vector satisfy the relations

- oXx*
4 =75

(b) The components of a contravariant vector satisfy
X

|l
i = —— A4k
R

A

2. Prove Theorems 5-2.2a,b.
3. Prove that if the contravariant components of a tensor are completely skew
symmetric in one system they are so in every coordinate system.
4. Suppose the coordinates X7 are rectangular Cartesian coordinates in an
n-dimensional Euclidean space.
(a) What geometric configuration is represented by ® = 4, X’ = constant
ifn=2,n=3,n>37
(b) What does the set 3®/2.X? represent geometrically in each case of (a)?
S. Systems A(pgrs) are defined in each allowable coordinate system. Their rule

of transformation is
dX?oXb0Xcaxe
A(P’ q) r, s) . aA_’“ a_X'l a_X—r a—/Y. /{(a, b, c, d).
Is the class A(p,q,r, s) a tensor? If so, determine the covariant and
contravariant valences.
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6. Suppose AjrBik = ®, where Bi* are components of an arbitrary skew sym-
metric tensor and @ is a scalar of weight 0. Show that Az — Agj are
tensor components.

7. Show that the set 9;4* of partial derivatives of contravariant vector com-
ponents A* are not tensor components in general Under what circum-
stance are they tensor components?

8. Invacuo, and with the velocity of light ¢ = 1, the Maxwell equations have the

form
o0E3 oE? oH! oH3 oH? oE! L
e st =% o Taxs T —RVS
oE! oE3 oH? oH! oH3 oE2
it =% ;a5 —hVh
X X ot X oxt or
oE3 oF! oH?3 oH? oH! d9E3
Wt =% i — AV
X X ot oX 0X ot
oH! oH? oH?3 0 oE! 9E2 9E3
ittt =% xatintim,=r

(These equations result from those in Chapter 5, Section 1, Problem 12,

by puttingu =e =c =1,0 =1,j = (1/47)V, and p = (1/4n)po.
Make the identifications

=FY% E!=F%  E'=F8  FW%=—FA
H'=F®, H*=F% H*=F.

and show that with respect to the metric

-1 0 0 0
) 0 -1 0 0
D= o o _1 o

0o o o0 1
the equations can be put in the form
o, Fpy=0,  9F*F =pV=.
3. Riemannian Geometry

Definition 5-3.1a. An n-space endowed with a covariant tensor gj; of
second order, which is symmetric, is said to be a Riemannian space.
The geometry of the space is said to be Riemannian.

Definition 5-3.1b. A quadratic differential form
(5-3.1) ds® = g, dX' dX*
can be associated with the tensor g;;. It is called the fundamental metric
form of the space and g, is said to be the fundamental metric tensor.
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We first met with the concept of a metric tensor in Chapter 1, Section 5*,
again in Chapter 3, Section 4, and then in Chapter 4, Section 2. In a
Euclidean space it is possible to introduce rectangular Cartesian coordinate
systems in which the metric tensor has the form

(5-3.2a) g = Oy
and in which the form (5-3.1) reduces to
(5-3.2b) ds® =0, dX’ dX* = 3 (dX’)%

i=1
If Cartesian coordinates other than rectangular are used, g;; # dy, but
the components are still constant. Finally, if generalized coordinates,
such as three-space spherical coordinates, are introduced, the g;, become
functions of position.

In Euclidean three-space the g;; enable us to express length, angle,
and volume in forms independent of coordinate systems. In considering
surface representations, we saw, at least in part, that the g,; were funda-
mental to the intrinsic determination of length, angle, and area on the
surface.

With the introduction of generalized coordinates, we could clearly
perceive the dependence of the metric tensor on the space coordinates.
Surface representation illustrated the use of the g, in an essentially
non-Euclidean situation. This is the background on which Riemannian
geometry was developed.

Riemann, a pupil of Gauss, was well aware of Gauss’s important and
fundamental contributions to the development of the intrinsic geometry
of surfaces. The use of parametric curve nets on the surface in analogy to
coordinate nets in the plane not only served Gauss’s immediate purposes
but it also established a firm basis for generalization of his ideas to n-space.
The task of generalization was undertaken by Riemann. His resulting
theory, as we would expect, included the motivating three-space Euclidean
analytic geometry and the intrinsic geometry of surfaces. But it went
further. It tied together the theory of non-Euclidean geometries and it set
a foundation for the development of the general theory of relativity. In
fact, Riemannian geometry has played an important role in the construc-
tion of modern physical theories in general.

In his original paper, “On the Hypotheses which Lie at the Foundation
of Geometry,” Riemann assumed that the fundamental quadratic form
g dX? dX* was positive definite (i.e., g, dX? dX*> 0). This assumption
guaranteed that ds = J 8 dX? dX* was real. We have not included this
assumption in Definition 5-3.1, since indefinite forms such as

dst = —(dXY)? — (dX?)? — (dX®)? + (dX9)?
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are quite essential in relativity theory and other aspects of geometry and
physics. Because of this relaxation of the conditions on g,s, we shall have
to make judicious use of absolute value signs.

It must be clearly understood that the {g 5} is assumed given and that
the geometric structure of a Riemannian space is built up around it by
definitions that are based on surface or three-space analogies.

The development of the analytic geometry of a Riemannian space is
expedited by the introduction of an associated metric tensor {g}. It is
assumed that

(5-3.3) |gxl # 0.

Definition 5-3.2. In each allowable coordinate system

e cofactor of g,; in |g /|

(5-3.4)
gl

According to (5-3.4), the components g’ satisfy the properties (these
properties result from determinant expansion by row and by column)

(5-3.5a) gng*’ = 0,7,
(5-3.5b) g8 = 6,2,

where the inner index represents row and the outer index represents
column.

Theorem 5-3.1. The system g’* is symmetric; that is,
(5-3.6a) gk =gh.

ProoF. By multiplying and summing each side of (5-3.5a) with g¢,
we have

(5-3.6b) (888" = g 6,°.

According to Definition 5-3.1a, g;; is symmetric. If we use this fact and
then employ (5-3.5a) on the parenthetic factors of (5-3.6b) we are led to

the expression
5kqgkr = gia 5],17.

Application of the Kronecker deltas produces the result
(5-3.6¢) g% = g™,
This completes the proof.

Theorem 5-3.2. The class of systems {g7} is a second-order tensor of
contravariant valence 2.
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Proor. We make use of the fact that the class of systems {d,%} is a
tensor. (See Example (5-2.3.) We have

gng*" = ;.
Since g,; and §,” are tensor components,
0X0X"_ .,  0X?90X" .,
ax’ ax* 58 T axeaxi
After multiplication by 9.X?/0 X*, the relation (5-3.7a) has the form
0X" . ., _0X",

(5-3.7a)

53.7b 2z er=22 52
( ) ax+ 88 = 5ge
Application of g* results in
(5-3.7c) O o gue 0X°

oX* oxe

When this expression is summed with 0X%/d X, the following appropriate

law of transformation is obtained.

P a_X_f aXD gm'
oxtoxe

(5-3.7d) g

NV

This completes the proof.

Definition 5-3.3. {g’*} is called the conjugate or associated metric tensor.

The metric tensor and its conjugates play an algebraic role denoted by
the terms “lowering of indices” and “raising of indices.”* For example,
if T% are the components of a given tensor, then

T/ = guT", Ty = 8ri8niT7.

Note that the same kernel letter T is used in each instance. This notational
device emphasizes the fact that, although the tensors {T%}, {T;}, {T//},
{T,} are distinct from the algebraic point of view, each represents the same
geometric or physical entity. This sort of situation was illustrated in
Chapter 3, Section 9, where W, and W* = g*I¥; were components of the
same Cartesian vector, although referred to reciprocal bases.> We find it
convenient to speak of a vector in a Riemannian space and to represent
the vector by means of either covariant or contravariant components.
The associated metric tensors and the processes of raising and lowering

* See Chapter 1, Section 5*.

® If a space is not metric, that is, if no tensor g is given, these remarks do not apply.
For example, in a space in which only incidence relations are considered W, W/ have
distinct geometric interpretations.
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indices endow tensor algebra with a duality that has both beauty and
utility.

How should the concepts of magnitude and angle be introduced?
In other words, what demands should be met? We make two require-
ments.

1. The definitions introduced in the Riemannian space should reduce
to the usual ones of solid analytic geometry if the space is taken as
Euclidean.

2. Definitions must satisfy an invariance property; that is, the tensor
form should not depend on coordinate system.

Magnitude and angle are introduced as follows.

Definition 5-3.4. Let W’ be the components of a vector. The magnitude
of W is

(5-3.8) W = (gaW' WH)" = (1g"*W, W)t = (IW'W,)%.
Definition 5-3.5. Let ¥/ and W* be contravariant components of a pair
of vectors. The angle 6 made by the two vectors satisfies the relation
gV’ W*
120V V1) (1w "W

Euclidean space is classified by the following definition.

(5-3.9) cos b =

Definition 5-3.6. A Riemannian space is isometric to an Euclidean space
if and only if there is an allowable coordinate system such that
(5-3.10) gik = O *
throughout the space.

It is easily seen that (5-3.8) and (5-3.9) reduce to the usual formulas
of analytic geometry when the space is Euclidean. The invariance of each
relation is likewise quickly deduced.

The concept of orthogonality is abstracted directly from the Euclidean
form.

Definition 5-3.7a. Two vectors with contravariant components ¥ and
W* are said to be orthogonal if and only if

(5-3.11) guV'WE=0.
Example §-3.1. If
gik = 6J'k’ j’ k= 1’ 2’ 3;
then (5-3.11) reduces to

3
(5-3.12a) S Viw! =0.
j=1

* Two spaces are isometric if measurements of corresponding distances and
angles are the same in them. For example a circular cylinder is isometric to a portion
of a plane. See any text on differential geometry for more detail.
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This is the usual expression from solid analytic geometry. On the other
hand, suppose

-1 0

(5-3.12b) (g8) = ( 0 1).
Then the orthogonality condition reduces to
(5-3.120) —VWl 4+ VW2 = 0.

Definition 5-3.7b. V is a unit vector if and only if
(5-3.13) lgxV V¥ = 1.

Example §-3.2. If g;, is a positive definite metric tensor, that is, if
(5-3.12a) gxU'U* >0

for all real sets of components U’ and the equality holds if and only if
U? = 0 for each j, then

(5-3.14b) Jcos 0] < 1.
The assertion of the example may be proved by starting with the expression
(5-3.15a) gin(aV? + BWi(aVE+ BW¥) > 0,

where « and f§ are arbitrary parameters not both zero and V and W are
unit vectors. By multiplying out this expression we obtain

o + 2g VWHaB + f2 > 0.

Let
i=2, g=xo
p
Then
(5-3.15b) A242cosBA+1>0.

If the inequality holds, the polynomial
P(A) =424+ 2cosbi+ 1

has no zeros; hence the discriminant of the right-hand side is negative;
that is
cos?f — 1 <0.
Therefore
|cos 0] < 1.

If the equality holds in (5-3.15a,b), then, according to the definition of
a positive definite metric,
aVi 4 ﬂW’ =0,
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Consequently, by solving for W’ and substituting into (5-3.9), we have

cos B = &V (AV") = i
(Igs V2 VA1) 4 (A2 g, s VIV2I)% |4

and
|cos 6] = 1.

Combination of this fact with the preceding result produces the relation
(5-3.14b).

Problems

1. Show that the transformation relating the fundamental metric forms
(dXY)? + (dX??, —(dX1)? + (dX3)?
is not real. Hence g;; does not reduce to d;; in a space which admits the
right-hand metric.

2. Compute the components of the fundamental metric tensor and the conjugate
metric tensor associated with each of the following surfaces:

(a) A sphere related to rectangular Cartesian coordinates by means of
of the transformation equations

X! = rsinv!cos v?, X% = rsin v!sin o2, X3 = rcosv!,
where r is a constant.
(b) A cylinder related to a rectangular Cartesian system by means of
X!'=pcosvl, X®=psinvl, X3=p2
where p is a constant.

3. Suppose that a Riemannian n-space is referred to the coordinates X1 - - - X,
The equations
X1 = constant.

X771 = constant.
X =i
X?#*1 = constant.

X® = constant.
represent a coordinate curve. Show that the angle 6,; made by the coor-
dinate curves, along which X7 and X* vary, respectively, is given by

8ik

Oy = —2E—
08 Bk = g gl
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4. Prove that if the Riemannian space is referred to an orthogonal coordinate
system

ga::c  —

e

4. Tensor Processes of Differentiation

In considering the processes of differentiation in a Riemannian space,
the concept of invariance should be kept in the foreground. The general
form of a geometric or physical law is independent of coordinate system
when expressed entirely in terms of tensors. This, of course, is one of the
principal values of the tensor representation. We must ask the following
question: do the processes of differentiation and partial differentiation
transform a tensor into a tensor? In general, the answer is no. Therefore
what processes should take the place of partial and ordinary differentia-
tion? Historically, a foundation for answering the question was deter-
mined by Elwin Bruno Christoffel, Rudolf Lipschitz, and Eugenio
Beltrami. Christoffel and Lipschitz wrote papers on quadratic differential
forms in 1870; Beltrami expounded a theory of differential operators in
the decade preceding that date. The contributions to invariant theory
made by these men were fully developed by Gregorio Ricci Curbastro
in his absolute differential calculus of 1884. In particular, it was Ricci
who introduced the name covariant differentiation. This term, which
signifies a kind of partial differentiation that produces from a tensor a
tensor of covariant valence one more, is the main topic of this section.

In order to gather information that will form a basis for answering the
foregoing question, we start out on familiar ground. Let V(X?) be a vector
field defined on a region of Euclidean space. Suppose that the coordinates
X’ are rectangular Cartesian and that the vector field had continuous
partial derivatives of at least second order. If

X = XI(X*
is an allowable coordinate transformation, then

_ 90X o

5-4.1 Vi=—"—
(5-412) ax*
and

(5-4.1b) ov’? 9’Xx’ 0X¢ P oX’ oXo7*

9X® 2X°0X* 9X” aX*ox?ox?

Itis the relation (5-4.1b) that commands our attention; d¥7/0X? transform
as tensor components of covariant and contravariant valence 1 each if and
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only if the first term of the right-hand member is zero. Because the vector
field V is arbitrary, this is equivalent to

9%X’
aXoX:
or, in other words, to the allowable transformation group being linear.
In any other circumstance we must look for a tensor quantity to replace
the set of partial derivatives.

Simply by replacing 8*X’/0X?0X* with &, (6°X*/0.X?dX*) and then
substituting a product of partials for é,7, we can put (5-4.1b) in the form
j Ya J Yk 2yt k

(5-4.2) al_gigg{_(ax FX_pe ati)-
0X*0XX* oxX?

Two facts are of value in examining (5-4.2). First of all, there is an asym-

metry about (5-4.2) in that the parenthetic expression on the right contains

the term involving second partials. However, we can expect something of

this sort, for if the transformation group were the linear orthogonal

Cartesian group the second partials would be zero and (5-4.2) would

represent the appropriate law of transformation. Second, if we consider a
second transformation

(5-4.1¢) 0

X' = Xi(X*

and then eliminate the Cartesian components from the expressions of the
form (5-4.2),
(5-4.3a)
oxox’ (87" °X* ps aV") _ X ox’
0X*0X* \oX* 0X?0X* ox° dX”oX*

0X' 0 X0Xx°* X/
By multiplying by (0X?/0X*)(0X?/0X’), we obtain

(5-4.3b)
(a_rb X, +a7°)_a;?°a)7° (afk X 5, afﬂc)
ax* 9%X*ox*  ax°) ox°ax* \ax'ax‘ex' . ax¢)

The parenthetic expressions are of the same form and are related in tensor
fashion. Therefore in a Euclidean space in which rectangular Cartesian
coordinate systems are available we could replace partial derivatives by
the parenthetic expressions. However, we want more generality; hence
we must go a step farther.

Following Christoffel, we look for a way of replacing the expressions
(0X*/oX*)(32X*|0X® dX*) (which still contain references to rectangular
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Cartesian coordinates) by quantities involving the components of the
metric tensor.

Theorem 5-4.1. If the X7 coordinate system is rectangular Cartesian
and X’ = X%(X*)is an allowable transformation, then

00 D = lpn( ey B O
oXt oX*ox®s 2 ox*  ax* oax°
PrROOF. We have

(5-4.4b)

(5-4.42)

fo= X e
0X*oXx°¢
If for notational convenience we let d, = 8/d.X°, then
’X? 0X° o " 0x® o9°X°
oxXeoxcoxe ™ oX*oxcoxc ™
Simply by permuting indices we obtain two additional expressions of the
same type, that is,

(5'44d) asg-ca =

(5-4.4c) 0.85 =

0°X? 0X° " 0Xx® 9°X° 5
0X°oXcoxe ™ oX°cox: ok ™

2. 0Xx® 0*X°
oXcox*ox: ™ 9X°oXcox: ™
Now we form the parenthetic expression on the right-hand side of (5-4.4a)
from (5-4.4c,d,e), thereby obtaining
(5-4.5a) (aag-ac + asg-ca - acg-as) =2
Since

(5-4.5b)

(5-4.4¢) 0c8as =

°X®? 0X°

oXeox oxe ™

oxX™ ox*t '
we can apply the members of this relation to the corresponding members of
(5-4.5a), thereby obtaining the desired result. This completes the proof.

Definition 5-4.1. With respect to each allowable coordinate system, let

1 og;, . Og 0g;;
5-4.6 == "“(—"_’+—“——‘l.
(5-4.6) =28 axt Taxt T axe
The F,'j, which are functions of the g’s and their partial derivatives, are
called Christoffel symbols.®

¢ The T}t are usually referred to as Christoffel symbols of the second kind. The
quantities g, , 'Y are designated as Christoffel symbols of the first kind. The mathe-
matical forms were introduced into the mathematical literature in a paper by Christoffel
and Lipschitz in 1870.
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With the introduction of the Christoffel symbols, (5-4.3b) can be written

o (817" +Pm,7) ax8x" (avk

ks
axe 34 3X“+F V)'

The parenthetic expressions transform as tensor components, reduce to
partial derivatives in a Cartesian coordinate system,” and are intrinsically
defined (i.e., reference to a third coordinate system as in (5-4.3c) is not
involved). They are certainly prime candidates as a choice of the generali-
zation of the partial derivative concept. For a Euclidean space we can
immediately accept them as such. For non-Euclidean spaces some more
work is necessary. The relations (5-4.3b) and (5-4.7) were obtained by
making use of an intermediate rectangular Cartesian system. In order to
verify that relation (5-4.7) is valid when a Cartesian system is not available,
we must know the law of transformation of the Christoffel symbols.
Indeed, this is an interesting question in itself, for we might be in doubt
concerning their tensor character.

Theorem 5-4.2. The Christoffel symbols satisfy the transformation law

(5-4.8) kai =

o (a)?«a)?rp , . O°X? )
ox» \ox? ax* “  ox’ox*)’

The proof, which is left to the reader, can be carried out in the same
fashion as the proof of Theorem 5-4.1. Note that the Christoffel symbols
are not tensor components.

With the rule of transformation of Christoffel symbols established, the
introduction of the partial derivative concept into Riemannian spaces
follows.

Definition 5-4.2a. In each allowable coordinate system let
(5-4.9a) ViV¥=—4+T,FV2
The set of components V,V*is referred to as the covariant derivative of the
contravariant vector components V*.

Theorem 5-4.3a. The class {V,V*} of covariant derivatives of contra-
variant vector components is a tensor of contravariant valence 1 and of
covariant valence 1.

? The Christoffel symbols are all zero in a Cartesian system since the components of
the metric tensor are constants. See Definition 5-4.6.
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PROOF. We have

Vin = Z;’: + kaV”
- () B (EAE L BT 0,

ax’ \axe axe\ox»ox’ 9X?9X) a X
__O%* X, 9x*apeax!
0X*oxox’ 0X99Xt ax’
ax* (arfa_rﬂ . OX° )yv,
ox»ox! ™ ~ axrox’ )

oxe ox’
By taking a partial derivative with respect to X7 of the expression
ox* oxe Yy
axeox’ 7’

we determine that the sum of those terms involving second derivatives
is zero. Therefore

v,y

 _ 0X* B_A—"Q_Vj_i_ ox* 5,837‘1.. ¢
aXeox’ox' ox¢ 'ox’ "
_0X*oXx® (o et
- 3% 55 g + 1vP)
_0X* X’ o pa
axeox’ "t -
This completes the proof.

Vt

The introduction of covariant differentiation might just as well have
been made through consideration of a covariant vector. This procedure
leads to the following consequences.

Definitiori 5-4.2b. In each allowable coordinate system let

(5-4.9b) v, = ZTV’;’— T,/

The sets of components V,V, is referred to as the covariant derivative of
the covariant vector components V.

Theorem 5-4.3b. The class {V,V,} of covariant derivatives of covariant
vector components is a tensor of covariant valence 2.
The proof is made in the same manner as that of the preceding theorem.

The covariant derivative of a scalar field ® of weight W is defined as
follows.
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Definition 5-4.2c. In each allowable coordinate system let

(5-4.9¢) Vb= aa(b’ + W, 70,
where @ is a scalar field satisfying the transformation rule
ox ¥
5-4.9d .
( ) oF

The set of components V,® is said to be the covariant derivative of the
scalar field @.

Theorem 5-4.3c. The class {V,0} of covariant derivatives of scalar fields
® of weight W is a tensor density of covariant valence 1 and of weight W.

ProOF. In this proof we must make use of the fact that the partial
derivative of a determinant, with respect to one of its elements, is the
cofactor of that element. In particular,

0|0X/0X| ox|oXx®
5-4.10 L LLIL Y I Py iy
(5-4.10a) a@x7jox)  laxlaxr
(See Chapter 3, Section 5, also Theorem 5-1.7, page 313.) We have
Vo = aa;o + WT, 70
_0lox/ox|™ oXx° X5 oX |V o® ox¢
ax« ox’ oX| o0X?0x’
w 4 YTAYS 2 v
’ )4 (ax 0X Moy X )(—D
0X°\oXx® ox’ 0X?oXx’

The first term of the right member of this expression can be written in the
form

’ax W1 910X/0X| 9(0X"/0X*) 9X° =
0(0X'/0X*) oX° ax’
or, upon using (5-4.10a), as
X [WoX: 9°X" o0X°~
0X| 0X"9X°0Xx’ox’
By returning to our original expression, of which (5-4.10b) is the first
term, it can be shown that the terms involving second derivatives add up
to zero. (Differentiate (0X7/0X9)(0X?/0X?) = §,* with respect to X3.)
Therefore
w
Vo= |aX 0X° (3(1)
0X’ \oX°

(5-4.10b)

+ wrl,, '(D
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This is the appropriate law of transformation. Hence the proof is com-
plete.

Through Definitions 5-4.2a,b,c and Theorems 5-4.3a,b,c the covariant
derivatives of contravariant vectors, covariant vectors, and scalar densities
have been considered. These individual results indicate the form of a type
of partial differentiation that preserves tensor character. In the next
definition and theorem the preceding results are summarized and extended
to tensors of any order.

Definition 5-4.3. In each allowable coordinate system let

(5-411) VT8 = a_;zk Thiitis 4 TATT s 4 -
+ T T3 — 0T, i, —
P:qkrT” Jq - + Wl" Tu

The set of components V772 . % is said to be the covariant denvatlve of
the tensor density components

Theorem 5-4.4. The class {V,T;1.../?} of covariant derivatives of the
tensor density components is a tensor of the same contravariant valence,
the same density, and covariant valence one more than the original tensor.

The proof can be accomplished by combining the ideas used in Theorems
(5-4.3a,b,c). It is tedious but straightforward. (See Problem 6, also
Section 8, Problem 4.)

It is useful to be aware that the covariant derivative satisfies the following
rules of elementary calculus.

Theorem 5-4.5. We have
(a) V{Apje4 Bl = V.A;;:::,i:,+ V.Bj:
(-412)  (v) VzA’:; BB e = (Vb b B
+ A’;;. CAV.BRL .
The rules are also valid under contractions.

The proofs of properties (5-4.12a,b) are straightforward but long. They
are omitted. (See Problem 8.)

The process of covariant differentiation must be handled with care.
For example, examination of Definition 5-4.2a brings forth the fact that
covariant differentiation of a set of constant vector components ¥* does
not necessarily produce a zero result; rather

Vij = I"),kVD.

Conversely, if V,/* =0, we cannot conclude that the components V*
are constants.
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Definition 5-4.4. A tensor {7}1"" k¢} is said to be a covariant constant
if and only if

(5-4.13) V.t =0

The fundamental covariant constants are pointed out by the following
theorems.

Theorem 5-4.6a (Ricci’s lemma). The fundamental metric tensor is a
covariant constant; that is,

(5-4.14a) Vige» = 0.

PrROOF. We have (let 9; = 9/0X?)
Vg = 0:8kp — Tii'8rp — Ly 8er
= ajgkp -3 6Ds(akgjs + 0,80 — asgki)

- % 6ks(apgda + adg.w - asgnj)
=0.

Theorem 5-4.6b. We have
(5-4.140) V; 6,2 = 0.
PROOF.
V,6°=0,62+T,26°—-T,62=0.
This completes the proof.

Theorem 5-4.6c. The associated metric tensor is a covariant constant;
that is,

(5-4.14¢) V,g*? = 0.
PRroOF. Let us start with the relation
6 = 8in8™"

As a consequence of Theorem 5-4.6b and the product rule stated in
Theorem 5-4.5, we have

0 = V8,87 = (Vog;,)g" + 85, Vg™

Since g,,, is a covariant constant, the first term of the right-hand member
has the value zero. Multiplication by g~ produces the desired result.

The determinant of the metric tensor is also a covariant constant.
However, to establish this fact, the following result concerning contracted
Christoffel symbols is needed.
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Theorem 5-4.7. We have

; _ 01n (Igpe)*
5-4.15 r,j =-—> s
( ) ”‘ ox*

PROOF. According to definition,
(5-4.16a) Ty’ = 387%0,81 + 0x8es — 08a) = 387 0ugys-

(5-4.16b) gl = cofactor g, in |gqs| _ _1 0 [8udl _
|87l |8rs| 08
By combining (5-4.16a,b), we obtain

rgol 1 918wl _ 2In(gw)”
" 2)g, ox* oxt

(5-4.16¢)

as was to be shown.

Theorem 5-4.8. The determinant of the metric tensor is a covariant
constant; that is,

(5-4.17) V,g = 0.

The proof is left to the reader. Note that g is a scalar density of weight
-2.

Thus far we have been considering the Riemannian space analogue of
the process of partial differentiation. Let us turn our attention to the
problem of an appropriate generalization of the ordinary derivative.

Because it is desirable, at least from the geometric point of view, to
think of tensor fields expressed in terms of a single parameter as defined
along a space curve, the meaning of the term curve with respect to a
Riemannian space should be made precise. In actuality, we simply extend
Definition 2-1.2.

Definition 5-4.5. Let X7, - - -, X" be continuous functions defined on a
common domain with at least the first derivatives continuous and not
simultaneously zero. The set of all points with coordinates X(¢) -+« X™(¢)
is called a space curve. Other parameter representations which develop
from this one through allowable parameter transformations® designate the
same curve.

X' = X(t)
are called parametric equations of the curve.

Suppose that @ is a scalar function defined on a space curve with para-
metric equations X’ = X(r). Then

D(r) = O(2)

8 See Def. 2-1.2b
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for all . Hence
D@t + An — O@) _ D(t + A — O(n)
At At )

By taking the limit as ¢t — 0 of each member of (5-4.18a), we obtain the
fact that

(5-4.18a)

(5-4.18b) O ;

dt 4t
that is, the derivative of a scalar field is again a scalar field. There is nothing
new in (5-4.18b); however, it does do more than simply point up the fact
that this much of prior theory correlates with the generalizations to
Riemannian space. Relation (5-4.18b) provides a heuristic approach to
the introduction of the derivative of a tensor field. In particular, for

Euclidean three-space we have

Since the tangent field is a vector field and because the process of covariant
differentiation is the Riemannian space analogue to partial differentiation,
the following definition is rather natural.

Definition 54.6. In any allowable coordinate system let
ax’
dt

The set (D/df)T}1. ke is said to be the absolute® derivative of the tensor
field components T,’?J’;a

Theorem 5-4.9. The class {(D/d)T}... }?} of absolute derivatives is a
tensor field of the same type as the original tensor field.

PrOOF. The proof follows immediately from the fact that the tangential
field dX?/dt and the covariant derivative field are contravariant and co-
variant vecior fields, respectively.

It is to be noted that the rules for differentiation of sums and products
are extendable to the absolute derivative. It is also true that covariant
constants are in the same sense absolute derivative constants.

ky v+ kg
VTT"I.'-ij

D, ...
(5-4.19) STy =

Problems

1. (a) Compute the Christoffel symbols for (1) cylindrical coordinates
(2) spherical coordinates.

® The term intrinsic derivative is used quite often with the same meaning.
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(b) Prove that the Christoffel symbols are symmetric, that is,
Ty =Ty
2. Prove Theorem 5-4.2.
3. Starting with (5-4.8), show that
a/\_”’(aXiaX" i 23X )

T?= e, R - —-_—
Por = axeaxr ¥ 3Xaoxr

o = Jxi
4. Show that V;V; transforms as a tensor of covariant valence 2.
S. Show that
#X X1 aX aXxs *X¢
oXFoXeoX? | 9Xe oKk aXe aXP
Hint:
axeoxr *°
6. Show that the covariant derivative of tensor components T;¥ produces
tensor components.
7. Prove Theorem 5-4.8.
8. (a) Show that V(T;* + W;*) =V, T;* + V, W}
(b) Show that V, T W,/ = (V,;TYW,# + TV, W,
9. Show that the absolute derivative of a scalar of weight zero is equal to its
ordinary derivative,
10. Assume that Newton’s second law has the general form

= DV
dr -~
Express this law in cylindrical and spherical coordinates.
11. Compute the Christoffel symbols associated with the cylindrical and
spherical surfaces of Chapter 5, Section 3, Problem 2.
12. Show that

. 1 o -
V,W? = \/—Em(\/guﬂ)

In curvilinear coordinates the right-hand member of this expression is
called the divergence of W. (See Chapter 3, Section 5.) The same name
is often used for V;W7 in a Riemannian space.
13. Show that
VisWa = Wi

5. Geodesics

In Euclidean three-space a line is the shortest distance between two
points. The immediate purpose is to generalize the concept of “straight
line.” In particular, given two points, 4 and B, the objective is to find the
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path of minimum length joining the two points consistent with the space
metric. This is a problem in the calculus of variation. It was first con-
sidered (for a surface in three-space) by Johann Bernoulli (1667-1748,
Swiss) in 1697.

Definition 5-5.1. Suppose that a curve X’ = X’(¢) joins points Pyand P,
(the coordinates of P, and P, are X’ = X(t,) and X,’ = X'(t,), respec-
tively); then

)%

ty i k
(5-5.1) s=f fd,  f= Ggmdi_ii
to dt dt
is said to be the distance from P, to P, along the given curve.

There are many difficulties associated with the proposed problem of
determining the curve of minimum distance. Although we have tried to
point out these difficulties, they are not
attacked but rather left for consideration
as a part of the study of the calculus of
variations.

First of all, the existence of a path of
shortest length is not assured.l® Second,
when such a path does exist, a closed form
representation (i.e., a set of parametric
equations) more than likely cannot be
determined. Therefore, under the assump-

Fig. 5-5.1 tion that a curve of shortest length does

exist (for an indication of the nature of

such conditions, see Bolza, pp. 246-247), we proceed to find a set of
differential equations which necessarily must be satisfied.

To consider all curves through P, and P, would defy analysis; therefore
the problem is restricted to a band of curves through P, and P, which
contains the curve of minimum length.! This hypothesis is valid because
of the assumption that such a curve exists. If the parametric equation

Xi= Xi(1)

are associated with a curve of minimum length C, with end points P, and
Py, the coordinates of a neighboring curve C are

(5-5.2a) X=X+ ew,

10 See Oskar Bolza, Lectures on the Calculus of Variations, Dover, 1961; University
of Chicago Press, 1904.

11 An intuitive feeling for the analysis can be acquired as follows. Stretch a rubber
band tightly over a surface sector, the end points firmly fixed, slide the center of the
band from its initial position, and let it return,
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where the functions w’ have at least continuous first derivatives and
(5-5.2b) wi(XoF) = wi(X7*) = 0.

(See Fig. 5-5.1.) The parameter € plays a dual role. On the one hand, it
can be thought of as a constant such that |¢| is as small as necessary. On
the other hand, the coordinates X’ are differentiable functions of e (i.e.,
assume that a set of functions w’ has been chosen, and there is one-to-one
correspondence between values of € and curves C. The coordinates X’
are linear functions of e and are therefore clearly differentiable.)

Theorem S5-5.1a. For a curve C joining P, and P, to be of minimum
length it is necessary that its parametric equations satisfy the Euler-
Lagrange equations

Y d@RXY _

5-5.3a
( ) ox’ dt
where
j
(5-5.3b) f=(gaX X5, X' = "d—"f .

ProOF. We have
¢ t .
(55.4a) S=| F(X'+ ew', X*+ eW¥) dt =f (X, £ ar.
to to

Since § is a differentiable function of e,

s (t(of dXt of d)'?k)
Sl ;-L s o de) &

By assumption C is of minimum length.

ds h ( of of . )
5-5.4 (B = (2L s 2L A
( 9 0 (d€)¢=0 J;o ox* L ox* dt

where the bat notation does not appear in the right-hand expression
because the particular curve C has come under consideration.

1 ty 12 ok
(5-5.4d) a_f WEdt = wk i] - f e d@f[0X") dr.
ty oxX* ox* to to dt

Since the w* are zero at ¢, and #,, the first term on the right-hand side of
(5-5.4d) is zero. When the remaining term is substituted into (5-5.4c),
we have

(5-5.4¢) 0 ft " [aa—)f(k . ‘@Z—m] W dt.
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Because (5-5.4¢) must hold for all sets of functions w* which vanish at the
end points of the arc, it follows that

of _ d(@f/ox*) -0
ox* dt '
This completes the proof.
Theorem 5-5.1b. If f'is given by (5-5.3b), that is,

f=(gnX'X*)%, f#0,
the Euler-Lagrange differential equations (5-5.3a) are equivalent to the set

(5-5.50) ¥4, ¥R = i(ii—“-ﬁ X’
t

Furthermore, if the parameter ¢ represents arc length s, then (5-5.5a)
reduces to

2y 7 P <
(5-5.5b) d*X ;dX?dX

ds® P ods ds

Proor. By straightforward computation of the terms of the Euler-
Lagrange equations we obtain the following. (Note that g, is a function
of position, i.e., of the coordinates X only and that the X? are independent
of the position coordinates X7; that is, direction at any point may be
chosen independently of the coordinates of that point.)

af € . . v € =
=—g. (0, X*+ X76,%) = - g, X*
(5 5 6) (a) aX” 2fgak( D + :n) fgpk
‘ d(of/0 X?) [d(l/f) or , 1080 papr , 1 --k}
b = X4 - 22 XX+ —g X
2 dt Uar = T roaxe +f £

where e is the sign of g;, X’X*. Furthermore,

U _ <O

oX? 2foX”®

By substituting the results (5-5.6b,c) into (5-5.3a), we obtain
(5-5.6d)

1 d(In f) ok ( 085 agik) i Yk ik
— 12 Xf— 1222 - 2B XX = 2g.X=0.
2f[ ar 5 X’ 9X”® Lo

(5-5.6¢)
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The Christoffel symbols can be introduced by considering the fact that
g is a covariant constant. We obtain

o r
252 = 2T + 2 T gom
9% _ 1
).
When these relations are plugged into (5-5.6d) and the summation indices,
as well as the symmetry of X?X*, are taken into account, (5-5.6d) reduces
to

(5-5.7a)
h)rgrk + Pkﬂfgir'

(5576) 2 %f g X*— 28, T,W X1 X* — 26, ¥* = 0.

An alternate form of the set of equations in (5-5.7b) is obtained by multi-
plying and summing with 4g??; then

(5-5.7¢c) X4, X = %r:_f Xe,
If ¢ represents arc length,
axtaxt|
o ds ds

Therefore f is a constant and dlInfjds = 0. Under this assumption
(5-5.7c) immediately reduces to the form in (5-5.5b). This completes the
proof.

Definition 5-5.2. The curves satisfying the differential equations in
(5-5.5a) or (5-5.5b) are said to be the geodesics of the space.?

Since the differential equations in (5-5.5a,b) are of second order, a
unique solution is determined at a point P, when Xy’ and X’ are given;
that is, a point and a direction uniquely determine a geodesic at a given
point. :

A geodesic joining two points is not necessarily either unique or the
shortest distance between the points. This statement is simply illustrated
on the surface of a sphere. It can be shown that great circles (i.e., the
intersections of planes through the center of the sphere with the sphere)
are the geodesics, and, in fact, the only geodesics, of the surface. Clearly,
a geodesic joining the poles is not unique. Furthermore, if we consider

1 f = (|g,. X' X*|)% = Oidentically satisfies the Euler-Lagrange equations (5-5.2a). If
the direction X at each point along a curve is such that f =0 and the differential
equations in (5-5.4b), expressed in terms of a parameter that does not represent arc
length, are satisfied by the equations of the curve, then the curve is said to be a null
geodesic. Such geodesics are of importance in the theory of relativity.
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two points, other than a diametrically opposite pair, one arc of the geodesic
joining them is the shortest distance but the other arc joining them is not.
It can be shown that for two points sufficiently near the joining geodesic
is both unique and the curve of minimum distance.

The solution of the differential equations of geodesics in a closed form
is in general beyond the power of analysis. However, in some simple cases
complete solutions can be obtained. The circular cylinder is one such case.

Example 5-5.1. In dealing with geodesics on a surface an alternative
form of (5-5.6a) is often useful. If the surface parameters are designated
by the symbols v, v?, then (5-5.5a) is equivalent to the pair of equations

2,1
& | padode_ dinfddt

2
(5-5.80) dt de de dt dt

— + —_— — e —— —

da* ™ dt dr dt odt’
Either a representation v® = h(v') or v* = g(v®) can be associated with a
surface curve. A parametric representation of the first is

1
(5-5.8b) v=t
v? = vi(1).
From (5-5.8b) it follows that
2,1
(5-5.8¢) ' _,, d_,
dt dt

By use of these results the equations in (5-5.8a) can be expressed in the
form

dv dv®\*  d(Inf)

5-5.8d 2T 4 1(_) _ ddnf)
( ) u + + 22 dot dot >

d*v* dv (dv“)2 d(In f) dv*
5-5.8¢) —— 2 2I" r S le
( ) (dvt)? + L't A T i\ dvt  dv*
By substituting for d In f]dv* in (5-5.8e) we have
(5-5.8f)

v dv’ dv*\? av
Gt T+ 2T = Tt 2 4 (Tl - 210) () -2 (dvl)
If we start with the representatlon vt = g(v*), then

(5-5.8g)
d2

0.

S+ T+ L= LA 4 -2 (&) r (22

(dv?)? dv?

The two forms (5-5.8f,g) determme the geodesics on a surface.
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In the case of a circular cylinder expressed by the parametric equations
X! = pcos v}, X2 = psinv!, X3 = 2 we have

p* 0
(5-5.9a) (@ (gp)= (0 1), p = constant,
(5-5.9b) ) IL,/=o.
The differential equations (5-5.8f,g) reduce to
davz

(C) (dv1)z )
(5-5.9)

g 4% _g

) (dv®)?

These relations have solutions in the form of
() v¥=c! + cy,
) o= k1v2 + ks,

where ¢;, ¢;, ky, kq are constants of integration. If ¢, = 0, then v* = c,.
That the curves v? = constant are circles can be determined by the fact

(5-5.9)

x8

v? = constant

XZ

x! Fig. 5-5.2
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that v? = constant is equivalent to X3 = constant. On the other hand, if
¢, # 0, then
X1 = pcosv!, X2 = psin v, X3 = 0! + c,.

These are the parametric equations of a circular helix. From (5-5.9f)
with k, = 0, we get the curves v = k,. These are the rulings on the
cylinder. If k, # 0, circular helices are obtained again. Hence the geo-
desics on a circular cylinder are rulings, circles, and helices. (See Fig.
5-5.2))

Problems

1. Show that the differential equations of geodesics (5-5.5b) imply that the
geodesics in a Euclidean space are straight lines.

2. Determine the Christoffel symbols from the Euler-Lagrange equations
9 d(of/o X’ ax’
X)L, Y
0X’? ds ds
for
(a) the cylindrical coordinate system p, 6, z,
(b) the spherical coordinate system r, 6, ¢,
Hints: Note that if one solves (5-5.5b) for d2X?/ds?
d2xi , ;4X?dXxe
P
that is, the Christoffel symbols are coefficients of
dX?dxe
ds ds '
For cylindrical coordinates

dp\? dol  (d2\T) M
=2 2 (= =
r- @)+ (&) (&)
Plug this form in the Euler-Lagrange equations and make the appropriate
computations. Note that f does not vary with change in s.

6. The Parallelism of Levi-Civita

In a Euclidean space there is an unambiguous meaning to the term
“parallel vector field.” A vector field is parallel if the components of
every two members are proportional. In considering surfaces, the only
intuitive examples of non-Euclidean spaces, the preceding definition of
parallelism of a vector field has no meaning. For, if we are developing the
intrinsic geometry of a surface, a member of a surface vector field at a
point P must be in the tangential plane to the surface at P. If the com-
ponents of surface vectors at distinct points P and Q are proportional
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Fig. 5-6.1

with respect to one set of surface parameters, they, in general, will not be
with respect to another set. Thus the concept of proportionality of com-
ponents is not preserved under surface coordinate transformation and
cannot serve in more general situations. (See Fig. 5-6.1.)

In casting about for a generalization of the Euclidean concept of paral-
lelism of a vector field, we might again consider the special case of surfaces
and attempt to make use of the embedding space. However, this line of
thought must be dropped quickly, since a vector at a surface point P
parallel in the Euclidean sense to a surface vector at Q would, in general,
not be a surface vector.

Note that more often than not comprehensive definitions are induced
from special examples. In turn, the general definition must be compatible
with elementary cases. In this instance the special examples consist of
Euclidean geometry and surface theory. Having stated methods of gener-
alizing the concept of parallelism which might come into our minds but
which must be rejected, we now present the accepted generalization.

Although the method of presentation may be quite different from the
original, the following ideas are essentially those of the Italian mathe-
matician Tullio Levi-Civita. Suppose we restrict our considerations to a
curve C in Euclidean space. Let ¥’ = V%(z) be components of a vector
field of parallel vectors of constant magnitude along a curve C (parallel in
the Euclidean sense); then

av’
(5-6.1) I

A definition of a parallel vector field in a Riemannian space is introduced
only with respect to a given curve C of that space. The analytic form of the
concept is inferred directly from (5-6.1).
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Definition 5-6.1. Let V be a vector field along a curve C in a Riemannian
space. The vector field is said to be a parallel vector field with respect to
the curve C if and only if

(5-6.2) ovr_ o,
dt
If Vy is the vector field representative at P, of C, then any other vector
of the field is said to be obtained from V,’ by means of parallel displace-
ment. It is clear that the general definition (5-6.1) includes the Euclidean
case from which it was inferred, since

P_Vj = d_V_j. iy» EIE =0
dt dt T dt
reduces to the form (5-6.1) in a Cartesian coordinate system where
r,/=o.

The fundamental properties of parallelism are pointed out in the next
theorems.

Theorem 5-6.1. Let V be a parallel vector field with respect to a curve C.
The magnitude of V is constant.

Proor. Since the ordinary derivative of a scalar coincides with the
absolute derivative (Chapter 5, Section 4, Problem 9), we have

d : D : DV’ . DV*
= . V’Vk e . V:Vk _ (___ Vk + | %K __)
7 (8 ) o7 (&% ) = &xn dt di
k
= 2g5ij DV = 0
dt

Since the ordinary derivative of the magnitude is zero, that magnitude is
constant.

Theorem 5-6.2. Let A and B be parallel vector fields along a curve C.
The angle determined by A and B is constant along C.

The proof is analogous to that of the preceding theorem. In fact, that
theorem could be considered a special case of this one.

A tangential vector field {dX7/ds} along a geodesic, and referred to arc
length, satisfies the relation.
D(dX’|ds) —o.
ds
Hence this tangential field along a geodesic is a parallel vector field.

According to the preceding theorem, any other parallel vector field along
the geodesic makes equal angles with the tangential field. This is rather

(5-6.3)
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pleasing intuitively, since the geodesics are the lines of the space and the
tangential vector field determines the direction of one of the lines at a given
point. In other words, the property of a parallel vector field along a
geodesic making a fixed angle with that geodesic harmonizes nicely with
the Euclidean concept of a parallel field making a constant angle with a
line.

It may have occurred to the reader that the relation (5-6.1) from which
we generalized to obtain the definition of parallel vector field is somewhat
restricted in that V7 was assumed to be of constant magnitude. If this
restriction is dropped, we have as a unit field V7/(6,,V’?V9)* along C
(assuming that the space is referred to a rectangular Cartesian system).
Then

i 1
(5-6.4a) d(—‘;@ =0, f=(3,V V)"
t
After differentiation, we have
) : 7
(5-6.4b) 4 =(d_‘“i)V .
dt dt

The obvious generalization of (5-6.4b) is

(5-6.4¢) DV _ vy,

dt
Vector fields satisfying (5-6.4c) are referred to in the mathematical litera-
ture as “pseudoparallel.” If A(t) = 0, the German word *“‘pseudoéqui-
pollent” is used. According to Definition 5-6.1, a pseudodquipollent field
is a parallel field.

Parallel vector fields do not satisfy all of the properties that we might
intuitively cherish. For example, suppose C is a closed curve and vector
components V' are associated with a point P, of C. We cannot expect
a vector of the field generated by parallel displacement of V,’ around C
to coincide with V,’ at P, again. This fact is illustrated in the next example.
In the example Greek indices have the range 1, 2.

Example 5-6.1. In Euclidean three-space and with respect to a rec-
tangular Cartesian coordinate system the equation of a cone is given by

(5-6.5a) (X3 = (X2 + (X2
A corresponding parametric representation is
X! = vlcosv?

(5-6.5b) X2 = vlsinv?,
X3 =9l
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where v?, v% can be thought of as parameters or surface coordinates. To
study the intrinsic geometry of the surface of the cone, we begin with the
fundamental metric form

ds* = g,, dv* dv’,
where as usual
> 0X'oX®
£ 00 oo

By means of straightforward computation, we obtain

o o
@ @={ )

gly =

20
(5-6.6) (b) (g = 1 )
G
1
© Tyu’=Ty = % , Ta=-— % , TI,5* = 0 otherwise.

Consider a surface curve C:

1

v = ¢ = constant,

(5-6.7a)

vP=1.

Let W be components of a parallel vector field on C. Then

A
(5-6.7b) DW® _
dt
or
dW dvf
5-6.7¢ — 4+ Aw=—=0.
( ) dt LA

By making use of the values determined for the Christoffel symbols and
the fact that

dvt v’ _ 1
dat - A
we can write out the equations (5-6.7c) as
1 1
aw _V e 0,
dt 2
(5-6.7d) o
W Lwoo

dt vt
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where V! = c¢ along the curve of consideration. By differentiating the
first of these equations and plugging the second into the result, we obtain

(5-6.8a)
The solution of this differential equation is

3 = 1 .1
5-6.8b) W' = k,eM Vit p o UVDiE — goos— ¢ 4 Bsin —t.
( ) 1€ 2 \/2 \/2

From the first of the equations (5-6.7d)

(5-6.8¢c) w? = ‘/—2 (—A sin —1—_-t + B cos —1; t).

c V2 J2
Now suppose that corresponding to ¢ = 0 [i.e., at the curve point (c, 0)]
we have W# = W, Then the constants of integration in (5-6.8b,c) take
values
ey

v

(5-6.8d) A=W, B=
Att=2n

W,k

[S)}

Wt = W, cos /27 + -—% W, sin /2,
(5-6.8¢) /2 v
Wi= — - W' sin (/27 + W cos /2m.

Thus the vector obtained by parallel displacement around the closed curve
has a direction different from the original. Of course, the magnitude of the
vector is the same as that of W7,

Problems
1. To study the intrinsic geometry of a sphere, we begin with
ds* =g, dX*dXv, X'=6, X'=4.

The fundamental metric tensor components were computed in Chapter 5,
Section 3, Problem 2. In Chapter 5, Section 4, Problem 12, the reader
found that

T,,! = —sin6cos 6, T2 =T,2 =coté,

and all other Christoffel symbols are zero. Consider the small circle
6 = o. = constant for the purpose of parallel propagation of a vector 47
Show that the equations

DA* =0
# ’
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where the surface coordinate ¢ is chosen as parameter, reduce to

ad’ cosasina 42 =0
2 asina A2 =0,

a4l +cota A =0
b o =0.

and obtain the solution. Finally, choose (42, 4% = (1,0) at ¢ =0 and
then compare with the vector obtained by parallel propagation and corre-
sponding to ¢ = 2.

7. The Curvature Tensor
In studying the calculus of several variables, we find that if second
partial derivatives 0*®/0X’ 0X*, 0*®/0X* X’ of a function ® are con-
tinuous, they are equal; that is, the second partial derivative is commu-
tative. For simplicity of notation we replace
o*® 0*®

CHELY X' 0x*  ax*ax’
by
(5'7. lb) a[jak]Q = 0.

In making the generalizations necessary for a proper development of
transformation theory in Riemannian spaces, it was seen that covariant
differentiation replaces partial differentiation. Therefore it is natural to
ask the question whether the covariant derivative satisfies a commutative
property. This question is answered in the negative. However, in so
doing we introduce a mixed tensor of fourth order. This so-called Riemann
Christoffel mixed tensor, R,;}, plays a role in the theory of integration of
systems of differential equations and serves to classify the geometric
nature of the space. An introduction to these ideas is presented in the
following theorem.

Theorem 5-7.1. Let V; be the components of an arbitrary covariant
vector. Suppose that at least the second partial derivatives of the com-
ponents are continuous on an appropriate region of space. Then

(5-7.2&) V[jvk]‘/i = %Ra’kile,

where

(5-7.2b) Ry = A= Tiy + TifiTiam)-
ProorF. We have

(5-7.3a) ViVi = 0.V, — TV,

and

(5-7.3b) ViViV) = 8;0,V; — 0, )V, — T 9,V

- PklmeVi - Pwmkam-
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By commuting j and k and subtracting, we obtain
(5-73C) 2V[5Vk]Vi = (akrdil - adFkil) Vl - (Fikijlel - Fiﬁmrkmllll)-

Other terms drop out because of the commutivity of the partial derivatives,
the symmetry of the Christoffel symbols, and straightforward cancellation.
The relation (5-7.3c) can be written in the form

or _ .
(5-7.3¢) 2V Vi = 2(—0y,Thy + T Thm Vi

This completes the proof.

Theorem 5-7.2. Suppose that components R;, are introduced into each
allowable coordinate system in accord with (5-7.2b). Then the class
{R'} is a mixed tensor of contravariant valence 1 and covariant valence 3.

PrOOF. In examining (5-7.2) it is seen that V|,V,, are components of
an operational tensor of covariant order two, whereas V; are covariant
components of an arbitrary tensor. Therefore, according to the quotient
law of tensor algebra, Ry, are tensor components of the type indicated.

Definition 5-7.1. The tensor {R,;'} is called the Riemann Christoffel
tensor of the second kind. The associated tensor with components
(5-7.4) Riper = Rip'8o
is called the Riemann Christoffel tensor of the first kind.

The tensors of the foregoing definition are also referred to as the curva-
ture tensor and the covariant curvature tensor, respectively.

According to (5-7.2a) the covariant derivative is, in general, not com-
mutative. In fact, it is commutative if and only if

(5‘7.5) .R",kl = 0.
We shall investigate the significance of the condition (5-7.5) at a later
point.

At present, attention is focused on the concept of parallel displacement.
Through this avenue we shall be able to determine, at least in part, the
geometric significance of the Riemann-Christoffel tensor. In this develop-
ment we follow the lead of Levi-Civita.

At a point P of space construct a coordinate parallelogram with vertices
P, O, S, R. Let the parameters for the two coordinate directions be
t, and t,. (See Fig. 5-7.1a.) Represent the tangential vectors at P by
dX’|dt, = dX°,dX’|dt, = dX’.

1 2
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R(X’ + A X))

QX/ + 4, X7)

Fig. 5-7.1a

Theorem 5-7.3a. If subjected to parallel displacement the vectors dX i
dX 7 satisfy the parallelogram law of addition.?

PROOF Figure 5-7.1a presents a finite model of the situation at hand.
The model is not precise, but it does enable us to describe the algebraic
relationships of the derivatives subject to the process of parallel displace-
ment. In terms of Fig. 5-7.1a, our object is to determine the parallel dis-
placement of dX’ at R and add this displaced vector to dX’. The vector

1 2

resulting should be the same as that obtained by determining the displaced

vector corresponding to dX? at Q and then adding it to dX?. A schematic
2

1
diagram of the process is indicated by Fig. 5-7.1b where the object is to

dX’ +ddX’
S
””‘ ’—? S’
J . .
421X dX’ + ddX’
2 12
P axi ‘Q
1
Fig. 5-7.1b

13 In a Euclidean space two vectors A and B are added geometrically by displacing A
such that its initial point coincides with the end point of B or vice versa. The funda-
mental consideration in our present discussion is the nature of such a parallel displace-
ment in Riemannian spaces.
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determine that S and S’ coincide. The formal steps of the proof are as
follows. Since the vectors are subject to parallel displacement,

(@) DdX’=ddXx’ +T,’dX?dX® =0,
21 21 1 2

(5-7.6) )
(b) DdX’=ddx’ + T, dx?dX*=0.
12 12 2 1

Because the Christoffel symbols are symmetric in p and g,
(c) ddX’=ddX’,
21 12
Therefore
dX’ + (dX’ + ddX’) = dX’ + (dX’ + ddX’),
2 1 21 1 2 12

as was to be shown.

Since the symmetry of the Christoffel symbols was essential to the
parallelogram law of addition just developed, the law in turn can be con-
strued as the geometric interpretation of the symmetry property of the
Christoffel symbols. Indeed, the Christoffel symbol is a special case of
the so-called “affine connection.” In terms of this more general structure,
such a geometric interpretation takes on added meaning. As far as the
purpose of this section is concerned, relation (5-7.6¢c) will be helpful in
the next theorem which gets at the significance of the curvature tensor.
In this theorem we again consider a coordinate parallelogram and ask
what the change is in vector components V7, defined at P, when displaced
over a path P to R to S as compared to displacement over a path P to
Qto S. (See Fig. 5-7.2.)

Theorem 5-7.3b. The difference in displacement vectors resulting from
parallel displacement along coordinate paths PRS and PQS, respectively,
is
(5-7.7) ddV' — ddV* = Ry, dX? dX*V".

1

12 21 2

PROOF. At R we obtain V¢ + (21 Viand at S
(5-7.8a) Vi+ SV" + zli(V" + ;iV‘).
Following the path of propagation P to Q to S produces the result
(5-7.8b) Vi4 iiV" + ;i(V" + ;iV").
The difference of (5-7.8a) and (5-7.8b) is represented by

(5-7.8¢c) ddV* — ddV* = 2ddV".
12 21 [z
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Vi+¢‘1Vi +g(v"+dv")

VigdVisd(Visdvi)
2 1 2

Q
Fig. 5-7.2

For this relation we have, according to the process of parallel displacement,
2ddV: = —2 d(dX*T','V’)
e 12]
= —2[(ddX")'3'V? + dX?dXx*@,I';)) Vi + T, (—=T,,'VdX?dX")).
(2) n 2 n 2

Since, according to (5-7.6¢),
ddX =0,
[2)
the last relation reduces to
2ddVi = =20, — T'y'T,,’) dX? dX*V°
2] [ 2]
= A=, e + Ty lg;) dX P dX*Ve
1 2
= R, dX?dX*Ve
1 2

This verifies the conclusion of the theorem.

According to (5-7.7), the tensor {R,,,'} classifies the given space at a
point P. It does so in the sense that it provides a measure of the deviation
of a vector field under parallel displacement with respect to the stated
paths around an arbitrarily small coordinate rectangle.

The components Rj,* are defined in terms of the components of the
metric tensor g;;, and its first and second derivatives. Therefore, if the space
is Euclidean, there is a coordinate system in which the g, are constants
and
(5-1.9) Ry =0.
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Of course, if the components of a tensor are all zero in one coordinate
system, they are all zero in every allowable coordinate system. Therefore
(5-7.9) categorizes a class of spaces. If n =2 these spaces are called
developable surfaces.!? It is because the tensor classifies certain spaces
and because in the special case of surfaces it reduces to Gaussian
curvature that R;,’ is designated by the term ‘‘curvature tensor.” Of
course, the intuitive significance of the term ‘“curvature” becomes clouded
when the space dimension is greater than 2.

Definition 5-7.2. If in a given Riemannian space a coordinate system
exists in terms of which the components of the fundamental metric tensor
are constant, the space is said to be a flat or linear space.

Theorem 5-7.4a. If a space is flat, the Riemann-Christoffel curvature
tensor is zero.

The proof is actually stated in the remarks preceding the theorem.
The really interesting problem is the converse of Theorem 5-7.4a. How-
ever, before tackling it, let us consider the following example.

Example 5-7.1. Parametric equations of a circular cylinder are
X'= pcos 6, X? = psin6, Xi=oz.

The metric tensor of the surface has components
2

(8) = (P
0

Therefore, as indicated in previous discussion, the circular cylinder surface
is a flat space and its curvature tensor is zero.

), p = constant
1

If we were given the information that in terms of a certain coordinate
system of a space the components of the metric tensor were

1 0 0
(gx) =0 »* 0 )
0 0 r%sin®6

where r, 0 are variables, it would not be clear whether the space were flat.
(Of course, in this simple example the representation in terms of spherical
coordinates in a Euclidean space is probably easily recognized.) The
following theorem, which is the converse of Theorem 5-7.4a, is helpful
in such a circumstance.

14 The developable surfaces are those that can be cut and rolled out on a plane
without stretching or tearing. In particular, they are tangential surfaces associated with
given curves, cylinders, and cones.
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Theorem 5-7.4b. If the curvature tensor of a Riemannian space is zero,
then the space is flat.
Proor. Consider the system of partial differential equations

oxt X
5.7.10 r /=9 _oXx
(5-7.10a) "= 53X ax ox*
or
(5-7.10b) 0X*p ¢ 01X

ax' * T axiaxt
On the one hand, it can be shown by straightforward computation that
(5-7.10a) is a particular solution of
Ry' =0.

On the other hand, consider the transformation law of the Christoffel
symbols

;0X® o0X'oX™ o’x»
5-7.10c Iy — = .= T,.» - .
) ) oxt T axioaxt ™ U axiaxt

Employing relation (5-7.10b) to simplify (5-7.10c), we obtain

oXloX™
5-7.10d = — — 5
( ) ox’ axx ™
or, on multiplying and summing with (0X?/0 X?)(0X*/0.X*)
(5-7.10¢) r2=0;

that is, the Christoffel symbols are zero in the barred system. Next con-
sider the covariant derivative of the fundamental metric tensor. We have

= _ a o ) _ _ a —
(5-7.10f) 0= V&= _g—ﬂ — 08— 008, = —g—klj :
iD'¢
Therefore the components of the metric tensor are constant in the barred

system and the space is a flat space.
Often a flat space is simply defined as one for which

i — ()15
Rj' = 0.

According to Theorems 5-7.4a,b, such a definition is equivalent to Defini-
tion 5-7.2.

18 For comments concerning the equations Ry, = 0 as integrability conditions for
the system (5-7.10b), see Nathaniel Coburn, Vector and Tensor Analysis, Macmillan,
1955, p. 184.
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Problems

1. Show that
L B
T aXaXi o X
is a particular solution of
Ryt =
2. Show that a space is flat if and only if there is a coordinate system associated
with the space in terms of which the Christoffel symbols are identically
zero.

8. Algebraic Properties of the Curvature Tensor

The curvature tensor has a number of interesting algebraic properties.
We shall begin with a theorem on the decomposition of tensors, which is
helpful in investigating the algebraic properties, the main objective of this
section.

Theorem 5-8.1.  Any tensor can be expressed as a sum of outer products
of vectors.

PROOF. An example rather than a formal proof is presented. The
method of the example can be extended to the general case without
difficulty.

Consider a tensor of contravariant valence 1 and covariant valence 2.
Let T} represent the components in some coordinate system. Define n*
covariant vectors by means of

(5-8.1a) A, =T,°%

where (p), (g) distinguish between vectors and ¢ indicates the indices of a
vector. Also define 2n vectors according to the relations

(5-8.1b) B;=67  Ctr=4}\
(@)
Then
(a)
(5-8.1¢) T,} = A; BPC*,
(p) (a)

The relation (5-8.1c) is of tensor character; hence its validity in one
coordinate system implies validity in every allowable coordinate system.
This completes the verification of the example.

Now let us investigate the algebraic properties associated with the
curvature tensor.
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Theorem 5-8.2. If V¢ and W, are arbitrary vector components, then
(@ 2V V V= =RV,
(b) 2VVyW, = Rig W,

Proor. Relation (5-8.2b) was obtained in Theorem 5-7.1, essentially
by straightforward computation. The expression (5-8.2a) can be obtained
in the same way.

It follows immediately from either of the relations of Theorem 5-8.2

that the Riemann-Christoffel tensor is skew symmetric in the first two
indices. This fact can be expressed by either

(5-8.2)

(5-8.3a) . Rmcl = "'Rdikl
or
(5'8-3b) R(U)kl = 0.

Theorem S-8.3. We have
(a) 2V[iVJ]Tkl = Ri!ka:n - RiimlTkm’
(5'8-4) (b) 2V[1V11Tkl = Rukamz + RmmTkms
(c) 2V[,'V,]Tkl = —‘R“kaml e R“mlTkm.

ProoF. We consider (5-8.4a). According to Theorem 5-8.1, a vector
decomposition can be determined for the components T;'.
()

(5-8.58) Tkl = Ak Bl
(9
where >
(p)
(5-8.5b) A, =T.%, B'=4,

(p)

Because the covariant derivative possesses the same properties with respect
to sums and products as the ordinary or partial derivative

(p) (p) (p)
Vkal = VjAk Bl == (VjAk ) Bl + Ak VIBZ-
(p) () (p)

When the covariant derivative operator V; is applied and the skew sym-
metric counterpart of the resulting expression is formed, we have

(p) (p)
? P

Employment of (5-8.2a,b) and (5-8.5a,b) leads to the conclusion
2 V[s'vj]Tkl = Rmmel - RumlTkm°

The results (5-8.4b,c) are arrived at in a similar manner.



Algebraic properties of the curvature tensor 363

The two preceding theorems exhibit an operational characteristic of
ViV, analogous to the form of the covariant derivative itself. This fact
makes memorization of relations (5-8.2a,b) and (5-8.4a,b,c) relatively easy.
We shall use the results to establish the set of identities satisfied by the
curvature tensor.

In particular, the covariant curvature tensor whose components are
introduced by the relation

(5-8.6) Ry = gimRin™
is considered.
Theorem 5-8.4. We have

(a) R = 0,
(5-8.7) (b) Ryun =0,
©) Ry = 0;

that is, the covariant curvature tensor is skew symmetric in the first pair
of indices, skew symmetric in the last two indices, and completely symmetric
in the first three indices.

Proor. Relation (5-8.7a) follows immediately from (5-8.2a). To prove
(5-8.7b) we can start with relation (5-8.4b) and let T, = g;,;. Since the
fundamental metric tensor is a covariant constant,

0= V[ivngkz = R 8mi + Ris" &xm
= Ry + Ry
This completes the proof of (b).
To prove (c), we introduce an arbitrary gradient vector

(5-8.8) W, = V.
Then, according to (5-8.2b) and (5-8.7a),
R[Ulc]th = %(Rijkl W, + leil W, + le W)
= (Vv W + Vi VaW; + VYo W)).

When W, is replaced as indicated by (5-8.8), a straightforward evaluation
verifies that
R[l'.fk]lWl = 0.
Since W, is arbitrary, it follows that
R[Hk]t =0,
hence
Riiyp = ng[ijk]l = 0.

A rather interesting identity, which is a consequence of (5-8.7c), is
presented in the following theorem.
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Theorem 5-8.5. We have -
(5-8.9) R = ka';

that is, the covariant curvature tensor is symmetric in the pairs i, jand &, /.
Proor. Four equations result from (5-8.7c):
) Ry + Rjss + Ryijy = 0.
R + Ryyji + Ry = 0.
Ryris + Rig; + Ryy; = 0.
Risje + Rijix + Ry = 0.
By adding these equations and making use of the skew symmetry in the
first two indices and the last two indices, we obtain

2Ryt — 2R = 0.
This relation is equivalent to the desired result.

The identities of Theorems 5-8.4 and 5-8.5 make it clear that the n*
components of the curvature tensor cannot be chosen independently of
one another; that is, if an appropriate basic set of components is chosen,
the others are determined by the identities. The next theorem states the
number of independent components. The proof of the theorem makes
use of the assumption that the set of identities (5-8.7) is “‘complete;” 6
that is, the assumption that any other identity relating the components
can be obtained algebraically from them.

Theorem 5-8.6. The number of independent components of the curva-
ture tensor {R,~,~u} in any allowable coordinate system is
n’(n® — 1)

12

PrOOF. According to (5-8.7a), the first two indices must be different;
otherwise the component is zero and among the remaining pairs only half
are independent. Therefore the number of distinct choices, disregarding
order, of these two indices is 3[n(n — 1)]. A similar number of distinct
choices can be made for the second pair of indices, as pointed out by
(5-8.7b). Of these {[n(n — 1)]/2}* possibilities, some must be cast out
because of the identities in (5-8.9). In particular [n(n — 1)/2] things taken
two at a time, that is,

S L el

18 For further remarks see Tracy Y. Thomas, Concepts from Tensor Analysis and
Differential Geometry, Academic Press, New York and London, 1961. For proof see
Tracy Y. Thomas, The Differential Invariants of Generalized Spaces, Cambridge
University Press, London and New York, 1934.

(5-8.10)
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can be determined through (5-8.9). The distinct components

oy [0 tfio=0l=n )

are still subject to the identities (5-8.7c). Since the indices in (5-8.7c)
must be distinct, the number of conditions imposed by the relations
corresponds to the number of n things taken four at a time; that is

n(n — 1)(n — 2)(n — 3)
24 ’

When (5-8.11b) is reduced by the number of conditions (5-8.11c), we
obtain the result

(5-8.11¢) n > 3.

n(n® — 1)
12

In certain aspects of the general theory of relativity and in other physical
and geometric applications we encounter the tensor with components
R;;:'. This s the so-called Ricci tensor, whose components are represented
by the symbols R;,. Since R,;’ and R,;,* are also candidates for the form
of representationspecified for the Ricci tensor, some clarificationis needed.
We immediately note that R;;’ = —R;;’. The following theorem shows
that the components R,;* are identically zero and that R,;’ is symmetric
in j and k.

Theorem 5-8.7. We have
(a) Rijkk =0,

(b) Ryuy =0.

Proor. Toshow the validity of (a) we start with the defining expressions
for the curvature tensor components; that is,

(5-8.12)

(5-8.13a) Rip'=2(—0p: %y + Tinlis)-
When a summation is imposed on k and ¢,
(5-8.13b) Ri= 2=y + Tinll,)-

For the second term in the right-hand member of (5-1.3b) we have, by
interchanging the dummy indices p and k in the second term below,

Lu? Pipk - I’ Pipk = I}/ Pjpk - ijk Iy” = 0.
Since

I',*=0,In./g,
it is also the case that
_26[1 ’;]k = —23[16‘7] ln \/g = 0
This completes the proof of (a).
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In order to prove (b), we must first establish the fact that
(5-8.14) Rt = R;;,.8%.
We have
Rip' = Rijs8” = + Ryng™.
With (5-8.14) in mind, consider
(5-8.15a) 2R )" = Rjipng'® — Ryinsg*?-

If we make use of the curvature tensor identities, the second term of
(5-8.15a) can be expressed as

(5-8.15b) Ryii8'? = Ryjnig'® = R pug™.

Since p and i are dummy indices and g*? is symmetric, the last member of
(5-8.15b) is equivalent to R;,,,g*?. Substitution of this result into (5-8.15a)
leads to the desired consequence.

Since the components R;;* are identically zero and the set R’ is
symmetric in j and k, the following definition is free of ambiguity.

Definition 5-8.1. The Ricci!” tensor has components
(5-8.16) Ry = — R

Since the R;; are symmetric in j and %, the number of independent
components is 3[#(n + 1)].

In conjunction with the Ricci tensor, it is convenient to introduce the
following scalar.

Definition 5-8.2. The curvature invariant is expressed by means of the
relation
(5'8-17) R = gﬁRij.

The intuitive significance of R can be determined by an examination of

the expression in two dimensions. The algebraic part of this task is done
in the next theorem.

Theorem 5-8.8. In a two-dimensional Riemannian space

(5-8.18) R = 2Rz
g
ProoF. We have, according to (5-8.14), (5-8.16), and (5-8.17),

R = —g"R,,.8""
= —gUR 3 g% — R 558" — g Rzl_z 8 — g%Rya8",
= 2(—g'%g* + g'1g**)Ryz12 = 2 det (g7*) Rz

17 Gregorio Ricci Curbastro.
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Since det (g’*) and g = det (g;,) are reciprocal values, the proof is complete.

By examination of the last theorem we find that the covariant curvature
tensor has one independent component in two-space. Furthermore, the
invariant R/2 is expressed as the ratio of that component to g. It can be
shown!® that this ratio represents the so-called Gaussian curvature, a
fundamental entity in the development of the differential geometry of a
surface.

Example 5-8.1. With respect to the surface of a sphere of radius r,
we have

(5-8.19) 1

r2

b

In order to establish this fact, we first observe that the parameterization
X! = rsin 0 cos ¢, X? = rsin 0sin ¢, X3=rcos0
leads to the fundamental metric form
ds? = r2 d6® + r®sin?® 0 dgp?;
that is

(5-8.20a) (g;0) = (

r2

0 r®sin® 6)

By straightforward computation we find that

(5-8.20c) ! = —sinfcos 6, Ty,2=T,%=ctnb.
Therefore

(5-8.20d) Ripa = 2822(_6[11-‘:]1 - %Fuzr‘lzz
= r?sin® 6(— detnb _ ctn® 0)
= r®sin® 0.
From (5-8.20b) and (5-8.20d) we obtain the result
R 1
5-8.20e —= =,
( ) 2

This is the expected constant Gaussian curvature of a spherical surface.

A special property of the Ricci tensor in two dimensions is that its
components are proportional to the components of the metric tensor.
This fact is stated formally in the next theorem.

® Viclav Hlavaty, Differentialgeometrie der Kurven und Fldchen und Tensorrechnung,
P. Noordhoff, 1939, p. 267. Erwin Kreyszig, Differential Geometry, University of
Toronto Press, 1959, p. 145.
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Theorem 5-8.9. Ina two-dimension Riemannian space the components
of the Ricci tensor are proportional to the components of the metric
tensor; that is,

(5-8.21) R, = Rle gu k=12

Proor. We first note that

(5822) gh=8m  ge_ _8u_ _8u  .m_ Eu
f S g g
or
(5-8.22b) g* = cofactor g;; in det (gy;) .
g

According to (5-8.16),

Ry = —Ry' = —Ryj,8™.
Therefore

Ry, = —Ri1,8 P = —Rzuzg22 = Ri5128%,
(5-8.22¢) Ris = Ry = —Ry12,8" = —Rianag",
Ry; = —Ry32,8" = Ryp1pg".

The proportionalities (5-8.21) are obtained by substituting relations
(5-8.22a) into the expressions (5-8.22c). This completes the proof.

The most renowned usage of the tensor calculus is in the development
of relativity theory, especially the general theory. A particularly useful
tool in its development is the Bianchi identity presented in the next
theorem.

Theorem 5-8.10 (Bianchi’s'® identity). We have

(5-8.23) ViR ™ = 0.
ProoF. Let W, be an arbitrary covariant vector. Then
(5-8.24a) 3!V V.V W, =2[V(V VW) + V(Vu.VaW,) + Vi(VLV 1 W,)]
= [Vi(R;,) + Vi(Rup") + ViR, )W,
+ Rikpq ViWa + Rkimq VJ'WG + Ri.’ll’a VkWG
= (VR W, + 3R[:’klplqviJWa~
The notation |p| simply indicates that p is not to be included in the bracket

symbolism. Note that (5-8.2b) was made use of in this development of a
first expression for 3! V,V,V,, W,

% Luigi Bianchi (18561928, Italian).
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On the other hand, we have
(5-8.24b) 3!V V.VuW, =2V, V, V. W, + V,V.V.W, + V,V,,V, ;)
= (Rii® VoW, + Riip,? ViWo) + (Rju* V W,
+ Riy” ViWo) + (Rpii* VW, + Rpip' V,W5)
= 3Rppy" VoW, + 3Ryi5101 VigWe

By subtracting (5-8.24b) from (5-8.24a) and employing the identity
R = 0, we obtain the result

(5-8.24c) ViR k1, Wy = 0.

Since the preceding relation must hold for all sets of vector components
W,, we obtain
ViR jxp," = 0,

as was to be shown.

The preceding proof of the Bianchi identity does not depend on co-
ordinate system. When studying invariants of a transformation group,
as is a major goal of tensor analysis, it is rewarding to find such a proof.
However, there are some interesting ideas that can be put forward by
making the proof through the expediency of a special coordinate system.

Definition 5-8.3. Let the Riemannian space be referred to a coordinate
system X?. At a point P,, introduce new coordinates by means of the
transformation equations

(58252 X,=X'—X¢+ %(F,,.,:')O(X"'- — XX — Xo").

The coordinates X" are said to be geodesic coordinates at the point P,.

Since
ay‘ i 1 i m n n 1 [3 m m n
(5-8.25b) ﬁ=5; +5(Pmn )0 8;™(X™ — X, )+5(an)o(X - X"
and
aX”') ,
5-8.25 —] =4}
( 2 (aX’ 0 ’

it follows that the Jacobian of transformation is nonzero at P,. Hence
the transformation is allowable.

The particular advantage to the geodesic coordinate system introduced
by the last definition lies in the fact that the Christoffel symbols are all
zero at P, in that system. The following theorem discusses this idea.

Theorem 5-8.11. In a geodesic coordinate system X7 at P, we have
(5-8.26) e =0.
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PrROOF. According to the rule of transformation of the Christoffel
symbols,
(_OX°_O°X® | 9X'9X' X"
G827 D= e iwar taxarion
The set 0.X?/0X? is evaluated at P, by (5-8.25c). To evaluate the elements
02X?/0X? 0.X*, we first multiply and sum (5-8.25b) with 9.X?/0.X*, thereby
obtaining

S aX n n
(5-8.27b) O = aX" aX" (F No(X™ — X ™).
The result of differentiating this expression with respect to X7 is
(5-8.27¢)
2yt azx
0=-2X_ 4 o™ — %, + 2

0X'oX*  o0X'ox* an )°aX’ '

When (5-8.27¢) is evaluated at P,, we obtain

om0 (55), - - (GGl

The Christoffel symbols I';,¢ may now be evaluated at P, by plugging the
results (5-8.25c) and (5-8.25d) into (5-8.27a). We obtain

. . ax') (ax") ,.(aX") (aX’)
A= =85 () (2.2, + 6 ) =0,
T ? (afko T R Py AP
as was to be shown.

Example 5-8.2. In a geodesic coordinate system at P, we have
ViR, = 0uR gy’ = —20,0,T5;, = 0.
The evaluation of the foregoing expression follows from the fact that it is
both symmetric and skew symmetric in i, j.

We close this section with the introduction of another tensor relation
which plays a part in the development of general relativity theory.

Definition 5-8.4. The components
(5-8.28) G, = Ry — $Rg,
are components of the so-called Einstein tensor.
Theorem 5-8.12. The components of the Einstein tensor satisfy the
properties
(5-8.29) ViG,; =0,

where
Vi = gt‘k v,.
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Proor. The Bianchi identity
ViR = 0,

may be expanded to the form
(5-8.30a) ViR;i," + ViRp:,* + ViRt = 0.
Summing on 7 and ¢, we obtain
(5-8.30b) ViRt + V,R,, — ViR;, = 0.
Upon multiplication of (5-8.30b) with g2, it follows that
(5-8.30c) Vig?Riuvi + VPRyp — Vig'PR;, = 0.
This relation can also be written in the form
(5-8.30d) ViR + ViR, — VigaR = 0.
Finally (5-8.30d) is equivalent to

ViR — $81:R) = 0.
This completes the proof.

Problems

1. Decompose T;;** into sums and products of vector components.

2. Prove that relation (5-8.2a) is valid.

3. Prove that relations (5-8.4b,c) hold.

4. Use the decomposition property of tensors to prove that the covariant
derivative of a tensor is a tensor with covariant valence one more than
that of the original. (See Theorem 5-4.4.)

S. Prove that R;;* = 0 by means of the relation V;g?* = 0.

6. Show that R = 2R,1,/g can be written in the tensor form

R(gugn — En&w) = 2Ryjn
7. Show that R is a scalar of weight +2 in a Riemannian two space.

9. An Introduction to the General Theory of
Relativity

In the special theory of relativity (1905) the fundamental laws of
mechanics and electromagnetic theory are formulated so that their algebraic
forms are invariant with respect to the special Lorentz group of trans-
formations. Physically this means that the inertial systems whose co-
ordinates are related by these transformations are equivalent. A uniform
rectilinear motion of any one of the systems is relative to some other.



372 TENSOR ALGEBRA AND ANALYSIS

From the kinematical point of view it is well known that all motion is
relative. Therefore the question of producing a structure in which frames
of reference in accelerated motion are equivalent for the purpose of
formulating physical laws develops in a natural way. Mathematically,
this requires algebraic statements of fundamental laws which are invariant
under general transformations of coordinates.

In the years following 1905 Einstein considered the problem of general-
ization stated in the preceding paragraph. He found that the tensor
calculus, learned from his friend H. Grossman, met the challenge of
generalization. But another problem of major character existed. The
special theory of relativity did not include a gravitational theory as part
of its structure. The “action at a distance” concept on which the
Newtonian gravitational theory was based no longer had meaning because
of the relative nature of the simultaneity of events. Einstein met this
second problem in the discovery of the equivalence of inertial and
gravitational mass. The essence of this discovery is that all motions in a
homogeneous gravitational field can just as well be considered as motions
in the absence of a gravitational field, but with respect to a uniformly
accelerated frame of reference. This viewpoint makes it possible to
develop a completely geometric structure as the model for a gravitational
theory. The gravitational force is thought of as a pseudo-force, just as
centrifugal and coriolis forces are in the classical theory, and is included
in the metric structure of a Riemannian space.

It is the purpose of this section to give a brief outline of the geometric
structure associated with general relativity. No attempt is made to
penetrate into the background of the physical quantities and laws that
become involved.

Assume that a fundamental metric tensor, g,,, and a corresponding
differential form,

ds® = g,, dX* dX*?

are given. (Greek indices have a range of 1, - - -, 4.) When considering
surfaces, we found that the components of the metric tensor could be
determined by a parametric representation of the surface valid in the
three-dimensional embedding space. In the present situation we have no
obvious way of determining the g’s, and the precise nature of the Rie-
mannian space is not known. For the moment, we proceed abstractly.
The problem of evaluating the g’s will arise at a later point.
The geodesics in the space of special relativity are straight lines
represented by
2
(5-9.12) ‘_’(d’;—/"s—) =0.
s
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We have seen that geodesics in a Riemannian space are signified in general
by
A
(5-9.1b) AL 10D o,
s

or, in more detail,
a:x* ,AdX*dx?

5-9.1 — o ——
( ) ds® P ds ds

The assumption is made that “particles subject to gravitational forces
only move along geodesics of the space.” This postulate embodies the
assertion that inertial and gravitational mass are equivalent, for an
inequality of the two would bring about deviations, because of inertial
mass, from the geodesics determined by the gravitational field. [With
respect to relations (5-9.1a,b,c), note that the dX° */ds transform as com-
ponents of a contravariant vector under general transformations, and
therefore they can play the role of velocity components in the general
theory.]

The preceding paragraph makes the implication that the gravitational
field should somehow determine the components of the fundamental
metric tensor. This determination is realized by identifying the com-
ponents g;, with gravitational potential. Classically gravitational potential
is represented by a single function @, subject to Poisson’s equation

o TO

-9.2 e
(-9.2) oX’ ox*

= 4mu,

where the function u represents the density of matter. The discovery of
an appropriate generalization of Poisson’s equation occupied Einstein for
a long period of time. On the basis of physical considerations, he decided
that the right-hand side should generalize to a tensor density T, of weight
— 1 representative of the momentum and energy of continuously distributed
matter and an associated electromagnetic field.2 The left-hand side of
Poisson’s equation is a linear function in the second derivatives of the
gravitational potential ®@. Therefore the left-hand side of its generalization
is required to be linear in the second partials of the components g;,.
The tensor on the left-hand side must be geometric in character. Einstein
indicates®! that he spent two years rejecting the Riemann curvature tensor

0 [n particular, T? = M* — E*, where M = V/|g| uy(dX*|ds)(dX"|ds) and
EW =V ET(F “AF.Y + igV‘F“ﬁFup). The skew symmetric tensor {F*#} represents the
electromagnetic field and p, is a scalar.

*! Einstein, Essays in Science, The Wisdom Library, New York, 1934, p. 83.
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before deciding that it would do the job. Specifically, he made use of the
so-called Einstein tensor density

(5-9.3) 8,, = J/—g(R,, — }Rg;,) -
The conditions imposed on the components of the fundamental metric
tensor are

(5-9.4) 8, = CT,,.

The underlying space of the general theory of relativity whose metric
tensor is defined by (5-9.4) is said to be a Riemannian space.

The equations in (5-9.4) are complicated. A special case of much
importance is one in which
(5-9.5) T, =0.
This assumption corresponds to a physical problem in which matter is
represented by the sun. The electromagnetic field is considered to be
negligible, as is matter outside the sun (but in a neighborhood confined
to the solar system). The best known solution of the field equations in
(5-9.4) under the conditions in (5-9.5) is due to K. Schwarzschild.22 It is
essentially this solution that follows. It is presumed that the matter is
homogeneous and spherical so that the chosen coordinates r, 0, ¢, ¢ are
essentially spherical coordinates, along with a time variable, at great
distances from the matter generating the space. Furthermore, we assume
that the field is static and reversible in time. These suppositions lead to a
fundamental metric form

(5-9.6a) ds* = —&(r)dr® — r* d6% — r2sin® 0 dgp® + #(r) dr?,

where &(r) and #(r) are positive functions such that

(5-9.6b) Er)—1, nr—1,
as r --> oo,

Since

T, =0,
we have
(5-9.7a) R;, — 3Rg,, = 0.
When the products of this relation with g* are summed, we obtain
R — iR =0
2

or
(5-9.7b) R=0.

% Berlin Sitzungsberichte, 1916, p. 189.
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Therefore (5-9.7a) reduces to

(5-9.7¢) (R, =0]

It is these conditions that determine the components of the fundamental
metric tensor. In order to investigate them further, it is necessary to
compute the Christoffel symbols on the basis of the known information;
that is,

—&r) 0 0 0
—r? 0 0
0 O0-—r?sin®6 O

0O 0 0 x50

(5-9.8a) (8qp) =

The computations are left as an exercise for the reader. We obtain
(5-9.8b)

& r rsin® 6
I-‘111=2_§, P221="E’ F331=__‘—’ I‘441=Z—§,
Iys2 = —sin 6 cos 6, Il2=",%= 1,
"
Ny'=1, T f=Ty’=cms,
r

I=Ty*="1, theremaining LW’ =0,
7

_d L _dy
- dr’

With the Christoffel symbols at hand, we can write out the relations
(5-9.7c). It is convenient to express the results in terms of R’ = g”R;,.
Then :
t= % + 5—2 + (1)2—2 _ L

&r 48 At 2y

1

! 1 1 17[
—R2=R3=——+—(1——)— :
(5_99) ? : 2527' r? 25777'

4g% At 2%y Eqpr’
Rav = 0, 1 # Y.

The consequence of these computations is set forth in the following
theorem

R P )
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Theorem 5-9.1. The fundamental metric tensor determined by the
Schwarzschild solution is represented by the components

1
-—= 0 0 0
7 - 0 0
0 —r
(5-9.10a) (8, = :
0 0 —r’sin’60
0 0 0 n
where
(5-9.10b) p=1-1Y
r

and y is a constant of integration.
Proor. The equations in (5-9.9) may be solved as follows.

1 ! EI
R‘—R1=—(1 —)=a
4 1 Er 77+£

The solution of this separable differential equation is
&n = constant.

By an appropriate choice of the unit of time, this constant can be evaluated
as 1; therefore

(5-9.11a) £ = L.

When this result is substituted into the second of the relations (5-9.9), we
obtain

(5-9.11b) %pqw+a—mn=u

The result is an immediate consequence of this relation.

According to the relation (5-9.10b), r =0 is a singular point. We
assumed that > 0; therefore for a positive constant there is a neighbor-
hood, r < y, about r = 0, for which the solution is not valid.

The Schwarzschild solution may be summarized as a spherically sym-
metric, static solution with the metric of special relativity as the limiting
metric when r increases indefinitely. Mathematically, the effect of the
gravitational field is expressed by taking the components of the Ricci
tensor equal to zero. It should be noted that to set the components of the
curvature tensor itself equal to zero would characterize a flat space and a
physical situation in which the gravitational field had no effect outside
the generating matter.
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The general theory of relativity has been given a great deal of credence
in three experiments concerning the advance of the perihelion of Mercury,
the deflection of light rays by the sun, and the shift toward the red end of
the spectrum of spectral lines of light originating in dense stars. We
examine next the relativistic predictions concerning the first phenomenon.

It is assumed that the mass of a planet is negligible in comparison to
that of the sun. Therefore planets can be thought of as moving along
geodesics in a spherically symmetric static field. The defining equations
of the motion are

(a) X*4 T, X X* =0,

5-9.12 . .

( ) (b) i + %% + r¥sin® 042 — gi* = —1,
n

where the - denotes differentiation with respect to the parameter s.

Observations of planetary motions indicate that the Newtonian pre-
diction for their trajectory is not far from wrong. Therefore the equations
(5-9.12a,b) should produce certain correspondence with the classical
results. One such common fact is determined by the following con-
siderations. The last three of the equations in (5-9.12a) may be written out
in the form

(a) 5+2f9 — sin 6 cos 0¢* = 0,
r
(5-9.13) ®) &+ %f¢+ 2 ctn 60 = 0,
© i+Ti=o.
n

If we assume the initial conditions

6p==, 0,=0,

(SR ]

then from (5-9.13a) it follows that 6, = 0. By differentiation of (5-9.13a)
and a process of induction we find that

(k)
6,=0, k=1,23""-.

Next we write a Taylor series expansion for 6. We have

(5-9.14) 9=90+(s—s.,)00+§s_2—"°)260+---.
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Therefore 6 = =/2 for all values for which the expansion is valid. It is
assumed that the expansion can be made at any point along the geodesic;
therefore 6§ = /2 all along it. Consequently, § = 0 along the geodesic.
This result reminds us that the classical Newtonian trajectory lies in a plane.
The relativistic result just obtained has the same physical interpretation.

The first of the equations in (5-9.13) reduces to an identity as a con-
sequence of the constancy of 6. The other two equations take the form

(@ ¢+ s i =0,
(5-9.15) r
(b) i’+;ir'f= 0.

From these equations we find that

or® = h,
(5-9.16) i

In=k,
where 4, k are constants of integration. With these results in mind, let us
make the substitution
(5-9.17) v=1;

-
the differential equation (5-9.12b) can then be put in the more convenient
form
dUu} y
5-9.18a (-—) + U=4—L U+ pUs,

( ) s E Y

where y, 4, and & are constants such that

_ k-1

-0

Recall that y entered into our considerations in (5-9.10b) as a constant of
integration.

In order to investigate relativistic trajectories of planets, the differential
equation (5-9.18a) is compared to the corresponding classical equation

(5-9.18b) A

dU\? 2M K
5-9.19 (—) UVP==—U+—.
(5-9.192) i) T ot
In this equation M represents the mass of the sun.
(5-9.19b) K=v.v_2M

r
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is the total energy and

x Yy
(5-9.19¢) - |4z d¥
dt dt

is the area swept out by the radius vector per unit time. Since the
relativistic orbit differs only slightly from the classical orbit, it is assumed
that the distinction in the differential equations is due to the term U® and,
in particular, that

Y — 1« 2M K

U + =—U S e~ ’

n® h? H? H?
where = means approximately equal. This assumption can also be
implemented by identification of the constants

h:H, y22M, KX2K+1.

For all the planets other than Mercury the Newtonian prediction of
the trajectory agrees with observation within the range of probable error.
In the case of Mercury there is a discrepancy. A slight advance of peri-
helion (or rotation of the elliptic orbit) of about 42" of arc per century has
been observed and no acceptable explanation on the basis of classical
theory has been found.

If in the classical theory we use polar coordinates, as indicated by the
differential equation (5-9.19a), and find the extreme values of U(¢), they
will correspond to perihelion and aphelion. Let (Uy, ¢,) and (Us, ¢5),
respectively, indicate the points of perihelion and aphelion; then U; <
U < U,. We find that

¢ — ¢y =1

In the relativistic case we make the identifications previously mentioned
so that the differential equation under consideration is

2
(%)+U’* K+—U+2MU”

Theorem 5-9.2. The relativistic prediction of the advance of perihelion
is (6 # M)/[a(1 — €?)] per revolution of the planet, where a represents the
semimajor axis of the elliptic trajectory and e represents its eccentricity.

Proor. If the term U?is put on the right of (5-9.20) and the zeros of
the cubic polynomial are denoted by U,, U,, and U, then (5-9.20) can be
expressed in the form

(5-9.20)

(5-9.21a) (‘;:) 2 OMU — U)U — U)U — Uy).
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The relation (5-9.21a) can be written2?

dé * dUu
{(U, = UXU = UL = 2M(U + U, + Up)}*

If it is desired to integrate this expression from U, to U,, the integration
is expedited by the substitution

k_q_z. — sinzﬂ.
U1 - Uz
We find that
h-h2[” 24]
U L L = 2MU, + U, + Uy sin® B + U, cos® B)I*

By expanding the integrand in a binomial series and dropping the higher
degree terms, we have

b — by = L "/22[1 + M(U, + U, + U, sin® 8 + U, cos® )] dB.

As a consequence of the half-angle formulas,
sin’ﬁ=l_;°szﬂ, cos’ﬁ=l+c20szﬂ,

we obtain the result?
951 - ¢z Zn + %M"(Ul + U,)

2
=7+ Mr——— .
e a(l — €%
Therefore
6mM
2(¢1—¢3)=27+m

This concludes the proof.

 If the polynomial to which (dU/dg)* is equatod is set equal to zero, that is,
1 K
o — t ]
vt 2M v + U + oM 2MH? =0,

the sum of the roots is equal to the negatlve of the coefficient of U3, that is,

Ui+ U+ Us=5p.
¢ If ¢ represents the distance from the center of the ellipse to a focus, then

rs=a+c=a-+ ae
n=a—c=a—ae.

Therefore r; + ry = 2a,

nry = a1 — éd.
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In the case of the planet Mercury the discrepancy between observed
results and the Newtonian prediction is close to 67M/[a(1 — €] so
that it appears that the relativistic prediction is the better of the two.

Problems

1. (a) The equation 3,[;(dX*/ds)] =0 is called the relativistic continuity
equation in discussions of special relativity. The generalized form of
this equation is obtained by replacing partial differentiation with
covariant differentiation. If g is a scalar density of weight —1, show
that V,u (X 4/ds) = 0 reduces to the partial derivative form.

(b) If

— — —  dx*dx?
= \/ = ‘\/ Ay = ‘\/ — —
n=uVlgl and m lgl M3 gl —r —
show that
D(dXx?/ds)
VAM"Y =u T .

2. (a) Compute the Christoffel symbols listed in (5-9.8b).
(b) Derive the equations in (5-9.9).






answers to odd-numbered problems

Chapter 1

SECTION 1

1. (@) 1, 3,0.

3. -2, -5, L.

5. V14, 5V3, V77, respectively.

7. Components 0, 0, 0 magnitude 0.

9. Hint. Make use of the corresponding properties of real numbers.
11, (AL, - -+, A%) =(0---0). According to the definition of equality of

13.

15.

17.

19.

n-tuples, f4A* =0, i =1---n. Since 8 # 0, it follows that 4* = 0 for
all /.
. 1 r rq
Since A =pC,B =¢gD, A =rB,onehasC=-A =-B =—D.
P P P

If two sides of a triangle with a common vertex are represented by arrows A
and B, the third side is represented by B — A. Midpoints of the original
sides are at the tips of A/2 and B/2. Hence their join is represented by

(B — A)/2. It has magnitude (B — A).
320V6 640
14+ V3 1+ V3

(a) Xl=1-—1¢
X2=5+4¢
X3=3 + 6t

X1—1 X®—=5 X3%-3
-1 4 "6 -

383
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2l. r, —r; = B(t; — ;) = BAr. The magnitude |r; —ry| is dependent on
At but not on particular ¢, and ¢,.

SECTION 2

1. |4 4% 43 2 1 =5
B' B2 B3| =|(3 2 1| = 0. Therefore the n-tuples are linearly
cl o s 1 0 —11 dependent.

3. (2 3 3
2 1 —=3|#0.
1 5 -1

5.1 -3 5
2 4 7|# 0. Therefore the arrows are independent and not
1 6 4 coplanar.

7. Xx=3%,Y=%
9. Assume that Py, P,, P3, and P, are coplanar points. Let ry, ry, rs, and r, be
position arrows from an origin outside the plane to these points. Then
r, —ry = a(rg —ry) + B(ry —ry).
Therefore: ry = pry + gry + sry, wherep =1 —a — 8,9 =o, 5 = 8.
Conversely: r; =pry +qr; +sr,p +q +s5 =1
impliesthat 1, =(1 —g — s)ry +gr3 + sry
or r —ry; =gz —ry) + s(ry —ry).

This last relation indicates the coplanar nature of the end points of the
arrows.
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11. (1’ 3; 5) = a(o) 2; 1) + ﬂ(-—2, la 4) + }’(1, 3: 2)1
«=-5f=%v=1%

13. The validity of the relation (4 + B — 3)X + (=54 — 2B — 2) =0 on an
interval of real numbers leads to the conditions 4 + B — 3 =0,
—54 —2B —2 =0o0n A4 and B.

SECTION 3 ! j=ks=p,j#s,
1. (2) 81,(b) 3, —3,0,(c) o) ={ =} if (j=p,s=k,j#s,
0 otherwise. )

(@ &5 = 487 — 0] = —RO%* — o}7) = —ofz™.
(e) Okl = 3[6/%6,7 — 8,78,F] = }[6,%8,» — 8,%8;7] = o}2,.
3. Upon completing squares, we have

(X1 =3 4+ (X2 4+ 1) + (X3 —4)2 = 1.

Therefore X1 = X! —3, X2 = X2 +1, X3 =X3—4.
5. See Example 1-3.7.

3V3 -
: - —,—,0]). - V3+3
7 (a)( \/2,\/2,0) (b) 1 7 3+3%
¥ V3 oo
9. 0) 4" =] -v2 1 o] Note Use d* = qa.

0 0 1

(c) Comparing with (1-3.23c), we note that cos6 =4, sin6 =—\/§/2.
Therefore 6=-=/3 and the coefficients represent a clockwise rotation

of =3 radians of the X7 system from the X/ system. The rotation
is in the plane X3 = 0,

11. 0 = Xi — X7 — Bt = g,/ X* — a,/ X{* — @/ B*t, where B* = X;* — X*
Therefore 0 = g, /(X* — X,* — B%).
Upon multiplying by 4,7, we obtain
0 =6, %(X* — X;* — B*r) = X?» — X,» — Bt
SECTION 4
1. (a) Ut = g0 = a*U" + a*0? + aFU3.
Therefore U! = 0() + 1(0) + 0(0) =0,
U2 = —1(}) + 0(0) + 0(0) = —4,
U? = 0(}) + 0(0) + 1(0) = 0.
3.@ X7 -X7=X7+ Xy — (XY + X)) = X,/ —X7.

3 . 3
Therefore d? =3 (X — Xy =2 (X — X,
i=1 i=1
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and it is seen that the algebraic form for d2 is not dependent on the
particular rectangular Cartesian coordinate system.

(b) According to (1-4.1) we have U’ = U’. Therefore the components are
scalars under translation.

SECTION 5

1. A-B= —-28,A-A =38 B:B =069,

3. (a) A rotation of —/6 radians in the X1.X % plane.
b A-B=-14

A = 1A.k_\/§(3 15) Bl—\/gz 14
(C) = ag —T )_2( s —T()—E(_ ))

1 V3 1 V3
A% = aszi"“ = 5(3) + T(S), B? = 5(2) + 7(—4).

(d) A-B = —14. This result should have been expected since A - B is an
invariant with respect to rotations.

5. A-B =10 — 6 — 4 = 0, therefore the vectors are orthogonal.
7. E -E;=(A +B)-(B —A)
=B:B—-—A-A=0,
Since A and B have equal magnitudes.

9. The directions of the lines are determined by (2, 7, —4) and (—6, 2, 4). We
have —12 + 14 — 2 = 0; therefore the lines are perpendicular.

11. 3y + 15 — St - [(X! + 2)y + (X2 — 4+ (X3 — 1)g] =0,
ie., 3(X+2) + (X2 —4) - 5X° —1) =0.
13. Their normals are perpendicular.
|20 =3) =52 +1) +3(-1 -4 34
B V4 +25+9 V3’
P-Q (P-P)Q-Q - (P-Q
(P-P)Q-Q) P-PXQ-Q '

18. d

17. sin26 =1 —cos?26 =1 —
SECTION 6

1. Consider the expression §,,,a;,°a;*a,”. Because s and ¢ are dummy indices,
we may replace this expression by either §,,,.a;7a;%;" or &,,,a;%;a;".
Considering the second of these and employing the fact that §,,, is skew
symmetric in g and p, we have (also note that a,%,” = a;%a;9)

8oprti®aifa” = —8p4,a,%a,7ay" = —8,,a;7a;%".
Taking into account the opening remark of this proof, we conclude that

811 o’y = — sp ardj Pa;%ay",
and therefore
¥4 -
28’, a4y qak, = 0.
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3. Proof of (1-6.11b):
E%8;;q = EV*8,50 + E¥*85,q + E%Fey;,
= (E%%8),, + EB813,) + (E™85), + E®8y3,) + (EM¥85 o +E®Eg, ).

Examining the three parenthetic expressions, we see that if g = k every
term is equal to zero. For ¢ = k there are two nonzero terms and each
has the value 1. Forexample,ifg = k = 3, then E%8,,; = E?3§,,; = 1,
we conclude that E¥%8;;, = 28.,%. Equation 1-6.11c can be verified by
writing out the summations.
s. 6517670081)0 = &laklgu + 57‘261:1621 + 6j16k2812 + §726%2¢,,
= 6126"1821 + 67’161‘:2812.

For j,k=1,1; 1,2; 2,1; 2,2, we obtain values 0, 1, —1, 0. This
completes the proof, since E'!, E'%, E, and E? have values 0, 1, —1, 0
respectively.

7. Express the third-order determinant in the form
1 ik ppar
a=3 EYRE?Ya,,a; a5

Use the method of replacing dummy indices indicated in the answer to
Problem 1 with the information a,, = —a,, to conclude that a = —a,
hencea = 0.

1 N .
= — 8y "8 [ 2NN i
9. (a) a= n! g’il“'iﬂE 1 "a&.l 1 asﬂ"
or
a = _'Eil---i,‘Es,---s,,ainen OO, A

n:

(b) Yes: prove that any skew symmetric determinant of odd order has the
value zero.

11. bB = ¢ where ¢ is the numerical value of a determinant with elements
bjkka = Cjk.
1 00

In thiscase c* =d%and [0 1 0| =1.

0 0 1
SECTION 7

3
1. @) P x (Q + R) = &;,,PYQ" + R") = > &, PEQ"
j=1 )

+ 3 &3,uP*R" = (P x Q) + (P X R).
J

3
() «P x Q) = & ¥ &, ,P*O" = &, («P)Q".
i=1

In both parts (a) and (b) the proofs depend on the corresponding real
number properties.
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3. Area = |[A x B| = V(A x B): (A x B),
L L
AxB=([5 -2 3[ =Ty = 21, — 134,
1 -3 1
|A x B| = V222,

. .—> _> .
5. The plane is spanned by the arrows P P, and P,P;, hence is orthogonal to
their cross product.

u o L 1
— —>
PPy x PyP3 =| —1 —1 —1]|= =21, + 2,
0 -2 -2
The equation of the plane is
—2(X2—-2) +2(x3-5) =0.
7. The cross produced is anticommutative: therefore
M=rxF=-Fxr=-M,
4y L
9. (a) Compute |3 5 —=2| =21y — 231, — 261,
7 3 3

The parametric equations of the desired line are

Xl=1 +2lp
X2=5—23
X3 =2 —26u

(b) The assumption that the two lines have a point in common (say with
coordinates X!, Xo%, X,®) leads to the inconsistent set of equations

1 + 3¢y =T7s,,
2+5t0=4+350,
3 =21y =2 + 35,

That these equations are inconsistent can be seen by solving two of them
for 1 and s, and then showing that the solutions obtained do not satisfy
the third equation.

(c) The desired line has direction numbers (21, —23, —26) [see part (a)].
Its parametric equations may be written

X1=X01+21,u, X2=X02_23,u, X3=X08_26M-
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Suppose this line has P! in common with the line expressed through the
parameter ¢ and that u = 0 corresponds to the point of the line in
coincidence with the second given line. Then we can form the equations
1 +38 = X! + 21 750 = Xo'
2456 = X2 —23u, 4 +35=X?
32t = X2 ~26u, 2+43s5=X"
This is a set of 6 equations in six unknowns. In particular the values
obtained for X!, X%, X,® complete the desired information.

11. 2 -5 1
P-QxR=|[1 3 0|=3
3001 1
301 1
PxQ-R=R-PxQ= |2 -1 5|.
1 3 0

The two determinants differ by an even number of intercharges of
rows, hence have the same numerical value.

SECTION 8
1. The scores from a three-set tennis match might be listed as follows:
36

6 4
2 6

A probability matrix in genetics might have the form

D H R
bD/1 0 O
Ht t %
R\0O 0 1
The reader should be able to construct many other examples.
3. V2 V6 V2
2 T4 4
v2 Ve V2
2 4 4
o L V3
2 2
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5. Yes.
at a? a
7. (X4, X% X3 = (X4, X2, X%) | a! a® agd
ag' a? aj
bw o L L L
13.@QPxQ@xR)=Px|2 -3 1= 1 —4 4
0 4 2 —-10 -4 8

= —161, — 481, — 444,
(b) According to (1-7.17a),
Px(QxR)=QP-R) —R®P-Q) =2y — 313 + 3)(—98
— (413 + 2118,
= —161 — 481, — 444,.
15. Consider y;, x Q =13 Let Q =, and y + 4, in turn.
17. If A-B = A . Cfor any A, then B = C.

19. h =(r; —rg|sin b = |r; —ry

(r; —rp) B
It =1 |B|’

B
(l'l—l'o) X'lil .

\\ / B
207 / B
\\ /
\,’
(0]
A-A A-B 1 «
21. If B = A, then =A-A =0.
B-A B:-B o of
A-A A-B
If =0, then (A XxB)-(AxB)=0 and A x B =0.
B-A B:B

If A or B is a zero vector, the dependence is immediate. If A # O and
B # O, then |A x B| = |A| |B|sin 6. Therefore sinf® =0 and 6 =0
Or =.
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Chapter 2
SECTION 1

1. (a) The orthogonal projection of the curve into the X1, X2plane is that part
of the hyperbola (X1)2 — (X%)? = 1lyingin the first quadrant. The curve
makes a constant angle with the X2 axis and is called a helix.

(b) The orthogonal projection of the curve into the X1, X2 plane is the
circle (X)? + (X?? = a?; X3increasesexponentially and without bound.

(c) This is a segment of the curve of part (b) determined by the inequality
lle < X3<e.

. dx! dx? dx3 inh el

. (a) AN = (sinh ¢, cosh ¢, 1)
dXx! dx? dx?®
(®

R = (— 1 12
7 dt’dt> (—asint, acost, et)

dXx* dx® dx?® _ . sint
© 2 A = (—asint, acos t, et cos ¢)
5. Proof of (2-1.5a):
aw+v_ . {[U(t +h) + V(@ + ] = U@ + V(t)]}
d h
. [lJ(t +h) U@l V(E+h-— V(t)jl
=lim +
h—0 h h
Ue+m -0 . Ve+h -V dU dVv
=lm———F— +lm——————— = — 4+ —
20 h =0 h dt dt

The validity of the limit theorem for vector sums is a consequence of the
corresponding theorem for sums of functions.
Proof of (2-1.5b):
dUu-Vv) . Ut+h) -V +h—U0D»-VQO)
= lim :
dt h—0 h
The proof can be completed by adding and subtracting U(z) - V(¢ + k)
in the numerator of the difference quotient and regrouping and employing
the limit theorems for products and sums. Proofs of (2-1.5¢c,d) follow the
same pattern.
7. V-V =¢; cis aconstant. Therefore

dV-V__ dvVv dVV—ZVdv—O
@ SV ata'T dar

Since V # 0 and dV/dt # 0, they must have perpendicular directions.

9. Parametric equations of the tangent line at v 5, 3|V 5, w4

— - 3 3
X1=\/2—\/2u, X3=— 4+ —uy, X3 =

=+
V2 V2 g T
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Osculating plane at (V2, 3/V 2, 7/4):

X1—-v2 xt-—= x»_Z
2 4
= 3
—V2 —_ -
V2 0
vi 2
V2
11. X'=u, X2=0, X3=0.
SECTION 2
3.(a V2, (b) V1 +4r + 95,
©1, (d) V2 +cos?t.
5 dr drdt 1_a'r dl'_ dr dr\ (dt\®
) ds  dtds’ “ds ds \ar ar)\ds)’
Theref, dt”_ dr dr\1
erefore =) =z2)

These relations and straightforward application of the rules of differen-
tiation lead to the results.

41 + 92 + 919

7. @ 2=0,7=0, (b) =TT TP

3
TET 9% 19
1 2sin?¢
= = 2.2
© a " 0, @« (2 + cos?¢)?

=0

9. Curves g, ¢, and d have » = 0, hence are plane curves. This means that each
lies in its own osculating plane.

Xi=(1 +7/4) +u {Xl =(1 + n/4) — v,

@ X3=0 [X2=n/d +u, X2 =nl4 +v,
X3=0, X3=0.
(b) 1 T 2 172 3 ‘rr8
X' -g X —(2 X =3
1 T 3(7) 0
2 4 o
o s 3n
2
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Xt =3 +u, X =3,
xt= (V47 xr= (") +2
=3 T2% =\3)
m\3 m\2 N\ 3
X3 = i + 3 i u, X3 = 3 +Ev
1 1
Xt=3, X' =z -2,
() X3=0
X2=—y X2 =0,
X3 =0, X3=0
(d)| . p. 1
T o ox2 T oys
S S V2
1 1 ! 0
v2 |
0 0 !
"~ V2
17 1.7
X 4+u, X 49
Xt=-+4u, X’=£,
1 1 1 1
XYmoo 4y, X mi— ——
V2 V2" V2 V2l
SECTION 3

1. (@) V = —sinfy; + costty + 1,
a = —cos f1; — sin f,.
(b) V-a =0 for all t; therefore V and a are perpendicular vector fields.
) r= -4

¢ _ _
(d)s=f\/2dt= Va2t
0

3. r=(1 4+ 5y + n,, () r =1y + 2y, + B,
V =214 + 1y, V =y + 20, + 3t
a =2 a = 2ty + 6115,
The expressions for r, V, and a in parts (c), (d), (¢), and (f) are produced
by straightforward differentiations following the pattern given above.

5 B, v=2_g o
i r =r, + By, =5 =B a=5-=

rxa
7. @) r=3cosn, + 3sinf, + n,, (b) —— =sinn, —costy,

V = =3siny + 3cos iy + 1, Ir x a|
= =3 cos f1; — 3 sin 11,
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(c) The path of motion is a circular helix.
(d) cosb = v lal = 0; therefore v and a are perpendicular.
9. Take the dot product of (d?R/d6%) = «R + P and R; since R R =1 and

d’R
R:P =0, it follows thata =R - T . Since P - (d?R/d6?) = 0, a similar

procedure produces the result § = 0.
11. (a) r =R,
V = bePR + &P,
= (* — 1)e"R + 2bev'P.

Corresponding results are obtained for parts (b) and (c) by making direct
substitutions in (2-3.8a) and (2-3.8b).

SECTION 4

1. @ X1=AlX + X2 =Q +3)+1=2 + 4,
X2=(1 +4t)cos8+ (3 +5)sinb + (1 + 20),
X3= —(4 +4f)sin 0 + (3 + 5t)cos 6 + (2 + 3¢).

. O .. . S
=@ ¥ A dr  drt dt Ly

P2=[—1 +4)sin0 + (3 +5t)cos6]d—t +4cos@ + Ssin 0 + 2,

db
=[—-(1 +4)cosb — (3 +5t)sin6]— —45sin6 + Scos6 + 3.

d?4,1 dAddX* | dX* Ry
gl = k _—=
a az Xt 2= ar @t T 3 T 0,

db db

@=[—- (l+4t)cos0—(3+5t)sm6]( )+2( 4sm6+Scose)—-
d26

+ [—(1 + 4r)sin 6 + (3 + 5¢) cos B]F

. do\2 ... do

@ =[(1+45)sin6 — (3 +5t)cos6] —) +2(—4cosb — 5sm0)d—t

20
+ [(1 +4r)cos 6 —(3 + 50) sin 6] — R

0 0 0
db
(wgx)=10 0 1 -
0 -1 0
» = L powx L (o, 0? 3)—d—000
w =§E Wip o (w, , W%) = dt’ ’ .

The corresponding values for part (b) are obtained by substituting into
(2-4.3b), (2-4.3¢c) (2-4.4a), and (2-4.6a).
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3. jo’ w9, = %E WpqWqr = ‘}z 8urq@¥8y g, 0"
r.q r.q

= — }BuerE* 0w, =’—6';w“w,, = —otw,.
5. Substitute into (2-4.13a).
SECTION 4* -
- dB,? aX?d(aX?|oX*)
L@ =B = T a
axX? a.X¢ d[(a,\’v/axr)(axr/af’k)]
- D a'; a—i'—' dt _
aXv axe [d(aXr|oXT) aXT aXPd(aXr|oX*)
T e ax*[ & ot oxr @ :I
axX? ax" axq d(ax"[ax")
T X oxk Xt dr

Smce the transformations are orthogonal Cartesian rotations, 9.X9/
Xt = oX 1/9X9, and the result can be written in the form (2-4*.7).
(b) The set of equations (2-4*.5) is solved for the &,? by summing and

multiplying with 3X*/3.X", then 3.X*/aXt, Finally we employ the relation
obtained by differentiating (8.X%/ ax B)( ax 9o xX¥) = §=¢‘1.
3. The rotational velocity components D.X’/dt have vector character. When
U’ is replaced in (2-4*.9) with these components, we obtain
DX’ d (DX DXi
@ ar tY o
If DX’/dt is replaced in the right-hand member according to (2-4*.9) we
obtain (2-4*.2b).
SECTION §

1. If h = 0 then the motion is linear

dL .
3. — = H = 0. Therefore L is constant.

dt
SECTION 6
1. The galilean transformations have the linear form
X = X9 — vt
=t

Therefore vector components B’ transform according to the law
X’
i = — B* = §,/B* = BJ,
B =55 B* = 8/B* =B

and
X — (Xy + Bif) = X! — vlt — (X4 — vt + B%)
= X/ — (X + Bt).
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3. 2 4+ 2= —(Z+viP 4+ =—()?°-2vz + (1 — v

S. If h,zdX*dX? = h,, dX*dX?, then by employing the transformation law
of the differential we obtain

aX* a X"
hygdX*® dXP =h,, 37 307 dx*dXx®#
or
aX? aXv
Z 2 -
(1 - 252 22 ) axe e =

Since this expression holds for all sets of differentials dX2,- - -, dX4,
it follows that the parenthetic expression is identically zero.

z — ot zft — v
—vz+t —vzft+1°

=
~l

If z/t = 1, then

z 1—-v 1
P —o+1
9. Differentiation of A_4(dX*/ds)(dX Alds) = 1 with respect to s leads to the
form
d2xe dx#
ha a7 a =
When this expression is multiplied by m,, we obtain according to (2-6.9a)
4 dxb
X e ==
h, g F' 5 = 0,
or
;'AdX4_ 3 ;de“ be dXxs dt
ds /= ds _2(1 — )4 dr ds’
4 3, Fo(dXx°/dt
a1 (1 —0®
Chapter 3
SECTION 1
1
1. X1 =1y}, X2 = (0?3, X3= ye {ABX3 + AY(X: — oY)
+ A2AXE — @]
—A
(axi) ro e
W) = —342
0 3 —g

The origin is a singular point of this representation.
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3. (@) (X' =3sintcos2t 0=t é
X3 = 3 sin ¢ sin 2¢ 0 0
X3=3cost. - -

8 4
m™ m™
4 2
3r 3r
£} )
™

E ™
3z K
4 2
T 27

vl =0
§. Make the identifications {v’ _

. oot Sv?
Meridian ¢ = ¢: 0= 1, e

0 = dvt
curve ¢ = In tan 3 + a) — =1, (dv?/db) = sec 6

dry[df - dry/d) £ o5(6v*/d6)(6vP|db)
iy 0] [de,]dB] . (g, (@ dB)do ] dB) VAL, (@07 ]dB)(00" )OS

The result follows upon substitution into this relation.
7. Parameter transformation: *»' = asin v! cos v?
*p2 = g sin v! sin v2.
acos v! cos v?® acos v! sin v?

) i ) = a®sin v* cos v'.
—asin v'sinv?  asin v! cos v

0 *va
v

The domain of definition for the transformation involving the upper
hemisphere cannot include »! = 0 or ! = /2.
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SECTION 2
2x! 2x*  2x® 2x 2x* 2xe
L@Ggutrgphtaty OFutiu-gb
X1 2xt 2x® 2xt _2xe
@FutFu-Fe OGFu-TFFutly
22X 2x?
(e) 7 4y + 7 L
1 . o=
3 VO — 6 V¥ =2 therefore VO = A

5. The tangent plane may be expressed in the form V¥ .(r ~ry) =0, in
particular (V¥);;, =44 + 1, + 13; therefore the equation of the
tangent plane is

XT =D+ (X2 -1)+(X2—}) =
7. VD = 2XN, + 2X?%, + 2X3%, = 2r.
f of of of ou of v
2V =sxiv taptopts =\ Yo ax)!

(a_fﬁ,_ afau)l+(afau afav)

ou 3X2+av X2 ou 3X3+6v X3

da? da? do® o 2
11. |— — —) = (cos 6, sin 6, achos(9+ =5»sinf).

ds ds ds
1 oD \2 29 8@2_’0 P o0 2]
= + a_,\-’_l CoSs + a_X2 sSin +a_1\’1-5—,\’_251n26
SECTION 3

dr
ds
1. We prove (3-3.2a)

2 P 2
.V — Eiik — Eiik
VVxU =5 E% 55 Ue = E% 55

The indicator E*¥* is skew symmetric in / and j and 3%/9X*d9X7 is a
symmetric operator with respect to i and j, therefore

U,.

V.VxU-=0.
fGJ' af GJ
3V-(fO =55 =35m0 + o =Y GC+/V-G
Xt ox?
5Vir=—+-—==2 (n=2).

X1 ax2
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oa-r da-r oa-r
=ugyxt thgxr thgys

=@y + agl; + azly, = a,
since

7.V(@-r)

aaj X]
oX7
9. We prove that the expression of part (a) is of vector character. Consider the

rotation equations X7 = a,’X* where the a,’ are constants. The com-
ponents of V x (V x U) are

£ 3,8, 4, 99U" = EP 4338, 0,90t a,7 0"
= Eiijis Esgu “,Ap“ 5t0v = aciEcsu 5sgu tv 5”7”'
Note that 8, = 9/dX’, & has the same meaning, and

aﬁaratqav' = 8uthzJu’ E'“’A,-SA,,“ = Ecsuacz.

a-r =a,X'+a,X% + a;X® and

=a; (nosumonj).

SECTION 4
1. (a) sin 8 cos ¢ sin 0 sin ¢ cos 6
X’ . .
(a_X—k) = rcosfcos¢ rcosfsing —rsinf
—rsinfsiné rsin6cos¢ 0
®) x|,
= résin 6.
(c) Those coordinate triples for whichr =0or 6 =0o0r 0 ==,
. cos 0 cos ¢ sin ¢
sin 6 cos ¢ S
r rsin 6
(d) oX* O cos Osin ¢ cos ¢
axi) = | smosm ¢ r rsin 0
sin 6
cos 6 - 0
r
(¢) Perform the row by column multiplication of (23X’ 3.X¥)(3.X?/2X?) and
obtain (5,7).
o _ Or _ o axt
O =3p =m0
Therefore

- ax? ax? ax® . o
h=uzzithsm T sgp = 4sinfcosd +i,sinfsing + 15Cos 6,

f, and F3 are computed in a similar manner. The expressions ¥/ result
. n _ 6
from ¥’ = g%r;, wherease; = — =—=.
Il Vg,
@5 =& =gy =1

F, =r%2, Iy = r2sin®6f°
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3. Let (4,7) be defined so that 4,7(8.X?/9X*) = §,7; then

o X' = = -
Ajde7 = Ajp axkka = 5;"’ka ] pr L

ax?

= dX’.
ax ¢

From this relation we obtain
» oX i
Ai - 37 dxX’ =0

for arbitrary sets dX?. Therefore

S. The properties in (3-4.4a,b) are satisfied, since for the rectangular Cartesian
transformations 9X7/9X* = a7 are constant and |a;*| = 1.

7. According to (3-4.18a), U; = £;,U*, If we multiply and sum this expression
with g72, then g7?U; = g7, U* = 6,2U* = U?, as was to be shown.

9. (a) We need to demonstrate that i/ - ¥, = 6,7. This can be done by straight-
forward computation. For example,

s o . Xy
Fefl=Ffe——Fr=1,
FoBy X Ty
whereas
S - FgXE
he=fhe———m=0
F oy X Ty

(b) e;-eg X ey =1.

X , .
Ak i.e., the Jacobian of transformation.

11. &, =f;-Tx. The symmetry follows from the commutivity of the dot

product. According to (3-4.20a), a similar remark can be made for g*.

X o aX? - = O =
13. (a) U’f, = - Uk = —— = ‘5kpUk -_ = Ukl'k.
oxk oX?ax’ ox?r

The proof of part (b) follows the same pattern.

@©) FyeFyXx Ty =

SECTION 5
1. 1 0 0
(g-jk) ={0 r® 0 s
0 0 r2sin®6
. L. T . L
Vi X1 Vi, 0X2 Vg 0X°

Therefore the result follows by direct substitution.
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3. (a) 100
g=0 p* 0| =p
0 0 1
(b) 1 0 0
g=10 r? 0 = risin? 6,

0 0 r2sin26
S. Upon substitution into (3-5.17b), we obtain

- . 1 - —
(a)V-W=;, (b) V-W =0,
- — 1 1
() V-W= —-cosf + -sin6.
P P 1 /
- — 1 d[r2sin 6(a®/ar)]  d[sin 6 (a®/a6)  d[sin 6 (a®/26)
oSO _rzsinO{ or i FY + 26
9. According to (3-5.6a)_
_ aX| aX? aX* aXt = aX
8ikq = F ﬁa—i’ia_yqsﬂst = BX sﬂcq = 6ncq

as was to be shown. The verification in part (b) follows the same form.

SECTION 6

(% ¥__& ¥
el (axl axz) T (aX12 (2 X2

32f
=0-22)=-4, A= =2>0.

ax®
I i
a2 72~ 2

(X1, X%) = (3,0) is a critical point pair. B% — AC <0, 4 > 0 every-
where. Therefore the surface has a relative minimum at this point.

Chapter 4
SECTION 1

Xm dax? dX"’ ,
1. (a) I ar (—asint, acos t, 0),

therefore

2dr dr
J;d’ dtdt fa’dt=2a’.

(b (Xm dx? dX3) (

Therefore

—sm—,cos 0);

fz"dr drdg de ,
o ds ds §=am
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3. LG .« dr =f QX1X2dXY) + (X1)2dX?,

c

(@) X2 =[1 + (XH)2P%; therefore we evaluate
2 Vi

f 2X1 + (XH))dx? +f [(X®»2 - 1]dx2

0 1

We obtain §[5% — 1] + [§% — 5% + §] = 4V5,

5—1 V5 —1
X141, dxt=

Vv
(b) x2= dx?,

51
2

;M v
f [(Vs — XY + 2XY) +

(Xl)z] dx?
0

2 _ =
=f [B(V5 — 1)(XY)? + 2X1]dX! = 4V5.
0
(c) On the portion of the path corresponding to 0 <t <2
dx'=d:, dx*=0, X?=0.

On the portion of the path corresponding to 2 < ¢ < V5 + 2
dx'=0, dxt=dt.

VE+2 -
f 4dt =4V,
2

(d) | G -dr is independent of path since G = V®,
where O = (X1)2x2,

We have

L. d "
5. @) W=fF-dr =f r-Z a0 =f al—(k + acos 6) sin 0
(5] 0 do 4]

+ (k + asin 6) cos 6] db,
= —2ah.

(b) o.
(c) —2ah.

7. We only need to show § G.dr #0.
: c

X! =cos 6,
Consider C: 0<6<2n,
Xt=sing, °° "

2 dx? dx?
_xe 1540 =
J; ( X r + X 20 ) db = 2.

then
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SECTION 2
1. u [ y
ar or .
— x — =| cosv'cosv? cosvlsinv? —sin !
ol T ov?
—sin o' sin v?  sin v! cos v? 0
= sin v'r.

4 o
3. (a)Vf—a—X1 + ==, +t,

0.2
L L L
0X?8
ar or _ 1 0 a_l aX3 aXa
o X T T T Tt
0X3
0 1 77|

Since X% = —g(X?, X?), we see that Vf = ar/au! x or/av2.
(b) In Theorem 4-2.4 we found that
or or
W X o

- v§.

or/dv! x or/ov? vf
[ox/o0t x ar] 307 and are unit normals to the surface. Therefore

7]

the equality expressed in Problem 3b holds except possibly for sign.

1 [1—22 1
5. (a) fr-NdA f f dv* dv? =f (1 —v¥)dv? = -}
0 0

0
(b) Let X! = —!, Xt=1 4+, X8 =2

2 (0
J‘W-NdA =f Q2 +)dtrd? = 3(2)=3.
s 0J1

3 [2n
(c) f W .NdA =j (sin2 »! cos v! + sin v! cos v!) dv! dv?
8

0Jo
27
o [

= 0.
27 (*w

(b) J J (sin v* cos v? v + sin v! sin v%1, + cos v*y) sin v! dv! dv?
0 Jo

= | dv* dv? f f (cos o' v, — sin v! 1) dv! dv?

= —4u,.

2m
=J; (2 cos v¥y +2 sm v%, + 2 cos v213) dv?,
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v dvf

SECTION 2*
15| ~|ov| a5* av -
Vv va §98 — | — | V5 | — | — 2 s5m 850
1. Vgb,g00 ’30 £ 35| 0% 0P e o5 a7 ' 5
= Vg éu‘ 878, (fu”gu = \/gﬁ'w 1150”;50 .

SECTION 3
1. (a) According to the definition of the components of 6X’ 0X7, 6)(’ all
2

terms of 8,,”, ¢ 6)( . 6X ? are zero except correspondmg to (j, k p=

{1,2,3); that term is XmdXZdX"
(b) Following the procedure of Problem 1 in Chapter 4, Section 2*, we see

that V., Eﬁ,k, Xi6X*6X7? is invariant. The result follows from this fact

3
cos fcos O cos fsin 0 —sin
3. (gyﬁ) = | —[ssinf + rcos B]sin6 s(sinB + rcos f) cos 6 0
sin B cos 6 sin B sin 6 cos
lgaﬁ' = [ssin 8 + r cos 8] therefore the element of volume is
(ssin B + rcos B)¥ dr db ds.
SECTION 4
(X1)2+8 2%

—dx? 2 = —
daxtdx 3

1. (a) %P dr f J
X1)2 44

1M
(b) ffP-dr =f f — X2dXx2dXxt = -}
249 —(X1)2) 4
2X1Xx2dXx2dX? = 0.

©) fﬁP dr —f f
2409 —(X1)2)¥4

3. By straightforward computation we find that
N.VxP=-V.U,

where
U = Uly + Uhy;

also
P.dr = U2dX? — UldX2%2= —~U x dr.

5. If Cis in the plane X3 = 0, then
fN V x GdA %G-dt =§ —-X2dX! + X dX2.
c

s
According to the result in Example 4-4.1, this last integral represents the

area of the plane region bound by C
7. The surface is not closed; hence the theorem is not applicable for any G.
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9. Substituting into the Green’s theorem conclusion, we obtain

(a) §)&’2d/\’1 =f—dX1dX2= —A.
c N

(b) §X1dX2 =de1dX2=A_
c s

(c) Subtract (a) from (b).
(d) We use the parameterization of Example 4-4.1:

27
—A =§ X2dx?! =f bsint(—asint) dt = —abn.
c 0

Chapter 5
SECTION 1

1. A(jk) = %(Aik + Akj) = J2‘(1‘1;!7‘: - Ajk) =0.
3- BjAj = 8,']” BjBkCl =0.
Note that &, is skew symmetric in j, k and that B’B* is symmetric in these

indices.
We show that Ci4; = 0 by the same procedure.

§. Write §&;..;b = ail..-i,,b;‘lil T bz‘,.i"
Eiring = Ekl'"k"aklh . ak,.j"-

By multiplying and summing these two expressions, we obtain
nlab = Exkng; L (ay 71b; ") - - - (ax,’b; ™)
nlab = EMkng; i ocp 1y tn

= E*n"knfy k¢ =n'c.

Therefore
ab =c,

as was to be shown.
7. (a) If Akj =p 6;;“-[;.-..;121671:2(12 ceeay qﬂ;
then

kg i = [Gigtplg kg . 92 « « + q
a4 =p 6kq:mq:1a, a, % a; %

P i i
— A Fiigi kg a3... [’/
= 'E 2 »Squ...qpa, aiz 2 a,-p P

=%(p — 1)16,Ja = d,a.

(b) Follow the procedure in Part (a)
© la,* 4,7 = |6,7al,
las®| 14,7 = 18,7 an,
|4y7] =167 =a"~1,
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9. See Theorem 3-5.3.
11. We can write
aA;, + BAx; =0,
«Ay; + BAjx = 0.
When the second of these is subtracted from the first, we obtain

(A, — Ais) + B(Ax; — Ai) =0,
that is,

(@ = B)(Aj — Ap;) =0.
The result follows from this expression.
13. If we take the curl of relation (a) of Problem 12,

L 0
Vx(VxE)=—%a—t(VxH).

If we use the vector identity of Chapter 3, Section 3, on the left of this
expression and relation (c) of Problem 12 on the right,

E) —V2E = —— —
V(V-E) E c ot

Ca—t c

no (e oE 47r0’E)

pre 0°E  4muc OE

VWV.E)—WE=-—-—_ _"T72"—
(V-E) E prRP) 2 o’
ue PE, 4muc OE,

PE P %E G Y

This is the desired form. The second relation follows in a corresponding
way from Problem 12c.

SECTION 2

1. (a) According to (5-2.4b),

A; = _a_.Yk A
J a.x3 K
If we multiply and sum this relation with 9.x7/a.X?,
X’ oX’ akkx _

ax 4 = 55 oy A = A = Ay
as was to be shown.
(b) Thisrelation follows from (5-2.4a) in a manner similar to that of part (a).
0X o0X'r 9 Xirn 0X7»
% T )
X aXE X axk L e
X7 oXirs1 0Xirn1 0X%

.. .. Eyokyy by
Xk 0X *re1 9 X K41 o0Xk TH™n ?

3. le'“jrjr-ﬂ'"jp =

le"'jr+17'r"'jﬂ =
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If we add these expressions,

X" o.Xir 8.Xr1 0.X%
aX* | aX* aX*ra X
x (Thukekrerky 4 Thykragkykp),

le”‘jrjr+1"'-7.p “+ le"'jr—fljr'“jp =

Suppose the system T*:ikkra ks js completely skew symmetric; the
right-hand expression is then equal to zero. Therefore the left-hand
expresswn is equal to zero, hence skew symmetric in j, j,;. The statement
is valid for r = 1---p — 1, and the components T71"J» are completely
skew symmetric.

5. Yes, contravariant valence 1 and covariant valence 3.

. 4%  oXP o[oX*aX)AY] oXP aX* A9 axr

: ax’ ~ axi oXr a)(v'(a)?'z ox? t axraxe
This law of transformation is not tensor in character; it becomes so if
and only if 92X%/8X?aX? =0, that is, when the transformations are
linear with constant coefficients.

SECTION 3

1. X1= VvV _1X!,, X2= X2is the required transformation. The allowable
transformations of our considerations have real coefficients.

3. In general, the angle made by two tangent vectors dX?/du, 6. X?|dv is
gi(dX0|du)(3X *dv)

a7 %
} [l (5" de)O X[ )| P4
If we consider the coordinate curves X! = constant, - X =u, - -,

6 =
Ccos ) ax
gpq(dX /du)w

X" =constant and X! =constant, - -, X*=yp,---, X" = constant.
Then only the derivatives of these coordinates are nonzero,
cos Bjk = —__é,]—k—;— .
Vlgﬁl ‘/lgkkl
SECTION 4

1. (a) The nonzero Christoffel symbols in cylindrical coordinates which are
related to rectangular Cartesian coordinates by

X1 =pcos b, X2 =psin6, X3=2z
are

1
sz = -p Piz = I‘gl = ;'

The nonzero Christoffel symbols in spherical coordinates related to
rectangular Cartesian components by

X1 = rsin 6 cos ¢, X? =rsin@sin ¢, X3=rcosf
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are

1 1 o in2
ry, = —r, I3s = —rsin®6,

1
2 T2 —_ 2 _ i
1‘21_1‘12—r, T3, = —sinfcos 6,
re —rs =1 I8, =T% =ctnd
81~ T18 T 32" T3 = :

(b) T3, =38°Csgna + %gai — agin)-
The symmetry of the Christoffel symbols follows immediately from the
symmetry of the g;;.

Xt (aX7aXT R’ X?
3' ik = =——-— P” + = .
oxP\oXxioxk o © oxioxk
If we multiply and sum with (9.X3/2.X?) (9.X%/aX*) (3.X*/2.X?),
oxs oxi ax* - (= - _ 0X7 oXkt o2Xx?
——=——=I% =6:16,26"T? +—_—-————)
oX?oXu oxv ik Pl e e T 9XuoXY 0XToXE
The proof can be completed by using the result of Problem 5 of this
this section.
5. If
X7 aX?
_—— . = 6 J
axeox» 7
is differentiated partially with respect to X*, then
22X/ oXe oX! 9#2X? oXT
oX* 9Xe 9X T 3X4 oX7 aXP oXF O
as was to be shown.
7. Write
3 E)eX) ¢
Eee = 5% oxe b
and follow the procedure of Theorem 5-4.1.
S Dd dxi " dxi(a® WTE @
) a a1 @ \axe T W )

If the scalar is of weight zero, W = 0 and

11. The nonzero Christoffel symbols associated with the spherical surface of
Chapter 5, Section 3, Problem 2, are
I}, = —sinfcos o, r2, =T3 =ctnb.

13. VW = 95, Wiy — TlenWy = ;W _
The last equality results from the fact that the Christoffel symbols are
symmetric in the lower indices.
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SECTION §

1. In a Euclidean space there can always be found a coordinate system such
that g; = 8;, and therefore T} = 0. The differential equations of
geodesies [D(d X7/ds)]/ds = O then reduce to

d2x’?
ds?

These equations have the solutions
X =c)s + ¢,

that is, equations of straight lines.

SECTION 6
1. A' = cos [(cos @)2n]
at¢ = 2x
1
2 = & 2
A ina sin [(cos «)*x].
Therefore
(A4, Ay _y, = (A1, AD4_q if and onlyif o =’2r
SECTION 7
1. If

axt o:Xxe
I‘jki=—'—_"‘——._—’

oX? aX’ox*
2X* o9Xe oX? X ’X?
X3 9XPoXT 0X! 0 X% U o0X? 0XT 90X’ 0X*

afr:‘k =

2yt o) 2 X?
oXs a.x? axIr axil ax*

(a) Oy P;] [

also
axm X 92 X9 X!

® T Tim = 5% ax% ox0 ax7 ax™ 9%

Differentiation of (8.X%/8.X7)(2.X*/ 9X?) = 6; produces the result

aX  ax? ax: Xt ax®
© xmoxions = ~ axia%? oXs XM

When (c) is applied to (b), we obtain (a); therefore
Ry = 2[— 8, Th; + Tih Tl =0,

as was to be shown.
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SECTION 8

1. Define:
(&0 (r)
A =T.*, B; =4/,
(r)
Ck =4}, D' =34},
(8) ®
where the symbols in parentheses distinguish vectors and other indices
signify components. Then
(8,8) () " X
i B,- C D' = Tii l.
(r) @ @
3. Let the tensor [T};] have a vector decomposition represented in terms of
components by T;,; = A4;B;; then

zvliVﬂAsz = 2[(V[ivj]Ak)Bl + Akv[iVjBl]'

Relatten 5-8.4b follows by employing this relation and (5-8.2b). The
expression (5-8.4c) may be verified in the same way.
5. We have
0 =2V, Vg™ = =R, 7 g™ — R, *g'™

If we multiply and sum with g,

R’ =- ﬁmkgmg’"‘-
If we contract in this expression on p and j,
Rm’ = _Rrimkskm = -Rrikk;
therefore
R.?=0.

Tip
7. The result follows immediately from the form of R expressed in Problem 6
and the fact that g is a scalar density of weight —2.

SECTION 9
dx? olu(d X *|ds)] L dXe dx*
— = e— —— .
S V*(” ds) ox? w ¥ gy T H e g
_ 3Lu(dX?]ds)]
- aX* ’

dx* dx’ dXM\ dx*  dX*_ dx
s @) -\t ) a TR S Ve

(b) V,m? = vl(,l

Since V | gl is a covariant constant and the first term on the right of the
foregoing expression corresponds to the relativistic continuity equation,
we obtain

D(dX?|ds)

\/E Vlmh = \/Tﬁ o P
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Absolute calculus, 6
Absolute derivative of tensor field, 340
Acceleration, apparent, 160, 161
arrow form, 157, 160
centripetal, 161, 174
components, 160, 163, 169
Coriolis, 161
field, 147-149, 152
linear, 15
radial, 153
translational, 161
vector concept, 127, 155, 157, 167,
170
Adams, 171
Affine connection, 357
Affine transformation group, 66, 67,
113-114, 180
Angle, 42, 60, 65, 68, 82, 328, 329
Angular momentum, 176
Angular velocity, 157, 158, 160, 167
Aphelion, 174, 379
Apolonius, 2
Arc length, 141, 190
Area, 153, 172, 175, 293, 350
Argand diagram, 2
Aristotle, 1
Arrow, 12-20, 31, 52, 76, 77
basis, 27, 42
collinear, 24
components, 161
coplanar, 24
dependent, 24, 25
magnitude, 15

Arrow, parallel, 14
position, 36
unit, 25-28, 97
Associated metric tensor, 81, 82, 233,
237, 286, 326
Associativity, cross product, 97, 132
dot product, 57
group, 66—67
n-tuple, 11, 12
Axial vector, 103

Basis, 70
arrow, 27, 42
constant, 131, 147, 254
contravariant, 74, 77, 80, 229, 285
covariant, 73, 74, 77, 227, 228
generalized coordinate systems, 225,
234
linear independence, 32, 33
nonconstant, 131, 254, 282
n-tuple, 32, 130, 131
orthogonal, 28
physical, 76
polar coordinate system, 151, 152
reciprocal, 74, 80, 114
unit triad, 27, 97, 131, 144, 147, 148
Beltrami, 6, 272, 331
Bernouli, Johann, 342
Bezout, 87
Bianchi’s identity, 368, 369, 371
Binary operation, 3, 4, 56,96
Binormal, 144
Bolza, 342

411
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Bound vector, 283
Brahe, 171

Cartesian coordinates, 8, 9, 10, 19, 35,
38-40, 51, 68-72, 78, 92, 112, 155,
177-179, 227, 325

Cartesian metric tensor, 78, 83, 93

Cauchy, 123

Cayley, 65, 87, 115

Characteristic equation, 94

Christoffel, 6, 331, 333

Christoffel symbols, 333, 345, 348, 369,
375

contracted, 339
symmetry, 341, 357
transformation, 334

Circle, vector equation, 143

Circular functions, 185

Coefficients of transformation, 42, 45,
46, 78, 98, 119, 133

Cofactor, 31, 43, 93,98, 118

Collinear arrows, 24

Column, index, 37, 88, 89, 115

interchange, 89

operation, 89

zero element, 89
Commutivity, cross product, 97

divergence, 214

dot product, 57

matrix, 116, 117

n-tuple, 11

Components, 10,75-77,156, 160

Composition transformation, 224

Composition of velocities, 180, 189

Cone, 198, 204, 359

light, 181, 187-188

Conic section, 173

Conjugate metric tensor, see Associ-
ated metric tensor

Conservation laws, 193, 267, 300

Conservative force, 210, 266

Contravariant, basis, 74, 77

&-system, 111
tensor, 112-113
transformation, 75, 208
vector, 75, 76, 81, 169
Coordinate curve, 201-202, 289
surface, 289
Coordinate system, 2, 7, 43
curvilinear, 207

Coordinate system,
221, 233, 248
general Cartesian, 68-72, 78, 112
inversion of triple scalar product, 106
left-handed, 9, 100
polar, 150-152
rectangular Cartesian, 8, 9, 10, 19,
35, 38-40, 51, 92, 131, 155, 177-
179
right-handed, 9, 10, 100, 144
spherical, 220, 222, 230
transformation, 2, 40, 66, 78, 133,
155, 177-178
Copernicus, 171
Coplanar arrows, 24
Coriolis, G. G., 261
Coriolis acceleration, 161
Coulomb, 177
Covariant constant, 338, 340
Covariant derivative, 334-339, 354, 362
operator, 362
Covariant differentiation, 331
Covariant vector, 75, 81, 112-113
basis, 73, 74, 77
transformation, 75, 208
Cramer, 87
Cramer’s rule, 43
Critical value, 246, 248
Cross product, 4, 96-114
algebraic properties, 97-99, 117, 132
axial vector, 103
curl, 216, 218
determinant form, 96
differentiation, 131, 132
geometric interpretation of the mag-
nitude as the area of a parallelo-
gram, 100, 101
linearly independent vectors, 100
magnitude, 100
moment of force, 102
orthogonality, 100
parallel vectors, 97
proportional vectors, 100
reciprocal basis representation, 114
transformation, 98, 113-114
of unit arrows, 97
Curl, 216, 238, 243
transformation, 217
Curvature, 141, 142, 144
Gaussian, 6, 359, 367

cylindrical, 220,



Curvature, invariant, 366
tensor, 355, 361-371
Curve, arc length, 141, 190
convex, 291
latitudinal, 202
length, 139-140
longitudinal, 202
smooth, 125
surface, 201, 202, 206, 213
tangent to, 134-137, 141
vector representation, 125
Curvilinear coordinates, 207, 238, 289
Cylinder, 205, 346, 348, 359

Dependence, linear, 23-33
Derivative, directional, 211, 213
of scalar field, 128, 206
vector field, 129-132, 206
vector sums, 131
vector triple product, 132
Descartes, 2
Determinant, 42, 85-95, 88
algebraic properties, 89
cofactor of, 31, 43, 93, 98, 118, 240,
313
expansion of, 43, 89
of metric tensor, 239,277, 286,339
multiplication of, 91,240,312
order of, 88, 89
partial derivative of, 313
product of, 91
of transformation coefficients, 42, 43,
49
triple scalar product as, 103
value of, 43, 88, 91
Differentiability, 125, 127
vectors, 128-135, 213
Directional derivative, 211, 213
Direction cosines, 40-42
Direction numbers, 14, 73
Displacement, parallel, 356
Displacement current, 301
Distance, 13, 55, 61, 342
invariance of, 57
Divergence, 214, 218, 238, 241-243
differentiation, 214
noncommutativity, 214
theorem, 297
transformation of, 242
Domain, 124
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Dot product, 56-65, 131, 206, 214-215
algebraic properties, 57

Dummy index, 36

Dynamics, 171

Eccentricity, 173-174

Eigenvalue, 94

Einstein, 6, 155,
193, 304, 372

Einstein convention, 36

Einstein tensor, 370

Electrostatic force field, 177, 266

Ellipse, 127, 174

Ellipsoid, 204

Elliptic cylinder, 205

Energy, 193-194, 266, 267

Equipotential surface, 210, 221

Erlanger Programm, 35, 65, 68, 177

&-systems, 85-95, 111-114, 239, 287,
311,318

permutation, 89
transformation, 92, 112, 239

Euclidean line, 8

Euclidean metric geometry, 66, 186

Euclidean space, 8, 19, 26, 131, 328

Euler, 66, 123

Euler-Lagrange equations, 343, 344, 345

171, 176, 178, 179,

Faraday, 177, 210, 300
Fermat, 2
Field, conservative, 210, 266, 295
force, 171, 172, 177, 204, 215, 266
gravitational, 172, 209, 266, 373
irrotational, 295
momentum, 171, 266
scalar, 127, 128, 133, 203, 210, 215
tangent, 133, 134, 141, 206, 213
vector, 127, 133, 141, 147, 152, 204,
206207
parallel, 348-353
pseudoparallel, 351
Flat space, 359, 360
Foppel, 5
Four-dimensional space, 184
Frame of reference, 147, 184
motion of, 155-164, 176-179, 187,
188
Free vector, 283
Frenet-Serret formulas, 145
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Function, 124
two-variable, 246
Fundamental metric form, 6, 190, 273,
324,372,374
Fundamental metric tensor, see Tensor,
metric

Galilean transformations, 177-180, 186
Galileo, 2, 176
Galle, 171
Galois, 68
Gauss, 2, 6, 197, 272, 304, 325
theorem, 297
Gaussian curvature, 6, 359, 367
Gaussian plane, 2
Geodesic, 345, 346, 348, 372, 373, 377
coordinates, 369
Geometry, 65
affine, 66
Euclidean metric, 66, 186
hyperbolic, 186
intrinsic, 284
non-Euclidean, 325
projective, 65
Riemannian, 310
Gibbs, 5, 51, 58
Gradient, 207-209, 215, 218, 231, 249,
262, 263, 266
transformation, 208
Gram’s determinant (Gramian), 111
Grassman, 1, 3, 4, 5, 7, 56, 58, 96
Gravitational constant, 172, 210
Gravitational field, 172, 209, 221
Gravitation law, 172
Green, G., 291
Green's identities, 299
Green's theorem, 291, 293
Grossman, 6, 372
Group, centered affine, 66, 67, 113
coordinate transformations as, 65,
66,93, 177, 208, 224
transformation coefficient matrices as,
119

Hamilton, 1, 3-5, 7, 19, 51, 53, 56, 96,
206, 216

Heaviside, 5

Helix, 126, 150, 348

Henry, 177

Hertz, 301

Hesse’s normal form, 61
Hilbert, 7

Hipparchus, 171

Hlavaty, Vécalav, 99, 201, 367
Hyperbola, 173, 204
Hypersurface, 317

Implicit function theorem, 198
Independence, linear, 23-33, 73, 100
Independence of path, 262, 264, 295
Index, column, 88, 89, 115
dummy, 36
free, 37
interchange, 89
lowering, 80, 112, 231
permutation, 86, 88
position, 37
raising, 80, 112, 231
row, 88, 115
Indicators in determinant representa-
tion, 85-87
Inertial frame, 177
Inertial mass, 193
Inertial system, 19, 371
Inflection point, 246
Inner product, 57
Integral, area, 277
double, 276
iterated, 276, 289
line, 255-269
surface scalar, 270-282
surface vector, 270-282
Integration, path of, 259
Invariants, 35, 54, 55, 57, 65, 66, 186,
190, 192, 228, 288, 315
Inverse, 11
matrix, 118-119
transformation, 43-45, 66, 67
Inverse square law, 177
Irrotational field, 295
Isomer, 309
Iterated integral, 276

Jacobi, 87, 223
Jacobian, 223, 224, 227, 239, 369

Kepler law, 171-174

Kernel letter, 86, 111

Kinematics, 147-153, 187

Kinetic energy, 193-194, 266, 267



Klein, 35, 54, 65, 68, 87, 177
Kreyszig, Erwin, 125
Kronecker delta, 37, 40, 43, 45, 46,
48, 81, 117, 306, 318
generalization, 311

Lagrange, 68, 87
identity, 111, 294
Laplacian, 216
Latitudinal curves, 202
Law of addition, parallelogram, 1, 14,
15
Law of areas, 153, 172, 175
Law of cosines, 59
Leibniz, 87, 123
Length of curve, 139-140
Leverrier, 171
Levi-Civita, 6, 304, 349, 354
Lie, 68
Light cone, 181, 187-188
Linear dependence, 23-33
Linear equation, 7, 8
Linear independence, 23-33, 100
of basis, 32-33, 226, 229
Linear transformations derived from
general transformations, 315
Line, world, 181, 187
Line integral, 255-269
Line representation, 18, 32-33
Line of simultaneity, 181, 187
Liouville, 141
Lipschitz, 6, 331, 333
Longitudinal curves, 202
Lorentz, 178
transformations, 178, 186, 189-192,
371
Lowering of index, 80, 112, 327
Loxodrome, 205

Magnetic field, 177, 266
Magnitude, 14, 15, 58, 82, 148
of cross product, 100
invariance of, 57
Mass, 191, 193, 372
Matrix, 114-122, 229
equality, 116
group property, 119
identity, 117, 118
inverse, 118, 119
Kronecker delta, 37

Index 415

Matrix, multiplication, 115-118
noncommutativity, 116, 117
notation, 115
rank, 28, 29, 197
sum, 116
transformation, 42, 45, 119
transpose, 118, 119
zero, 116

Maxima, 245-253

Maxwell, 4, 214, 216, 300, 301
equations, 178, 186, 300, 314

Mercury, 377, 379, 381

Metric tensor, see Tensor, metric

Michelson, 179, 182

Minima, 245-253

Minkowski, 184, 186
metric, 185
plane, 186-187
space, 184

Minor, 31

Mobius, 4
strip, 270

Moment of force, 102, 176

Momentum, 171, 176

Monge, 196

Morley, 179, 182

Motion, planetary, 171-173

Moving frames of reference, 155, 176—

179, 184, 187-188

Neptune, 171
Newton, 123, 155, 171, 176
laws, 18, 19, 148, 172, 191-192, 317,
321
Newtonian orbit, 173, 377, 378
Non-Euclidean geometry, 285
Non-Euclidean space, 19, 20
Nonhomogeneous equations, 32
Normal, principal, 141, 142
to a surface, 208, 218, 275
Normalized vector, 61
n-space, 6, 7
n-tuple, 10, 11, 20-26, 29-33

QOersted, 177, 300
law, 303
Olmsted, 271
Operator, 206, 213-216
Orbit, 174
Order of contact, 137
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Order of determinant, 88, 89
Order of tensor, 82, 83, 112
Orthogonality conditions, 60, 66, 119-
121, 158, 184-18S5, 328, 329

basis, 25-28, 41, 148

gradient, 208-209

vectors, 40, 45, 60
Orthogonal projection, 78
Orthogonal unit basis triad, 148
Orthogonal vectors, 100
Osculating plane, 136, 137, 142, 148

Parabola, 134-135, 174
Parallel arrows, 14, 15, 29-30
Parallel displacement, 356
Parallelepiped, triple scalar product as
representation of volume, 104
Parallelism, 6, 349
Parallelogram, area, 101
law of addition, 1, 14, 15, 76, 356
Parallel projection, 76, 78
Parallel vector, 97
Parallel vector field, 348-353
Parameter transformation, 198
Parametric equations, 18, 125-129, 134,
142, 151, 161, 197, 199-202
Perehelion, 174, 377, 379
Period of revolution, 175
Permutation, 86
Physical basis, 76
Physical components, 76, 235, 236, 237,
243
Plane, 7, 211, 213
Hesse’s normal form, 61
Minkowski, 184, 186
of simultaneity, 181
vector equation, 60, 199
Planetary motion, 171-173, 377
Pluto, 171
Poincaré, 179
Point, 7
Poisson’s equation, 216, 373
Polar coordinate system, 150-152, 174
Poncelet, 261
Position vector, 36, 149, 170
Positive definite property, 57, 325
Potential, 54, 210, 266, 267
Projection, 76-78, 156, 161, 213
Pseudoparallel vector field, 351
Ptolemy, 171

Quadric cone, 204
Quaternions, 3, 4, 51, 96, 206, 216
Quotient law, 109

Raising index, 80, 112, 327
Range, 17, 124
Rank of matrix, 28, 29, 197
Reciprocal basis, 74, 80, 114
Rectangular Cartesian coordinates, 8,
10, 19, 35, 51, 177-179
Regular point on a surface, 198
Relativity of motion, 155, 177, 317
Relativity theory, 6, 7, 156, 171, 176,
179-194, 304, 325, 368, 371-381
Rest mass, 193
Ricci, 6, 304, 331
lenma, 338
tensor, 365, 366, 367, 376
Riemann, 6, 7, 272, 304, 325
Riemann Christoffel mixed tensor, 354—
361,361-371,373
Riemannian curvature tensor, 355, 361—
374
Rotation, 3, 36, 40, 47, 51, 119-121,
170, 216
orthogonal Cartesian, 75, 119-121
successive plane, 119-122
Rotational derivative, 169-170
Rotational effect, 102
Rotor, 216
Rule of the middle factor, 107

Saddle point, 248
Scalar, 53, 54, 58, 316
density, 104
field, 127, 128, 133, 203, 206, 210,
215
product, 45, 56-65, 131, 206, 214—
215
triple product, 103-106, 114
Schwarazschild, K., 374, 376
Sectorial speed, 175
Sense, 14
Serret, 145
Simultaneity, 181, 187
Singular point, 197-198
Skew symmetry, 86, 90, 307, 308, 362
Smooth curve, 125
Solenoidal vector field, 300



Space, 7, 305
Euclidean, 8, 19, 254
four-dimensional, 184
Minkowski, 186-187
n-, 6,7
non-Euclidean, 19, 20
n-tuple, 10
Riemannian, 6, 324, 328, 349, 366,
372
vector, 10
Space curve, 206, 316, 339
Spectral shift, 377
Sphere, 19, 199-202, 210, 367
vector equation, 62, 63
Stevin, 1
Stokes, G. G., 293
Stokes’s theorem, 291, 294, 295, 297
Struik, Dirk, 145
Summation convention, 36, 37
Surface, 270
area, 273, 274, 275, 287, 288
continuity conditions, 197
curvature, 6
curve, 201-202, 206, 213, 346
developable, 359
equipotential, 210
equivalent representations, 198
explicit form, 196, 213
fundamental metric form, 6,
273
implicit form, 196, 197, 198, 199
integral, 270282
normal, 209-210, 275
orientable, 270
parametric representation, 197
regular point on, 198
scalar field, 203
singular point, 197-198, 200
smooth, 198, 270
tangential, 359
tangent to, 211
transformation, 198, 274, 284
vector field, 204, 211, 213
Sylvester, 75, 87, 223
Symmetric equations, 18

190,

Tait, 4

Tangent, 133-134, 141, 148, 256
line, 127, 134, 137, 211
plane, 209, 282
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Tangent, surface, 275

vector field, 133, 141, 148, 206, 211,

257, 350
Tensor, S, 82, 315

addition, 306, 319

algebra, 6

analysis, 2, §, 7, 315

associated, 81, 82

calculus, 6, 7, 304, 372

contraction, 307, 319

contravariant, 111

covariant, 111

covariant curvature, 355,361-371

decomposition, 361, 362

density, 112, 239, 319

Einstein, 370

metric, 81, 82, 194, 233, 237, 238,

286, 318, 324, 367, 372
associated, 81, 82, 233, 237, 286,
326

mixed, 81, 83

name, 5

order, 82, 83,93, 112, 315

outer product, 307, 319, 361

quotient law, 321

Ricci, 365, 366, 367, 376

Riemann Christoffel mixed, 354-361,
361-371, 373

skew symmetry, 307, 308, 320, 362

symmetry, 307, 308, 320, 322, 326

systems leading to, 305-314

transformation law, 315

transvection, 307

valence, 306, 319

weight, 93, 112, 319

Time, 176, 181, 187, 189

Tinseau, 137

Tombaugh, 171
Torque, 176

Torsion, 144
Transformation, 35, 36

affine, 66, 67,113-114, 180

associated metric tensor, 81

basis arrow, 42

Cartesian coordinate system, 78, 133,
155,177-178

Christoffel symbols, 334

coefficients, 42-46, 49, 78, 98, 119,
133

contravariant, 75, 208
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Transformation, covariant, 75, 208
cross product, 98, 114
curl, 217
dot product, 67
§-systems, 92, 112
fundamental metric tensor, 81
general coordinate system, 221-226
Kronecker delta, 81
mixed metric tensor, 81
rotation, 40, 51
scalar, 54
similarity, 66
surface parameter, 198
translation, 38, 51
vector, 20, 40, 44, 51
components, 77
operator V,206,213-216,238
wk components, 167-168
Translation, 36, 38, 51, 52
Transpose of matrix, 118, 119
Transvection, 307
Triple scalar product, 103-106, 114
dot and cross interchange, 105
inversion, 106
Triple vector product, 106-108, 114,
132

Universal law of gravitation, 267

Valence, contravariant, 306
covariant, 306
Vandermonde, 87
Vector, 20, 21
acceleration,
157, 170
addition, 3, 254
analysis, 2, 3, 5,7
axial, 103
binormal, 144
bound, 283
Cartesian, 51, 52, 76, 151
components, 55, 75-78, 156-157
contravariant, 75, 76, 80, 81, 169,
228, 284, 316
covariant, 75, 80, 81, 113, 231, 316,
385
density, 113
division, 108
field, 127, 129-133, 141, 147, 172,
204, 206, 209210
free, 283

147, 148, 152, 156-

Vector, gradient, 207, 215
magnitude, 58, 82, 148
operator V, 206, 213-216, 238
origin of term, 3
orthogonality, 40, 45, 60, 208—-209
parametric equations, 18
position, 36, 149, 170
principal normal, 141, 142
product, 5
cross, 96
dot, 56
triple, 106
quotient law, 109
rotational derivative, 169
solenoidal field, 300
space, 10
sum, 131
symmetric form, 18
tangential, 133, 141, 148, 206, 211,
213, 228
transformation law, 20
triple product, 106-108, 114, 132
velocity, 127, 147-149, 153,
157, 170, 190
unit, 211
Velocity, angular, 157, 158, 160, 161
apparent, 157, 160
arrow form, 157
components, 156, 157, 160, 162, 167,
169
composition, 180, 181
field, 127, 147-149, 152
light, 177-179, 182, 183, 186, 188
linear, 15
Lorentz
186
rotation, 161
translation, 161
Viete, 35
Volume, integral, 288-291
representation, 105, 290

156,

transformation equations,

Wallis, 2

Weight of tensor, 93, 112
Wessel, 2

Wilson, 5

Work, 55, 261, 266
World line, 181, 187

Zero matrix, 116
Zero n-tuple, 10
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