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Preface

The first graduate courses on dynamical systems, often referred to as “Intermediate Dynam-
ics”, introduce students to the fundamentals necessary to model the motion of particles and
rigid bodies. On top of what they learn in introductory undergraduate dynamics courses,
intermediate dynamics courses typically introduce the concept of rotating frames to simplify
the kinematic description of particles and rigid bodies. Using this concept, they extend the
application of Newton’s equations and the principles of impulse and momentum to describe
three-dimensional motion of rigid bodies, eventually leading to the derivation of Euler’s
rotational equations. They also present many new concepts including, but not limited to,
constraints, generalized coordinates, generalized forces, virtual displacement, the principle of
virtual work, Hamilton’s extended principle, Lagrange’s equations, and Hamilton’s canonical
equations.

During my tenure at Clemson University, I taught the Intermediate Dynamics course numer-
ous times, and through this I had the opportunity to interact with students hailing from different
cultural and academic backgrounds. Some of those students had a very strong background in
introductory dynamics, while unfortunately many others had not had the chance to properly
learn the fundamentals of dynamics upon which the Intermediate Dynamics course was based.
Many students in the latter group struggled silently. Due to cultural beliefs and, sometimes,
the language barrier, they would nod their heads in agreement every time I asked whether they
understood the material I had just explained in class.

After the first midterm examinations, my own delusion of being a good teacher would often
be crushed and I would be left to face a hard reality: many of the students, who were constantly
nodding their heads, scored very low on the midterm. I made it a habit to bring these students
to my office to understand their difficulties and to learn how I could help them improve their
understanding. They would often cite their weak background knowledge, and say that the con-
cepts seemed very clear when explained in class. However, when homework time came around,
they would struggle to use what they had learned in class to solve the assigned problems. Often,
they would try to learn the material from the references provided in the syllabus, but they would
have a very difficult time understanding it. They said that many of the textbooks were directed
at experts and used difficult language, or that the authors took shortcuts that made it hard for
students to follow. They also mentioned that many of the references did not have enough of
the solved examples that would help them understand the material on their own.



xxiv Preface

Ever since I was a graduate student, I knew that dynamics can only be learned properly by
solving as many examples as possible. Struggling with problems for hours at a time is what
really allowed me to comprehend dynamics and be able to make a career out of it. Based on
my experience as a student, a teacher, and my interaction with the students over the years, I
came to realize that a modern textbook on intermediate dynamics had become necessary. It is
also critical at a time when online courses are becoming common and students often rely on
self-study. In my opinion, such a book needs to contain:

• detailed derivations combined with simple, yet comprehensive textual descriptions of these
derivations;

• highlights of the important definitions and concepts, serving serve as a constant reminder
of the important concepts to be learned in a given chapter;

• a large number of comprehensively solved examples of gradually increasing difficulty;
• methods that help the teacher improve the interactions in the classroom in order to help

him/her assess the students’ true level of understanding.

While writing this book, I have tried to the best of my ability to adhere to the aforementioned
points. I have made it a habit to explain derivations in a very simple, yet comprehensive man-
ner. I have presented highlights emphasizing the important concepts whenever they appear. I
have also highlighted the important equations regularly throughout the text. I have solved a
large number of examples – 120 to be exact – and presented the solutions in detail along with
illustrations. These examples should aid the student in understanding the theoretical concepts
at a deep level.

In addition, throughout the book, I have presented a set of exercises, which I call “Flipped
classroom exercises”. Flipping the classroom is a modern teaching technique which has been
shown to be very effective in teaching topics requiring mathematical derivations. In a typical
flipped classroom, the instructor will briefly discuss the material for ten minutes, do some
of the important derivations, and solve one example. Subsequently, the instructor hands the
students one or more problems to solve on their own, but provides some guidelines that help
the students by dividing the problem into several sub-problems. The student will then spend
the rest of the class trying to solve as many of these problems as possible. The problems are
carefully designed to have an increasing difficulty level. At the end of the class, the full solution
of the problems is given to the student. This approach allows the instructor to assess the level
of each student in the class and allows the student to assess his/her own level of understanding
and to pinpoint the exact concepts they need to inquire about.

The book presents a whole chapter on electromechanical modeling of systems involving
particles and rigid-body motion. Such topics, which are essential in modern-day systems, have
rarely been addressed systematically in a book on intermediate dynamics. Furthermore, in
order to establish the critical connection between modeling of dynamical systems, which is
the core of this book, and the analysis of their responses, which is usually covered in courses
like perturbation theory and non-linear dynamics, I allocated the final chapter of this book to
the introduction of some introductory analysis tools. This includes finding equilibrium points
and analyzing their stability, establishing the phase-plane of the dynamics, and constructing
bifurcation diagrams and basins of attraction of equilibrium points. The examples used in this
chapter are mostly a continuation to the models developed in the previous chapters of the book.
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In summary, I believe that I was fortunate to learn dynamics at the hands of a passionate
teacher who made the topic very enjoyable and the material accessible. Nonetheless, I know
that many students will not have such an opportunity. As such, I wrote this book hoping that
many students would find it a useful companion in their journey of learning dynamics.

M.F. Daqaq
Abu Dhabi, UAE
November 2017
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Introduction

In the realm of physics and engineering, “dynamics” refers to the study of the motion of
material bodies, rigid and elastic, under the influence of their surroundings. A rigid body is a
material body that undergoes translational and rotational motions. However, it is assumed that
the relative distance between any two points on a rigid body remains constant regardless of
the type and magnitude of external forces acting on it. In other words, unlike elastic bodies, a
rigid body does not undergo measurable strain levels when subjected to external stresses.

When a rigid body undergoes only translational motion, or when its resistance to rotational
motion is negligible, a rigid body is treated as a particle. In such a case, the mass of the rigid
body, regardless of its shape, can be reduced to a single point and the body’s motion can be
fully described by the motion of this point.

This book is concerned only with the dynamics of particles and rigid bodies, a topic criti-
cal in our understanding of how systems, natural or man made, move under the influence of
forces. Such understanding has already enabled us to decipher some of the key forces that sus-
tain the motion of the universe and to develop key enabling technologies that improve our lives,
pushing the boundaries of what is considered achievable. Terrestrial, aerial, and waterborne
vehicles, energy systems, robots, machinery, bionics, and nano/micro-electromechanical sys-
tems are only a few examples of technologies whose evolution would not have been possible
without our knowledge of dynamics. Today, dynamics of particles and rigid bodies play an
important role in almost every aspect of our daily life, and hence it is imperative for every
physicist and engineer to understand its fundamentals.

I.1 Brief History

The word “dynamics” originated from the Greek word Dynamis, which means power. Dynam-
ics, as a science, can also be traced back to the Greeks, in particular, to the Greek philosopher
Aristotle (384–322 BC; Figure I.1) whose studies on the motion of bodies are the earliest docu-
mented evidence of the human curiosity about motion [1]. Similar to other Greek philosophers,
Aristotle’s understanding of dynamics was influenced by the four classical elements: fire, air,
water, and earth. Each of these was thought to have a specific hierarchical position in nature:
fire stands at the top, followed by air, then water, then earth. Aristotle argued that when one
of these elements is taken out of its place, it naturally wants to return back to it. This explains
why a stone thrown in water sinks to the bottom, while a bubble of air inside a fluid rises up
to the surface.
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Figure I.1 Aristotle.
Source: https://en.wikipedia.org/wiki/
Aristotle.

Based on this understanding, Aristotle divided
motion into two parts: natural to refer to any motion
that follows the hierarchy of the classical elements, and
violent to refer to motion that opposes it. For example,
a stone that slides down a hill is performing a natural
motion whereas one thrown upwards is undergoing a
violent motion.

Aristotle’s limited understanding, which was based
on the four elements, led him to many fallacious
conclusions regarding the motion of physical bodies.
He claimed that heavier objects fall faster than lighter
ones and that the speed at which an object falls is
proportional to its weight. Nevertheless, he correctly
surmised that, in a void, all objects, regardless of their
weight, fall at the same speed. This, unfortunately
however, led him to incorrectly conclude that a void
could not exist.

Most of Aristotle’s ideas were later demolished by
the Alexandrian philosopher Philoponus (490–570
AD) [2]. Philoponus’s work led him to conclude

that the rate at which objects fall is not proportional to their weight, as claimed by Aristotle.
However, he still argued that heavier objects fall faster than lighter ones in a void. Philoponus
also deciphered some of Aristotle’s work on violent versus natural motion, alluding tangen-
tially to the concepts of the potential and kinetic energy. He stated that, when an object is
violently moved, it is subjected to a finite supply of forcing impetus, which makes the body
move as long as it lasts. When this forcing impetus is exhausted, the body stops moving. He
also indicated that the forcing impetus must be an internal property of the body.

During the Middle Ages, two Muslim Andalusian philosophers namely Avempace (angli-
cized from the Arabic, Ibn-Bajja) (1085–1138) and Averroes (anglicized from the Arabic,
Ibn-Rushd) (1126–1198) played an important role in preserving and expanding upon Philo-
ponus’s studies on the motion of bodies [3]. This is clearly evident in their conclusion that
Aristotle’s work concerning the inverse proportionality between the velocity of a body and the
density of the medium it moves through cannot be true. They argued that, if it were true, then
a body could move instantaneously in a void.

Contrary to common belief, the understanding of the motion of bodies also evolved during
the Middle Ages [4]. In fact, it was in those times that kinematics was transformed from a
qualitative philosophy into a mathematical science. The concepts of instantaneous velocity,
mean velocity, and acceleration – although without referring to the forces behind them – were
introduced and studied by many researchers including the group known as the “Oxford Cal-
culators”, notably the scholar William Heytesbury, and the French priest Jean Buridan.

It was not until Galileo (1564–1642) that the forces behind motion were studied in the
modern sense [5]. Galileo developed his understanding of forces by studying Archimedes’
hydro-static principle. He noted that the same buoyancy forces that cause a body to rest in
liquid are responsible for how fast it moves in the liquid. Another important contribution to
dynamics was introduced by Huygens (1629–1695), who was the first to allude to the principle
of conservation of momentum, through his investigation of the motion of impacting particles.

http://https://en.wikipedia.org/wiki/Aristotle
http://https://en.wikipedia.org/wiki/Aristotle
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Figure I.2 Isaac Newton.
Source: https://en.wikipedia.org/wiki
/Isaac_Newton.

Sir Isaac Newton (1643–1728; Figure I.2) is, unar-
guably, the father of vectorial dynamics as we know
it today. In his book, the PhilosophæNaturalis Prin-
cipia Mathematica, usually referred to as the Principia,
he introduced the concepts of force, acceleration, iner-
tia, mass, and linear momentum [6]. He also stated (in
the English of the time) his three famous laws, upon
which all of our utilization and understanding of vec-
torial mechanics is based:

• First Law: Every body perseveres in its state of rest,
or of uniform motion in a right line, unless it be com-
pelled to change that state by forces impressed upon
it thereon.

• Second Law: The alteration of motion is propor-
tional to the motive force impressed; and is made in
the direction of the right line in which that force is
impressed.

• Third Law: To every action there is always opposed
an equal reaction: or the mutual actions of two bod-
ies upon each other are always equal, and directed to
contrary parts.

Figure I.3 Leonhard Euler.
Source: https://en.wikipedia.org
/wiki/Leonhard_Euler.

In The Principia, Newton also introduced the gen-
eral law of gravitational attraction used today to study
orbital mechanics.

What Newton did not discuss in The Principia,
was developed by many of his compatriots and suc-
cessors, such as Daniel Bernoulli (1700–1782), Euler
(1707–1783; Figure I.3), D’Alembert (1717–1783),
Lagrange (1736–1813), Jacobi (1804–1851), and
Hamilton (1805–1865). This work includes, but is not
limited to, the treatment of rigid bodies in rotation,
and hence the concept of angular momentum, the
motion of systems including more than two degrees of
freedom, elastic bodies, and the concepts of work and
energy. It is also worth noting that many historians
argue that credit for the application of Newton’s
second law along the three Cartesian coordinates is
actually due to Euler [1].

Many also argue that Jacob Bernoulli was the first
to introduce the concept of angular momentum, even
before The Prinicipia was published [8]. He was also the first to develop the equation of motion
of an elastic body, after investigating the motion of strings using the balance of forces and
moments across a string element.

Euler, on the other hand, was the first to tackle the three-body problem and to introduce the
concept of three-body rotations about orthogonal axes, which he reasoned must pass through

https://en.wikipedia.org/wiki
https://en.wikipedia.org
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Figure I.4 Joseph-Louis Lagrange.
Source: http://ro.math.wikia.com/wiki/
Teorema_lui_Lagrange.

the center of mass of the rotating body. In 1776, he
published his famous equations on the conservation of
angular momentum known today as Euler’s rotational
equations [9].

The concepts of work and energy and the field of
analytical dynamics were first alluded to by Leibniz
(1647–1716). Subsequently, upon the formalization
of the calculus of variation by the likes of d’Alembert,
Euler, and John Bernoulli (1667–1748), the principle
of virtual work was established by Jacob Bernoulli
as a way to understand static equilibrium, and then
extended to bodies in motion by d’Alembert.

The principle of least action, which is used to derive
the equations of motion of different systems, is due
to Maupertuis (1698–1759), who stated that “nature
is thrifty in all actions” and applied this concept to
mechanics by suggesting the minimization of the
kinetic energy of the system to obtain the equations of
motion. Along similar lines, Euler suggested applying
the principle of least action to the linear momentum in

order to obtain the same equations.
In 1788, Lagrange (1736–1813; Figure I.4) introduced his equations of motion for mechan-

ical bodies, leading to what is known today as Lagrangian mechanics [10]. Hamilton in 1833
applied the variational principle to the classical Lagrangian function and obtained Hamilton’s
variational principle, which later led to the formulation of Hamiltonian mechanics.

I.2 Introductory Concepts

This section presents many of the fundamental concepts used throughout this book. It is
assumed that the reader will have been exposed to these concepts in introductory courses
on statics, dynamics, vector and matrix algebra, multi-variable calculus, and differential
equations. Nonetheless, this section reintroduces some important concepts briefly in order to
rejuvenate them in the reader’s mind.

I.2.1 Matrices and Linear Algebra

An n by m matrix is an array of objects arranged in n rows and m columns as follows:

A =

⎛
⎜⎜⎜⎝

a11 a12 . . . a1m

a21 a22 . . . a2m
...

...
. . .

...
an1 an2 . . . anm

⎞
⎟⎟⎟⎠ , (I.1)

http://ro.math.wikia.com/wiki/
http://ro.math.wikia.com/wiki/Teorema_lui_Lagrange
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where the aij are denoted as the matrix entries. A matrix is said to be square when n = m.
Matrix algebra satisfies the following important properties/identities:

1. Two matrices A and B are said to be equal if and only if they have the same number of rows
and columns and have equal entries; that is, [aij ] = [bij ] for each i and j.

2. The sum of two n by m matrices A = [aij ] and B = [bij ] is equal to another n by m matrix
C such that cij = aij + bij for each i and j.

3. If a matrix A = [aij ] is multiplied by a scalar α then αA = [αaij ].
4. The product of an n by r matrix A and an r by m matrix B is an n by m matrix C whose

cij elements are given by

cij = ai1b1j + ai2b2j + . . . + airbrj . (I.2)

5. For two matrices A and B having the same dimensions, A + B = B + A.
6. For three matrices A, B, and C; A(B + C) = AB + AC provided A is an n by k matrix

and B and C are k by m matrices.
7. For three matrices A, B, and C; A(BC) = (AB)C provided A is an n by k matrix, B is a k

by r matrix and C is an r by m matrix.

I.2.1.1 Transpose of a matrix

The transpose of an n by m matrix A = [aij ] is an m by n matrix AT = [aji]. The transpose
of a matrix satisfies the following properties:

1. (AT )T = A.
2. (AB)T = BT AT .
3. A matrix A is said to be symmetric if AT = A.
4. A matrix A is said to be skew-symmetric if AT = −A.
5. A matrix A is said to be orthogonal if AAT = I, where I is denoted as the identity matrix

I =

⎛
⎜⎜⎜⎝

1 0 0 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1

⎞
⎟⎟⎟⎠ . (I.3)

I.2.1.2 Inverse of a matrix

A n by n matrix A is said to have an inverse A−1 when AA−1 = I. A matrix that has an
inverse is called a non-singular matrix. The following are some of the properties of the matrix
inverse:

1. If A and B are non-singular square matrices then AB is also a non-singular matrix and
satisfies (AB)−1 = B−1A−1.
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2. If A is non-singular then so is A−1.
3. If either A or B is singular then AB and BA are both singular.
4. For an orthogonal matrix AT = A−1.

I.2.1.3 Determinant

The determinant of a 2 by 2 matrix A is denoted as |A| and is given by |A| = a11a22 − a12a21.
The determinant of a 3 by 3 matrix |A| is given by

|A| = a11

∣∣∣∣ a22 a23
a32 a33

∣∣∣∣ − a12

∣∣∣∣ a21 a23
a31 a33

∣∣∣∣ + a13

∣∣∣∣ a21 a22
a31 a32

∣∣∣∣ (I.4)

In general, the determinant of any n by n matrix is given by

|A| = (−1)i+jaijQij (I.5)

where Qij are called the minors of |A| and are obtained by finding the determinant of the
matrix formed by deleting the ith row and jth column of |A|. Note that a matrix is singular if
its determinant is zero. The determinant satisfies the following properties:

1. |αA| = α|A|.
2. If A has a zero row or column, then |A| = 0.
3. If A has a repeated row (or column), or has one row (or column) that is a constant multi-

plication of another row (or column), then |A| = 0.
4. If A is an n by n matrix and u is an n by 1 vector, then Au = 0 if and only if u = 0 (trivial

solution) or |A| = 0 (nontrivial solution).

I.2.1.4 Eigenvalues and eigenvectors

A scalar λ, real or complex, is said to be a right eigenvalue of the matrix A if and only if it
satisfies the following equation:

Au = λu, (I.6)

where u is a non-zero n by 1 vector known as the eigenvector of A. An easy way to find the
eigenvalues of a matrix A is by manipulating the previous equation such that

(A − λI)u = 0. (I.7)

For the previous equation to have non-trivial solutions, u �= 0, then by property 4 of the deter-
minants of a matrix, we can write

|A − λI| = 0. (I.8)

For each distinct eigenvalue λi of the matrix A, there exists an eigenvector ui. The eigenvectors
ui of the matrix A are said to be linearly independent if they satisfy

α1u1 + α2u2 + . . . + αnun = 0, (I.9)

only when all of the αi = 0, where αi are scalars.
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I.2.1.5 Diagonalization

A matrix A = [aij ] is said to be diagonal if aij = 0 when i �= j. A non-diagonal n by n matrix
can be diagonalized if there exists an n by n matrix P such that B = P−1AP is a diagonal
matrix. In such a case, we say that P diagonalizes A.

The condition that guarantees that existence of a matrix P that diagonalizes A is that A
has n linearly independent eigenvectors, ui. In such a case, P can be formed by using the
eigenvectors of A as the columns of P. The resulting diagonal matrix, B = P−1AP will have
the eigenvalues of A as its diagonal elements.

The following are some properties associated with diagonalization:

1. Any n by n matrix with n distinct eigenvalues is always diagonalizable because the pres-
ence of n distinct eigenvalues guarantees the existence of n linearly-independent eigenvec-
tors.

2. Any n by n real symmetric matrix is diagonalizable even when it does not possess n dis-
tinct eigenvalues. By construction, real symmetric matrices have n linearly-independent
eigenvectors.

3. Any n by n real symmetric matrix A is diagonalizable by an orthogonal matrix, P. This
implies that P−1AP = PT AP for any real symmetric matrix A.

I.2.2 Vectors

Vectors are used in physics to describe quantities that have both magnitude and direction. In
a Cartesian coordinate, a vector is described by three components, each of which indicates its
magnitude along the unit vectors (̂i, ĵ, k̂) forming the Cartesian coordinate system. For instance,
as shown in Figure I.5, the vector u can be expressed as

u = ux î + uy ĵ + uzk̂. (I.10)

î

ĵ

k̂

u

ux

uy

uz

Figure I.5 Projection of a vector into its different components along the unit vectors of a Cartesian
coordinate system.
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u

u

v

v

w

Figure I.6 Graphical representation of the sum of two vectors.

The magnitude of the vector is defined as

Magnitude of u = ‖u‖ =
√

u2
x + u2

y + u2
z. (I.11)

As shown in Figure I.6, the sum of two vectors, u and v, is another vector w whose magnitude
and direction depends on the magnitude and direction of u and v; that is:

w = u + v = (ux î + uy ĵ + uzk̂) + (vx î + vy ĵ + vzk̂)

= (ux + vx)̂i + (uy + vy )̂j + (uz + vz)k̂. (I.12)

The summation of vectors is commutative; that is, u + v = v + u and associative; that is,
(u + v) + w = u + (v + w).

Multiplication involving vectors can be classified as follows:

1. Multiplication by a scalar quantity, α: In this case the product is defined by

v = αu = αux î + αuy ĵ + αuzk̂, (I.13)

in which case ‖v‖ = α‖u‖.
2. The dot product: The dot product of two vectors u and v is a scalar defined as

u · v = ‖u‖‖v‖ cos θ, (I.14)

where θ is the angle between u and v. We say that two vectors are orthogonal when u · v =
0. In general, the dot product can be expressed as

u · v = uxvx + uyvy + uzvz. (I.15)

It follows that u · u = ‖u‖2. The dot product satisfies the following properties:

(a) u · v = v · u



Introduction xxxvii

(b) (u + v) · w = (u · w) + (v · w)
(c) u · u = 0 only when u = 0.

3. The cross product: The cross product of two vectors u and v is another vector w which is
perpendicular to both u and v and is defined as

w = u × v = ‖u‖‖v‖ sin θn̂, (I.16)

where θ is the angle between u and v and n̂ is the vector perpendicular to both u and v. We
say that two vectors are parallel when u × v = 0. In terms of the Cartesian unit vectors, the
cross product can be written as

u × v = (uyvz − uzvy )̂i + (uzvx − uxvz )̂j + (uxvy − uyvx)k̂, (I.17)

or

u × v =

∣∣∣∣∣∣
î ĵ k̂

ux uy uz

vx vy vz

∣∣∣∣∣∣ (I.18)

The cross product satisfies the following properties:

(a) u × v = −v × u
(b) u × (v + w) = u × v + u × w
(c) α(u × v) = αu × v = u × αv
(d) u · (v × w) = (u × v) · w = (w × u) · v
(e) u × (v × w) = v(u · w) − w(u · v).
(f) The cross product of two vectors can also be expressed as the product of a skew-

symmetric matrix and a vector as following:

u × v =

⎛
⎝ 0 −uz uy

uz 0 −ux

−uy ux 0

⎞
⎠

⎡
⎣ vx

vy

vz

⎤
⎦ .

(g) (u × v) · (w × z) = (u · w)(v · z) − (v · w)(u · z)
(h) (u × v) × (w × z) = (u · (v × z))w − (u · (v × w))z

I.2.3 Vector Calculus

I.2.3.1 Gradient

Consider a scalar function Φ(x, y, z). The gradient of Φ is a vector defined as

∇Φ =
∂Φ
∂x

î +
∂Φ
∂y

ĵ +
∂Φ
∂z

k̂, (I.19)

where ∇ = ∂
∂x î + ∂

∂y ĵ + ∂
∂z k̂ is known as the del operator. For a surface Φ(x, y, z) = 0, the

gradient of the surface evaluated at a point P0 : (x0, y0, z0) represents the vector normal to the
surface, Φ = 0 at P0.
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I.2.3.2 Divergence

The divergence of a vector field u(x, y, z) = f(x, y, z)̂i + g(x, y, z)̂j + h(x, y, z)k̂ is a scalar
quantity defined as

∇ · u =
(

∂

∂x
î +

∂

∂y
ĵ +

∂

∂z
k̂
)
· (f(x, y, z)̂i + g(x, y, z)̂j + h(x, y, z)k̂),

∇ · u =
∂f

∂x
+

∂g

∂y
+

∂h

∂z
.

(I.20)

In general, the divergence of the vector field evaluated at a given point is a measure of the net
flow into or out of that point in the field.

I.2.3.3 Curl

The curl of a vector field u(x, y, z) = f(x, y, z)̂i + g(x, y, z)̂j + h(x, y, z)k̂ is a vectorial
quantity defined as

∇× u =
(

∂

∂x
î +

∂

∂y
ĵ +

∂

∂z
k̂
)
× (f(x, y, z)̂i + g(x, y, z)̂j + h(x, y, z)k̂),

∇× u =
(

∂h

∂y
− ∂g

∂z

)
î +

(
∂f

∂z
− ∂h

∂x

)
ĵ +

(
∂g

∂x
− ∂f

∂y

)
k̂

(I.21)

The curl at a given point in the vector field is a measure of the degree of rotation of the flow
field around that point.

The gradient, divergence, and curl satisfy the following identities:

1. ∇(Φ + Ψ) = ∇Φ + ∇Ψ.
2. ∇(ΦΨ) = Ψ∇Φ + Φ∇Ψ.
3. ∇(u · v) = (u · ∇)v + (v · ∇)u + u × (∇× v) + v × (∇× u).
4. ∇ · (u × v) = v · (∇× u) − u · (∇× v).
5. ∇× (∇Φ) = 0. The curl of the gradient of a scalar field is zero. This is because∇ is parallel

to ∇Φ.
6. ∇ · (∇× u) = 0. The divergence of the curl of a vector field is zero. This is because ∇ is

perpendicular to ∇× u.
7. ∇(∇ · u) −∇× (∇× u) = ∇2u.
8. ∇ · (Φ∇Ψ) = Φ∇2Ψ + ∇Φ · ∇Ψ.

I.2.3.4 Gauss divergence theorem

The Gauss divergence theorem states that the flow in or out (flux) of a closed surface σ is equal
to the divergence of the vector field u away from the points in the volume V enclosed by σ;
that is ∫∫

σ

u · dA =
∫∫∫

V

∇ · u dV, (I.22)

where, as shown in Figure I.7, dA is an element normal to the surface σ.
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σ
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dA

Figure I.7 Graphical representation of the Gauss divergence theorem.

σ

dA

CdR

Figure I.8 Graphical representation of Stokes’ theorem.

I.2.3.5 Stokes’ theorem

Stokes theorem states that the circulation of the vector field u around a closed loop C is equal
to the flux of the curl of the vector field through a surface bounded by the curve; that is∮

C

u · dR =
∫∫

σ

(∇× u) · dA, (I.23)

where, as shown in Figure I.8, dA is an area element normal to the surface σ and dR is a
differential length along the closed loop C.

I.2.4 Basic Quantities used in Dynamics

The following are some basic definitions of the scalar and vectorial quantities that are com-
monly used to describe the motion of dynamical systems.

• Mass (symbol: m,M , SI unit: kg): a scalar quantity used to measure the resistance of a body
to movement. A larger mass implies larger resistance to motion.

• Time (symbol: t, SI unit: s: a scalar quantity that is used to measure the irreversible succes-
sion of events in a dynamical system.

• Position (symbol: r, SI unit: m): a vectorial quantity used to locate the position of a point
in space with respect to another point.

• Distance (symbol: s, SI unit: m): a scalar quantity used to measure the magnitude of a vector
r connecting two points in space; s = ‖r‖.

• Velocity (symbol: v, SI unit: m/s): a vectorial quantity used to measure the time rate of
change of a position vector; v = ṙ.
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• Speed (symbol: ṡ, SI unit: m/s): a scalar quantity used to measure the magnitude of the
velocity vector; ṡ = ‖v‖.

• Acceleration (symbol: a, SI unit: m/s2): a vectorial quantity used to measure the time rate
of change of the velocity vector; a = v̇.

• Gravitational acceleration (symbol: g, SI unit: m/s2): a vectorial quantity that measures the
acceleration of a free-falling body in the earth’s atmosphere. The value of g differs ever so
slightly at different latitudes. Nonetheless, a value of 9.81 m/s2 is usually used by scientists.

• Angle (symbol: none specific (θ commonly used), SI unit: rad): a vectorial quantity that
measures the amount of turn between two straight lines that have a common end point; that
is, it is the orientation of one vector with respect to the other.

• Angular velocity (symbol: ω, SI unit: rad/s): a vectorial quantity that measures the time rate
of change of the angle between two vectors; ω = θ̇.

• Angular acceleration (symbol: α, SI unit: rad/s2): a vectorial quantity that measures the time
rate of change of the angular velocity; α = ω̇.

• Force (symbol: F, SI unit: Newton N): a vectorial quantity that measures the action of one
body on another. According to Newton’s second law of dynamics applied to a body of con-
stant mass, the force acting on a body can be related to its ensuing acceleration via F = ma.

• Weight (symbol: W, SI unit: N): the force exerted by the gravitational field on a given body;
W=mg.

• Moment (symbol: M, SI unit: N.m): a vectorial quantity that measures the turning effect of a
force about a point. The moment is defined as M = r × F where r is the position vector from
the point about which the moment is measured to the point at which the force is exerted.

• Mass moment of inertia (symbol: I , SI unit: kg.m2): a scalar quantity that measures a body’s
resistance to rotation about a given axis.

I.3 Book Organization

The study of bodies in motion under the influence of their surroundings can be divided into
three different parts:

• Part 1 concerns modeling, a process through which the equations used to describe the motion
of the system are obtained. For particles and rigid bodies, the motion is sufficiently described
by one or more, linear or non-linear, ordinary differential equations.

• Part 2 concerns the analysis, a process through which the equations of motion are analyzed
to understand the influence of the different design parameters on the motion of the system.

• Part 3 concerns controlling the motion, a process through which special controllers are
designed to force the dynamical system to behave in a desired manner.

This book focuses on Part 1 but also presents some of the introductory analysis tools com-
monly used in Part 2. Specifically, this book is organized as follows:

1. Chapter 1 presents the concepts of inertial and rotating frames and their utilization to study
the kinematics of particles.

2. Chapter 2 presents Newton’s laws of dynamics and their implementation to obtain the
equations of motion of particles. This is commonly referred to as the “vectorial” approach
to dynamics.



Introduction xli

3. Chapter 3 implements the vectorial approach to obtain the equations of motion of rigid
bodies. Both planar and non-planar motion are considered. In the process, the concepts of
center of mass, moment of inertia, and principal axis of rotation are presented and Euler’s
rotational equations are derived.

4. Chapter 4 classifies the types of constraints to which a dynamical system can be subjected
and discusses the difference between an actual and a virtual displacement.

5. Chapter 5 presents the analytical approach to dynamics. In this chapter, Lagrange’s
equations for conservative and non-conservative systems as well as Hamilton’s principle
are derived and applied to model the motion of particles.

6. Chapter 6 extends the analytical approach to model the motion of rigid bodies. Both planar
and non-planar motion are discussed.

7. Chapter 7 presents the concepts of the impulse and the linear and angular momenta, their
conservation and utilization to derive the equations of motion of particles and rigid bodies.

8. Chapter 8 studies the motion of charged bodies in electrostatic and electromagnetic fields.
To this end, the Coulomb force, Lorentz force, Maxwell’s equations, Ampere’s law, Gauss’s
law, and Faraday’s law of induction are presented and used in conjunction with Newton’s
second law and Lagrange’s equation to obtain the equations of motion for charged bodies.

9. Chapter 9 presents some of the most-widely utilized tools to analyze the behavior of dynam-
ical systems. This includes finding equilibrium solutions of ordinary differential equations
and assessing their stability, establishing the phase-space representation of the dynamics,
and constructing bifurcation diagrams and basins of attractions for equilibrium solutions.
Examples of analyzing the motion of particles and rigid bodies using these tools are pre-
sented to establish the critical connection between modeling and analysis of dynamical
systems.
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1
Kinematics of Particles

Kinematics is the description of the motion of material bodies without referring to their inertia
or the forces that caused their motion. In particular, in kinematics we are interested in defin-
ing the velocity, acceleration, angular velocity, and angular acceleration of a given body. To
achieve this objective, this chapter introduces the important concept of inertial and non-inertial
frames of reference and uses them to illustrate how to fully describe the kinematics of particles.

1.1 Inertial Frames

We embark on this journey of learning dynamics by learning about inertial frames. In describ-
ing the position, velocity, and acceleration of a moving point in space, it is essential to define
a frame of reference. A common example used in undergraduate textbooks of dynamics to
explain the concept of the reference frame is that of two cars moving in the same direction
at the same speed. An observer standing at the side of the road sees both cars moving at a
certain speed relative to him, while an observer riding in one of the cars will see the other car
as stationary. The difference in the observed speed stems from the observer’s point of view,
referred to in dynamics as the observer’s “reference frame”.

In his early work, Newton realized the importance of the frame of reference in deriving his
first and second laws of dynamics. Therefore, he used the fixed stars as his reference frame.
However, it was later shown using the theory of relativity that this choice of reference can yield
discrepancies, especially for systems moving at a very high speed close to the speed of light.

In an attempt to overcome this problem, an inertial frame of reference, also known as a
Galilean frame, was introduced to define the acceleration of points in space. An inertial frame
was defined as a frame that can only undergo pure translation at a constant velocity without
any rotation with respect to an absolute space. However, as our understanding of the universe
evolved, it became apparent that the notion of absolute space does not really exist, because
everything we know is moving and rotating with respect to something else. As such, referring to
an absolute space to define an inertial frame is fundamentally incorrect. Today, most scientists
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2 Dynamics of Particles and Rigid Bodies

working in the field of classical mechanics define an inertial frame of reference as one in
which the motion of a particle not subject to forces is in a straight line at constant speed. In
other words, an inertial frame is a frame in which the motion of particles follows Newton’s
first law of dynamics.

Inertial Frame

An inertial frame of reference is one in which the motion of a particle not subject to
forces is in a straight line at constant speed. In other words, an inertial frame is a frame
in which the motion of particles follows Newton’s first law of dynamics.

The existence of an inertial frame is extremely important because Newton’s first and second
laws hold true only if such a frame exists. In particular, Newton’s first law of dynamics, which
states that any free motion of a particle has a constant magnitude and direction, is true only
when the observer of this particle is not rotating or accelerating. Similarly, his second and
widely celebrated law of dynamics concerning particles, given by

F = ma, (1.1)

which means that the net force, F, acting on a particle is equal to its mass, m, times its accel-
eration, a, is true in this simple widely-used form only when the acceleration is measured with
respect to an observer standing in an inertial frame. Otherwise, one has to account for other
fictitious forces resulting from other types of acceleration, such as the Coriolis, centrifugal,
and tangential forces.

1.2 Rotating Frames

In addition to the inertial frame of reference, rotating frames, which do not obey Newton’s
laws in their simple form, are also used quite frequently in kinematics to describe positions,
velocities, and accelerations. This is usually done to reduce complexities that could arise
when describing the kinematics of bodies involved in complex rotational motions. To show
the importance of rotating frames, we consider the kinematics of a ball attached to a rigid
cable of fixed length, l, forming a simple pendulum, as shown in Figure 1.1. The position,
velocity, and acceleration of the ball, P , with respect to an observer standing in an inertial
Cartesian frame, N -frame, with unit vectors (n̂1, n̂2, n̂3) located at O can be easily obtained
by defining the position vector OP then differentiating it as follows:

Position: OP = l sin θn̂1 − l cos θn̂2,

Velocity: v =
dOP
dt

= l cos θθ̇n̂1 + l sin θθ̇n̂2,

Acceleration: a =
dv
dt

= (lθ̈ cos θ − lθ̇2 sin θ)n̂1 + (lθ̈ sin θ + lθ̇2 cos θ)n̂2.
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Figure 1.1 Schematic of a simple pendulum.

It is evident that the complexity of the kinematic description of motion increases substan-
tially as more and more derivatives are taken, despite the very simple nature of the pendulum
motion. However, it turns out that it is possible to simplify these expressions considerably, if
we describe the motion of the pendulum in a rotating frame. For instance, let us form a new
Cartesian frame and call it the B-frame, with unit vectors (b̂1, b̂2, b̂3). This rotates with the pen-
dulum such that the b̂1 unit vector is always perpendicular to the cable and the b̂2 unit vector is
always parallel to it, as shown in Figure 1.1. As we will learn later in this chapter, we can find
the velocity and acceleration of point P with respect to point O and express it in the rotating
frame as

Position: OP = −lb̂2,

Velocity: v = lθ̇b̂1,

Acceleration: a = lθ̈b̂l + lθ̇2b̂2.

The reader should not be concerned yet about how we obtained the velocity and acceleration
expressions; we use them here only to see how the acceleration expression in the rotating
B-frame is much simpler than the one obtained using the inertial, N -frame. As such, for more
complex motions involving multiple rotations, describing kinematics in an inertial frame is
often the wrong approach to take.

Another reason for describing motion in a rotating frame stems from the simplicity of mea-
suring angular velocities, angular accelerations, and the mass moment of inertia of rigid bodies
in such frames. The importance of rotating frames in dynamics will become clearer as the
reader delves into the subsequent chapters of this book.
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Rotating Frame

Rotating frames are frames that can rotate with respect to the inertial frame of reference.
Such frames are often used to simplify the kinematic description of particles and rigid
bodies.

1.3 Rotation Matrices

Since both of the inertial and rotating frames are critical in kinematics, it is quiet important to
learn how to switch back and forth between two different frames in a simple way. To this end,
we consider Figure 1.2a, which depicts two different frames: the N -frame and the B-frame.
The B-frame is formed by rotating the N -frame around an unknown axis. Our goal in this
section is to find a set of equations that allows us to easily go back and forth between these
two frames. As will be shown next, this set of equations can be used to construct a matrix
known as the rotation or transformation matrix.

To relate the B-frame to the N -frame, we consider the general rotation shown in Figure 1.2a
and decompose it into three successive rotations around the unit vectors of the Cartesian coor-
dinate system. The first rotation, shown in Figure 1.2b, is a rotation of angle θ about the n̂1 unit
vector. This rotation creates a new intermediate Cartesian coordinate system, which is denoted
as the E-frame, such that ê1 ≡ n̂1.

Next, we take a second rotation, as shown in Figure 1.2c, this time about the ê2 unit vector
through an angle φ forming a second intermediate frame, denoted as the C-frame, such that
ĉ2 ≡ ê2. Finally, as shown in Figure 1.2d, the C-frame is rotated by an angle ψ about the ĉ3
unit vector to form the B-frame such that b̂3 ≡ ĉ3. As such, it is clear now that going from the
original N -frame to the B-frame can be done by performing three successive rotations:1

• a rotation θ around n̂1 to form the E frame;
• a rotation φ around ê2 to form the C frame;
• a rotation ψ around ĉ3 to form the B frame.

It is now possible to relate the orientation of the B-frame to the original N -frame by using
these three successive rotations. First, we refer back to Figure 1.2b to relate the E-frame to
the N -frame. Using simple vector projections, we can write

ê1 = n̂1,

ê2 = cos θn̂2 + sin θn̂3,

ê3 = − sin θn̂2 + cos θn̂3.

Note that ê1 = n̂1 because the first rotation occurs about the n̂1 unit vector, and hence the
ê1 unit vector remains in the same direction as the n̂1 unit vector. The relationship between
ê1, ê2 and n̂1, n̂2 can be clarified by referring to Figure 1.3, which shows a planar projection

1 Note that this is not a unique transformation. One could go from the N -frame to the B-frame by performing many
other different rotations using different angles.
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Figure 1.2 A 1-2-3 rotation performed to orient the N -frame in the unit coordinates of the B-frame.
(See color plate section for the color representation of this figure.)

of the (n̂2 − n̂3) plane shown in Figure 1.2b. Using Figure 1.3 it can be shown that ê2 =
cos θn̂2 + sin θn̂3. Similarly, using Figure 1.3 one can project the unit vector ê3 in the N -frame
by letting ê3 = − sin θn̂2 + cos θn̂3.

The previous projections can be described in matrix form as
⎡
⎣ ê1

ê2
ê3

⎤
⎦ =

⎛
⎝ 1 0 0

0 cos θ sin θ
0 − sin θ cos θ

⎞
⎠

⎡
⎣ n̂1

n̂2
n̂3

⎤
⎦ .
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Figure 1.3 Relationship between the unit vectors of the E-frame and the unit vectors of the N -frame.
(See color plate section for the color representation of this figure.)

where the matrix relating the E−frame to the N -frame is known as a rotation matrix. Further-
more, since this rotation matrix is formed by a single rotation about the n̂1 axis, it is commonly
referred to as a 1-rotation.

Following similar reasoning, we can relate the C-frame to the E-frame via a 2-rotation of
angle φ; such that ⎡

⎣ ĉ1
ĉ2
ĉ3

⎤
⎦ =

⎛
⎝ cos φ 0 − sin φ

0 1 0
sin φ 0 cos φ

⎞
⎠

⎡
⎣ ê1

ê2
ê3

⎤
⎦ ,

and the B-frame to the C-frame via a 3-rotation of angle ψ⎡
⎣ b̂1

b̂2

b̂3

⎤
⎦ =

⎛
⎝ cos ψ sinψ 0

− sin ψ cos ψ 0
0 0 1

⎞
⎠

⎡
⎣ ĉ1

ĉ2
ĉ3

⎤
⎦ .

To describe the rotation from the original N -frame to the final B-frame we combine the pre-
vious rotations, letting⎡

⎣ b̂1

b̂2

b̂3

⎤
⎦ =

⎛
⎝ cos ψ sinψ 0

− sin ψ cos ψ 0
0 0 1

⎞
⎠

⎛
⎝ cos φ 0 − sin φ

0 1 0
sin φ 0 cos φ

⎞
⎠

⎛
⎝ 1 0 0

0 cos θ sin θ
0 − sin θ cos θ

⎞
⎠

⎡
⎣ n̂1

n̂2
n̂3

⎤
⎦ .

Multiplying the previous matrices yields the following general transformation matrix that can
be used to go from the N -frame to the B-frame via a 1-2-3 rotation.

L =

⎛
⎝ cos φ cos ψ cos θ sin ψ + sin θ sinφ cos ψ sin θ sin ψ − cos θ cos φ sinψ

− cos φ sin ψ cos θ cos ψ − sin θ sinφ sin ψ sin θ cos ψ + cos θ sin φ sinψ
sin φ − sin θ cos φ cos θ cos φ

⎞
⎠ .
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Example 1.1 Properties of a Rotation Matrix

Prove that any rotation matrix has the following two properties:

• L−1 = LT

• |L|=±1.

1. A rotation matrix is a matrix that preserves the length of the vectors involved in the rotation
and the angle between them. In other words, a Cartesian coordinate system formed by three
normal unit vectors undergoing a rotation remains a Cartesian coordinate system with unit
vectors normal to each other. A matrix that preserves length and direction between vectors is
known as an orthogonal matrix, and satisfies the property LLT = I, where I is the identity
matrix. It follows that L−1 = LT for a rotation matrix (see Property 5 in Section I.2.1.1).

2. Using LLT = I, and taking the determinant of both sides, we obtain:

|LLT | = |I|, |LLT | = 1.

Using |LLT | = |L| |LT | = |L|2 because |LT | = |L|, we obtain:

|L|2 = 1, |L| = ±1.

Properties of a Rotation Matrix

A rotation matrix L is an orthogonal matrix that satisfies the following conditions:

1. L−1 = LT

2. |L|=±1.

When using the right-hand rule to define the successive rotations, it can be shown that
|L|= +1.

Flipped Classroom Exercise 1.1

Find the rotation matrix necessary to take you from a certain frame, N , to another frame
B by performing a successive 2-1-3 rotation using angles (θ, φ, ψ).

To answer this exercise, follow the following steps:

1. Which rotation takes place first? What is the rotation matrix associated with it?
2. Which rotation takes place second? What is the rotation matrix associated with it?
3. Which rotation takes place third? What is the rotation matrix associated with it?
4. Multiply the rotation matrices obtained in steps 1, 2, and 3. Since the 2-rotation occurs

first, the matrix obtained in step 1 must be on the far left. Show that the transformation
matrix from N to B can be written as
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L =

⎛
⎝ cos φ cos ψ + sin θ sinφ sin ψ cos θ sin ψ − cos ψ sin φ + cos φ sin θ sinψ

cos ψ sin θ sinφ − cos φ sin ψ cos θ cos ψ cos φ cos ψ sin θ + sin φ sin ψ
cos θ sin φ − sin θ cos θ cos φ

⎞
⎠

1.4 Velocity of a Particle in a Three-dimensional Space

The kinematics of a point moving in space is fully described using three vectorial quantities:

• its position
• its velocity (being the time rate of change of the position)
• its acceleration (being the time rate of change of the velocity).

When the position vector is defined in an inertial frame, the velocity and acceleration can
be easily obtained by differentiating the position vector with respect to time. On the other
hand, the process is not as simple when the position vector is defined in a rotating frame.
This is because the unit vectors that are used to describe directions in the rotating frame are
continuously changing their orientation with respect to the inertial frame.

In what follows, we explain in detail how to find the velocity and acceleration of a point
whose position is described in a rotating frame when the observer is standing in an inertial
frame of reference. To this end, we consider a hypothetical situation in which a student named
Joe is trying to understand kinematics. Joe is standing at point O and observing point P , as
shown in Figure 1.4. The position vector OP is given by r = r1n̂1 + r2n̂2 + r3n̂3. Here, ri are
the lengths of the vector OP projected in the directions of n̂i, where n̂i are the unit vectors of
the inertial Cartesian frame denoted as the N -frame.

When point P is moving such that the vector OP does not change orientation with respect
to the N -frame, then, from Joe’s perspective, the vector OP only changes length. As such,
the velocity of point P with respect to point O, as measured in the inertial N -frame, is the
derivative of the vector r with respect to time, t; that is,

NvP/O = ṙ1n̂1 + ṙ2n̂2 + ṙ3n̂3, (1.2)

where the dot is a derivative with respect to time. At this point, it is worth decoding the notation
on the left-hand side of Equation (1.2), as similar notation will be used throughout this book.
The right-hand superscript, P/O, on the vector v, means P with respect to O. The left-hand
superscript, N on the vector v refers to the frame of the observer. As such, NvP/O reads as
“the velocity of point P with respect to point O as observed in the N frame”.

Notation

Throughout this book, the following notation will be used to describe kinematic quan-
tities:

• Bold face v and a represent, respectively, the velocity and acceleration vectors. Such
vectors will always appear with superscripts on their right- and left-hand sides. For
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Figure 1.4 Kinematics of a particle in an inertial frame.

instance, you will often see velocities described in the form NvP/O. The right-hand
superscript, P/O, on the vector v, means P with respect to O. The left-hand super-
script, N on the vector v refers to the frame of the observer. As such, NvP/O reads as
“the velocity of point P with respect to point O as observed in the N frame”. Along
similar lines, BaQ/P reads as “the acceleration of point Q with respect to point P as
observed in the B-frame”.

• Bold face ω and α represent, respectively, the angular velocity and angular acceler-
ation vectors. Such vectors will always appear with superscripts on their right- and
left-hand sides. For instance, you will often see angular velocities described in the
form NωB , which reads as “the angular velocity of the B-frame with respect to the
N -frame”. Similarly, CαA, reads as “the angular velocity of the A-frame with respect
to the C-frame”.

Now, Joe allows the vector r to change direction, but he also decides to sit in a
three-degrees-of-freedom chair, which changes its orientation (pitch, roll, yaw), such that at
any instant his orientation is always in the direction of r. In other words, again Joe can only
observe changes in length. To reflect the fact that Joe’s frame of reference is now rotating in
space, we define a rotating frame called the B-frame at point O, as shown in Figure 1.5. In
this rotating frame, the position and velocity of point P with respect to O can be written as

OP = r1b̂1 + r2b̂2 + r3b̂3,

BvP/O = ṙ1b̂1 + ṙ2b̂2 + ṙ3b̂3. (1.3)

Next, Joe decides to step out of the three degrees-of-freedom chair and observe the velocity of
particle, P , from the inertial frame. In this case, Joe observes that the vector r is simultaneously
changing its length and direction. To describe the velocity of point P from Joe’s perspective,
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Figure 1.5 Kinematics of a particle in a rotating frame.

we differentiate the position vector OP once with respect to time, taking into account that the
unit vectors b̂i are also changing orientation with respect to the inertial frame. This yields

NvP/O = ṙ1b̂1 + ṙ2b̂2 + ṙ3b̂3︸ ︷︷ ︸
Translation

+ r1
ˆ̇
b1 + r2

ˆ̇
b2 + r3

ˆ̇
b3︸ ︷︷ ︸

Rotation

, (1.4)

where the first three terms on the right-hand side represent the translational component of the
velocity, while the last three terms represent the rotational component.

In Equation (1.4), the derivatives of the unit vectors b̂i emerge to reflect the fact that the
B-frame is rotating with respect to the inertial N -frame. The derivative of the unit vectors
depends on the rate at which the rotation occurs; in other words, the angular velocity between
the two frames. To this end, in order to capture the change of orientation of the B-frame
with respect to the N -frame, we define the angular velocity vector NωB , which describes the
angular rate at which the B-frame rotates with respect to the N -frame.

Next, we turn our attention to describing the derivative of the unit vectors in terms of the
angular velocity NωB . For simplicity, consider Figure 1.6, where we have assumed that the
B-frame is rotating around one axis, chosen here to be the third axis b̂3, at an angular velocity
NωB = ω3b̂3. The rotation of the B-frame at this angular velocity causes the tip of the unit
vectors b̂1 and b̂2 to rotate with a velocity equal to their length – unity in this case – times the
angular velocity ω3. The direction of their rotation will be perpendicular to the unit vectors
themselves; that is, in the direction of b̂2 for unit vector b̂1, and in the direction of −b̂1 for unit
vector b̂2. Mathematically, we can write

db̂1

dt
= ω3b̂2,

db̂2

dt
= −ω3b̂1, (1.5)

db̂3

dt
= 0.
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Figure 1.6 Time rate of change of the unit vectors as a result of their rotation.

Substituting Equation (1.15) into Equation (1.4), we obtain

NvP/O = (ṙ1b̂1 + ṙ2b̂2 + ṙ3b̂3) + ω3(r1b̂2 − r2b̂1). (1.6)

Note that the term ω3(r1b̂2 − r2b̂1) is nothing but ω3b̂3 × r, where× refers to the cross product.
Thus, we can write

NvP/O = BvP/O + ω3b̂3 × r, (1.7)

where the first term on the right-hand side represents the change in the velocity of point P
with respect to O as observed in the rotating frame.

By using the concept of successive rotations described earlier, the same conclusion can be
achieved, even when the rotation is not restricted to one axis; that is, when NωB = ω1b̂1 +
ω2b̂1 + ω3b̂3. In other words, one can generalize Equation (1.7), such that

NvP/O = BvP/O + NωB × r (1.8)

In words, Equation (1.8) states that “the velocity of point P with respect to point O as
observed in the N -frame is equal to the velocity of point P with respect to point O as observed
in the rotating B-frame (translation) plus a rotational component resulting from the angular
velocity of the B-frame with respect to the N -frame”.

Equation (1.8) can also be generalized to any kinematic quantity defined in two different
frames (velocity, acceleration, angular velocity, or angular acceleration). In general, the tempo-
ral derivative of the vector described in one frame can be expressed as its derivative in another
frame plus the cross product of the angular velocity vector between the two frames and the
vector itself.

Differentiating in a Rotating Frame

When taking the time derivative of a vector, r, described in a rotating frame – say the
B-frame – with respect to an observer standing in another frame – say the C-frame – do
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not forget to add the term CωB × r:

C d
dt

(r) = B d
dt

(r) + CωB × r

Example 1.2 Velocity of a Particle 1

Consider a particle P whose position with respect to a fixed point O is given by r = 2tn̂1 +
3t3n̂2 m, where n̂i are the unit vectors of a Cartesian inertial frame. Find the velocity of the
particle after 2 s, as measured by an observer standing in the N -frame.

Since the components of the vector r are all described in the N -frame and the observer is
also in the N−frame, the velocity is just a direct derivative of r:

NvP/O = 2n̂1 + 9t2n̂2 = 2n̂1 + 36n̂2 m/s.

Example 1.3 Velocity of a Particle 2

Consider a particle P whose position with respect to a fixed point O is given by r = 2tb̂1 +
3t3b̂2 m, where the b̂i are the unit vectors of a Cartesian rotating frame, B, which rotates with
respect to a stationary frame N at a constant angular velocity NωB = 2b̂1 + 3b̂2 rad/s. Find
the velocity of the particle after 2 s as measured by:

(a)an observer standing in the N -frame;
(b)an observer standing in the B-frame.

(a) Observer standing in the N -frame Note that the position vector is defined in the rotating
frame. Hence, when taking a derivative with respect to the inertial frame, we need to take into
account the rotation of the unit vectors. As such, for each component of the vector r, we have
to take a direct derivative as well as account for the rotation resulting from the angular velocity;
that is,

NvP/O = 2b̂1 + 9t2b̂2 + NωB × (2tb̂1 + 3t3b̂2),

= 2b̂1 + 9t2b̂2 + (6t3 − 6t)b̂3,

= 2b̂1 + 36b̂2 + 36b̂3 m/s.

(b) Observer standing in the B-frame Note that the position vector and the observer are in
the same frame. As such, we can just directly differentiate the position vector to obtain

NvP/O = 2b̂1 + 9t2b̂2,

= 2b̂1 + 36b̂2 m/s.

Example 1.4 Velocity of a Particle 3

Consider a particle P whose position with respect to a fixed point O is given by r = 2tn̂1 +
3t3b̂2 m, where the n̂i are the unit vectors of a Cartesian inertial frame, N , and the b̂i are the unit
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vectors of a Cartesian rotating reference, B, which rotates with respect to a stationary frame
N at a constant angular velocity NωB = 2b̂1 + 3b̂2 rad/s. Find the velocity of the particle after
2 s as measured by an observer standing in the N -frame.

Notice that, in this case, only a part of the position vector is described in the B-frame,
hence when finding the velocity of the particle as measured by a stationary observer, we need
to account only for the rotation associated with that component, namely, 3t3b̂2. In other words,
we can write

NvP/O = 2n̂1 + 9t2b̂2 + (2b̂1 + 3b̂2) × 3t3b̂2

= 2n̂1 + 9t2b̂2 + 6t3b̂3 = 2n̂1 + 36b̂2 + 48b̂3 m/s.

Flipped Classroom Exercise 1.2

In this exercise, we will walk through the process of finding the derivative of the unit vec-
tors db̂i

dt for a general three-dimensional rotation. The rotation is carried out through three
successive angles (θ, φ, ψ). To this end, following Figure 1.2, we will assume that the
rotation is a 1-2-3 (θ, φ, ψ) rotation. The first rotation goes from the N - to the E-frame.
The second rotation goes from the E- to the C-frame while the third rotation goes from
the C- to the B-frame.

Using the assumed definition of the successive rotations, you can write

NωE = θ̇ê1 = ω1ê1,

EωC = φ̇ĉ1 = ω2ĉ2,

CωB = ψ̇b̂3 = ω3b̂2,

Thus, NωB =NωE + EωC + CωB = θ̇ê1 + φ̇ĉ2 + ψ̇b̂3 = ω1ê1 + ω2ĉ2 + ω3b̂3.
Next, you need to do the following:

1. Express the unit vector n in terms of the unit vector b using the 1-2-3 rotation derived
previously.

2. Assume small angles (dθ,dφ,dψ) and linearize the rotation matrix as well as the
angular velocity vector. Note that this assumption is not restrictive, since any general
rotation can be described in terms of series of tiny successive rotations. Show that
upon linearizing you obtain

⎡
⎣ n̂1

n̂2
n̂3

⎤
⎦ = I

⎡
⎣ b̂1

b̂2

b̂3

⎤
⎦ +

⎛
⎝ 0 −dψ dφ

dψ 0 −dθ
−dφ dθ 0

⎞
⎠

⎡
⎣ b̂1

b̂2

b̂3

⎤
⎦

and that for small angles NωB = θ̇b̂1 + φ̇b̂2 + ψ̇b̂3.
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3. Using the previous equations, show that we can write
⎡
⎣ db̂1

db̂2

db̂3

⎤
⎦ =

⎛
⎝ 0 −dψ dφ

dψ 0 −dθ
−dφ dθ 0

⎞
⎠

⎡
⎣ b̂1

b̂2

b̂3

⎤
⎦ .

4. Divide the previous equation by dt and show that⎡
⎢⎢⎣

˙̂
b1
˙̂
b2
˙̂
b3

⎤
⎥⎥⎦ =

⎛
⎝ 0 −ω3 ω2

ω2 0 −ω1
−ω2 ω1 0

⎞
⎠

⎡
⎣ b̂1

b̂2

b̂3

⎤
⎦ .

5. Show that the previous equation can be written as

ḃ = NωB × b.

1.5 Acceleration of a Particle in a Three-dimensional Space

To find a general expression for the acceleration of a particle in a three-dimensional space
with respect to an inertial frame, we differentiate Equation (1.8) once with respect to time,
noting that the term on the left-hand side is defined in the stationary N -frame while all terms
on the right-hand side are described in the rotating B frame. In other words, we need to find
N d

dt (
NvP/O), where the superscript on the left-hand side of the derivative is used to denote

that the change of the quantity included within the derivative is observed from the inertial
frame. Differentiating each term in Equation (1.8) yields

N d
dt

(NvP/O) = NaP/O,

N d
dt

(BvP/O) = B d
dt

(BvP/O) + NωB × BvP/O = BaP/O + NωB × BvP/O,

N d
dt

(NωB × r) = B d
dt

(NωB × r) + NωB × (NωB × r),

= NαB × r + NωB × BvP/O + NωB × (NωB × r),

where NαB = B d
dt (

NωB) is the angular acceleration vector. Using the previous equation, we
can write

NaP/O = BaP/O + 2NωB × BvP/O + NαB × r + NωB × (NωB × r) (1.9)

Equation (1.9) represents the general formula for the acceleration of a particle in space. The
first term on the right-hand side represents the acceleration of the particle in the rotating frame.
The second term represents the Coriolis acceleration, which, as evident, is perpendicular to



Kinematics of Particles 15

the velocity of the particle as measured in the rotating frame and the direction of the frame’s
rotation. The third term is the tangential acceleration, and finally the fourth term is the normal
acceleration.

While it is possible to use the acceleration formula as described in the form shown in
Equation (1.9), it is absolutely unnecessary to memorize it since one can use the basic under-
standing utilized throughout its derivation to calculate the acceleration of any particle in space.
To demonstrate this, consider the following series of examples:

Example 1.5 Acceleration of a Particle

Consider a particle P whose position with respect to a fixed point O is given by r = 2tb̂1 +
3t3b̂2 m, where the n̂i are the unit vectors of a Cartesian inertial frame, N , and the b̂i are the
unit vectors of a Cartesian rotating reference, B, which rotates with respect to the stationary
frame N at a constant angular velocity NωB = 2b̂1 + 3b̂2 rad/s. Find the acceleration of the
particle after 2 s as measured by an observer standing in the N -frame.

In Example 1.3, the velocity of the particle with respect to the inertial observer was found
to be

NvP/O = 2b̂1 + 9t2b̂2 + (6t3 − 6t)b̂3 m/s.

To calculate the acceleration in the reference frame, we differentiate the previous expression,
taking into account the rotational component of any term described in a rotating frame. Note
also that the angular acceleration NαB vanishes because the angular velocity is constant. As
such, we can write

NaP/O = 18tb̂2 + (18t2 − 6)b̂3 + (2b̂1 + 3b̂2) × (2b̂1 + 9t2b̂2 + (6t3 − 6t)b̂3),

= 18(t3 − t)b̂1 + (30t − 12t3)b̂2 + (36t2 − 12)b̂3,

= 108b̂1 − 36b̂2 + 132b̂3 m/s2.

Example 1.6 Simple Pendulum Kinematics

For the simple pendulum of rigid cable length l shown in Figure 1.7, find the velocity and
acceleration of particle P with respect to point O. Choose your rotating B-frame such that
NωB = θ̇b̂3 and express all your answers in the B-frame.

We start by defining the position vector from O to P as

OP = −lb̂2.

It follows that the velocity of point P as observed by an inertial observer at point O is

NvP/O =
dOP
dt

= −l̇b̂2 + NωB × OP.

Since the pendulum does not change length, l̇ = 0. Therefore we can write

NvP/O = θ̇b̂3 × OP = lθ̇b̂1.
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Figure 1.7 Kinematics of a simple pendulum.
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Figure 1.8 Two-dimensional motion of a particle.

The acceleration of point P with respect to point O can be written as

NaP/O =
dNvP/O

dt
= lθ̈b̂1 + NωB × NvP/O = lθ̈b̂1 + lθ̇2b̂2.

Example 1.7 Single-rotation Kinematics

Consider the system shown in Figure 1.8, which consists of a plate sliding on a track. A disk
is mounted on top of the moving plate and is free to rotate through an angle θ about point O.
A particle, P , is free to move in a groove drilled across the disk as shown. Define two frames:
an inertial frame located at point Q and a rotating frame such that b̂3 = n̂3 and NωB = θ̇b̂3 to
obtain
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• the velocity of the particle P with respect to O as measured by an observer standing in the
B-frame, BvP/O;

• the velocity of the particle P with respect to O as measured by an observer standing in the
N -frame, NvP/O;

• the acceleration of the particle P with respect to Q as measured by an observer standing in
the N -frame, NaP/Q.

Describe your answers in the B-coordinate system.

To find BvP/O, we define the position vector OP and differentiate it once with respect to time;
that is,

OP = rb̂1,
BvP/O = ṙb̂1.

To find NvP/O, we carry out the same procedure but account for the relative rotation
between the B- and N -frame; that is,

OP = rb̂1,

NvP/O = ṙb̂1 + θ̇b̂3 × rb̂1,

NvP/O = ṙb̂1 + rθ̇b̂2.

To find NaP/Q, we define the position vector QP and differentiate it twice with respect to
time, accounting for the relative rotation between the B- and N -frame. This yields

QP = xn̂1 + rb̂1,

NvP/Q = ẋn̂1 + ṙb̂1 + θ̇b̂3 × rb̂1,

NvP/Q = ẋn̂1 + ṙb̂1 + rθ̇b̂2,

NaP/Q = ẍn̂1 + (r̈ − rθ̇2)b̂1 + (rθ̈ + 2ṙθ̇)b̂2.

To express the previous answer in the B-frame, we still need to express n̂1 in terms of
the B-coordinates. Note that the B-frame was formed by carrying out a counter-clockwise
rotation around the n̂3 axis. Hence, using the definition of the 3-rotation, we can write n̂1 =
cos θb̂1 − sin θb̂2. This yields

NaP/Q = (ẍ cos θ + r̈ − rθ̇2)b̂1 + (rθ̈ + 2ṙθ̇ − ẍ sin θ)b̂2.

Example 1.8 Radar-tracking Kinematics

A radar station is tracking a rocket that has just lifted off vertically with a velocity vr and
acceleration ar. The station is located such that the distance between the radar station and the
rocket is R (Figure 1.9). Calculate Ṙ, R̈, θ̇, θ̈ in terms of vr, ar, R, and θ only.
We begin by calculating NvP/O. To this end, we let

OP = Rb̂1,
NvP/O = Ṙb̂1 + Rθ̇b̂2.

Using vrn̂1 = vr sin θb̂1 + vr cos θb̂2, we conclude that Ṙ = vr sin θ and θ̇ = vr cos θ/R.
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Figure 1.9 A rocket detected by a radar station.

Next, we calculate the acceleration vector

NaP/O = (R̈ − Rθ̇2)b̂1 + (2Ṙθ̇ + Rθ̈)b̂2.

Using arn̂1 = ar sin θb̂1 + ar cos θb̂2, we obtain

R̈ = ar sin θ +
v2

r

R
cos2θ,

θ̈ =
ar

R
cos θ − v2

r

R2 sin 2θ.

Example 1.9 Cylindrical Coordinates

Obtain the general velocity and acceleration expressions for the motion of a particle as
described in a cylindrical coordinate system.
We start by defining a stationary frame, the N -frame, as shown in Figure 1.10. Subsequently,
we define a rotating frame, the B-frame, which is formed through a rotation angle φ, such that
b̂2 ≡ n̂2 is always aligned with the direction of z, and b̂3 is always aligned with the direction
of r. Using this understanding, we can write NωB = φ̇n̂2 = φ̇b̂2, NαB = φ̈n̂2 = φ̈b̂2. In the
B-frame, the position vector from O to P can be written as

OP = zb̂2 + rb̂3.

The velocity of the particle as measured by a stationary observer at O can be written as

NvP/O = żb̂2 + ṙb̂3 + NωB × (zb̂2 + rb̂3),
NvP/O = rφ̇b̂1 + żb̂2 + ṙb̂3.

The acceleration of the particle as measured by a stationary observer at O can be obtained by
differentiating the previous equation once with respect to time, taking into account the relative
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Figure 1.10 Description of the motion of a particle in a cylindrical coordinate system.
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Figure 1.11 Motion on a helix.

rotations between the two frames. This yields

NaP/O = (rφ̈ + ṙφ̇)b̂1 + z̈b̂2 + r̈b̂3 + NωB × (rφ̇b̂1 + żb̂2 + ṙb̂3)
NaP/O = (rφ̈ + 2ṙφ̇)b̂1 + z̈b̂2 + (r̈ − rφ̇2)b̂3.

Example 1.10 Helix

Consider the motion of a particle along the helical path shown in Figure 1.11a, where R and
β are respectively its radius and angle. Find the velocity and acceleration of the particle with
respect to point O.
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To describe the kinematics of the problem, we use cylindrical coordinates and define the rotat-
ing frame as shown in Figure 1.11b, where NωB = θ̇b̂2. We define the position vector OP as

OP = rb̂3 + zb̂2 = Rb̂3 + Rθ tan βb̂2.

The velocity can then be written as

NvP/O = (Rθ̇ tan β)b̂2 + θ̇b̂2 × (Rb̂3 + Rθ tan βb̂2) = Rθ̇b̂1 + Rθ̇ tan βb̂2,

and the acceleration is

NaP/O = Rθ̈b̂1 + Rθ̈ tan βb̂2 − Rθ̇2b̂3.

Flipped Classroom Exercise 1.3

Point P on a thin disk of radius r rotates about its own axis at point B through an
angle θ. The yoke where it is mounted also rotates about the line OB through an angle
β. The entire assembly rotates about the n̂2-axis shown in the figure through angle φ.
To fully describe the kinematics of the problem, define three rotating frames such that
NωA = φ̇n̂2, AωC = −β̇â1, and CωD = θ̇ĉ3, then find the following:

• CaP/B

• AaP/B

!"+ + 
O B

P

φ

β θ
n̂1

n̂2

r

h

â1

â2
ˆ2c

ĉ1

d̂1
d̂2
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To find CaP/B , you need to do the following:

1. Define the position vector from B to P in the easiest possible way. Note that regard-
less of how this complex system rotates, r will always be in the direction of d̂1.

2. Find the velocity as seen by an observer in the C frame. Note that ṙ = 0 because the
radius of the circle does not change length

3. Show that the acceleration is given by

CaP/B = rθ̈d̂2 + CωD × rθ̇d̂2,

= rθ̈d̂2 − rθ̇d̂1.

To find AaP/B , you need to do the following:

1. Define the position vector from B to P .
2. Show that the velocity of point P with respect to point B as observed in the A-frame

is given by

AvP/B = AωD × rd̂1 = (−β̇ĉ1 + θ̇d̂3) × rd̂1.

Note that, to carry the cross product between vectors described in two different
frames, it is much more convenient to rotate one of them such that they are both
described in the same frame.

3. Show that the acceleration of point P with respect to point B as observed in the A
frame is given by

AaP/B = rθ̈d̂2 − (rβ̈ sin θ + rβ̇θ̇ cos θ)d̂3 + CωD × (rθ̇d̂2 − rβ̇ sin θd̂3),

= −(rθ̇2 + rβ̇2sin2θ)d̂1 + (rθ̈ − rβ̇2 cos θ sin θ)d̂2,

− (rβ̈ sin θ + 2rθ̇β̇ cos θ)d̂3.

Exercises

1.1 Find the rotation matrix necessary to transform a frame N to another frame B by per-
forming a 1-2-1 rotation using angles (θ, φ, ψ).

1.2 A position vector from point O to point P is defined as OP = 2tn̂1 + 3 sin tĉ2 + t3b̂1 m,
where NωC = 2ĉ2 + 3tĉ1 rad/s and CωB = 2 sin tb̂2 + 3b̂3 rad/s. Here, N is an inertial
frame, while B and C are rotating frames. Find the velocity and acceleration of point P
with respect to point O as observed in the inertial frame at t = π s.
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1.3 A position vector from point O to point P is defined as OP = 2tâ1 + 3 sin tâ2 + t3b̂1 m,
where NωA = 2â2 + 3tâ1 rad/s and AωB = 3b̂3 rad/s. Here, N is an inertial frame,
while B and A are rotating frames. Find the velocity and acceleration of point P with
respect to point O as observed in the inertial frame at t = π

2 s.

1.4 Derive the velocity and acceleration of a particle in a spherical coordinate system. Use
Figure 1.12 for the definition of the rotation angles.

n̂3

n̂1

n̂2

θ

φ r

O

P

Figure 1.12 Exercise 1.4.

1.5 In kinematics, the derivative of the acceleration is defined as the Jerk, J. Imagine we live
in a world in which the Jerk replaces the acceleration in Newton’s second law. Using the
general acceleration formula we derived in the chapter, derive a general formula for the
Jerk, NJP/O of a particle P with respect to an inertial point, O.

1.6 In the two-dimensional problem shown in Figure 1.13, a particle P of mass m slides in
a pipe which rotates with an angle φ relative to a rod of length l as shown in the figure.
The rod, in turn, rotates with an angle θ relative to the vertical. Define r as the distance
from point Q to point P and your rotating coordinates systems such that NωA = θ̇n̂3
and AωB = φ̇â3, then find:

(a) AvP/O

(b) NvQ/O

(c) AaP/Q

(d) BaP/Q
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Figure 1.13 Exercise 1.6.

1.7 For the system shown in Figure 1.14, find NvP/Q, NaP/Q, NαB , and DaP/O. Express
all your answers in the B-frame and define your frames such that NωD = φ̇n̂2, DωB =
θ̇d̂3.

n̂1
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P

O

θ

x

r

n̂2

Q

Figure 1.14 Exercise 1.7.

1.8 For the system shown in Figure 1.15, the column is forced to rotate with constant angular
velocity φ̇. A rod of length d is welded onto one end to the column (point O) and is
pinned at the other end to a rod of length l (point G). The rod, of length l, is welded to a
frictionless pipe at point S. A particle P of mass m is free to slide inside the pipe. Define
your coordinate system such that NωA = φ̇ â2 and AωB = θ̇ b̂3, then find the following:

(a) AvP/S

(b) AaP/S

(c) AaP/O

Express all your answers in the B coordinate system.
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P
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φ̇ = const

θ

Figure 1.15 Exercise 1.8.

1.9 The bead shown in Figure 1.16 is constrained to move along the path shown, the radius
of which changes with θ according to r = a

1+θ . Obtain the velocity and acceleration of
the particle with respect to point O as observed in the inertial frame. Assuming θ̇ = 2
rad/s, what are the velocity and acceleration at θ = π/2?

n̂1

n̂2

θ
r

a

P

O

Figure 1.16 Exercise 1.9.

1.10 Two particles P1 and P2 are rotating with constant angular velocities on the circular paths
shown. The angular velocities of P1 and P2 with respect to an inertial frame are θ̇ and φ̇,
respectively. Find the velocity and acceleration of P1 with respect to an observer moving
with P2.
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P1
P2

R1

R2
x0 θφ

Figure 1.17 Exercise 1.10.

1.11 A particle moves on the inside surface of a cone of half angle α. The axis of the cone
is vertical with the vertex pointing downwards. Find the velocity and acceleration of the
particle with respect to an inertial point.

α

Figure 1.18 Exercise 1.11.





2
Dynamics of Particles: Vectorial
Approach

In Chapter 1, we learned how to find the position, velocity, and acceleration of a particle – its
kinematic description – without worrying about the forces causing its motion. While this con-
stitutes an important first step towards learning dynamics, kinematics does not lend itself
naturally to obtaining the equations governing the motion of the particle. Such equations
are what we are after in this book because, through their solution, we can describe and pre-
dict motion of particles. This chapter outlines the most common approach – the vectorial
approach – through which the equations governing the motion of particles are derived. To
this end, we introduce Newton’s second law of dynamics and demonstrate how it can be used
to relate the forces acting on a particle to its ensuing motion. Examples involving planar and
non-planar motion are discussed.

2.1 Newton’s Second Law of Dynamics

The most common approach to relate forces acting on a particle to its ensuing motion is by
using Newton’s second law of dynamics, which is widely known as the vectorial approach
to mechanics. Newton described his second law for the first time in the Principia, where he
stated that:

The alteration of motion is proportional to the motive force impressed; and is
made in the direction of the right line in which that force is impressed.

In most modern books of classical mechanics, this statement has been rephrased to be more
accessible to today’s readers. As such, it is more common to see Newton’s second law stated as:

The acceleration of an object as produced by a net force is directly proportional to
the magnitude of the net force, in the same direction as the net force, and inversely
proportional to the mass of the object.

Dynamics of Particles and Rigid Bodies: A Self-Learning Approach, First Edition. Mohammed F. Daqaq.
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Mathematically, Newton’s second law can be written as:

F = ma (2.1)

where F is the force vector acting on the particle, m is the mass of the particle, and a is its
acceleration vector measured with respect to an inertial frame. Newton arrived at this equation
using empirical observations of particles in motion. Nevertheless, many historians argue that
Euler was the one who first stated Newton’s second law mathematically in the vectorial form
widely-used today [1].

Since the motion of a free particle in a Cartesian coordinate system is described by three
coordinates, which are commonly denoted as (x, y, z), Equation (2.1) holds true along the
three different unit vectors (n̂1, n̂2, n̂3) describing the Cartesian coordinate system; that is,

Fn̂1
= man̂1

, Fn̂2
= man̂2

, Fn̂3
= man̂3

(2.2)

When using Newton’s second law of dynamics, it is important to keep in mind that
Equation (2.2) holds in this simple form only when the following two conditions are satisfied:

Conditions for Applying Newton’s Second Law of Dynamics

1. The mass of the particle does not vary with time. Otherwise, one has to revert to the
more general form, which states that the net force acting on a particle is equal to the
change in its linear momentum. The case where the mass of the system changes with
time will be addressed in more detail in Chapter 7.

2. The acceleration of the particle is measured with respect to an observer standing in
an inertial frame.

Assuming that these conditions are satisfied, the process of implementing Newton’s sec-
ond law to obtain the equations governing the motion of a particle is straightforward. This is
especially the case when one has mastered the kinematic description of particles as described
previously in Chapter 1, and knows how to describe the forces acting on the particle. In
what follows, we provide a systematic procedure which can be easily followed to obtain the
equations governing the motion of a particle by using Newton’s second law of dynamics.

Procedure for Implementing Newton’s Second Law of Dynamics

1. Define the inertial frame and any rotating frames needed to describe the acceleration
of the particle with respect to the inertial frame.

2. Find the acceleration of the particle with respect to the inertial frame.
3. Draw a free-body diagram of the forces acting on the particle. If needed, project these

forces onto the frames defined.
4. Equate the force vector in a given direction to the associated mass times acceleration

vector in the same direction, as described by Equation (2.2).



Dynamics of Particles: Vectorial Approach 29

Example 2.1 Simple Pendulum Dynamics

Consider the simple pendulum shown in Figure 2.1. Obtain the equations governing the motion
of the pendulum and the tension in the cable.

To find the equations of motion, we will follow the procedure described above:

1. Define the inertial frame and any rotating frames needed to describe the acceleration of
the particle with respect to the inertial frame.

In this example, we use point O as our inertial point, Figure 2.1. It is located in an inertial
frame, N . We also define a rotating frame, the B-frame, such that b̂1 is always normal to the
cable and NωB = θ̇b̂3. The choice of the B-frame is made merely to simplify the calculation
of the acceleration of point P with respect to point O as observed in the inertial frame.

2. Find the acceleration of the particle with respect to the inertial frame.
To this end, we write

OP = −lb̂2,

NvP/O = lθ̇b̂1,

NaP/O = lθ̈b̂1 + lθ̇2b̂2.

3. Draw a free-body diagram of the forces acting on the particle. If needed, project these
forces into the frames defined.

lθ

O

P

Figure 2.1 Schematic of a simple pendulum.

θ

O

n̂2

n̂1

b̂2

b̂1

P

l

Figure 2.2 Frames used to describe the motion of the pendulum in Example 2.1.
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T

mg

mN aP/Ob2
ˆ

ˆmN aP/Ob1

≡

Figure 2.3 Free-body diagram of the simple pendulum.

There are two forces acting on the particle.
• the tension in the cable acting in the positive b̂2 direction, i.e. T b̂2
• the weight of the particle acting in the negative n̂2 direction, i.e. −mg n̂2.

Because the acceleration is described in the B-frame, it is convenient to describe the
weight in the B-frame using −mg n̂2 = −mg sin θ b̂1 − mg cos θ b̂2 (see Figure 2.3).

4. Equate the force vector in a given direction to the associated mass times acceleration vector
in the same direction.

Direction of b̂1:

Fb̂1 = mNaP/O b̂1,

− mg sin θ = mlθ̈,

θ̈ +
g

l
sin θ = 0.

Direction of b̂2:

Fb̂2 = mNaP/O b̂2,

T − mg cos θ = mlθ̇2,

T = mlθ̇2 + mg cos θ.

The equation in the b̂1 direction is known as the equation of motion. Given initial condi-
tions on the angle and angular velocity of the particle, this can be solved to find θ(t). This
requires the solution of a second-order non-linear ordinary differential equation. Once the
first equation has been solved, the second equation can be used to find the tension in the
cable as a function of the angle θ. Note that the tension is the sum of the static component
mg cos θ plus a dynamic component mlθ̇2.

Example 2.2 Motion of a Particle in a Uniform Gravitational Field

In undergraduate dynamics, you must have learned about the motion of a particle in a uniform
gravitational field, also known as the projectile motion. Let us discuss this problem again
through this example.

A ball of mass, m, is thrown with an initial velocity v0 at an angle θ from the horizon,
as shown in Figure 2.4. Find the path, y(x), that the particle takes as it travels, assuming no
frictional losses due to interaction with the atmosphere.
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θ
n̂1

n̂2

x P

O

v0
y(x)

g

xmax

Figure 2.4 Projectile motion.

To solve this problem, we begin by defining the inertial N -frame located at point O. Using
the N -frame, we obtain the acceleration of point P with respect to point O as:

NaP/O = ẍn̂1 + ÿn̂2.

Next, we draw the free-body diagram shown in Figure 2.5 and apply Newton’s second law to
obtain

Direction of n̂1:

Fn̂1 = mNaP/On̂1 ẍ = 0,

Direction of n̂2:

Fn̂2 = mNaP/On̂2, ÿ = −g.

To obtain y(x), we need to solve the previous system of equations, which represent two
second-order uncoupled linear differential equations. To this end, we specify the initial condi-
tions of the particle at time t = 0. We note that at t = 0, x(0) = 0, y(0) = 0, ẋ(0) = v0 cos θ,
and ẏ(0) = v0 sin θ. Upon integrating these equations using the specified initial conditions,
we obtain

x(t) = v0 cos θt, y(t) = −g

2
t2 + v0 sin θt.

These expressions describe how x and y vary with time. However, we are after the relationship
between y and x. To obtain this relationship, we solve the first equation for t and substitute in
the second equation to obtain

y(x) =
−g

2v2
0 cos2 θ

x2 + tan θx,

≡

mg

m NaP/On2ˆ

m NaP/On1ˆ

Figure 2.5 Free-body diagram of a projectile in motion.
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R

n̂1

n̂2

P

O

θ

Figure 2.6 Particle sliding along a smooth surface of radius R.

The previous equation can be used to find the value of x at which the projectile hits the ground;
in other words, xmax. This can be done by setting y(x) = 0 and obtaining xmax = x2

0
g sin 2θ.

Furthermore, to obtain the initial angle of projection at which xmax is maximized, we let
dxmax/dθ = 0 and obtain θ0 = 45◦.

Example 2.3 Losing Contact with a Surface

Figure 2.6 shows a particle of mass m which is displaced slightly from its equilibrium position
at the top of the fixed sphere of radius R and slides down the surface. Find the angle at which
the particle loses contact with the surface.

To solve this problem, we define the rotating frame, B, such that NωB = −θ̇b̂3 and find the
acceleration of the particle P with respect to point O:

NaP/O = Rθ̈b̂1 − Rθ̇2b̂2.

Next, we draw the free-body diagram shown in Figure 2.7 and use it to apply Newton’s second
law, thus obtaining the equation of motion. There are two forces acting on the body: the reaction
force, RN b̂2, and the weight, −mgn̂2. Thus, we can write

Direction of b̂1 :

Fb̂1 = mNaP/O b̂1

θ̈ − g

R
sin θ = 0.

Direction of b̂2 :

Fb̂2 = m NaP/O b̂2,

N − mg cos θ = −mRθ̇2.

Now that the equations of motion are available, we turn our attention to finding the critical
angle, θcr, at which the particle loses contact with the surface. To this end, we notice that
the reaction force, RN , vanishes at θcr. As such, at θcr, the previous set of equations can be
reduced to

θ̈ − g

R
sin θ = 0,

g

R
cos θcr = θ̇2

cr.
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mg

≡

m NaP/Ob1

m NaP/Ob2
ˆ

RN ˆ

Figure 2.7 Free-body diagram of a particle sliding along a circular surface.

We note that the first of these is valid for any value of θ, whereas the latter is valid only at θcr.
To find θcr, we integrate the first equation with respect to θ. To this end, we use the common
knowledge that θ̈ = dθ̇

dθ
dθ
dt or θ̈ = θ̇ dθ̇

dθ ; θ̈dθ = θ̇dθ̇. This yields

∫ θ̇cr

θ̇=0
θ̇dθ̇ =

∫ θcr

θ=0

g

R
sin θdθ; θ̇2

cr =
2g

R
(1 − cos θcr).

Next, we eliminate θ̇cr from the previous equations and solve for θcr to obtain

θcr = cos−1 2
3
.

It is worth noting that, the critical angle is independent of the radius of the surface and the
mass of the particle.

Example 2.4 Influence of the Earth’s Rotation on Projectile Dynamics

A stone of mass, m, is dropped from a parachute at a height, h = 3000 m above the ground.
Assuming that the stone is dropped from rest vertically downwards and that you are in Abu
Dhabi, where the latitude is approximately 24◦N, find the location where the stone hits the
ground.

We solve this problem by defining the frames shown in Figure 2.8: the N -frame is an inertial
frame located at the center of the Earth, and the E-frame is a rotating frame formed by rotating
around the n̂1 axis such that NωA = Ωê1, where Ω is the frequency of rotation of the Earth.
The B-frame is formed at a constant angle, λ, of rotation around the ê3 axis.

To find the location where the stone hits the ground, we first define its position in space as
measured with respect to the center of the Earth.

OP = OQ + QP = (R0 + z)b̂1 + xb̂2 + yb̂3,

where R0 is the radius of the earth, x is the distance along the b̂2 axis (south) measured from
point Q, and y is the distance along the b̂3 axis (east) measured from point Q. The velocity
and acceleration are given by

NvP/O = (z − yΩsin λ)b̂1 + (ẋ − yΩcos λ)b̂2

+ (ẏ + (R0 + z)Ω sin λ + xΩcos λ)b̂3,

NaP/O = (z̈ − 2Ωẏ cos λ)b̂1 + (ẍ − 2Ωẏ cos λ)b̂2

+ (ÿ + 2Ω(ẋ sin λ + z sin λ))b̂3 + O(Ω2),
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Figure 2.8 Influence of the Earth’s rotation on projectile dynamics.

where O(Ω2) are terms containing Ω2. These terms can be neglected because the frequency
of the Earth’s rotation is very small: approximately, Ω = 7.29 × 10−5 rad/s.

Next, we draw the free-body diagram and implement Newton’s law in the b̂i directions. Note
that the only force acting on the body is its weight in the b̂1 direction. This yields:

Direction of b̂1 :

Fb̂1 = mNaP/O b̂1, −g = z̈ − 2Ωẏ sin λ,

Direction of b̂2 :

Fb̂2 = mNaP/O b̂2, ẍ − 2Ωẏ cos λ = 0,

Direction of b̂3 :

Fb̂3 = mNaP/O b̂3, ÿ + 2Ω(ẋ cos λ + z sin λ) = 0.

The location at which the stone hits the ground can be found by solving this set of differential
equations for which we need to specify the initial conditions. Since the stone was released
vertically downward from rest at a height, h, the initial conditions can be written as: x(0) =
y(0) = 0, ẋ(0) = ẏ(0) = ż(0) = 0, and z(0) = h. Integrating the previous equations using
the initial conditions yields

ż = −gt + 2Ωy sinλ, ẋ = 2Ωy cos λ.

Rearranging, we obtain
ÿ = 2Ωgt sin λ,

which upon integrating twice with respect to time and using the initial conditions yields

y =
1
3
Ωgt3 sin λ.
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Substituting this into the equations governing ẋ and ż while neglecting terms of order Ω2,
yields

x = 0, z = h − 1
2
gt2.

The time required for the stone to reach the ground, tcr can be found by setting z = 0 in the

previous equation and obtaining tcr =
√

2h
g . Substituting tcr back into the equation for y, we

obtain

y =
2
3
Ωh

√
2h

g
sin λ (east).

Using the information given in the problem statement: h = 3000 m, λ = 90◦ − 24◦ = 66◦,
we obtain y = 32.9 cm (east). Therefore, the stone will hit the ground 32.9 cm east of where
it was released. The time required to reach the ground is approximately 24.7 s.

Flipped Classroom Exercise 2.1

A bead is constrained to slide on a wire that is bent in the shape of a cycloid having the
parametric equation x = a(θ − sin θ), y = a(1 − cos θ). Find the differential equation
governing the motion of the bead.

n̂1

n̂2

mg

ψ

x

yO

P

m NaP/On1

RN

≡
ˆ

m NaP/On2ˆ

1. Using the N -frame as a reference frame, show that the acceleration of point P with
respect to point O is given by

NaP/O = a(θ̈ − cos θθ̈ + θ̇2 sin θ)n̂1 − a(θ̈ sin θ + θ̇2 cos θ)n̂2.

2. Draw a free-body diagram of the system. Note that the reaction on the bead is always
normal to the cycloid.

3. Using Newton’s second law, write the two equations that govern the two unknowns
in the system. What are these unknowns?

4. Rearrange the resulting equations and reduce them into one equation governing the
dynamics of the angle θ. Show that this equation can be written as

θ̈ +
sin θ

2(1 − cos θ)
θ̇2 − g

sin θ

2a(1 − cos θ)
= 0.
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Flipped Classroom Exercise 2.2

A cable is attached to a particle of mass, m, and is wound completely around a disk of
radius R, as shown in the figure. The disk rotates with a constant angular velocity Ω.
Find the change of length, l(t) and the tension in the cable as function of time assuming
planar motion in the horizontal plane.

P

O

l(t)

R

n̂1

n̂2

Ω

1. Define the rotating B-frame such that b̂1 aligns with the the direction of the cable.
Show that

NωB =

(
Ω +

l̇

R

)
b̂3.

2. Show that the acceleration from point O to point P is given by

NaP/O = −l

(
Ω +

l̇

R

)2

b̂1 +

(
ll̈

R
+

l̇2

R
− RΩ2

)
b̂2.

3. Apply Newton’s second law along the b̂i directions and show that

T = ml

(
Ω +

l̇

R

)2

ll̈ + l̇2 − R2Ω2 = 0.

4. Using the initial condition l(0) = 0, l̇(0) = RΩ, show that

l(t) = RΩt,

T = 4mRΩ3t.
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2.2 Stiffness and Viscous Damping

Two elements that are widely used in dynamics and vibrations are the spring and damper. The
first is used to represent a structural element that stores potential energy due to its elasticity;
the second is used to represent energy dissipation that is linearly proportional to the velocity
of motion, also known as viscous or Rayleigh damping.

When an elastic element is deflected a distance x, as shown in Figure 2.9, it pulls back
with a force, Fs. Assuming linear elastic behavior, the force in the spring is equal to Fs = kx,
where k is the stiffness coefficient of the elastic element. Similarly, assuming a linear viscous
damping behavior, when one end of a viscous damper moves with a velocity ẋ, the damper pulls
back with a force equal to Fd = cẋ, where c is the damping coefficient. Note that, in general,
elastic and dissipation mechanisms can exhibit non-linear dependence on the deflection and
velocity respectively. For instance, under large deformations, stiffness elements can exhibit
a hardening/softening behavior in which the stiffness coefficient becomes a function of the
displacement itself; in other words, k = k(x). Similarly, drag forces acting on an immersed
body in motion are generally proportional to the square of the body’s velocity.

Example 2.5 Spring Force

Consider the spherical pendulum in Figure 2.10. The pendulum consists of a mass m and an
elastic cable with a spring of constant k of initial unstretched length, l0. Find the equations
governing the motion of the system.

As shown in Figure 2.11, we define two rotating coordinate systems such that NωC = φ̇n̂3
and CωB = −θ̇ĉ3. Hence, in the B-frame, the angular velocity vector can be expressed as
NωB = φ̇ sin θb̂1 − θ̇b̂2 + φ̇ cos θb̂3. The position vector from point O to point P can be writ-
ten as OP = −(l0 + r)b̂3, where r is the change of length in the cable due to its elasticity. The
velocity and acceleration can be written as

NvP/O = (l0 + r)θ̇b̂1 + (l0 + r)φ̇ sin θb̂2 − ṙb̂3,

NaP/O = b̂1[(l0 + r)θ̈ + 2ṙθ̇ − (l0 + r)φ̇2 sin θ cos θ]+

b̂2[2(l0 + r)θ̇φ̇ cos θ + (l0 + r)φ̈ sin θ + 2ṙφ̇ sin θ]+

b̂3[−r̈ + (l0 + r)θ̇2 + (l0 + r)φ̇2sin2θ].

k

Fs = kx

x

Fs

x

k

c

c

Fd

ẋ

Fd = cẋ

Figure 2.9 Graphical representation of stiffness (spring) and viscous damping (dashpot).



38 Dynamics of Particles and Rigid Bodies

n̂1

n̂2

n̂3

O

P

k

Figure 2.10 A spherical pendulum with an elastic cable.
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ĉ3
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Figure 2.11 Coordinate system used to describe the kinematics/dynamics of the spherical pendulum.

mg
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≡

m NaP/Ob3
ˆ

m NaP/Ob2
ˆ

m NaP/Ob1
ˆ

Figure 2.12 Free-body diagram of a spherical pendulum.

As shown in Figure 2.12, there are two forces acting on the body: the force in the spring
kr b̂3 and the weight −mgĉ3. Implementing Newton’s second law along the three directions
of the rotating frame, we obtain:

Direction of b̂1 :

Fb̂1 = mNaP/O b̂1,

(l0 + r)θ̈ + g sin θ + 2ṙθ̇ = (l0 + r)φ̇2 sin θ cos θ,
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Direction of b̂2 :

Fb̂2 = mNaP/O b̂2,

2(l0 + r)θ̇φ̇ cos θ + (l0 + r)φ̈ sin θ + 2ṙφ̇ sin θ = 0,

Direction of b̂3 :

Fb̂3 = mNaP/O b̂3,

r̈ +
k

m
r + (l0 + r)θ̇2 = (l0 + r)φ̇2sin2θ + mg cos θ.

Flipped Classroom Exercise 2.3

The particle shown in the figure, which has a mass, m, is constrained to move in the
plane shown by four springs. Each of the springs si has a stiffness k and an unstretched
length l in the position shown in the figure. Obtain the equations governing the motion
of the particle when it is arbitrarily displaced. Motion occurs in the horizontal plane and,
as a result, there is no need to include gravitational forces.

m
k

k

k

k

s1

s2

s3

s4

n̂1

n̂2

1. Define your inertial, N -frame, at the center. Displace the particle a distance x along
the n̂1-axis and a distance y along the n̂2-axis.

2. Using the resulting geometry, show that the force in each spring can be described as

F1 = k

[
(l + x)

(
l√

(l + x)2 + y2
− 1

)
n̂1 + y

(
l√

(l + x)2 + y2
− 1

)
n̂2

]
,

F2 = k

[
x

(
l√

x2 + (l − y)2
− 1

)
n̂1 + (l − y)

(
l√

x2 + (l − y)2
− 1

)
n̂2

]
,

F3 = k

[
(x − l)

(
l√

(l − x)2 + y2
− 1

)
n̂1 + y

(
l√

(l − x)2 + y2
− 1

)
n̂2

]
,
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F4 = k

[
x

(
l√

x2 + (l + y)2
− 1

)
n̂1 + (l + y)

(
l√

x2 + (l + y)2
− 1

)
n̂2

]
.

3. Implement Newton’s equations along the n̂1 and n̂2 directions to show that

ẍ =

√
k

m

[
(l + x)

(
l√

(l + x)2 + y2
− 1

)
+ x

(
l√

x2 + (l − y)2
− 1

)

+ (x − l)

(
l√

(l − x)2 + y2
− 1

)
+ x

(
l√

x2 + (l + y)2
− 1

)]

ÿ =

√
k

m

[
y

(
l√

(l + x)2 + y2
− 1

)
+ (l − y)

(
l√

x2 + (l − y)2
− 1

)

+y

(
l√

(l − x)2 + y2
− 1

)
+ (l + y)

(
l√

x2 + (l + y)2
− 1

)]
.

2.3 Dry Friction

When two bodies are forced to slide with respect to each other, micro-scale asperities on their
surface interact causing local elastic and plastic deformations that result in a force known as
dry friction. One of the most widely used models to represent energy losses due to friction
between moving bodies is the dry friction model or Coulomb’s law of friction. The model
is simple and states that, if the net forces acting on a body are less than what is required
to overcome frictional forces, then the body does not move. In such cases, frictional forces
preventing the body from moving are static and can be approximated by Fs = μsN , where μs

is the non-dimensional static coefficient of friction, and N is the normal force exerted by each
surface on the other, directed perpendicular to the surface.

A common approach to obtaining the empirical value of the static friction coefficient, μs,
between two surfaces, is by putting a block made of one material on the surface of a ramp
made from the other material as shown in Figure 2.13. The sliding angle is then increased
incrementally up to the point where sliding is initiated. At this point, one can carry out a
simple static equilibrium analysis and show that tan θcr = μs.

Once the forces acting on the body overcome the static frictional forces and the body starts
moving, dry friction forces drop in magnitude and are approximated by Fk = μkN , where
μk is the non-dimensional kinetic coefficient of friction. The kinetic friction coefficient is
smaller than the static one and usually ranges between zero and slightly above one. Since the
dynamic friction force always opposes the direction of the velocity, it can be represented in
the following form:

Fk = −μkNsign(ẋ),

where sign(ẋ) refers to the sign of the velocity.
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μsN

mg N

θ

m

Figure 2.13 A method to obtain the static friction coefficient, μs.

Example 2.6 Dry Friction

For the system shown in Figure 2.14, the vertical column is forced to rotate with a constant
angular velocity Ω n̂2. A pipe is welded to the vertical column, making a constant angle θ0
with the n̂2 direction. A particle P of mass m slides inside the pipe. The kinetic coefficient
of friction between the mass and the internal surface of the pipe is μk. Find the equations
governing the motion of the particle.

In addition to the inertial frame, we use two rotating frames to describe the motion of the
particle. The first coordinate system is the A-frame, which is formed such that NωA = Ω n̂2 =
Ω â2. The second coordinate frame is formed by performing a constant angle rotation of θ0
around the −â3 axis.

With these coordinates, we can write the position, velocity, and acceleration of point P with
respect to point O measured in the inertial frame as follows:

OP = rê2,

NvP/O = ṙê2 − rΩsin θ0ê3,

NaP/O = −rΩ2 sin θ0 cos θ0ê1 + (r̈ − rΩ2sin2θ0)ê2 − 2ṙΩsin θ0ê3.

O

P

n̂2

â1

â2

Ω

θ0
ê1

ê2

r

n̂1

Figure 2.14 Motion of a particle in a rotating pipe with friction.
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N1

mg

N3 ≡μkN
T
sig

n(
r)

m NaP/Oe2̂

m NaP/Oe3̂m NaP/Oe1ˆ˙

Figure 2.15 Free-body diagram of a particle moving inside a pipe.

To implement Newton’s second law, we construct the free-body diagram shown in Figure 2.15
and note that the reaction force is decomposed into two components, N1 and N3, such that
NT =

√
N 2

1 + N 2
3 . This yields:

Direction of ê1 :

Fê1 = mNaP/O ê1,

N1 = m sin θ0(g − rΩ2 cos θ0).

Direction of ê2 :

Fê2 = mNaP/O ê2,

r̈ − rΩ2sin2θ0 +
μk

m
NT sgn(ṙ) + g cos θ0 = 0.

Direction of ê3 :

Fê3 = mNaP/O ê3,

N3 = −2mΩṙ sin θ0.

Manipulating these equations, we can write:

NT = m sin θ0

√
4Ω2ṙ2 + (g − rΩ2 cos θ0)2,

r̈ − rΩ2sin2θ0 + μk sin θ0

√
4Ω2ṙ2 + (g − rΩ2 cos θ0)2sgn(ṙ) + g cos θ0 = 0.

Flipped Classroom Exercise 2.4

In the system shown in the figure, particle m1 slides without friction on the surface of
mass m2. As a result, mass m2 slides on the horizontal surface a distance x. The kinetic
friction coefficient between mass m2 and the horizontal surface is μk. Find the equations
that govern the motion of the two masses.

1. There are four unknowns in this problem. What are they?
2. Using the coordinate system shown in the figure, show that the accelerations of mass

m1 and m2 is given by

NaP1/O = (ẍ − ÿ cos θ)n̂1 − (ÿ sin θ)n̂2,

NaP2/O = ẍn̂1.
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3. Draw a free-body diagram for each mass, then use Newton’s equations to show that:

m2ẍ + m1ÿ sin θ tan θ + μk(m1 + m2)g = μkm1 sin θÿ + m1g tan θ,

ÿ sin θ tan θ − g tan θ = ẍ − ÿ cos θ.

θ

n̂1

n̂2

y

P2

m2

m1

x

P1

2.4 Dynamics of a System of Particles

The motion of a free particle in a free space can be described by three coordinates. Therefore,
to define the motion of N particles in space, we need to use 3 × N coordinates. Nonethe-
less, in many instances, the motion of the particle is not completely free and is constrained
kinematically to a certain path. We call such constraints kinematic constraints. For instance, a
particle that is constrained to move along the x-axis of a Cartesian frame is subjected to two
constraints, y = 0 and z = 0. As such, the particle is only free to move in one direction and
is said to have one degree of freedom. For one particle, the number of degrees of freedom is
equal to three minus the number of constraints. For N particles, it is given by:

DOF = 3N − C (2.4)

where DOF is the number of degrees of freedom, N is the number of particles, and C is the
number of constraints.

A pendulum of a fixed cable length, l, moving in a two-dimensional space has one degree
of freedom because its motion involves one particle subject to two constraints: z = 0 and
x2 + y2 = l2. The number of degrees of freedom of a given system of particles decides the
minimum number of equations needed to fully describe the motion of that system. Therefore,
for the pendulum, only one equation defined in terms of the rotation angle θ (as derived in
Example 2.1) is necessary to describe the motion of the pendulum.

To implement Newton’s second law on a system of particles, we implement it on each parti-
cle separately, taking into account the influence of the internal forces between the particles. Per
Newton’s third law, which states that for every action there is a reaction equal in magnitude and
opposite in direction, the internal forces between two particles are always equal but opposite
in direction.
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Example 2.7 Gantry Crane

Consider the motion of the gantry crane shown in Figure 2.16. The payload has a mass, m1,
while the trolley has mass, m2. Find the equations that govern the motion of the system.

To begin, let us define our unknowns and our degrees of freedom. In the problem, there are
four unknowns: the displacement, x, the angle θ, the tension in the cable T , and the vertical
reaction at the pin Qy .

To determine the number of degrees of freedom, we note that m1 is subjected to two con-
straints: z = 0 and the fixed cable length constraint. Similarly, mass m2 is subject to two
constraints, y = z = 0. As such, the system has 3 × 2 − 4 = 2 DOF .

To find the equation of motion, we first find the acceleration of m1, m2 with respect to point
O as measured in the inertial N -frame. We obtain:

Mass m1:
NaP/O = (ẍ + lθ̈ cos θ − lθ̇2 sin θ)n̂1 + (lθ̈ sin θ + lθ̇2 cos θ)n̂2,

Mass m2:
NaP/O = ẍn̂1.

Next, we draw the free-body diagram for each mass, and implement Newton’s second law
on each mass separately along the possible coordinates (Figure 2.17).

Mass m1:

Fn̂1 = m1
NaP/On̂1,

T cos θ − m1g = m1(lθ̈ sin θ + lθ̇2 cos θ),

Fn̂2 = m1
NaP/On̂2,

− T sin θ = m1(ẍ + lθ̈ cos θ − lθ̇2 sin θ),

Mass m2:

Fn̂1 = m2
NaP/On̂1,

m2ẍ = T sin θ,

lθ

O
Q

P m1

m2

x

n̂1

n̂2

Figure 2.16 A schematic of a gantry crane.
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Qy

m2g

m1g

T

T

≡

≡

m2x

mN
1 a

P/On2̂

mN
1 a

P/On1̂

¨

Figure 2.17 Free-body diagram of a gantry crane.

Fn̂2 = m2
NaP/On̂2,

Qy = m2g + T cos θ.

Note that the tension force, T , is an internal force, so it appears on each body (equal in
magnitude and opposite in direction). The preceding four equations can be solved together for
the four unknowns.

Flipped Classroom Exercise 2.5

For a system of N particles, each of mass mi and located at ri, show that

F = mr̈G,

where F =
∑N

i=1 Fi is the net external force acting on the system of particles, Fi is the
net external force acting on the ith particle, m =

∑N
i=1 mi, rG =

∑N
i=1 miri/

∑N
i=1 mi

is the center of mass of the particles, and fij is the internal force exerted by the jth
particle on the ith particle such that fij = −fji, fii = 0.

n̂1

n̂3

n̂2

r2
r1

ri

rG

F1
F2

F3

f12
f21

f1i

fi1
fi2

f2i

mi

m1

m2
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To show that F = mr̈G, carry out the following steps:

1. Implement Newton’s law on each particle and show it is equal to

mir̈i = Fi +
N∑

j=1

fji, i = 1, 2, 3, . . . ,N .

2. Add all the previous equations together from i = 1 to N and show that

N∑
i=1

mir̈i =
N∑

i=1

Fi.

3. Using the definition of the center of mass rG, show that

F = mr̈G.

Note that the acceleration of the center of mass does not depend on the internal
forces.

Flipped Classroom Exercise 2.6

For the system of two particles shown in the figure, particle m1 is allowed to slide a
distance r on the frictionless massless rod of length, l. On one end, the mass is attached to
a spring of stiffness k, and, on the other end, it is attached to a viscous damper of damping
coefficient c. The second mass m2 is fixed to the end of the massless rod as shown.
Assume that the initial unstretched length of the spring is r0 and find the equations
governing the motion of the system.

k

c

θ

O

P1

P2

m2

m1

n̂1

n̂2

r

1. Define the rotating frame B-frame such that NωB = θ̇b̂3 and show that the acceler-
ation of m1 and m2 are respectively:

Mass m1 :
NaP1/O = (r̈ − (r0 + r)θ̇2)b̂1 + (2ṙθ̇ + (r0 + r)θ̈)b̂2,
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Mass m2 :
NaP2/O = −lθ̇2b̂1 + lθ̈b̂2.

2. Draw a free-body diagram for each mass. Note there are four forces acting on m1
and four forces acting on m2. Note also that there are four unknowns in this problem.
What are they? (Hint: do not forget about the shear force acting on m2.)

3. Apply Newton’s second law on each mass independently and show that

r̈ +
k

m1
r − (r0 + r)θ̇2 +

c

m1
ṙ = g cos θ,

θ̈ +
g

l
sin θ =

m1

m2
(2ṙθ̇ + (r0 + r)θ̈) +

m1

m2

g

l
sin θ.

2.5 Newton’s Law of Gravitation

Newton’s law of gravitation states that a particle attracts every other particle in the universe via
a force that is directly proportional to the product of their masses and inversely proportional
to the square of the distance between their centers. The law was derived by Newton based on
empirical observations. Mathematically, the force of gravitation, F12 can be expressed as:

F12 = G
m1m2

r2 r̂ = G
m1m2

r3 r (2.5)

where, as shown in Figure 2.18, m1 and m2 are the masses of the interacting particles, G is the
gravitational constant (6.674 × 10−11 N(m/kg)2), r is the position vector connecting the two
masses, r2 is the square of the distance between the interacting particles, and r̂ is a unit vector
in the direction of r.

Example 2.8 Gravitational Attraction

In Figure 2.19, a particle of mass m1 is attached to a cable of length l and is allowed to oscil-
late. The other particle, which is of mass m2, is constrained to slide without friction along
the horizontal rod. Derive the equations that govern the motion of this system of particles,
accounting for the mutual attraction due to their own gravitational fields.

We first obtain the acceleration of both particles as observed in the reference, N , frame;
that is:

Mass m1:
NaP/O = (lθ̈ cos θ − lθ̇2 sin θ)n̂1 + (lθ̈ sin θ + lθ̇2 cos θ)n̂2,

m1 m2F12 r̂
r

F21

Figure 2.18 Two particles interacting due to Newton’s law of gravitation.
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l
θ

2l

d

ψ

x

P1

P2

O

Figure 2.19 Dynamics of two particles with mutual gravitational interactions.

Mass m2:
NaP/O = ẍn̂1.

To find the equations governing the motion of each particle, we refer to Figure 2.20 and
implement Newton’s second law to obtain:

Mass m1:

Fn̂1 = m1
NaP1/On̂1,

− T sin θ + FA cos ψ = m1(lθ̈ cos θ − lθ̇2 sin θ),

Fn̂2 = m1
NaP1/On̂2,

T cos θ − FA sin ψ − m1g = m1(lθ̈ sin θ + lθ̇2 cos θ),

T

m1g
FA

FA

N

m2g

mN
2 a

P2/On2

mN
1 a

P1/On2ˆ

mN
1 a

P1/On1ˆ

ˆ

mN
2 a

P2/On1ˆ

Figure 2.20 Free-body diagram of two particles with mutual gravitational interactions.
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Mass m2:

Fn̂1 = m2
NaP2/On̂1,

− FA cos ψ = m2ẍ,

where FA = Gm1m2/d2 is the attraction force between the two masses,

d =
√

(x − l sin θ)2 + l2(2 − cos θ)2,

is the distance between the two masses, and ψ is the angle that FA makes with the n̂1 axis
where:

cos ψ =
x − l sin θ

d
, sinψ =

2l − l cos θ

d
.

Flipped Classroom Exercise 2.7

At one point, physicists and transportation entrepreneurs discussed the idea of speedy
travel between two points on the Earth’s surface by drilling a straight tunnel between
them (they were not necessarily diametrically opposite each other). If, as shown, an
object of mass m is dropped into the tube, how long does it take to reach the other end?
Ignore friction, and assume (erroneously) that the density of the Earth is constant.

R
r
x

O

1. Since we are interested in the x dynamics, set the inertial coordinate at point O and
find the acceleration of the mass m.

2. Draw a free-body diagram for the mass. Note that there is only one force acting on
the mass, which is that due to the interaction between the mass of the earth and the
dropped object, m (hint: only the mass of of the Earth within the dashed circle con-
tributes to the interaction force).

3. Apply Newton’s second law on the mass m and show that

ẍ +
GM

R3 x = 0.

4. The last equation is that of an undamped harmonic oscillator, meaning that when
the object is dropped from rest, it will continue to go back and forth between the
two sides of the tube. Knowing the properties of undamped oscillators, show that the
time required to go from one end of the tube to the other is 42 min, regardless of
the object’s weight and the location of the tunnel entrance and exit points. This is
very fast!
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Exercises

2.1 Consider a bead that slides without friction on a hoop, as shown in Figure 2.21. The hoop
is constrained to rotate at a constant angular velocity, Ω. Derive the equation governing
the motion for the bead.

R

P

O

θ

Ω

Figure 2.21 Exercise 2.1.

2.2 In the two-dimensional problem shown in Figure 2.22, a particle P of mass m1 slides
without friction on a circular surface of radius, R. The circular surface is forced to move
to the right over the horizontal surface with an acceleration of αg, where α is a constant
and g is the gravitational acceleration. If the small particle is given a small nudge to
the right at θ = 0, find the critical angle, θcr, at which it loses contact with the circular
surface.

R

P

O

θ

n̂1

n̂2

m1

m2

Figure 2.22 Exercise 2.2.

2.3 A rock is thrown straight up with an initial velocity v0 by someone standing on the
equator. Find a formula to calculate where the rock lands (distance and direction). Your
answer should be in terms of v0, g, and Ω, where Ω is the frequency of the Earth’s
rotation.

2.4 A basketball is thrown upward with initial velocity v0. Assume that the drag force from
the air is F = mαv. What is the speed of the ball, vf , when it hits the ground? (An
implicit equation is sufficient.) Does the ball spend more time or less time in the air than
it would if it were thrown in a vacuum?
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2.5 Figure 2.23 depicts two masses m1 and m2, which are attached to each other with an
elastic cable that has an unstretched length l0 and stiffness k. The masses are free to
slide inside a frictionless massless elbow-pipe as shown in the figure. The pipe is free to
rotate with an angle θ. Derive the equations that govern the motion of the system.

m1

z

x

g

x

θ

θ

k

m2

Figure 2.23 Exercise 2.5.

2.6 For the double pendulum system shown in Figure 2.24, find the equations governing
the motion of the system. The external force, F (t), is always perpendicular to the point
mass.

l

θ

O

l

φ

c

m1

m2

F (t)

Figure 2.24 Exercise 2.6.
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2.7 The massless disk shown in Figure 2.25 rotates freely in the horizontal plane about a
vertical axis through O. A block of mass m is attached to O through a spring of stiffness k
and a dashpot of a damping coefficient c. Use Newton’s equations to obtain the equations
of motion in terms of the coordinate r, θ.

O

c

k

m

n̂1

n̂2

Ω

Figure 2.25 Exercise 2.7.

2.8 Figure 2.26 depicts a spring attached at one end to a disk of radius R and on the other
to a particle of mass, m. The disk rotates with a constant angular velocity Ω. Find
the equations that govern the motion of the system. Assume the spring was initially
unstretched.

P

O

R

n̂1

n̂2

Ω

k

P

Figure 2.26 Exercise 2.8.
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2.9 For the system shown in Figure 2.27 find the equations of motion and the tension in the
cable.

lθ

m2

ck

m1

Figure 2.27 Exercise 2.9.

2.10 A particle of mass m is given an initial velocity v0 at the top of the fixed circular surface
of radius R, as shown in Figure 2.28. The particle is connected to a spring of stiffness k
of unstretched length 0.5R and is allowed to slide around the smooth surface. Find the
maximum allowable initial velocity v0 such that the block does not lose contact with the
surface when it passes through the lowest point.

k

m

R

v0

g

Figure 2.28 Exercise 2.10.

2.11 A block of mass m slides without friction inside the massless pipe shown in Figure 2.29.
The pipe rotates with a constant angular velocity Ω about point O. Find the equation of
motion of the block, and the reaction exerted by the pipe on the rod.

2.12 An individual is throwing balls from the window of his third-floor apartment. The win-
dow is at a height h above level ground. At what inclination angle should the balls be
thrown so that they travel the maximum possible horizontal distance?

2.13 Repeat Exercise 2.12, but now find the inclination angle that maximizes/minimizes the
travel time.
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Ω
g

O

Figure 2.29 Exercise 2.11.

2.14 Consider the motion of two pendula attached through a rigid string of length l, as shown
in Figure 2.30. The left-hand pendulum is given an initial condition and allowed to oscil-
late; write the equations governing the motion of the system and find the tension in the
cable.

θ

mm

Figure 2.30 Exercise 2.14.

Reference

1. L. Euler (1750) “Discovery of a new principle of mechanics”, Memoires de L’Academie Royale des
Sciences, Par. XXIII, 196.



3
Dynamics of Rigid Bodies:
Vectorial Approach

In this chapter, we extend the vectorial approach based on Newton’s second law of dynamics
to rigid bodies. To this end, we introduce the concepts of the center of mass, mass moment of
inertia, and principal axis of rotation. We used these concepts to model planar and non-planar
motion of rigid bodies.

3.1 Center of Mass

In dynamics, the center of mass of a given mass distribution is the point at which the weighted
relative position of the distributed mass sums to zero. In other words, as shown in Figure 3.1,
if we have a collection of N particles each of mass, mi, randomly distributed in space such
that their position vectors measured with respect to the same fixed point are given by ri, then
the center of mass rG is the location of the point that satisfies:

N∑
i=1

mi(ri − rG) = 0,

which upon solving for rG gives

rG =
∑N

i=1 miri∑N
i=1 mi

(3.1)

The center of mass was first defined by Archimedes, who demonstrated that the torque
exerted by a number of weights on the suspension point of a lever arm is equal to that exerted
by their sum when the sum was placed at a unique point along the lever known as the center
of mass.

Dynamics of Particles and Rigid Bodies: A Self-Learning Approach, First Edition. Mohammed F. Daqaq.
© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/daqaq/dynamics
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r2

G

rG

ri

ri — rG

r1

m1

m2

mi

n1ˆ

n2ˆ

n3ˆ

Figure 3.1 Center of mass, G, of N particles.

r
rG

dm

G

n1ˆ

n3ˆ

n2ˆ

Figure 3.2 Center of mass, G, of a continuous volume.

When the discrete masses are replaced by a continuous volume, V , of a uniform density,
ρ, as shown in Figure 3.2, the volume can be discretized into differential masses, dm = ρdV ,
and the sum in Equation (3.1) can be replaced by an integral over the whole volume to obtain:∫

V
ρ(r − rG)dV = 0,

which upon solving for rG yields

rG =

∫
VrdV
V (3.2)
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3.2 Mass Moment of Inertia

The mass moment of inertia, also known as the second moment of mass, is a quantity used in
dynamics to measure the resistance of a body to rotation about a given axis. For one particle
of mass, mi, the moment of inertia about a given axis passing through an arbitrary point is
defined as I = mir

2
i , where ri is the distance between the axis of interest and a parallel axis

located at the particle. The concept of the moment of inertia was first introduced by Christiaan
Huygens in his study of compound pendulum dynamics [1].

As shown in Figure 3.3, the moment of inertia of a particle about the set of axes whose
origin is located at point O, can be written as

I11 = mi(y
2
i + z2

i ) Moment of inertia of the particle about the n̂1-axis,

I22 = mi(x
2
i + z2

i ) Moment of inertia of the particle about the n̂2-axis,

I33 = mi(x
2
i + y2

i ) Moment of inertia of the particle about the n̂3-axis.

Here, it is worth emphasizing how the distance ri is measured for each moment of inertia term.
For I11, ri is the distance between the n̂1 axis and a parallel axis passing through the particle.
In other words, r2

i = y2
i + z2

i . For I22, ri is the distance between the n̂2 axis and a parallel axis
located at the particle. In other words, r2

i = x2
i + z2

i .
In addition to the previous terms, which are called the principal moment of inertia terms,

there are six more terms called the product of inertia terms, which are defined as

I12 = I21 = −mixiyi,

I13 = I31 = −mixizi,

I23 = I32 = −miyizi.

The product of inertia terms do not represent resistance to rotation about a given axis.
Nevertheless, they have a physical interpretation. Note that the product of inertia terms have
a negative sign, which means they represent tendency rather than resistance. Indeed, given an

n̂1

n̂3

n̂2

xi

yi

zi

mi 1

2

3
O

Figure 3.3 Moment of inertia of one particle about a set of axes whose origin is located at O.
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initial angular velocity about one axis, the body cannot sustain its rotation about that axis if
the product of inertia terms are not zero. In other words, the body tends to start rotating about
an axis different from the one it started rotating about.

The nine inertia terms are commonly expressed in terms of an inertia matrix, in the following
form:

I =

⎛
⎝ I11 I12 I13

I21 I22 I23
I31 I32 I33

⎞
⎠ .

For N particles, the moment of inertia about an axis is the sum of the moments of inertia of
each particle about that axis; that is

I =

⎛
⎝

∑N
i=1 mi(y

2
i + z2

i ) −
∑N

i=1 mixiyi −
∑N

i=1 mixizi

−
∑N

i=1 mixiyi

∑N
i=1 mi(x

2
i + z2

i ) −
∑N

i=1 miyizi

−
∑N

i=1 mixizi −
∑N

i=1 miyizi

∑N
i=1 mi(x

2
i + y2

i )

⎞
⎠ (3.3)

When considering a continuous volume, V , with a uniform density, ρ, the summation over
particles is transformed into an integral over the volume by considering a differential mass,
dm = ρdV . This yields

I =

⎛
⎜⎝

∫
Vρ(y2 + z2)dV −

∫
VρxydV −

∫
VρxzdV

−
∫
VρxydV

∫
Vρ(x2 + z2)dV −

∫
VρyzdV

−
∫
VρxzdV −

∫
VρyzdV

∫
Vρ(x2 + y2)dV

⎞
⎟⎠ (3.4)

Example 3.1 Moment of Inertia of a Collection of Particles

Four masses (m, 2m, 3m, 4m) are located respectively at (2a, 0, 0), (0, 2a, a), (a, 0, 3a),
(3a, a, 2a) from the origin, as shown in Figure 3.4. Find their center of mass and the inertia
matrix about the origin.

n̂3

n̂1

n̂2

O

m

2m

3m

4m

2a

2a

a

a

3a

3a

2a
a

Figure 3.4 Example 3.1.
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To find the center of mass, we use the relation

rG =
∑N

i=1 miri∑N
i=1 mi

,

which yields

xG =
∑N

i=1 mixi∑N
i=1 mi

=
2ma + 3ma + 12ma

10m
= 1.7a,

yG =
∑N

i=1 miyi∑N
i=1 mi

=
4ma + 4ma

10m
= 0.8a,

zG =
∑N

i=1 miyi∑N
i=1 mi

=
2ma + 9ma + 8ma

10m
= 1.9a.

Thus, rG = 1.7a n̂1 + 0.8a n̂2 + 1.9a n̂3.
To find the moment of inertia, we use Equation (3.3), where

I11 = 2m((2a)2 + a2) + 3m(3a)2 + 4m(a2 + 4a2) = 57ma2,

I22 = m(2a)2 + 2m(a)2 + 3m(a2 + 9a2) + 4m(9a2 + 4a2) = 88ma2,

I33 = m(2a)2 + 2m(2a)2 + 3ma2 + 4m(9a2 + a2) = 55ma2,

I12 = I21 = −4m(3a)(a) = −12ma2,

I13 = I31 = −(3m(3a)a + 4m(6a)) = −33ma2,

I23 = I32 = −2m(2a)a − 4m(2a)(a) = −12ma2.

This yields,

I = ma2

⎛
⎝ 57 −12 −33

−12 88 −12
−33 −12 55

⎞
⎠ .

Example 3.2 Moment of Inertia of a Thin Plate

The thin triangular plate shown in Figure 3.5 has a uniform area density ρ. Find its center of
mass and moment of inertia matrix about the set of axes passing through point O.

n̂1

n̂2

l

2lO

Figure 3.5 Thin plate of area density ρ.
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To find the center of mass, we use Equation (3.2). We note that the plate is thin, and so the
integral over the volume is transformed into an integral over the area. The distance along the
n̂1-axis is defined as x while that along the n̂2-axis is defined as y. It follows that

xG =

∫ 2l

0

∫ y=l− x
2

0 ρxdydx∫ 2l

0

∫ y=l− x
2

0 ρdydx
=

2l

3
,

yG =

∫ 2l

0

∫ y=l− x
2

0 ρydydx∫ 2l

0

∫ y=l− x
2

0 ρdydx
=

l

3
.

The limits on the integrals above are as follows: when x goes from 0 to 2l, y goes from 0 to
its maximum value at each value of x, as represented by the equation of the line y = l − x

2 .
To find the mass moment of inertia about the set of axes shown, we use Equation (3.4), and

obtain:

I11 =
∫ 2l

0

∫ l− x
2

0
ρy2dydx =

ρl4

6
,

I22 =
∫ 2l

0

∫ l− x
2

0
ρx2dydx =

2ρl4

3
,

I33 =
5ρl4

6
, I33 = I11 + I22 for two-dimensional bodies,

I12 = I21 = −
∫ 2l

0

∫ l− x
2

0
ρxydydx = −ρl4

6
,

I13 = I31 = 0,

I23 = I32 = 0.

This yields the following inertia matrix:

I = ρl4

⎛
⎜⎝

1
6 − 1

6 0
− 1

6
2
3 0

0 0 5
6

⎞
⎟⎠ .

Flipped Classroom Exercise 3.1

The thin plate shown in the figure has a uniform area density, ρ, and a mass, m. Find the
center of gravity and the mass moment of inertia matrix about the axis passing through
point O. Express your answers in terms of the mass m.

R

O n̂1

n̂2

θ
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1. Instead of using the Cartesian coordinates, use polar coordinates, such that
x = r cos θ, y = r sin θ. Show that dA = rdrdθ.

2. Use Equation (3.2) to show that rG = 2
3R and θG = π

4 .
3. Use Equation (3.4) to show that

I = mR2

⎛
⎜⎝

1
4 − 1

2π 0
− 1

2π
1
4 0

0 0 1
2

⎞
⎟⎠ .

Hint: I11 =
∫ π

2
0

∫ R

0 ρr3 sin2 θdrdθ.

3.3 Parallel Axis Theorem

This section illustrates that by knowing the moment of inertia matrix about a set of axes whose
origin is located at a point, say O, then one can infer the moment of inertia about another par-
allel coordinate system passing through another point, say Q. To this end, consider Figure 3.6,
where we want to find the moment of inertia of an arbitrarily-shaped body about a set of axes
whose origin is located at point O. However, rather than finding the moment of inertia about
point O directly, we define another intermediate set of axes that is parallel to the original system
and whose origin is located at point Q.

To find the moment of inertia of the body about point O, we define a differential mass dm =
ρdV and use Equation (3.4). It follows that

I11 =
∫
V
ρ(y2 + z2)dV,

n̂1

n̂2

n̂3

O

dm

Q

xG
yG

zG

x̄

ȳ

z̄

P

Figure 3.6 Parallel axis theorem.
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where y and z are the distances from point O to point P along the n̂2 and n̂3 axes, respectively;
that is

x = x̄ + xG, y = ȳ + yG.

Upon substituting the previous equation into the integral for I11 and rearranging, we obtain

I11 = ρ

∫
V
(ȳ2 + z̄2)dV + ρ

∫
V
(y2

G + z2
G)dV + 2ρ

∫
V
ȳyGdV + 2ρ

∫
V
z̄zGdV.

Since ȳ and z̄ are independent of the choice of the location of the differential mass, they can
be taken outside the integrals to give:

I11 = ρV(ȳ2 + z̄2) + ρ

∫
V
(y2

G + z2
G)dV + 2ρȳ

∫
V
yGdV + 2ρz̄

∫
V
zGdV.

This can be further simplified by choosing Q to coincide with the center of mass of the body,
G. The last two terms then vanish because at the center of mass,

∫
VzGdV =

∫
VyGdV = 0.

This yields

I11 = m(ȳ2 + z̄2) + I11G.

Carrying out the same procedure for all of the other moment of inertia terms, we obtain

I11 = m(ȳ2 + z̄2) + I11G

I22 = m(x̄2 + z̄2) + I22G

I33 = m(x̄2 + ȳ2) + I33G

I12 = I21 = −mx̄ȳ + I12G

I13 = I31 = −mx̄z̄ + I13G

I23 = I32 = −mȳz̄ + I23G

(3.5)

These relations are known as the parallel axis theorem or the Huygens–Steiner theorem after,
respectively, the Dutch and Swiss mathematicians Chrsitiaan Hugens and Jakob Steiner who
contributed to its derivation. The parallel axis theorem can be used to find the moment of inertia
matrix about any point in space knowing the moment of inertia about an axis passing through
the center of mass, G.

Parallel Axis Theorem

You cannot use the parallel axis theorem given by Equation (3.5) to find the moment
of inertia matrix about an arbitrary point, say O, by directly using the known moment
of inertia matrix about another arbitrary point, say Q. The center of mass G should
always be an intermediate step. In other words, first use the parallel axis theorem to
find the inertia matrix about G using the known inertia matrix about Q. Subsequently,
use the inertia matrix about G to find the inertia matrix about O.
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n̂1

n̂2

l

2lO O′

b̂2

b̂1

Figure 3.7 Thin plate of area density ρ.

n̂1

n̂2

l

2lO O b̂1

ˆb2

G â1
l/3

2l/3

â2

Figure 3.8 Parallel axis theorem implemented on the thin plate of area density ρ.

Example 3.3 Parallel Axis Theorem

Starting with the inertia matrix from Example 3.2, use the parallel axis theorem to find the
inertia matrix around the coordinate system whose origin is located at O′ in Figure 3.7.

First, note that we cannot use the parallel axis theorem directly between point O and point
O′. As such, we construct an intermediate set of axes located at the center of mass G, whose
position with respect to point O is given by rG = 2l/3 n̂1 + l/3 n̂2, as shown in Figure 3.8.
Next, we use Equation (3.5) to find the moment of inertia about a coordinate system whose
origin is located at point G. This yields

I11G = I11 − mȳ2 =
ρl4

6
− ρl4

9
=

ρl4

18
,

I22G = I22 − mx̄2 =
2ρl4

3
− 4ρl4

9
=

2ρl4

9
,

I33G = I33 − m(x̄2 + ȳ)2 =
5ρl4

18
,

I12G = I21G = I12 + mx̄ȳ = −1ρl4

6
+

4ρl4

9
=

1
18

ρl4,

I13G = I31G = I23G = I32G = 0.

Using the parallel axis theorem one more time to move from point G to point O′ yields

I ′11 = I11G + mȳ2 =
ρl4

18
+

ρl4

9
=

ρl4

6
,
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I ′22 = I22G + mx̄2 =
2ρl4

9
+

16ρl4

9
= 2ρl4,

I ′33 = I ′11 + I ′22 =
13ρl4

6
,

I ′12 = I ′21 = I12G − mx̄ȳ =
ρl4

18
− ρl2

(
4l

3

)(
−l

3

)
=

1
2
ρl4,

while the rest of the inertia terms are zero. The inertia matrix about O′ can therefore be writ-
ten as:

I ′ =
ρl4

6

⎛
⎜⎝

1 3 0
3 12 0
0 0 13

⎞
⎟⎠ .

Flipped Classroom Exercise 3.2

Starting with the results of Flipped Classroom Exercise 3.1, find the moment of inertia
about the set of axes shown in the figure, whose origin is located at point O′. Express
your answers in terms of the mass m.

R

O

n̂2

n̂1

O′

b̂2

b̂1

π/4

1. Instead of using Cartesian coordinates, use polar coordinates, such that x = r cos θ,
y = r sin θ. Show that dA = rdrdθ.

2. Use Equation (3.2) to show that rG = 2
3R and θG = π

4 .
3. Use the parallel axis theorem to show that

IG = mR2

⎛
⎜⎝

1
36 − 4π−9

18π 0
− 4π−9

18π
1
36 0

0 0 1
18

⎞
⎟⎠ .

4. Use the parallel axis theorem again to show that

IO′ = mR2

⎛
⎜⎝

1
12

3π−9
18π 0

3π−9
18π

1
12 0

0 0 1
6

⎞
⎟⎠ .
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3.4 Rotation of the Inertia Matrix

If the inertia matrix about a set of axes whose origin is located at a given point is known, it is
also possible to calculate the moment of inertia about another set of axes formed by rotating the
original set about an arbitrary axis. To find the relationship between the original and rotated
coordinate systems, we borrow the concept of the rotational kinetic energy of rigid bodies.
This will be discussed in further detail in Chapter 6.

For now, all you need to know is that, when a rigid body is rotating with an angular velocity
vector ω about a fixed point O, its kinetic energy can be written as:

T =
1
2
ωT IOω (3.6)

where ωT is the transpose of ω, and IO is the moment of inertia matrix about a set of axes
whose origin is located at point O. As discussed in Chapter 1, when the coordinate system
is rotated around an arbitrary axis, its new angular velocity vector ω∗ can be related to the
original angular velocity vector ω using a transformation matrix L, such that

ω∗ = Lω. (3.7)

Note that the kinetic energy of a rotating body does not change by rotating the coordinate
system used to describe it; hence we can write

T =
1
2
ω∗T I∗Oω∗ =

1
2
ωT IOω. (3.8)

Substituting Equation (3.7) into Equation (3.8) yields

IO = LT I∗OL, (3.9)

or

I∗O = L IO LT (3.10)

Equation (3.10) can be used to obtain the moment of inertia matrix about a coordinate system
formed using a general rotation L about the original coordinate system, provided that both
systems share the same origin.

Example 3.4 Rotation of the Inertia Matrix

Starting with the inertia matrix obtained in Example 3.2, find the inertia matrix about a coor-
dinate system formed by a rotation θ about the n̂3 axis, as shown on Figure 3.9. Find the angle
θ that diagonalizes the inertia matrix.

To find the inertia matrix about the rotated frame, we must define the transformation matrix,
L. For a third or 3-rotation, the transformation matrix is given by

L =

⎛
⎜⎝

cos θ sin θ 0

− sin θ cos θ 0

0 0 1

⎞
⎟⎠
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l

2lO

n̂2
∗̂n1

∗̂n2

n̂1

Figure 3.9 Rotation of the inertia matrix for a triangular shape.

Using Equation (3.10), we can write

I∗O = ρl4

⎛
⎜⎝

cos θ sin θ 0

− sin θ cos θ 0

0 0 1

⎞
⎟⎠

⎛
⎜⎝

1
6 − 1

6 0

− 1
6

2
3 0

0 0 5
6

⎞
⎟⎠

⎛
⎜⎝

cos θ − sin θ 0

sin θ cos θ 0

0 0 1

⎞
⎟⎠ ,

=
ρl4

6

⎛
⎜⎝

cos2 θ − 2 sin θ cos θ + 4 sin2 θ 3 sin θ cos θ + 4 sin2 θ − cos2 θ 0

3 sin θ cos θ + 4 sin2 θ − cos2 θ sin2 θ + 2 sin θ cos θ + 4 cos θ 0

0 0 5

⎞
⎟⎠ .

To find the angle θ that diagonalizes the inertia matrix we set the off-diagonal terms to zero;
that is,

3 sin θ cos θ + 4 sin2 θ − cos2 θ = 0,

tan 2θ =
2
3
, θ = 16.85◦.

3.4.1 The Principal Axes

The principal axes are the set of axes about which the inertia matrix is diagonal; that is, about
which all product of the inertia terms are zero (I12 = I21 = I31 = I13 = I23 = I32 = 0). In the
previous example, the principal axes were realized by rotating the original coordinate system
through an angle θ = 16.85◦ about the n̂3 axis. Nevertheless, the process of finding the prin-
cipal axes is not always easy, especially when they cannot be realized by performing a simple
rotation about one of the three unit vectors forming the original coordinate system.

To generalize the process of diagonalizing inertia matrices and finding the principal axes,
we recast the problem in terms of the original transformation:

I∗O = L IO LT .

Since the inertia matrix IO is a real symmetric matrix, and L−1 = LT because a rotation matrix
is an orthogonal matrix, then according to matrix theory, there must exist a matrix L that
diagonalizes IO such that the diagonal matrix I∗O is given by I∗O = L IO LT . Here, the rota-
tion matrix L is constructed such that its rows represent the three mutually orthogonal right
eigenvectors of the matrix IO (see Section I.2.1.5). Furthermore, if each eigenvector were to
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be normalized to have unity length, then the diagonal elements, also known as the principal
moments of inertia, are the real eigenvalues of the matrix IO.

Example 3.5 Principal Axes of Rotation

For the inertia matrix obtained in Example 3.2, find the rotation matrix L that diagonalizes the
inertia matrix. What are the principal moments of inertia?

Our goal is to diagonalize the matrix IO given by

IO =
ρl4

6

⎛
⎜⎝

1 −1 0
−1 4 0
0 0 5

⎞
⎟⎠ .

Since IO is a real symmetric matrix, then according to matrix theory, there must exist a matrix
L that diagonalizes IO. To find this matrix, we first find the eigenvalues of the matrix IO using
|IO − λI| = 0, where I is the identity matrix and λ represents the eigenvalues of IO. This
yields the following eigenvalues:

λ1 =
5 −

√
13

2
, λ2 =

5 +
√

13
2

, λ3 = 5.

The eigenvectors are then obtained using (IO − λiI)ei = 0, where ei are the right eigenvec-
tors associated with the λi. This yields

e1 =

⎡
⎢⎣

0.957
0.2898

0

⎤
⎥⎦ , e2 =

⎡
⎢⎣

0.2898
−0.9571

0

⎤
⎥⎦ , e3 =

⎡
⎢⎣

0
0
1

⎤
⎥⎦ .

Here, ei are normalized such that ‖ ei ‖= 1. Hence, L can be constructed such that

L =

⎡
⎢⎣

e1

e2

e3

⎤
⎥⎦ =

⎛
⎜⎝

0.9571 0.2898 0
0.2899 −0.9571 0

0 0 1

⎞
⎟⎠ .

Note that the previous matrix does not resemble any of the general rotations obtained in
Chapter 1 for a rotation about a single axis. Nevertheless, when multiplying the middle row
with a negative one, which means we are reversing the direction of the second vector, then
the previous matrix becomes a rotation matrix about the third axis (3-rotation) with sin θ =
0.2898, and θ = 16.85◦.

Example 3.6 General Formula

Show that when one of the principal axes is aligned with the unit vector in the direction of n̂3,
then the other two principal axes can be obtained by performing a counterclock-wise rotation
α around the n̂3 axis such that

tan(2α) =
2I12

I11 − I22
.
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n̂1

n̂2

n̂3

α

β

γ

Figure 3.10 General formula for a single rotation.

Starting with the fact that the principal axes of rotation satisfies the following equation:⎛
⎜⎝

I11 − λ I12 I13

I21 I22 − λ I23

I31 I32 I33 − λ

⎞
⎟⎠

⎡
⎢⎣

e11

e22

e33

⎤
⎥⎦ = 0,

and noting that the eigenvector e1 represents the direction cosine vector with the three original
axes, we can use Figure 3.10 to write⎡

⎣ e11
e22
e33

⎤
⎦ =

⎡
⎣ cos α

cos β
cos γ

⎤
⎦ .

For a rotation about the third axis, the direction cosine vector satisfies the following: γ =
900, cos γ = 0, α + β = 90◦, meaning that sin α = cos β and cos2α + cos2β = 1. This
yields:

(I11 − λ) cos α + I12 sinα = 0,

(I12 cos α + (I22 − λ) sin α = 0.

Eliminating λ from the above equations yields

I12(1 − tan2α) = (I11 − I22) tan α,

tan 2α =
2I12

I11 − I22
. (3.11)

Flipped Classroom Exercise 3.3

The inertia matrix of a rigid body is given by

I =
1
3

⎛
⎝ 4 2 −1

2 7 −2
−1 −2 4

⎞
⎠ . (3.12)
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Obtain the rotation matrix that can be used to rotate the coordinate system to the prin-
cipal axes.

1. Show that the eigenvalues of I are λ1 = λ2 = 1, λ3 = 3.
2. Find the eigenvectors associated with these eigenvalues and normalize them. Note

that three orthogonal eigenvectors can be found despite the repeated eigenvalues
(algebraic multiplicity). This can be realized by forcing the third eigenvector to be
orthogonal to the other two. Show that the eigenvectors can be written as

e1 =
1√
5

⎡
⎣ −2

1
0

⎤
⎦ , e2 =

1√
30

⎡
⎣ 1

2
5

⎤
⎦ , e3 =

1√
6

⎡
⎣ −1

−2
1

⎤
⎦ .

3. Construct the rotation matrix L by using the previous eigenvectors as the rows of L.

Principal Axes

The principal axes are the set of axes about which the moment of inertia matrix is diago-
nal. To find the transformation matrix that aligns the coordinate system with the principal
axes, you need to take the following steps:

1. Find the eigenvalues of the inertia matrix.
2. Find the right eigenvectors associated with those eigenvalues. Note that three

mutually orthogonal right eigenvectors can always be found even in the presence of
repeated eigenvalues (algebraic multiplicity).

3. Use the eigenvectors to construct the transformation matrix L such that its rows rep-
resent the eigenvectors of the inertia matrix.

Note that if the eigenvectors were normalized to have unity length, then the diagonal
elements of the diagonalized inertia matrix, also known as the principal moments of
inertia, will be the real eigenvalues of the inertia matrix.

3.5 Planar Motion of Rigid Bodies

When using Newton’s second law to analyze the dynamics of particles, it is inherently assumed
that the moment of inertia of the particle about its center of mass is zero. In other words, we
assume that the particle is too small to have any resistance to rotational motion about any axis
of rotation located at its center of mass. As such, the free motion of the particle in free space
is sufficiently described by three coordinate systems involving translational motions along the
three axes of the Cartesian frame (three degrees of freedom).

On the other hand, a rigid body has its mass distributed over a bigger volume such that it
can resist rotation along one or more axes of rotation located at its center of mass. As such,
the full dynamics of a rigid body involved in translational and rotational motions is described
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yaw

heave

surge

sway

pitch

roll

Figure 3.11 Six degrees of freedom of a rigid body clearly illustrated using ship motion.

by six degrees of freedom: translation along the three coordinates and rotation around the
three axes. As shown in Figure 3.11, for ship and flight dynamics, the three translations are
commonly referred to as surge, sway, and heave, and the three rotations are described as pitch,
roll, and yaw.

A simplified version of rigid-body dynamics is obtained when the body involves planar
motion; in other word, translational motions in a plane formed by two coordinates and a rota-
tion about an axis normal to them. In such a scenario, the dynamics can be fully described
using three degrees of freedom and the motion is commonly referred to as planar rigid-body
motion. In what follows, we derive the equations that can be used to study planar rigid-body
dynamics.

Consider the arbitrarily-shaped rigid body shown in Figure 3.12. Without loss of generality,
consider the translational motion to occur in the directions of (n̂1, n̂2) and the rotation to
occur about the third axis n̂3. To describe the motion of the rigid body, we use two different
frames. The first is the inertial N -frame located at point Q, while the second is a rotating
B-frame located at point O. The body is subject to a multitude of external Fi and internal, f ′,
forces, as shown.

We first obtain the acceleration of the differential mass, dm with respect to the inertial point
Q, that is, NaP/Q. To this end, we write

QP = QO + r.

Q

O

dm

N

B
r

P

F1

F2

F3

f
f′rG

G

Figure 3.12 Planar rigid-body dynamics. (See color plate section for the color representation of this
figure.)
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Note that QO is described in the inertial frame, whereas r is described in the rotating frame.
As such, the velocity can be written as

NvP/Q = NvO/Q + ṙ + NωB × r.

Since the body considered is rigid (inelastic), the vector r does not change length. Therefore,
ṙ vanishes. Thus, the previous equation reduces to

NvP/Q = NvO/Q + NωB × r.

Using the velocity expression, the acceleration can be written as

NaP/Q = NaO/Q + NαB × r + NωB × (NωB × r), (3.13)

where NαB is the angular acceleration vector described in the B-frame.
According to Newton’s second law of dynamics, a differential mass dm placed at point P

and acted upon by a differential force dF will accelerate according to

dF = NaP/Qdm. (3.14)

Integrating the previous equation over the volume, we obtain

F =
∫
V

NaP/Qdm, (3.15)

where F is the vectorial sum of all external forces. Note that the effect of internal forces disap-
pears, since they are equal in magnitude and opposite in direction. Substituting Equation (3.13)
into Equation (3.15), yields

F =
∫
V
(NaO/Q + NαB × r + NωB × (NωB × r))dm. (3.16)

Since aO/Q, NωB , and NαB are independent of our choice of dm, we can rewrite
Equation (3.16) as:

F = maO/Q + NαB ×
∫
V

rdm + NωB × (NωB ×
∫
V

rdm).

When choosing point O to coincide with the center of mass, G, of the rigid body, we obtain

F = mNaG/Q + NαB ×
∫
V
rGdm + NωB × (NωB ×

∫
V
rGdm).

Note that
∫
VrGdm = 0 by the definition of the center of mass. The previous equation then

reduces to

F = mNaG/Q (3.17)

Equation (3.17) states that the sum of external forces acting on a rigid body is equal to the
mass of the rigid body times the acceleration of its center of mass with respect to an inertial
point. Equation (3.17) holds in the vectorial sense; that is, following the planar motion assump-
tion, Equation (3.17) represents two equations applied along the two coordinates (n̂1, n̂2)
forming the plane.



72 Dynamics of Particles and Rigid Bodies

Applying Newton’s Second Law to Rigid Bodies

When applying Newton’s second law to rigid bodies, keep in mind that the acceleration
is that of the center of mass with respect to an inertial frame. Equation (3.17) does not
hold in this simple form for an arbitrary point on the body.

3.5.1 Moment about an Inertial Point

Equation (3.17) is not sufficient to describe the planar motion of rigid bodies since free motion
involves three degrees of freedom. As such, we need one more equation. To obtain the third
equation, we use the cross product of the vector QP with Equation (3.14). This yields

QP × dF = QP × NaP/Qdm. (3.18)

Integrating Equation (3.18) over the volume, we obtain

MQ =
∫
V

QP × NaP/Qdm, (3.19)

where MQ is the moment exerted by all external forces about point Q. Using QP = QO + r
in conjunction with Equation (3.13) yields

MQ =
∫
V
(QO + r) × (NaO/Q + NαB × r + NωB × (NωB × r))dm. (3.20)

Noting that QO, NaO/Q, NωB , and NαB are independent of dm, we can rewrite
Equation (3.20) as

MQ = m QO × NaO/Q + QO ×
(

NωB ×
(

NωB ×
∫
V

rdm

))

+ QO ×
(

NαB ×
∫
V

rdm

)
+

∫
V

rdm × NaO/Q +
∫
V

r × (NαB × r)dm

+
∫
V

r × (NωB × (NωB × r))dm. (3.21)

Equation (3.21) can be simplified further by choosing point O to coincide with the center of
mass G of the body, in which case

∫
VrGdm vanishes. This yields

MQ = m QG ×NaG/Q +
∫
V
rG × (NαB × rG)dm +

∫
V
rG × (NωB × (NωB × rG))dm.

(3.22)

Since for planar rigid body motion, NωB involves a rotation about one axis, the last term
vanishes because, for planar motion, rG is always parallel to (NωB × (NωB × rG)). This
leads to

MQ = m QG × NaG/Q +
∫
V
rG × (NαB × rG)dm. (3.23)
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the last term in Equation (3.23) can be further simplified to IG
NαB , where IG is the moment

of inertia about the axis of rotation which passes through the center of mass, G. This leads to

MQ = m QG × NaG/Q + IG
NαB (3.24)

Equation (3.24) is valid for planar rigid-body rotation when summing moments about an iner-
tial point, Q.

3.5.2 Moment about a Moving Point on the Body

In many instances, the point around which we sum moments is not necessarily an inertial
point. In fact, it is sometimes convenient to sum moments about a point on the body that is
accelerating in space. To this end, we re-derive the equations by summing moments about
point O instead of point Q. This yields

MO =
∫
V

rdm × NaO/Q +
∫
V

r × (NαB × r)dm +
∫
V

r × (NωB × (NωB × r))dm.

(3.25)

Using Figure 3.12, we let r = OG + rG, and restrict the motion to a plane to obtain

MO =
∫
V

OGdm × NaO/Q +
∫
V
rGdm × NaO/Q

+
∫
V
(OG + rG) × (NαB × (OG + rG))dm. (3.26)

The second term in the previous equation vanishes since
∫
VrGdm = 0, and the last term can

be shown to be IO
NαB , where IO is the moment of inertia about an axis passing through

point O. This yields

MO = m OG × NaO/Q + IO
NαB (3.27)

Equation (3.27) is valid for planar rigid-body motion when summing moments about a moving
point on the body.

3.5.3 Moment about the Center of Mass or a Fixed Point on the Body

Equation (3.27) can be reduced further when point O is chosen to coincide with point G. In
this case the first term disappears and the equation becomes

MG = IG
NαB (3.28)

Equation (3.28) is valid only when we sum moments about the center of mass.
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Equation (3.27) can also be reduced when point O is chosen to be a fixed point, S, on the
body. In this case, NaS/Q vanishes and we obtain

MS = IS
NαB (3.29)

Equation (3.29) is valid only when summing moments about a fixed point located on the body.

Summary of Equations for Planar Rigid-body Motion

Free planar rigid-body motion constitutes three degrees of freedom that are sufficiently
described by three independent equations. Two of these equations result directly from
Newton’s second law of dynamics, which, for rigid bodies, can be written as

F = mNaG/Q,

where F is the net external force vector acting on the body, m is the mass of the rigid
body, and NaG/Q is the acceleration of the center of mass G of the rigid body with
respect to an inertial point Q.

The third equation can be obtained by summing moments about a point on or away
from the body. The following points are very common:

1. Point Q is an inertial point in space. In this case, the moment MQ exerted by the
external forces on point Q is described by

MQ = m QG × NaG/Q + IG
NαB.

2. Point O is an accelerating point on the body. In this case, the moment MO exerted
by the external forces on point O is described by

MO = m OG × NaO/Q + IO
NαB.

3. Point G is the center of mass of the rigid body. In this case, the moment MG exerted
by the external forces on point G is described by

MG = IG
NαB .

4. Point S is a fixed point on the rigid body. In this case, the moment MS exerted by
the external forces on point S is described by

MS = IS
NαB .

Procedure for Obtaining the Equations of Motion for Planar Rigid-body
Motion

1. Identify the unknowns in the problem. This includes the degrees of freedom, and
the external and internal forces. To determine the unknown forces, draw a free-body
diagram.
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2. Depending on which unknowns you are trying to obtain, decide whether you need to
use Newton’s translational equations. If you need these equations, you must obtain
the acceleration of the center of mass of the rigid body with respect to an inertial
point before implementing Newton’s second law of dynamics.

3. Decide which point is the best to sum moments about. Is it an inertial point? Is it the
center of gravity, or some other point? Your choice will determine which moment
equation you must use. Note that a smart choice can always reduce the number of
unknowns appearing in the equations.

Example 3.7 Internal Forces

For the compound pendulum of length l and mass m shown in Figure 3.13, find:

(a) the equation of motion
(b) the shear force at l/2 as function of the angle θ
(c) the axial force at l/2 as function of the angle θ.

For (c), assume that the rod is released from rest when θ = π
2 .

(a) The equations of motion There are three unknowns in this problem. The motion of the
coordinate θ, and the reactions at the pin, Ox and Oy , as shown in Figure 3.14. To find these
unknowns, there exist three equations: two translational (Newton’s second law applied along
the n̂1 and n̂2 directions) and one rotational (summing moments about a point).

The simplest way to find the equation of motion for this system is by summing moments
about the fixed point O, using

MO = IO
NαB .

θ

O

m, l

n̂1

n̂2

b̂1

b̂2

Figure 3.13 Planar motion of a compound pendulum.
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Ox

Oy

G

mg

G

mN aG/On2ˆ

mN aG/On1ˆ

IGθ̈

Figure 3.14 Free-body diagram of a compound pendulum.

As shown in Figure 3.14, only the component of the weight mg cos θ results in a moment
MO = −mg l

2 cos θ n̂3 about point O. As such, we can write

−mg
l

2
cos θ n̂3 = IO θ̈ n̂3,

where IO = 1
3ml2 is the moment of inertia of the rod about the n̂3 axis. It follows that

θ̈ +
3
2

g

l
sin θ = 0.

Note that, in many instances, summing moments about a suitable point, as in this case, allevi-
ates the need to use Newton’s translational equations.

(b) Shear force To find the shear force at l
2 , we must first observe the effect of that force

on the dynamics. As such, we take a section at l
2 and release all the internal forces, as shown

in Figure 3.15. By doing so, the problem involving the dynamics of one rigid body with three
unknowns (Ox, Oy , θ) becomes a problem involving two rigid bodies with six unknowns (Ox,
Oy , θ, RN , V , Mc). Here, RN , and V represent, respectively, the axial and shear forces acting
on the section while Mc is the bending moment.

Next, we need to decide which equations are best to determine the shear force V . Since
the equation governing the θ dynamics has already been determined in (a), one can obtain an
equation involving only the unknown shear force V by summing forces in the b̂1 direction on
the lower section of the rod. Therefore, it makes perfect sense to apply Newton’s second law in
the b̂1 direction on the lower section of the rod. To this end, we first determine the acceleration
of G2 with respect to the inertial point O, which can be written as

NaG2/O =
3l

4
θ̈ b̂1 +

3l

4
θ̇2 b̂2.

By applying Newton’s second law in the b̂1 direction, we obtain

Fb̂1 =
m

2
NaG2/O b̂1, V =

m

2

(
g sin θ +

3
4
lθ̈

)
.
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Ox

Oy

m

2
g

V RN

m

2
g

V

RN

Mc

Mc

G1

G2

Figure 3.15 Free-body diagram showing the internal forces.

Note that we are using m
2 in the previous equation because we are applying Newton’s equation

on the lower half rod. We can further eliminate θ̈ from the previous equation by using θ̈ =
− 3

2
g
l sin θ. This yields

V = − 1
16

mg sin θ.

It follows that the shear force opposes the direction of motion and takes its maximum value of
1
16mg when θ = π

2 .

(c) Axial force To obtain the axial force RN , we sum forces in the b̂2 direction on the lower
half of the rod. This yields

Fb̂2 =
m

2
NaG2/O b̂2, RN =

m

2

(
g cos θ +

3
4
lθ̇2

)
.

It is evident that RN depends on θ̇, which in turn depends on the initial conditions. To eliminate
θ̇ from the equation, we use the provided initial conditions θ(0) = π

2 , θ̇(0) = 0, and write

∫ θ

π/2
θ̈dθ =

∫ θ̇

0
θ̇dθ̇.

Upon substituting θ̈ = − 3
2

g
l sin θ into the previous equation and integrating, we obtain

θ̇2 =
3g

l
cos θ,

which upon substitution into the equation for RN yields

RN =
13
8

mg cos θ.
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Note that for the initial conditions given, RN is zero when θ = π
2 and takes a maximum value

of 13
8 mg when θ = 0.

Example 3.8 Slip versus No Slip

The ladder shown in Figure 3.16 is released from rest when θ = 0◦. Assuming that, for some
range of the angle θ slipping does not occur, determine as a function of θ only (no θ̇ or θ̈) the
normal and frictional forces that are exerted on the ladder by the ground as it falls. At what
angle does the ladder start slipping if the static coefficient of friction is μs = 0.5. Treat the
ladder as a rod of length, l, and mass m.

Since slipping does not occur, the equation of motion is obtained by summing moments
about point O assuming it is a fixed point. This assumption is valid only provided the ladder
does not lift off the ground before slipping. It follows from Figure 3.17 that

MO = IO θ̈, θ̈ =
3
2

g

l
sin θ.

To obtain the frictional and normal forces, we apply Newton’s second law in the n̂1 and n̂2
directions. To this end, we first find the acceleration of the center of mass G with respect to
point O, which can be written as

NaG/O =
(

l

2
θ̈ cos θ − l

2
θ̇2 sin θ

)
n̂1 −

(
l

2
θ̈ sin θ +

l

2
θ̇2 cos θ

)
n̂2.

Summing forces in the n̂1 and n̂2 directions yields

Fn̂1 = mNaG/On̂1, Ff = m

(
l

2
θ̈ cos θ − l

2
θ̇2 sin θ

)
.

Fn̂2 = mNaG/On̂2, RN − mg = −m

(
l

2
θ̈ sin θ +

l

2
θ̇2 cos θ

)
.

Since the rod is released from rest at θ = 0, we can write

∫ θ

0
θ̈dθ =

∫ θ̇

0
θ̇dθ̇.

n̂1

n̂2

θ

m, l

O

Figure 3.16 Schematic of a falling ladder released from rest at θ = 0.
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Ff

RN

mg

Figure 3.17 Free-body diagram of a falling ladder.

Using θ̈ = 3
2

g
l sin θ, we obtain

θ̇2 =
3g

l
(1 − cos θ).

Substituting the previous equation back into the expressions for Ff and RN , we obtain

Ff =
3mg

2
sin θ

(
3
2

cos θ − 1
)

.

RN =
mg

4
(1 − 3 cos θ)2.

Just before the ladder starts slipping, the acceleration of point O is zero and the coefficient
of friction is μs. As such, to find the angle at which the ladder slips, we let Ff = μsRN . This
yields

μs(1 − 3 cos θcr)
2 = 6 sin θcr

(
3
2

cos θcr − 1
)

,

which, upon solving the previous equation for μs = 0.5, yields θcr ≈ 37.8◦.

Example 3.9 Losing Contact

A hollow sphere of mass m and radius r rolls without slipping on the surface of radius R. The
motion takes place in a single plane. Find the angle θ at which the sphere loses contact with
the surface if it starts from rest with a tiny nudge.

Define the inertial N -frame and the rotating B-frame, as shown in Figure 3.18. It follows
that NωB = −θ̇b̂3 and that the acceleration of the center of mass, G, of the rolling sphere with
respect to point O is

NaG/O = (R + r)θ̈b̂1 − (R + r)θ̇2b̂2.

Applying Newton’s second law along the directions of b̂1 and b̂2, yields

Fb̂1 = m NaG/O b̂1, Ff = mg sin θ − m(R + r)θ̈.

Fb̂2 = mNaG/O b̂2, RN − mg cos θ = −m(R + r)θ̇2.
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Rθ

n̂1

n̂2

O

r

φ

b̂2

b̂1

G

Figure 3.18 A sphere rolling on a spherical surface.

Ff

RN
mg

≡

maG/Ob1ˆ

maG/Ob2ˆ−IGφ̈

Figure 3.19 Free-body diagram of the rolling sphere.

By referring to Figure 3.19, we sum moments about the center of mass, G, of the sphere, and
obtain

MG = −IGφ̈, Ffr = IGφ̈,

where IG = 2
3mr2. Note that φ and θ can be related via (R + r)φ = rθ. Substituting this

relation and the expression we obtained for Ff back into the previous equation and simplifying,
we obtain

θ̈ =
3

5(R + r)
g sin θ.

When the sphere loses contact with the surface, RN vanishes. Based on the sum of forces
in the b̂2 direction, this results in the following equation:

θ̇2 =
g

(R + r)
cos θ.

Since the sphere is released from rest at θ = 0, we can write
∫ θ

0
θ̈dθ =

∫ θ̇

0
θ̇dθ̇.

Upon substituting θ̈ = 3
5(R+r)g sin θ into the previous equation and integrating, we obtain

θ̇2 =
6
5

g

R + r
(1 − cos θ).
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Equating the two equations describing θ̇2 yields cos θ = 6
11 or θ = cos−1 6

11 . It is quite inter-
esting to note that the angle at which the sphere loses contact does not depend on any of the
design parameters.

Flipped Classroom Exercise 3.4

A point mass, 3m, is welded to a slender rod of mass m and length l at a distance d from
point O, which rests in a corner. The body is released from rest with θ = 30◦.

(a) Find the distance d such that the rod has the greatest angular acceleration as it falls.
(b) Use the result that you obtained for d in (a) to find the critical angle θcr when the rod

first loses contact with the wall.

n̂1

n̂2

θ

m, l

O

d

(a) Distance for greatest angular acceleration
1. Define your rotating frame B such that NωB = −θ̇b̂3.
2. Find the location of the center of mass, G.
3. Find the moment of inertia, IO, about point O.
4. Assume that point O is stationary (valid up until the point loses contact with either

the wall or the ground) and sum moments about O to obtain the following equation:

θ̈ =
4mgrG

IO

sin θ.

where rG is the distance between point O and point G.
5. Maximize θ̈ for any value of θ. Show that

dmax =
√

5 − 1
6

l.

(b) Critical angle
1. Find the acceleration of point G with respect to the inertial point, O.
2. Apply Newton’s second law along the b̂1 and b̂2 directions.
3. The rod loses contact with the wall when the reaction at the wall vanishes. Use this

information to show that θcr = cos−1
√

3
3 .
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Flipped Classroom Exercise 3.5

A chimney of boards, of total length l and mass m, which initially stands upright, is
given a tiny kick, and it topples over. At what height h is the chimney most likely to
break due to tensile forces in the rods? Assume that the chimney consists of boards
stacked on top of each other, and that each board is attached to the two adjacent ones
with tiny rods at each end, as shown below. The goal is to determine which rod in the
chimney has the maximum tension. Assume that the width of the chimney, 2r, is very
small compared to its length, l, and that no slipping occurs at the corner.

n̂1

n̂2

O

To solve this problem, you need to do the following:

1. Define your inertial frame to be at point O and define the rotating frame such that
NωB = −θ̇b̂3.

2. Find the equation of motion of the chimney by summing moments about point O and
show that

θ̈ =
3
2

g

l
sin θ.

3. Take a section at an arbitrary point of height h and release the internal forces in the
rods. Note that you have two tensile forces and a shear force. Draw the free-body
diagram.

V

V

T1

T2

h

l−h G1

O
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4. It is best to work with the upper section because it simplifies the analysis signifi-
cantly. Implement Newton’s equations on the upper section and use the assumption
that r/l 	 1 to show that

T1 − T2 = mg(1 − h∗) cos θ + m
l

2
(1 − h∗)(1 + h∗)θ̇2,

V = m
l

2
(1 − h∗)(1 + h∗)θ̈ − m(1 − h∗) sin θ,

where h∗ = h/l.
5. Sum moments about the center of gravity of the upper part and show that

(T1 + T2)r + V (1 − h∗)
l

2
= −m(1 − h∗)3 l2

12
θ̈

6. Use the above equation in combination with the following two equations:

T1 − T2 = mg(1 − h∗) cos θ + m(1 − h∗)(1 + h∗)
h

2
θ̇2,

θ̈ =
3
2

g

l
sin θ,

to show that

h∗
max ≈ 1

3

Flipped Classroom Exercise 3.6

Show that the term
∫
VrG × (NαB × rG)dm is nothing but I33Gθ̈ for planar rigid-body

motion. Here, rG is the position vector between any point and the center of mass of the
rigid body and θ is the rotation angle.

1. Since we are considering planar motion, choose rG = xGb̂1 + yGb̂2 and NωB = θ̇b̂3.
2. Calculate rG × (NαB × rG)

Now, it is straightforward to show that
∫
VrG × (NαB × rG)dm = I33Gθ̈.

3.6 Non-planar Rigid-body Motion

The free motion of a rigid body in space consists of six degrees of freedom; three translational
and the others rotational. Newton’s translational equations as derived in the previous section
for planar motion stay the same when considering three translational coordinates instead of
two. The third translational equation can be obtained by summing forces in the third direction
as well.
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For the rotational motion, however, the planar motion assumption introduces a simplifica-
tion to the equations of motion. Specifically, when deriving the rotational equations for planar
motion, we showed that the term∫

V
rG × (NωB × (NωB × rG))dm, (3.30)

in Equation (3.22) vanishes because, for planar rigid-body dynamics, rG is parallel to (NωB×
(NωB × rG)). For non-planar motion, however, this is not the case. Thus, the integral of
Equation (3.30) must be accounted for when deriving the rotational equations for non-planar
motion.

Before adding this term to the right-hand side of the non-planar rotational equations, we sim-
plify it using some mathematical identities. To this end, we start by applying the mathematical
identity A × (B × C) = B(A · C) − C(A · B) to Equation (3.30), and obtain

rG × (NωB × (NωB × rG)) = NωB(rG · (NωB × rG)) − (NωB × rG)(rG · NωB).

Noting that rG · (NωB × rG) = 0, the previous equation simplifies to

rG × (NωB × (NωB × rG)) = −((NωB × rG)(rG · NωB).

Next, using the identity (A × B)(B · A) = −A × (A(B · B) − B(B · A)), we can write

rG × (NωB × (NωB × rG)) = NωB × (NωB(rG · rG) − rG(rG · NωB)).

Using the previous equation, the expression in Equation (3.30) becomes∫
V
rG × (NωB × (NωB × rG))dm = NωB ×

∫
V
(NωB(rG · rG) − r(rG · NωB))dm.

Letting rG = xGb̂1 + yGb̂2 + zGb̂3 and NωB = ω1b̂1 + ω2b̂2 + ω3b̂3, then expanding the
term (NωB(rG · rG) − r(rG · NωB)), it can be shown that

NωB ×
∫
V
(NωB(rG · rG) − rG(rG · NωB)) = NωB × (IG

NωB), (3.31)

where IG is the moment of inertia matrix about the center of mass. Using Equation (3.31),
the rotational equations derived in the previous section for planar motion can be extended to
non-planar motion as follows:

1. Point Q is an inertial point in space. In this case, the moment MQ exerted by the external
forces on point Q is described by:

MQ = m QG × NaG/Q + IG
NαB + NωB × (IG

NωB). (3.32)

2. Point O is an accelerating point. In this case, the moment MO exerted by the external forces
on point O is described by:

MO = m OG × NaO/Q + IO
NαB + NωB × (IO

NωB). (3.33)
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3. Point G is the center of mass of the rigid body. In this case, the moment MG exerted by
the external forces on point G is described by

MG = IG
NαB + NωB × (IG

NωB). (3.34)

4. Point S a fixed point on the rigid body. In this case, the moment MS exerted by the external
forces on point S is described by

MS = IS
NαB + NωB × (IS

NωB). (3.35)

3.6.1 Euler Rotational Equations

When letting MG = M1b̂1 + M2b̂3 + M3b̂3, NωB = ω1b̂1 + ω2b̂3 + ω3b̂3, and NαB =
α1b̂1 + α2b̂3 + α3b̂3, Equation (3.34) can be expressed in matrix form as follows:

⎡
⎢⎣

M1G

M2G

M3G

⎤
⎥⎦ =

⎛
⎜⎝

I11G I12G I13G

I21G I22G I23G

I31G I32G I33G

⎞
⎟⎠

⎡
⎢⎣

α1

α2

α3

⎤
⎥⎦

+

⎛
⎜⎝

0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎞
⎟⎠

⎛
⎜⎝

I11G I12G I13G

I21G I22G I23G

I31G I32G I33G

⎞
⎟⎠

⎡
⎢⎣

ω1

ω2

ω3

⎤
⎥⎦ .

By aligning the rotating B-frame with the principal axes of the body, all the product of inertia
terms vanish and the previous equation reduces to

M1G = I11Gα1 + (I33G − I22G)ω3ω2,

M2G = I22Gα2 + (I11G − I33G)ω1ω3,

M3G = I33Gα3 + (I22G − I11G)ω1ω2.

(3.36)

The previous set of equation are widely known as Euler’s rotational equations. Euler’s
equations are critical in understanding the rotational motion of non-planar rigid bodies. One
important notion that can be quickly deduced from Euler’s equations is that a rigid body does
not require an angular acceleration about a given axis to produce a moment about that axis or
vice versa. In fact, as can be clearly seen in the previous equation, a moment can be produced
about one axis of a rotating rigid body if the rigid body has angular velocity components
about the other two axes provided that these two axes do not possess equal principal moments
of inertia. This concept explains why a motorcycle can be steered to rotate in one direction
by simply tilting it sideways in that direction.

To explain this better, examine Figure 3.20 in conjunction with the second Euler equation.
In a motorcycle, the wheel rotates about b̂1 with some angular velocity ω1. When the rider
tilts the motorcycle sideways, he produces another angular velocity about the b̂3 axis, as
shown in the figure. According to the second Euler equation, this will produce a moment
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ω1

ω3 tilting

b̂1

b̂3

b̂2 M2G

Wheel rotation

Figure 3.20 Steering a motorcycle follows Euler’s rotational equations.

M2G = (I11G − I33G)ω1ω3 about the b̂2 axis, which will force the motorcycle to rotate about
the second axis.

Summary of Equations for Non-planar Rigid-body Motion

Free non-planar rigid-body motion has six degrees of freedom that are described by six
independent equations. Three of these equations result directly from Newton’s second
law of dynamics, which, for rigid bodies, can be written as

F = mNaG/Q,

where F is the net external force vector acting on the body, m is the mass of the rigid
body, and NaG/Q is the acceleration of the center of mass G of the rigid body with
respect to an inertial point Q.

The remaining equations can be obtained by summing moments about a point on or
outside the body. The following points are very common:

1. Point Q is an inertial point in space. In this case, the moment MQ exerted by the
external forces on point Q is described by

MQ = m QG × NaG/Q + IG
NαB + NωB × (IG

NωB).

2. Point O is an accelerating point on the body. In this case, the moment MO exerted
by the external forces on point O is described by

MO = m OG × NaO/Q + IO
NαB + NωB × (IO

NωB).

3. Point G is the center of mass of the rigid body. In this case, the moment MG exerted
by the external forces on point G is described by

MG = IG
NαB + NωB × (IG

NωB).
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4. Point S is a fixed point on the rigid body. In this case, the moment MS exerted by
the external forces on point S is described by

MS = IS
NαB + NωB × (IS

NωB).

When aligning the rotating body frame with the principal axes of rotation, all the
product of inertia terms vanish and the moment equation about the center of mass, G
reduces to Euler’s form:

M1G = I11Gα1 + (I33G − I22G)ω3ω2,

M2G = I22Gα2 + (I11G − I33G)ω1ω3, (3.37)

M3G = I33Gα3 + (I22G − I11G)ω1ω2,

where MG = M1Gb̂1 + M2Gb̂3 + M3Gb̂3, NωB = ω1b̂1 + ω2b̂3 + ω3b̂3, and NαB =
α1b̂1 + α2b̂3 + α3b̂3.

Using Euler’s Rotational Equations

When using Euler’s rotational equations, it is best to express all the vectors and calculate
the inertia matrix in the body rotating frame. This is because all of these quantities are
much simpler to describe in this frame.

Example 3.10 A Rotating T-shaped Structure

A bar of mass m and length l is welded to another bar of mass 2m and length 2l to form the
T-shaped structure shown in Figure 3.21. The whole system is pinned to a rotating post at point
O. The post rotates at a constant rate Ω. Find the equations of motion describing the system’s
dynamics.

We define the frames necessary to describe the kinematics of the system. The N -frame is
inertial in space, the A-frame is formed such that NωA = Ωâ2, and the B-frame is formed
such that AωB = θ̇b̂3.

Next, we draw the free-body diagram shown in Figure 3.22 to describe the forces acting
on the body. There are three reaction forces at point O: O1b̂1, O2b̂2, O3b̂3, and two reaction
moments M1b̂1 and M2b̂2. In addition, there is the weight −3mg n̂2 of the body placed at the
center of mass, G where G is located at OG = − 4

3 l b̂2.
Since all the unknown reactions appear at point O, it is most convenient to sum moments

about this point to eliminate as many unknowns as possible. Before summing moments, it is
important to find the inertia matrix about a set of axes whose origin is located at point O, as
described in the B-frame. This is given by

IO = ml2

⎛
⎜⎝

20
3 0 0
0 1

12 0
0 0 27

4

⎞
⎟⎠ .
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O

2m, 2l

m, l

b̂1

b̂2

â1

â2
Ω

θ

Figure 3.21 Non-planar motion of a T-shaped rod.

M1

M2

G

3mg

O1

O2

O3

Figure 3.22 Free body diagram of the T-shaped rod.

Since the inertia matrix is diagonal, we can use Euler’s equations in their simplified form to
obtain the equations of motion. To solve this problem, we only need to use the third equation,
which states that

M3O = I33Oα3 + (I22O − I11O)ω1ω2,

where ω1 and ω2 are the components of the vector NωB when described in the B-frame:
NωB = Ωsin θb̂1 + Ω cos θb̂2 + θ̇b̂3. Thus, ω1 = Ω sin θ and ω2 = Ω cos θ.
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Similarly, NαB = Ωθ̇ cos θb̂1 − Ωθ̇ sin θb̂2 + θ̈b̂3. Hence α3 = θ̈. Using the obtained
values of I11O, I22O, I33O, ω1, ω2, and α1, and summing moments about point O, it follows
from Euler’s third equation that

−4mgl sin θ =
27
4

ml2θ̈ − ml2
(

20
3

− 1
12

)
Ω2 sin θ cos θ,

which upon simplification yields

θ̈ +
(

16
27

g

l
− 79

81
Ω2 cos θ

)
sin θ = 0.

As an additional exercise, let us try to resolve this problem by expressing Euler’s equations in
the A-frame. Describing the inertia matrix in the A-frame requires rotating the inertia matrix
described in the B-frame using the transformation I∗O = L IO LT , where L is the rotation
matrix from the B- to the A-frame. This can be obtained by rotating the B-frame by −θn̂3
using

L =

⎛
⎜⎝

cos θ − sin θ 0
sin θ cos θ 0

0 0 1

⎞
⎟⎠ .

Using this transformation matrix, the inertia matrix about point O as described in the A-frame
becomes

I∗O = ml2

⎛
⎜⎝

20
3 cos2θ + 1

12 sin
2θ 79

12 sin θ cos θ 0
79
12 sin θ cos θ 1

12 cos2θ + 20
3 sin2θ 0

0 0 27
4

⎞
⎟⎠ .

Note that the inertia matrix described in the A-frame is not diagonal. As such, we cannot use
Euler’s equations in their simplified form. Next, we find the angular velocity and acceleration
vectors and describe them in the A-frame. To this end, we use

NωB = Ωâ2 + θ̇â3,
NαB = θ̈â3.

It follows that ω1 = 0, ω2 = Ω, ω3 = θ̇, α1 = α2 = 0, and α3 = θ̈.
The moment about point O is due to the weight and is given by MO = −4mgl sin θ â3.

Thus, M1O = 0, M2O = 0, M3O = −4mgl sin θ.
Next, we sum moments about point O using

⎡
⎢⎣

M1O

M2O

M3O

⎤
⎥⎦ =

⎛
⎜⎝

I11O I12O I13O

I21O I22O I23O

I31O I32O I33O

⎞
⎟⎠

⎡
⎢⎣

α1

α2

α3

⎤
⎥⎦

+

⎛
⎜⎝

0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎞
⎟⎠

⎛
⎜⎝

I11O I12O I13O

I21O I22O I23O

I31O I32O I33O

⎞
⎟⎠

⎡
⎢⎣

ω1

ω2

ω3

⎤
⎥⎦ .
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This yields

θ̈ +
(

16
27

g

l
− 79

81
Ω2 cos θ

)
sin θ = 0,

which is the same answer we obtained when using the body-rotating B-frame. However, the
process of obtaining the same answer is considerably more involved.

Example 3.11 Constant Precession

Consider a top made of a uniform disk of radius R, pinned to the origin by a massless stick
(which is perpendicular to the disk) of length l, as shown in Figure 3.23. Paint a dot on the top
at its highest point, and label this as point P . You wish to set up uniform circular precession,
with the stick making a constant angle θ with the vertical, and with P always being the highest
point on the top. What relation between R and l must be satisfied for this motion to be possible?

For the top to perform constant precession with angular velocity Ω about the vertical axis,
the net angular velocity has to be of magnitude Ω and has to always point upwards. By defining
the N -frame as an inertial frame whose origin is at point O, the A-frame as a rotating frame,
such that NωA = Ωâ2, and the B-frame by performing a −θ rotation about the â3 axis, we can
describe the angular velocity vector necessary to maintain such motion as NωB = Ω â2. Note
that the term associated with θ̇ vanishes because the constant precession requires a constant θ.

To solve the problem, we sum moments about point O using the equation

MO = IO
NαB + NωB × (IO

NωB),

where IO is the moment of inertia of the disk about point O and can be written as

IO = m

⎛
⎜⎝

R2

4 + l2 0 0

0 R2

2 0

0 0 R2

4 + l2

⎞
⎟⎠ .

Since the inertia matrix is diagonal, the moment equation can be decoupled into
Euler’s form. The angular velocity vector of the disk described in the B-frame is NωB =
−Ωsin θb̂1 + Ω cos θb̂2. The angular acceleration vector is zero because Ω and θ are constant.
Using the third Euler’s equation along b̂3, we obtain, by referring to Figure 3.24:

−mgl sin θ = mΩ2
(

l2 − R2

4

)
cos θ sin θ.

θ l
R

P

O

Figure 3.23 A top undergoing constant precession motion.
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l

P

O1

O2

Ω

mg

â2

â1

b̂2

b̂1

Figure 3.24 Free-body diagram.

It follows from the previous equation that

Ω =

√
4gl

(R2 − 4l2) cos θ
.

Thus, R > 2l for such motion to be possible.

Example 3.12 Losing Contact with a Surface

In Figure 3.25, rod QB rotates with angular velocity Ω = t2 where t represents time. Pinned
at B is another thin rod of mass m and length l. This can swing in a vertical plane which is
rotating with rod QB. Initially, the thin rod remains in contact with the smooth surface, but at
a critical time tcr it rises. The system starts from rest and all frictional forces can be neglected.
Find tcr.

n̂2

n̂1
â2

â1 b̂1b̂2

Ω

θ0

d

Q
B

m, l

Figure 3.25 Rotating rod which loses contact with the horizontal surface.
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RN

mg

RB1RB2

M1M2

RB3 G

Figure 3.26 Free-body diagram.

To solve this problem, we first define three different frames to describe the kinematics,
as shown in Figure 3.25. The N -frame is inertial in space, the A-frame is formed such that
Nω84A = Ωâ2, and the B-frame is formed by rotating the A-frame through an angle θ
about â3.

To use Newton’s second law or Euler’s rotational equations, we must first identify the forces
and moments acting on the body. To this end, we draw a free body diagram, as shown in
Figure 3.26. There are three reaction forces at point B, namely RB1b̂1, RB2b̂2, RB3b̂3, and two
reaction moments, namely M1b̂1 and M2b̂2. In addition, there is the weight −mgâ2 located at
the center of mass and the reaction RN â2 exerted by the ground on the rod.

We also define the angular velocity and angular acceleration vectors of the rod in the
B-frame; such that

NωB = Ωsin θ0b̂1 + Ω cos θ0b̂2,

NαB = Ω̇ sin θ0b̂1 + Ω̇ cos θ0b̂2.

In this problem it is sufficient to use Euler’s equations to obtain the equation of motion of
the system. To this end, we need to sum moments about a certain point. Here, we choose point
B because most of the unknowns are located at point B. Since point B is a moving point, the
moment equation is given by

MB = m BG × NaB/Q + IB
NαB + NωB × (IB

NωB), (3.38)

where, as shown in Figure 3.25, Q is an inertial point, BG = − l
2 b̂2, and NaB/Q =

−dΩ2 cos θ0b̂1 + dΩ2 sin θ0b̂2.
We also obtain the moment of inertia matrix about point B described in the B-frame as:

IB = ml2

⎛
⎜⎝

1
3 0 0
0 0 0
0 0 1

3

⎞
⎟⎠ .

Summing moments in the b̂3 direction, yields

−mg
l

2
sin θ0 + RN l sin θ0 = −m

ld

2
Ω2 cos θ0 −

1
3
ml2Ω2 sin θ0 cos θ0.
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At the moment the rod lifts off the ground, RN vanishes. This yields:

Ω2 =
g sin θ0

d cos θ0 + 2
3 l cos θ0 sin θ0

,

or

tcr =
(

g sin θ0

d cos θ0 + 2
3 l cos θ0 sin θ0

)1/4

.

Flipped Classroom Exercise 3.7

A slender bar of mass m is suspended by a massless cable from a pivot at A. It exe-
cutes a steady precession about the vertical axis at angular speed Ω while maintaining
the orientation shown. Determine the angular velocity Ω and the angle λ of the steady
precession.

A

B

l

l

λ

λ

Ω

1. Define your inertial and rotating frames such that NωA = Ωâ2, and AωB = −λ̇b̂2
where N is the inertial frame.

2. Find the angular velocity and angular acceleration vectors in the B-frame.
3. Find the inertia matrix of the rod as described in the rotating frame.
4. Draw a free-body diagram. Note that there are only two forces acting on the rod.
5. Implement Newton’s translational equations along the different directions.
6. Use the third Euler rotational equation to show that, for constant precision, λ ≈ 47◦

and Ω ≈ 1.06
√

g
l .

Flipped Classroom Exercise 3.8

Consider a cylinder of mass m, radius r, and length 4r. Find the analytical solution
for the angular velocity vector ω(t) when the cylinder is subject to the initial angular
velocity vector ω(t = 0) = 3

5ω0b̂1 + 4
5ω0b̂3.
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b̂1

b̂2

r

G

You only need to use Euler’s rotational equations to solve this problem.

1. Find the inertia matrix about the center of mass of the cylinder. Note that it is a
diagonal matrix.

2. Apply Euler’s rotational equations along the three directions about the center of mass.
Note that there are no external moments acting on the body. This will lead to three
first-order differential equations describing the angular velocity.

3. Solve the resulting differential equations using the given initial condition.

Exercises

3.1 Four masses (m, m, 2m, 4m) are located, respectively, at (2a, 2a, 0), (a, 2a, a), (a, a,
3a), (a, a, a). Find the center of mass of these masses, then find the inertia matrix about
the center of mass.

3.2 The system shown in the Figure 3.27 consists of two welded rods, each of mass m and
length l. The system is pinned at point O to a column that rotates with a constant angular
velocity Ω. Find the equation of motion of the system.

θ

Ω

F1

F2

O

Figure 3.27 Exercise 3.2.
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3.3 Consider a top made of a uniform thin plate of length 2a, width a, and connected to the
origin by a massless stick (which is perpendicular to the disk) of length l, as shown in
Figure 3.28. Mark a dot on the top at its highest point, and label this as point P . You
wish to set up uniform circular precession, with the stick making a constant angle θ
with the vertical, and with P always being the highest point on the top. What relation
between a and l must be satisfied for this motion to be possible? What is the frequency
of precession? Is it possible to create such a motion when θ = π/2?

θ

P

O

2a

a

l

Figure 3.28 Exercise 3.3.

3.4 A thin disk of mass m and radius r rolls without slipping inside a rough circular surface
of radius R, as shown in Figure 3.29.

(a) Using the moment of inertia definition in polar coordinates, find the moment of iner-
tia of the disk about an axis passing through the center of gravity of the disk and
always pointing towards you.

(b) Derive the differential equation governing the angle θ.

R

G
r

o

θ

φ

Figure 3.29 Exercise 3.4.

3.5 Consider a double pendulum undergoing planar motion, as shown in Figure 3.30. Obtain
the equations of motion.

φ

θ

l

m

l
m

c

o

F(t)

Figure 3.30 Exercise 3.5.
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3.6 The thin plate shown in Figure 3.31 has a uniform area density ρ. Find its center of mass
and the moment of inertia matrix about the set of axes shown.

x3a

y

a

y=αx2

Figure 3.31 Exercise 3.6.

3.7 The triangular plate shown in Figure 3.32 is pinned at point O to a rotating rod. The rod
rotates with a constant angular velocity Ω, and the triangle rises by performing a rotation
θ about its shorter side. Find the equation of motion of the system knowing that the plate
is thin and has a uniform area density ρ.

b̂2

Ω

b̂1

b̂1

b̂3
θ

a

h

O O

Figure 3.32 Exercise 3.7.

3.8 For the rod of mass, m and length 3l shown in Figure 3.33, find the shear force, axial
load, and internal moment at point B as function of θ. The rod is released from rest when
θ = π

3 .

3.9 For the system shown in Figure 3.34, the triangular part of the bent thin plate is parallel
to the y–z plane. The rectangular part is on the x–y plane. Find the moment of inertia
matrix about an axis passing through point O.

3.10 A uniform rod of mass m and length
√

2R slides inside a smooth circular surface of
radius R as shown in Figure 3.35. Derive the equations of motion of the rod in terms of
the angle θ.
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θ

O

n̂1

n̂2

l

2l

B

Figure 3.33 Exercise 3.8.

6b

8b

9b

x

y
z

O

Figure 3.34 Exercise 3.9.

√
2R

R

G
θ

Figure 3.35 Exercise 3.10.
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3.11 A uniform rod of mass m and length l rests on two pulleys that rotate in the direction
shown in Figure 3.36. Denoting by μk the coefficient of kinetic friction between the
rod and the pulleys, determine the equation of motion when the rod is given an initial
displacement to the right.

d

Figure 3.36 Exercise 3.11.

3.12 A rod of mass m and length l is welded at its base to the massless ring shown in
Figure 3.37. The ring rolls without slipping on a circular surface of radius R. Determine
the equation of motion.

R

l,m

Figure 3.37 Exercise 3.12.

3.13 A rod and a tube of the same mass and length are given a small nudge to the right as
shown in Figure 3.38. Which one hits the ground first?

Figure 3.38 Exercise 3.13.

3.14 A thin rod of mass m and length l is pinned to the back of a truck, as shown in Figure 3.39.
The truck moves in the horizontal direction with an acceleration a = g/4 m/s2. If the
rod was released from rest when θ = 0, find its angular velocity just before it hits the
back of the truck.

θ a= g
4 m/sec2

Figure 3.39 Exercise 3.14.
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3.15 A massless rod AP of length l is attached at point A to the center of a homogeneous
circular disk of radius r, and at point P to a smooth universal joint, so that it can rotate
freely in all directions. The disk rolls on a rough horizontal surface, as shown Figure 3.40.
Determine the force exerted by the disk on the floor if AP rotates with constant angular
velocity Ω about the vertical.

Ω

l

r

A P

Figure 3.40 Exercise 3.15.

3.16 Figure 3.41 shows a coin, which rolls with negligible rolling resistance on a horizontal
table along a circle of radius R. The coin can be considered as a thin homogeneous disk
of radius r and mass m. How long does it take for the coin to roll once around the circle?

Ω

α
r

R

Figure 3.41 Exercise 3.16.

3.17 A vertical pole OA of length r is attached to a horizontal ceiling, as shown Figure 3.42.
Point A is connected to a massless rod AP of length R by means of a smooth universal
joint A. A circular homogeneous disk of mass m and radius r is mounted with its center
at point P , such that AP is always perpendicular to the disk. The disk rolls without
slipping along a circular path of radius R. The angular velocity of the disk about point
P is ω. Find the force that the disk exerts on the ceiling and the smallest ω needed to
sustain contact with the ceiling.

r

A P

r
O

ω
R

Figure 3.42 Exercise 3.17.
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3.18 A car with a gas turbine engine passes over the brow of a hill at speed v. The hilltop
has a radius of curvature R (Figure 3.43). The axis of the gas turbine is oriented along
the length of the car. Its rotor has moment of inertia Je with respect to the turbine axis,
and angular velocity ω relative to the car, so that the angular velocity vector ω points in
the forward direction. The driver notices that the car has a tendency to turn sideways.
Explain the reason for this tendency and identify which way the car tends to turn. Find
the moment that the driver needs to apply to counter this tendency assuming that the car
has mass m and moment of inertia about its center of mass I33G = Icar.

v

ω

R

n̂2

n̂3

n̂1

Figure 3.43 Exercise 3.18.

3.19 The uniform disk of radius R and mass M can rotate freely about point O, as shown
in Figure 3.44. A thick cable of length l and mass m is wound around the cylinder in a
single layer. Find the equation of motion of the cable as function of the free length x.
Assume the cable does not oscillate and that the winding/unwinding of the cable occurs
without slipping.

R

O

x

Figure 3.44 Exercise 3.20.
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3.20 A cube of uniform density ρ, mass m, and edge length l is divided into eight identical
cubes. Seven of the resulting cubes are then glued together leaving out one of the corner
cubes. Find the moment of inertia matrix of the new body about a set of axes parallel to
the sides of the cube and whose origin is located at the center of the original system.

Reference

1. E. Mach (1919) The Science of Mechanics, pp. 173–187. Open Court Publishing.





4
System Constraints and Virtual
Displacement

Most dynamical systems do not move freely in space but are subject to constraints that alter,
restrict, and shape their motion. In this chapter, we classify these constraints and understand
their influence on the dynamics.

4.1 Constraints

Constraints acting on a dynamical system reduce the minimum number of independent coor-
dinates necessary to describe its motion; in other words, its degrees of freedom. To better
understand the influence of constraints on the motion of a dynamical system, consider the pla-
nar motion of a rigid pendulum. The pendulum consists of one particle of mass m, connected
through a rigid cable of length l to a fixed support. Generally, the free motion of a particle
is fully described by three coordinates (x, y, z). However, we learned in earlier chapters that
the dynamics of a planar rigid pendulum can be fully characterized by a single angle. Thus,
in reality, one needs only one independent coordinate to describe its planar motion. This is a
result of the action of two constraints that restrict the free motion of the particle and, there-
fore, reduce the number of degrees of freedom to only one. For the planar pendulum, the two
constraints are as follows:

• The particle is not free to move in all directions but is rather constrained to move in the x–y
plane; this means that z = 0 is a geometric constraint acting on the particle.

• For a rigid cable, the position of the particle is constrained to the equation x2 + y2 = l2,
which acts as a constraint preventing the particle from moving arbitrarily in the x–y
plane.

Dynamics of Particles and Rigid Bodies: A Self-Learning Approach, First Edition. Mohammed F. Daqaq.
© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
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lθ

O

l

n1
(x1, y1, z1)

(x2, y2, z2)

ˆ

n2ˆ

m

m

φ

Figure 4.1 Dynamics of a double pendulum.

These two constraints eliminate two degrees of freedom. In general, as explained in
Section 2.4, a system of N particles has 3N − C degrees of freedom, where C is the number
of constraints.

Example 4.1 Double Pendulum Planar Dynamics

Consider the dynamics of the double pendulum shown in Figure 4.1. Find the number of coor-
dinates, constraints, and degrees of freedom.

The double pendulum system has two particles, and therefore six coordinates. The coordi-
nates are (x1, y1, z1) for the first particle and (x2, y2, z2) for the second particle. Since the
motion is planar, the first and second particles are subject, respectively, to the constraints
z1 = 0 and z2 = 0. Also, since the lengths of the cables are fixed, the constraints x2

1 + y2
1 = l2

and (x2 − x1)
2 + (y2 − y1)

2 = l2 must be satisfied. Hence, there are four constraints. This
yields 3 × 2 − 4 = 2 degrees of freedom.

4.1.1 Classification of Constraints

Constraints can be classified into two general categories: holonomic and non-holonomic. A
constraint is said to be holonomic when it can be described in the following form:

f(x1, x2, x3, . . . , xN , t) = 0, (4.1)

where xi are the coordinates used to describe the dynamics. Holonomic constraints do not
depend on the derivative of the coordinates, ẋi. As such, they are commonly referred to as
geometric constraints because they describe regions in space restricted to the path of the sys-
tem. Even when a holonomic constraint depends on the derivative of the coordinates, ẋi, the
derivatives should be removable by direct integration. Any constraint that cannot be described
by Equation (4.1) is said to be a non-holonomic or a kinematic constraint. Kinematic con-
straints place limitations on the velocity of the system.
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The concept of holonomic constraints leads to the definition of generalized coordinates.
These are the set of coordinates chosen to describe the configuration of the system. The term
“generalized” is used to distinguish these coordinates from the Cartesian coordinates (x, y, z)
that are typically used to describe the configuration of the system. The derivatives of the gen-
eralized coordinates are called generalized velocities. The reader should bear in mind that
generalized coordinates need not be the minimum number of coordinates needed to describe
the dynamics of the system.

To clarify the concept of a generalized coordinate, consider again the planar dynamics of the
simple rigid pendulum when described in terms of the typical x and y Cartesian coordinates.
In such a case, the equations of motion can be written as

−T
x

l
= mẍ, T

y

l
− mg = mÿ, (4.2)

where T is the tension in the cable and l is its length. Next, using the holonomic constraints
y − l cos θ = 0 and x − l sin θ = 0, we reduce the dynamics of the system to one coordinate, θ.
This yields:

−T sin θ = ml(cos θθ̈ − sin θθ̇2), T cos θ = ml(sin θθ̈ + cos θθ̇2) + mg.

Rearranging and simplifying, we obtain

θ̈ +
g

l
sin θ = 0.

The angle θ in this example is a generalized coordinate because it can be used to describe the
dynamics, yet it is not a traditional Cartesian coordinate. As such, using the geometric con-
straints, we were able to reduce the description of the dynamics from two dependent Cartesian
coordinates (x, y) into one independent generalized coordinate, θ.

Regardless of their type, a number K of constraints expressed in terms of M generalized
coordinates can be described in the following general differential form, also known as the
Pfaffian form:

M∑
j

cijdqj + cidt = 0, i = 1, 2, 3, . . . ,K, (4.3)

where j refers to the jth generalized coordinates, qj , and i refers to the ith constraint. If the
previous equation is integrable to the form

f(q1, q2, . . . , qM, t) = 0, i = 1, 2, 3, . . . ,K, (4.4)

then the system is holonomic; otherwise the system is non-holonomic.
Both holonomic and non-holonomic constraints can be further classified into two types:

scleronomic if the constraint does not depend on time explicitly, and rheonomic if it does.
These phrases originate from the Greek language, where sclero means rigid and rheo means
flowing.

It is also possible to define constraints as catastatic when ci = 0 and as acatastatic when
ci �= 0. Note that a catastatic constraint is not equivalent to a scleronomic constraint because
cij can be time dependent even when ci = 0.
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Summary of Constraint Classifications

Any system of constraints can be described mathematically in the following form:

M∑
j

cijdqj + cidt = 0, i = 1, 2, 3, . . . K.

The constraint is said to be

• holonomic: when it is integrable to the form f(q1, q2, . . . , qM, t) = 0.
• non-holonomic: when it is not integrable to the form f(q1, q2, . . . , qM, t) = 0.
• scleronomic: when the constraint does not depend on time.
• rheonomic: when the constraint depends on time.
• catastatic: when ci = 0.
• acatastatic: when ci �= 0.

The knowledge of whether the Pfaffian form is integrable to the general holonomic form
can be established by noting that, for integrable constraints, there must exist a scalar function,
φ, such that

M∑
j=1

∂φ

∂qj

dqj +
∂φ

∂t
= 0. (4.5)

It follows from Equation (4.3) that

cij =
∂φ

∂qj

, ci =
∂φ

∂t
, i = 1, 2, . . . ,K. (4.6)

Differentiating the scalar function φ with respect to qj then qk, one can write

∂2φ

∂qk∂qj

=
∂cij

∂qk

=
∂cik

∂qj

. (4.7)

It follows that

∂cij

∂qk

=
∂cik

∂qj

, k = 1, 2, . . . ,M. (4.8)

Similarly, differentiating the scalar function φ with respect to qj then t, one can write

∂2φ

∂qj∂t
=

∂cij

∂t
=

∂ci

∂qj

. (4.9)

It follows that

∂cij

∂t
=

∂ci

∂qj

. (4.10)

Thus, for a constraint to be holonomic, Equations (4.8) and (4.10) must be satisfied.
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Integrability of Constraints

A constraint given by the general form

M∑
j

cijdqj + cidt = 0, i = 1, 2, 3, . . . ,K,

where M is the number of generalized coordinates and K is the number of constraints,
is said to be holonomic if it is integrable to the form

f(q1, q2, . . . , qM, t) = 0, i = 1, 2, 3, . . . ,K.

The integrability of the constraint is guaranteed if the following conditions are satisfied:

∂cij

∂qk

=
∂cik

∂qj

, k = 1, 2, 3, . . . ,M

∂cij

∂t
=

∂ci

∂qj

.

Example 4.2 Classification of Constraints

Classify the following constraints:

(a) (q1 − q4)dq1 + (q4 − q1)dq4 + (q2 − q3)dq3 + (q3 − q2)dq2 = 0
Here, M = 4, K = 1. Checking the conditions for integrability using i = 1:

∂c1j

∂qk

=
∂c1k

∂qj

, j, k = 1, 2, 3, 4,

yields

∂c11

∂q2
=

∂c12

∂q1
= 0,

∂c11

∂q3
=

∂c13

∂q1
= 0,

∂c11

∂q4
=

∂c14

∂q1
= −1,

∂c12

∂q3
=

∂c13

∂q2
= 1,

∂c12

∂q4
=

∂c14

∂q2
= 0,

∂c13

∂q4
=

∂c14

∂q3
= 0.

Since the conditions are satisfied, the constraint is holonomic. Furthermore, since the con-
straint does not depend explicitly on time, it is scleronomic.

(b) x1x
2
2ẋ1 + x2

1x2ẋ2 + sin t = 0
To check for integrability, we first put the constraint in the differential form:

x1x
2
2dx1 + x2

1x2dx2 + sin tdt = 0
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Here, M = 2, and N = 1. Applying the conditions for integrability using i = 1 yields

∂c11

∂x2
=

∂c12

∂x1
= 2x1x2,

∂c11

∂t
=

∂c1

∂x1
= 0,

∂c12

∂t
=

∂c1

∂x2
= 0.

Hence, the constraint is holonomic and rheonomic by the fact that it depends explicitly
on time.

Example 4.3 Skating Boot

Consider the motion of a skating boot, modeled using two particles, each of mass m, connected
through a massless rod of length d, as shown in Figure 4.2. The boot slides on ice such that the
center of mass G is constrained to move in the direction of et, which is tangential to the path.
The motion of the skate is restricted to the plane shown. Find all the constraints and classify
them. How many degrees of freedom does the system have?

The free motion of each particle is described by three coordinates: (x1, y1, z1) for the first
particle and (x2, y2, z2) for the second particle. The system is subject to the following con-
straints:

1. z1 = 0.
2. z2 = 0.
3. (x2 − x1)

2 + (y2 − y1)
2 = d2.

4. NvG/O.en = 0, because the skating boot always moves perpendicular to en.

Here
NvG/O =

1
2
((ẋ1 + ẋ2)n̂1 + (ẏ1 + ẏ2)n̂2)

en = sin θn̂1 − cos θn̂2 =
y2 − y1

d
n̂1 −

x2 − x1

d
n̂2.

d
G

en

O

n2ˆ

n1ˆ

θ

(x2, y2, 0)

(x1, y1, 0)

Figure 4.2 Constraints associated with skating motion.
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Therefore the system has 6 − 4 = 2 degrees of freedom.
We define the generalized coordinates such that q1 = x1, q2 = y1, q3 = z1, q4 = x2, q5 = y2,

q6 = z2 and use them to describe the constraints in the differential form:

dq3 = 0, dq6 = 0,

(q1 − q4)dq1 + (q2 − q5)dq2 + (q4 − q1)dq4 + (q5 − q2)dq5 = 0,

(q5 − q2)dq1 + (q1 − q4)dq2 + (q5 − q2)dq4 + (q1 − q4)dq5 = 0.

One can show that the first three constraints are holonomic scleronomic. However, the fourth
constraint is not integrable because ∂c41/∂q2 = −1 while ∂c42/∂q1 = 1. Therefore the fourth
constraint is non-holonomic scleronomic.

Flipped Classroom Exercise 4.1

Consider the two-dimensional dynamics of the container crane shown in the figure [1].
Containers are grabbed using a spreader bar hoisted by means of four cables, two of
which are shown. The cables are spaced a distance d at the trolley and a distance w at
the spreader bar. Find two constraints relating the angle θ to the angle φ and the length
l to the length L. Classify these constraints.

y

f

ϕ1

ϕ2

ϕ

d

A O D

yLlL

R
w

PB

Spreader Bar

Container

C

Q

x

x

θ

Trolley
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To find the constraints equations, do the following:

1. Write the closing position vector from point O to point O by passing through point
A, B, and P . Use this position vector to show that:

l sin φ − 1
2
w cos θ +

1
2
d = L sin φ1,

l cos φ − 1
2
w sin θ = L cos φ1.

2. Write the closing position vector from point O to point O by passing through point
D, C, and P . Use this position vector to show that:

l sin φ +
1
2
w cos θ − 1

2
d = L sin φ2,

l cos φ +
1
2
w sin θ = L cos φ2.

3. Manipulate the previous equations to show that

θ = −φ + arcsin
(

d

w
sin φ

)
,

l2 = L2 − 1
4
(d2 + w2 − 2dw cos θ).

4. Put each of the previous constraints in the differential form and classify them.

4.2 Actual and Virtual Displacements

Consider the motion of a particle on a smooth surface, as shown in Figure 4.3. The equation
of the surface is given by f(x, y, z) = 0. Our goal is to find the work done by the reac-
tion force Rn on the particle. To this end, we note that the position of the particle in space
(x(t), y(t), z(t)) must satisfy the constraint equation. Therefore we can differentiate the con-
straint equation and write

∂f

∂x

dx

dt
+

∂f

∂y

dy

dt
+

∂f

∂z

dz

dt
= 0, (4.15)

or

∂f

∂x
dx +

∂f

∂y
dy +

∂f

∂z
dz = 0, (4.16)

which can also be expressed as

∇f.dr = 0, (4.17)
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dr

Rn

f (x, y, z) = 0

∇f

Figure 4.3 Motion of a particle on a constraint surface.

where ∇f = ∂f
∂x n̂1 + ∂f

∂y n̂2 + ∂f
∂z n̂3 is the gradient of f and always points in the direction

normal to the surface, and dr = dxn̂1 + dyn̂2 + dzn̂3 is a differential displacement in the
direction of the vector r.

Since the constraint force Rn is also normal to the constraint surface; in other words, it is
parallel to ∇f , we conclude that

Rn.dr = 0. (4.18)

The previous equation implies that the work done by the constraint force along an actual dif-
ferential displacement is zero.

Next, we consider a time-varying constraint surface whose equation is described by

f(x, y, z, t) = 0. (4.19)

Again, we differentiate the constraint with respect to time and find that

∂f

∂x

dx

dt
+

∂f

∂y

dy

dt
+

∂f

∂z

dz

dt
+

∂f

∂t
= 0, (4.20)

which can be expressed as

∇f.dr + ∂f = 0. (4.21)

Since ∇f ‖ Rn, the first term in the previous equation represents the work done by the con-
straint forces along a differential displacement, which in this case does not vanish. Thus, we
conclude that, when the constraint surface varies with time, the work done by the constraint
force along a differential displacement is not zero.

The previous discussion can be clarified further by considering the curve shown in
Figure 4.4. For simplicity, the surface is replaced by the curve f(x, y, t) = 0, which
moves in the horizontal direction with a velocity us(t). A particle slides on the surface
as the surface is simultaneously moving to the right. A snapshot of the complete motion
after time Δt is also shown in the figure. When inspecting the direction of the reaction
force Rn and the absolute velocity u of the particle, it becomes evident that Rn is not



112 Dynamics of Particles and Rigid Bodies

us

ur

Rn

∇f

f (x, t) us(t)

t t + Δt

u

Figure 4.4 Planar motion of a particle on a moving surface.

perpendicular to u. Furthermore, since u is parallel to the actual differential displacement
dr, one correctly concludes that the work done by the constraint force along dr is indeed not
equal zero.

On the other hand, we note that the constraint force is always perpendicular to the relative
velocity ur. As such, to force the work done by the constraint forces to vanish, we introduce
the concept of the virtual displacement δr. The virtual displacement is one that is parallel to
the relative velocity ur and, as a result, is always normal to the constraint force. As such, the
work done by the constraint force along the virtual displacement, also known as the virtual
work δW , is always zero. Bear in mind that, for scleronomic constraints, actual and virtual
displacements are equivalent.

The virtual displacement can also be thought of as the displacement achieved when the
constraint is held constant in time. Thus, for the position vector r = r(q1, q2, q3, . . . , qM, t),
the virtual displacement can be expressed as

δr =
M∑
j=1

∂r
∂qj

δqj , (4.22)

where t is held constant. On the other hand, the actual differential displacement can be writ-
ten as

dr =
M∑
j=1

∂r
∂qj

δqj +
∂r
∂t

. (4.23)

Virtual Displacement

The virtual displacement is defined as the displacement along which the work done by
constraint forces is zero. The virtual displacement is not necessary along the actual
dynamical path of the particle; in other words, the actual displacement. Nonetheless,
the virtual and actual displacements align when the constraints are scleronomic in
nature.
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4.3 Virtual Work

The virtual work is defined as the work done by all forces acting on the system along the
virtual displacement. For a system of N particles, we can use Newton’s second law to write

N∑
i=1

(Fi + fi) =
N∑

i=1

mir̈i, (4.24)

where N is the number of particles, mi denotes the mass of the ith particle, Fi

and fi are the external and constraint forces acting on the system, respectively, and
ri = ri(q1, q2, . . . , qM, t) represents the position vector of the ith particle, represented in
terms of the generalized coordinates qj . Treating the inertial forces as part of the external
forces, we let

N∑
i=1

(Fi + fi − mir̈i) = 0. (4.25)

Taking the dot product of the previous equation with the virtual displacement δri, we obtain

N∑
i=1

(Fi + fi − mir̈i)δri = 0. (4.26)

Noting that the work done by constraint forces along the virtual displacement is zero, the
previous equation simplifies to

δW =
N∑

i=1

(Fi − mir̈i)δri = 0 (4.27)

Equation (4.27) is known as the principle of virtual work and states that the work done by the
external and inertial forces along the virtual displacement is equal to zero.

In the absence of inertial forces, the previous equation reduces to

N∑
i=1

Fiδri = 0. (4.28)

One important consequence that arises from the principle of virtual work is the analysis of the
static equilibrium of bodies in a very simple manner.

Principle of Virtual Work

The principle of virtual work, also known as the principle of least action, states that the
work done by the external and inertial forces along the virtual displacement is equal
to zero.
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l

R1

R2

y

xO
Fm

m

θ

Figure 4.5 Analyzing the static equilibrium of a system using the principle of virtual work.

Example 4.4 Static Equilibrium

For the system shown in Figure 4.5, find the force F necessary to achieve static equilibrium.
Assume that all forces are smooth and that the connecting rod is massless.

First, we solve this problem using Newton’s second law. There are four different forces
acting on the system; these are the reaction forces R1n̂1 and R2 n̂2, the weight −2mg n̂2, and
the external force −F n̂1. Summing forces in the n̂1 and n̂2 directions, and moments about
point O, we obtain, respectively:

R1 − F = 0, R2 − 2mg = 0, −R1l sin θ + R2l cos θ − mgl cos θ = 0.

Upon solving these equations, we obtain F = mg cot θ.
Next, we solve the problem using the principle of virtual work. We note that the constraint

forces does not do any work along the virtual displacement and that the sum of the virtual
work done by weight and the external force along the virtual displacements is zero; that is

mgδy − Fδx = 0. (4.29)

Noting that y = l sin θ, x = −l cos θ or δy = l cos θδθ, and δx = l sin θδθ. This yields

F = mg cot θ. (4.30)

Flipped Classroom Exercise 4.2

Consider the system shown in the figure. Find the angle θ at equilibrium.

θ
ll

F

mgmg

x

y
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To solve this problem, use the principle of virtual work. To this end, carry out the fol-
lowing steps:

1. Identify the external forces acting on the system.
2. Express the virtual work done by these forces along the virtual displacement.
3. Write the constraint equations and express them in terms of the virtual angle δθ.
4. Show that the equilibrium angle is

θ = 2arctan
2F

mg
.

Exercises

4.1 A particle is constrained to move in a plane such that its orientation is always proportional
to the time elapsed since the beginning of its motion. Describe and classify the constraints
acting on the particle.

4.2 A particle is constrained to move such that the magnitude of its velocity is proportional
to the total time elapsed since the beginning of its motion. Describe and classify the
constraints acting on the particle.

4.3 A particle moves under the influence of gravitational acceleration such that the square
of its velocity is constant at all times. Describe and classify the constraints acting on the
particle.

4.4 Classify the following constraints:
(a) (y2 − 2x)ẋ + (2xy − 1)ẏ = 0
(b) x(1 − sin y)ẏ − (cos x − cos y − y)ẋ = 0
(c) (3x2y − 1)ẋ + (x3 + 6y − y2)ẏ = sin t.

4.5 A fox tries to hunt a rabbit, as shown in Figure 4.6. Describe the initial position of the fox
as (x0, y0) and assume that the rabbit runs in the x-direction with a constant velocity vR.
On the other hand, the fox runs in such a way that its instantaneous velocity is always in
the direction of the vector between the rabbit and itself. Show that the path followed by
the fox satisfies the constraint

ẏF (VRt − xF ) + yF ẋF = 0,

where (ẋF , ẏF ) are the components of the fox velocity in the x- and y-directions, respec-
tively. What type of constraint is this?

vR

x0

y0

x
vRt

y

θ

Figure 4.6 Exercise 4.5.
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4.6 A force F is applied on the sliding collar shown in Figure 4.7 when link OQ is in the
horizontal position. Find the magnitude of F necessary to keep link QP from rotating
under the influence of the moment MO. Assume all sliding surfaces are smooth.

F

MO
O

P

Q

y

xa

bh

Figure 4.7 Exercise 4.6.

Reference

1. Daqaq M.F. and Masoud Z.N. (2006) “Nonlinear input-shaping controller for quay-side container
cranes”, Nonlinear Dynamics, 45, 149.



5
Dynamics of Particles: Analytical
Approach

In this chapter, the analytical approach to dynamics is presented. In particular, Lagrange’s
equations for conservative and non-conservative systems and Hamilton’s principle are derived
and applied to the modeling of the motion of particles.

5.1 The Brachistochrone Problem

The Newtonian vectorial approach we have used so far to analyze the dynamics of particles
and rigid bodies is based on summing forces and moments (vectorial quantities) to obtain the
equations of motion. In contrast, the analytical approach is based on using work and energy
(scalar quantities) to analyze motion. As will be shown through this and subsequent chapters,
this approach is very useful when analyzing complex dynamical systems, especially when we
are only interested in the equation of motion and not the forces causing it.

The development of the analytical approach to dynamics is based on the calculus of vari-
ations, a branch of mathematics dealing with finding the extrema of functionals (integrals of
a function). It can be argued that calculus of variations started with the brachistochrone or
shortest-time problem,1 which considers the motion of a bead of mass m sliding on a fric-
tionless wire under the influence of gravity. The objective is to find the shape of the path that
minimizes the time required for the bead to go between two arbitrary points A and B.

The brachistochrone problem was first solved by Johann Bernoulli, who then posted it as
a challenge to European mathematicians in the 1696 edition of the Acta Eruditorum [1]. As
shown in Figure 5.1, it aims at finding the path y(x) that permits a bead of mass, m, to slide
on a frictionless wire between points A and B in the shortest possible time. In this section,

1 In the Greek language brachis stands for shortest and chronos stands for time.

Dynamics of Particles and Rigid Bodies: A Self-Learning Approach, First Edition. Mohammed F. Daqaq.
© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/daqaq/dynamics
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dx

x

dy
ds

ds (xb, yb)

B

y(x)

y

(0,0)
A

Figure 5.1 The brachistochrone problem.

we tackle the brachistochrone problem and show how it relates to other general problems in
dynamics.

To this end, we first relate the function y(x) to the velocity of the particle v using Newton’s
second law, which yields v =

√
2gy. As such, the differential time, dt that the particle takes

to move a differential distance ds along the unknown path can be written as

dt =
ds

v
, (5.1)

Note that ds =
√

(dx)2 + (dy)2 =

√
1 +

(
dy
dx

)2
dx. It follows from Equation (5.1) that

dt =

√√√√1 +
(

dy
dx

)2

2gy
dx. (5.2)

The total time, T , required to go from point A, which is assumed to be at (0, 0), to point B,
which is located at an arbitrary point (xb, yb), can hence be written as

T =
∫ xb

0

√√√√1 +
(

dy
dx

)2

2gy
dx. (5.3)

The goal of the brachistochrone problem is therefore to find the function y(x) that minimizes
the functional T . Nevertheless, before delving into the solution of this specific problem, we
treat the general case of finding the function y(x) that corresponds to an extremum of the
general functional

J =
∫ xB

xA

L(x, y, y′)dx. (5.4)

where the prime is a derivative with respect to x. To this end, suppose that we have a function
Y (x) that is slightly varied from the function y(x) we are seeking. Both functions have the
same start and end point, y(xA) = Y (xA) and y(xB) = Y (xB), as shown in Figure 5.2. For
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any other point between xA and xB , the two functions are related via

Y (x) = y(x) + h(x), (5.5)

where h(x) is a small variation around y(x) such that h(xA) = h(xB) = 0. The functional J
exhibits an extremum when its variation with respect to h(x) vanishes; that is

ΔJ = J(y(x) + h(x)) − J(y(x)) =
∫ xB

xA

L(x, y + h, y′ + h′)dx −
∫ xB

xA

L(x, y, y′)dx

=
∫ xB

xA

[L(x, y + h, y′ + h′) − L(x, y, y′)]dx = 0,

(5.6)

where the prime is a derivative with respect to x. Expanding the previous equation in a Taylor
series and keeping only linear terms, yields

ΔJ =
∫ xB

xA

[
∂L(x, y, y′)

∂y
h − ∂L(x, y, y′)

∂y′ h′
]

dx = 0. (5.7)

The second term on the right-hand side of the previous equation can be integrated by parts,
resulting in the following simplified version:

∫ xB

xA

(
∂L

∂y
− d

dx

(
∂L

∂y′

))
h(x)dx = 0. (5.8)

Since h(x) is an arbitrary non-zero variation, the only plausible way to force the previous
integral to zero is by letting

(
∂L

∂y
− d

dx

(
∂L

∂y′

))
= 0 (5.9)

Equation (5.9), known as the Euler–Lagrange equation, can be used to solve for y(x), which
renders the integral of Equation (5.4) an extremum.

Next, we reconsider the brachistochrone problem for which, as given by Equation (5.3), the
function L takes the form

L =

√
1 + y′2

2gy
. (5.10)

The next step would be to take the previous equation and plug it into the Euler–Lagrange
equation (5.9), and solve for y(x). To this end, we first note that L in this problem does not
depend explicitly on x. This allows us to take a shortcut, where we let(

∂L

∂y
− d

dx

(
∂L

∂y′

))
y′ = 0,

∂L

∂y
y′ − y′ d

dx

(
∂L

∂y′

)
= 0. (5.11)
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y

Y(x)

x

h(x)

y(x)

xA xB

Figure 5.2 Actual and virtual paths.

Using the fact that

dL

dx
=

∂L

∂y
y′ + y′′ ∂L

∂y′ , (5.12)

it follows that

dL

dx
− y′′ ∂L

∂y′ − y′ d
dx

(
∂L

∂y′

)
= 0,

d
dx

(
L − y′ ∂L

∂y′

)
= 0. (5.13)

Thus,

L − y′ ∂L

∂y′ = C. (5.14)

Substituting Equation (5.10) in Equation (5.14) yields√
1 + y′2

y
− y′2√

y(1 + y′2)
= C. (5.15)

Squaring the previous equation and simplifying leads to

y(1 + y′2) =
1

C2 = C0. (5.16)

Solving for x, yields

x =
∫ √

y

C0 − y
dy. (5.17)

To carry out the previous integration, we substitute y = C0 sin2 θ into Equation (5.17), which
yields x = C0(θ − 1

2 sin 2θ) + C1. The constant C1 can be obtained by letting θ = 0 when
x = 0, which yields C1 = 0.
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(–1,0) (0,0) x

(–1,–0.3)

(–1,–1)

y

Figure 5.3 Family of cycloidal curves resulting from the solution of the brachistochrone problem.

The constant C0 is obtained by enforcing the functions x and y to satisfy the end conditions
(xb, yb). This yields:

xb = C0

(
θb −

1
2

sin 2θb

)
,

yb = C0 sin2 θb.

(5.18)

For known values of xb and yb, the previous set of equations can be solved for C0 and θb. This
can then be used to obtain the following parametric curve, which minimizes the travel time of
the bead:

x = C0

(
θ − 1

2
sin 2θ

)
,

y = C0 sin2 θ θ ∈ [0, θb].
(5.19)

This set of parametric equations results in a curve known as a cycloid. Figure 5.3 shows a
family of cycloids for a single starting condition (0, 0) and different end conditions (xb, yb).

Example 5.1 Shortest Path between Two Points

Show that the shortest path between two points is a line.
Our goal is to prove that the function y(x) that results in the shortest distance between the

two points (0, 0) and (xb, yb) is a linear function. To this end, we take a differential element
ds =

√
dx2 + dy2 =

√
1 + y′2dx on the curve and use it to define the distance between the

two points as

d =
∫ xb

0

√
1 + y′2dx.
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This implies that L =
√

1 + y′2, which, upon substituting into the Euler–Lagrange equation,
yields

d
dx

(
∂L

∂y′

)
= 0,

y′√
1 + y′2

= C0,

or

y(x) =

√
C2

1 − C2 x + B.

Letting A =
√

C2

1−C2 and using y(0) = 0, y(xb) = yb yields

y =
yb

xb

x,

which is clearly a linear function of x.

Flipped Classroom Exercise 5.1

Determine the function y(x) which, when rotated about the x-axis as shown in the figure,
yields the surface of revolution with the smallest surface area.

y

x

y(x)ds
(x2,y2)

(x1,y1)

To find the desired function y(x) carry out the following steps:

1. Start by defining a differential surface area dA = 2πy(x)ds where ds is the length
of a differential segment along the function y(x).

2. Show that the total area of the surface of revolution can be written as

A = 2π

∫ x2

x1

y

√
1 + y′2dx.
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3. Using the Euler–Lagrange equation, show that the function y(x) that minimizes the
area of revolution is governed by the following differential equation:

yy′′ − y′2 − 1 = 0.

4. To solve the previous equation, let g(x) = y′ and show that

y(x) = a cosh
x + b

a
,

where a and b are determined from the boundary conditions y(x1) = y1, y(x2) = y2.
The following figure depicts a family of curves that minimizes the area of revolution
for different end conditions.

(0,1) (1,1)

(1,2)

(1,1.5)

x

y

5.2 Lagrange’s Equation for a Conservative System

The relationship between the Euler–Lagrange equation, which is used to find the extrema of
functionals, and dynamics lies in the principle of least action. The concept behind this principle
started with the work of Maupertuis, who said that “nature is thrifty in all its actions” [2].
Following this concept, Maupertuis attempted to obtain the equation of motion of a simple
pendulum by minimizing its kinetic energy. However, he quickly realized that the minimization
of the kinetic energy of the pendulum would not yield the correct dynamical configuration of
the system.

Despite Maupertuis’ failure to reproduce the equation governing the motion of the pendulum
by minimizing its kinetic energy, it turned out the nature does indeed minimize a function
to determine the dynamic configuration of any system. In order to determine which quantity
nature minimizes to define the actual configuration of dynamical systems, we start by applying
Newton’s second law of dynamics to N particles as follows:

N∑
i=1

(Fi + fi) =
N∑

i=1

mir̈i, (5.20)
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where mi denotes the mass of the ith particle, Fi and fi are the external and internal constraint
forces acting on the system, respectively, and ri = ri(q1, q2, . . . , qM) represents the position
vector of the ith particle, represented in terms of M generalized coordinates q.

D’Alembert noted that inertial forces can be treated similarly to external forces, and that
therefore one could write

N∑
i=1

(Fi + fi − mir̈i) = 0. (5.21)

Multiplying Equation (5.21) by the virtual displacement δri, we obtain

N∑
i=1

(Fi + fi − mir̈i)δri = 0. (5.22)

Noting that the work done by constraint forces along the virtual displacement is zero, regard-
less of the constraint type, the previous equation simplifies to

N∑
i=1

(Fi − mir̈i)δri = 0. (5.23)

Equation (5.23) is known as d’Alembert’s principle . However, it was first described in its
variational form by Lagrange . As such, it is sometimes referred to as the d’Alembert–Lagrange
principle [3].

Considering a conservative and irrotational external force vector field Fi, we can describe
the virtual work done by the external forces as the negative of the variation of the associated
potential energy U of the system; that is

Fi.δri = −δU . (5.24)

Furthermore, the term mir̈i can be simplified using

d
dt

(ṙiδri) = r̈iδri + ṙiδṙi,

= r̈iδri + δ

(
1
2
ṙiṙi

)
.

(5.25)

Hence, we can write

r̈iδri =
d
dt

(ṙiδri) − δ

(
1
2
ṙiṙi

)
. (5.26)

Substituting Equation (5.26) back into Equation (5.24), yields

−δU +
N∑

i=1

(
−mi

d
dt

(ṙiδri)δri + δ

(
1
2
miṙiṙi

))
= 0. (5.27)

Note that 1
2miṙiṙi is the kinetic energy T of the ith particle. It follows that

δT − δU =
N∑

i=1

(
mi

d
dt

(ṙiδri)
)

. (5.28)
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Integrating Equation (5.28) over an arbitrary time period (t1, t2) and forcing the virtual dis-
placement to vanish at the boundaries – i.e. δri(t1) = δri(t2) = 0 – yields the following
equation: ∫ t2

t1

(δT − δU)dt = 0 (5.29)

Equation (5.29) is referred to as the Hamilton variational principle for conservative systems.
The kinetic energy of the system is a function of the generalized coordinates and velocities;

that is, T = T (q1, q2, . . . , qM, q̇1, q̇2, . . . , q̇M). The potential energy, on the other hand, is
only a function of the generalized coordinates; that is, U = U(q1, q2, . . . , qM). Taking the
variation of T and U , we can write

δT (q1, q2, . . . , qM, q̇1, q̇2, . . . , q̇M) =
∂T
∂q1

δq1 +
∂T
∂q2

δq2 + · · · + ∂T
∂qM

δqM

+
∂T
∂q̇1

δq̇1 +
∂T
∂q̇2

δq̇2 + · · · + ∂T
∂q̇M

δq̇M (5.30)

=
M∑
j=1

(
∂T
∂qj

δqj +
∂T
∂q̇j

δq̇j

)
,

δU(q1, q2, . . . , qM) =
∂U
∂q1

δq1 +
∂U
∂q2

δq2 + · · · + ∂U
∂qM

δqM =
M∑
j=1

∂U
∂qj

δqj , (5.31)

It follows from Equation (5.29) that

∫ t2

t1

M∑
j=1

(
∂T
∂qj

δqj +
∂T
∂q̇j

δq̇j −
∂U
∂qj

δqj

)
dt = 0. (5.32)

The middle term in the previous equation can be integrated by parts to obtain∫ t2

t1

∂T
∂q̇j

δq̇jdt =
∂T
∂qj

δqj

∣∣∣∣
t2

t1

−
∫ t2

t1

d
dt

(
∂T
∂q̇j

)
δqjdt. (5.33)

Forcing δqj(t1) = δqj(t2) = 0, yields
∫ t2

t1

∂T
∂q̇j

δq̇jdt = −
∫ t2

t1

d
dt

(
∂T
∂q̇j

)
δqjdt. (5.34)

It follows then from Equation (5.32) that

∫ t2

t1

M∑
j=1

(
∂T
∂qj

− d
dt

(
∂T
∂q̇j

)
− ∂U

∂qj

)
δqjdt = 0. (5.35)

Since δqj is an arbitrary non-zero function and t1 and t2 are also arbitrary, the only way to
guarantee that the previous integral vanishes is by letting(

∂T
∂qj

− d
dt

(
∂T
∂q̇j

)
− ∂U

∂qj

)
= 0, j = 1, 2, 3, . . . ,M. (5.36)
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Letting L = T − V in the previous equation leads to

d
dt

(
∂L
∂q̇j

)
− ∂L

∂qj

= 0, j = 1, 2, 3, . . . ,M. (5.37)

When comparing Equation (5.9) to Equation (5.37), it becomes evident that they are the
same, with L(y, y′, x) replacing L(qj , q̇j , t). As such, it can be concluded that the path
r(q1, q2, . . . , qM) that describes the dynamic configuration of a particle in space is the one
that minimizes the integral of the function L on any arbitrary time interval, [t1, t2]. The
function L is known as the Lagrangian, and Equation (5.37) is the widely-celebrated Lagrange
equation for conservative systems described in terms of the generalized coordinates, q.

The Lagrangian

The path that describes the configuration of a number of particles in space is the one
which minimizes the integral of the Lagrangian L = T − U on any arbitrary time inter-
val, [t1, t2].

Procedure for Applying Lagrange’s Equation to Conservative Systems

When applying Lagrange’s equation to obtain the equations of motion of a conservative
system of particles, it might be useful to follow this procedure:

1. Define the type and number of generalized coordinates, qj , you want to use to describe
the configuration of the particles in space.

2. Express the velocity, NvPi/O, of each particle, Pi with respect to an inertial point O
in terms of the generalized coordinates and their derivatives.

3. Find the kinetic energy of the particles using

T =
N∑

i=1

1
2
mi

NvPi/O.NvPi/O. (5.38)

4. Choose a reference potential energy level (datum) and find the sum of the potential
energy of all particles:

U =
N∑

i=1

Ui. (5.39)

5. Determine the Lagrangian L = T − U , then apply Lagrange’s equation for each gen-
eralized coordinate qj .

d
dt

(
∂L
∂q̇j

)
− ∂L

∂qj

= 0, j = 1, 2, 3, . . . ,M (5.40)
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Example 5.2 Motion of a Double Pendulum

Consider the double pendulum system shown in Figure 5.4, which consists of two particles
each of mass m and length l. Find the equations of motion of the system considering planar
motion only.

To find the equations of motion, we follow the procedure outlined above.

1. We use θ and φ as the generalized coordinates to describe the configuration of the particles.
2. To find the velocity of the particles, we define angular velocity vectors NωB = θ̇b̂3 and

NωC = φ̇ĉ3 where the B- and C-frames are body-rotating frames. The position vector and
velocity of the first particle can therefore be written as

OP1 = lb̂1,
NvP1/O = lθ̇b̂2.

The position vector and velocity of the second particle can be written as

OP2 = lb̂1 + lĉ1,
NvP2/O = θ̇b̂3 × lb̂1 + φ̇ĉ3 × lĉ1 = lθ̇b̂2 + lφ̇ĉ2.

3. The kinetic energy can then be written as

T =
1
2
mNvP1/O.NvP1/O +

1
2
mNvP2/O.NvP2/O,

T =
1
2
ml2θ̇2 +

1
2
m(lθ̇b̂2 + lφ̇ĉ2).(lθ̇b̂2 + lφ̇ĉ2).

Note that part of the NvP2/O is described in the B-frame, while the rest is described in the
C-frame. To simplify the process of finding the dot product, we describe ĉ2 in terms of the
B coordinates using ĉ2 = − sin(φ − θ)b̂1 + cos(φ − θ)b̂2. This yields

T =
1
2
m (2l2θ̇2 + l2φ̇2 + 2l2θ̇φ̇ cos(φ − θ)).

O

l

l

P2

P1

m

n2ˆ

n1ˆ

θ

m

φ

Figure 5.4 Motion of a double pendulum.
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4. We choose our datum to be a horizontal line passing through point O and write the potential
energy as

U = −mgl(2 cos θ + cos φ).

5. Using the Lagrangian L = T − U and applying Lagrange’s equation along the coordinates
θ and φ we obtain

2θ̈ + φ̈ cos(φ − θ) − φ̇2 sin(φ − θ) + 2
g

l
sin θ = 0,

φ̈ + θ̈ cos(φ − θ) − θ̇2 sin(φ − θ) +
g

l
sin φ = 0.

Example 5.3 Inclined Pendulum

Mass M slides on an inclined stationary smooth surface, which makes an angle α with the
horizontal. Attached to the sliding mass is a pendulum of mass m and fixed length l. Find the
equations of motion for the two masses shown in Figure 5.5.

Following the same procedure:

1. The motion of the system can be fully described by two generalized coordinates x and θ.
2. The position and velocity of mass M with respect to the inertial frame can be written as

OM = x cos αn̂1 − x sin αn̂2,

NvM/O = ẋ cos αn̂1 − ẋ sinαn̂2.

The position and velocity of mass m with respect to the inertial frame can be written as

Om = (x cos α + l sin θ)n̂1 − (x sin α + l cos θ)n̂2,

Nvm/O = (ẋ cos α + lθ̇ cos θ)n̂1 − (ẋ sin α − lθ̇ sin θ)n̂2.

θ 

α

m

l

x

O

M

Figure 5.5 Motion of an inclined pendulum.
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3. The kinetic energy of the system can be written as

T =
1
2
MNvM/O.NvM/O +

1
2
mNvm/O.Nvm/O

=
1
2
Mẋ2 +

1
2
m(ẋ2 + l2θ̇2 + 2lẋθ̇ cos(α + θ)).

4. Choosing the top of the inclined surface as our datum, the potential energy of the system
can be written as

U = −Mgx sinα − mg(x sin α + l cos θ).

5. Using the Lagrangian L = T − U and applying Lagrange’s equation along the x and θ
generalized coordinates, we obtain

ẍ +
m

m + M
l(θ̈ cos(θ + α) − θ̇2 sin(θ + α)) − g sinα = 0,

θ̈ +
ẍ

l
cos(α + θ) − ẋθ̇

l
sin(α + φ) +

g

l
sin θ = 0.

Example 5.4 Rotating Hoop and a Pulley

A mass M is attached to a massless hoop, as shown in Figure 5.6. The mass M is tied to a
cable which winds around the hoop, then rises vertically up and over a massless pulley. A mass
m is attached to the other end of the cable. Find the equation of motion for the system in terms
of the angle θ.

1. The angle θ is the only generalized coordinate needed to describe the motion of the system.

y

m

M

RO

O

n2ˆ

n1ˆ

b1ˆb2ˆ

θ

Figure 5.6 Motion of a rotating hoop.
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2. The velocity of M and m are, respectively,

NvM/O = Rθ̇b̂1,

Nvm/O = −ẏn̂2 = −Rθ̇n̂2.

3. The kinetic and potential energy are, respectively,

T =
1
2
(M + m)R2θ̇2,

U = MgR(1 − cos θ) − mgRθ.

4. Defining the Lagrangian L and applying Lagrange’s equation using q = θ, we obtain

(m + M)Rθ̈ + g(M sin θ − m) = 0.

Flipped Classroom Exercise 5.2

For the spherical pendulum with an elastic cable, find the equations of motion using
Lagrange’s approach.

k

O

n̂2

n̂1

n̂3

P

1. Define the rotating frames such that NωC = φ̇n̂3 and CωB = −θ̇ĉ2.
2. Using φ, θ and r as your generalized coordinates, show that

NvP/O = (l0 + r)θ̇b̂1 + (l0 + r)φ̇ sin θb̂2 − ṙb̂3.

3. Write the potential and kinetic energy of the system and use the resulting Lagrangian
to implement Lagrange’s equations along the three generalized coordinates q1 = θ,
q2 = φ, and q3 = r. Show that

(l0 + r)θ̈ + 2ṙθ̇ − (l0 + r)φ̇ sin θ cos θ + g sin θ = 0,

m(l0 + r)2φ̇ sin2 θ = C0,

r̈ − (l0 + r)φ̇2 sin2 θ + (l0 + r)θ̇2 +
k

m
r − g cos θ = 0,

where C0 is a constant.
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Flipped Classroom Exercise 5.3

Starting with Newton’s second law, show that, for a conservative system with sclero-
nomic constraints, the sum of the kinetic and potential energy is always constant; in
other words, T + U = C.

To solve this problem, carry the following procedure:

1. Consider N particles each of mass mi, located at ri, and subject to a net external
force Fi and a net internal force fi.

2. Apply Newton’s second law to this system of particles.
3. Treat the inertial force as part of the applied forces by moving it to the left-hand side

of the equation.
4. Multiply the resulting equation by dri, where dri is a differential displacement in the

direction of the actual displacement.
5. Eliminate the constraint forces, fi by using the fact that fi.dri = 0 for a system sub-

jected to scleronomic constraints.
6. Express the external force vector Fi in terms of the potential energy U , knowing that

for a conservative system, Fi.dri = −dUi.
7. Express the inertial forces in terms of the kinetic energy. This requires some algebraic

manipulation.
8. Show that T + U = C.

5.3 Lagrange’s Equation for Non-conservative Systems

For non-conservative forces that dissipate or channel energy from/to the system, Fi.δri �=
−δUi. In other words, the force is not equal to the negative of the gradient of the potential
energy. To account for such forces in Lagrange’s equation, we divide the forces into conser-
vative F∗

i , non-conservative Fi, and constraint forces fi. We apply Newton’s second law on a
system of N particles and write

N∑
i=1

(F∗
i + Fi + fi) =

N∑
i=1

mir̈i, (5.41)

where mi denotes the mass of the ith particle, and ri = ri(q1, q2, . . . , qM) is the position
vector of the ith particle described in terms of the generalized coordinates q.

Multiplying Equation (5.41) by the virtual displacement δri, we obtain

N∑
i=1

(F∗
i + Fi + fi − mir̈i)δri = 0. (5.42)

Noting that the work done by constraint forces along the virtual displacement is zero,
Equation (5.42) simplifies to

N∑
i=1

(F∗
i + Fi − mir̈i)δri = 0. (5.43)
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For conservative forces, the force vector is the negative of the gradient of the potential energy.
Therefore we can write F∗

i .δri = −δUi. For the non-conservative forces, we let Fi.δri = δW̄i

where δW̄i is the virtual work done by the non-conservative forces on the ith particle such that
δW̄ =

∑N
i=1 δW̄i. Furthermore, as illustrated in Section 5.2, the term r̈i.δri can be rewritten

as

r̈iδri =
d
dt

(ṙiδri) − δT .

Substituting this, together with the potential energy expression, and the virtual work terms
back into Equation (5.43) yields

−δU + δW̄ + δT − mi

N∑
i=1

d
dt

(ṙiδri)δri = 0, (5.44)

which upon integrating over an arbitrary period of time (t1, t2) and forcing the virtual displace-
ment on the boundaries to vanish – δri(t1) = δri(t2) = 0 – yields∫ t2

t1

(δT − δU + δW̄)dt = 0. (5.45)

Using L = T − U , we obtain

∫ t2

t1

(δL + δW̄)dt = 0 (5.46)

Equation (5.46) is known as Hamilton’s extended principle and can be directly utilized to
obtain the equations of motion for any dynamical system. Nonetheless, because of complex-
ities involving the integration over time, Equation (5.46) is rarely used in its current form to
obtain the equations of motion for particles and rigid bodies. However, it is commonly used to
derive the equations of motion for elastic systems.

To derive Lagrange’s equations from Hamilton’s extended principle, we let

δri =
M∑
j=1

∂ri

∂qj

δqj , (5.47)

where M is the number of generalized coordinates used to describe the motion. Using the
previous equation, the virtual work done by non-conservative forces becomes

δW̄ =
M∑
j=1

N∑
i=1

Fi.
∂ri

∂qj

δqj . (5.48)

Denoting the term
∑N

i=1 Fi.
∂ri

∂qj
as Qj , we obtain

δW̄ =
M∑
j=1

Qjδqj (5.49)

where the Qj are known as the generalized forces. These quantities do not necessarily have
units of force but can also have units of moment, depending on the generalized coordinate
associated with them. For instance, if the generalized coordinate is the deflection of a point
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in space, then the generalized force has units of force. On the other hand, if the generalized
coordinate is a rotation angle, then the associated generalized force has units of moment.

Substituting Equation (5.49) into Equation (5.46), we obtain

∫ t2

t1

⎛
⎝δL +

M∑
j=1

Qjdqj

⎞
⎠ dt = 0. (5.50)

Since, L = L(q1, q2, . . . , qM, q̇1, q̇2, . . . , q̇M, t), we can write

δL =
M∑
j=1

(
∂L
∂qj

δqj +
∂L
∂q̇j

δq̇j

)
. (5.51)

Upon substituting Equation (5.51) into Equation (5.50), and integrating the term associated
with δq̇j once by parts, we obtain

∫ t2

t1

M∑
j=1

(
d
dt

(
∂L
∂q̇j

)
− ∂L

∂qj

− Qj

)
δqjdt = 0. (5.52)

Since the δqj are arbitrary non-zero virtual displacements, the only plausible way to force the
integral in the previous equation to zero is by setting the coefficients of the δqj to zero. This
yields

d
dt

(
∂L
∂q̇j

)
− ∂L

∂qj

= Qj , Qj =
N∑

i=1

Fi.
∂ri

∂qj

, j = 1, 2, 3, . . . ,M (5.53)

Equation (5.53) is commonly referred to as Lagrange’s equation for non-conservative sys-
tems and can be used directly to obtain the equations of motion of particles and rigid bodies
involving non-conservative forces.

In many instances involving Equation (5.53), it can be convenient to express the generalized
forces Qj in the following form:

Qj =
N∑

i=1

Fi.
∂ri

∂qj

=
N∑

i=1

Fi.
∂ṙi

∂q̇j

. (5.54)

Equation (5.54) is sometimes referred to as the cancellation of dots identity and can be proven
as set out below.

Proof: Differentiate ri = ri(q1, q2, . . . , qM, t) once with respect to time and obtain

ṙi =
M∑
j=1

∂ri

∂qj

q̇j +
∂ri

∂t
. (5.55)

This implies that

ṙi = ṙi(q1, q2, . . . , qM, q̇1, q̇2, . . . , q̇M, t). (5.56)
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Next, differentiate Equation (5.56) once with respect to time to obtain

r̈i =
M∑
j=1

(
∂ṙi

∂qj

q̇j +
∂ṙi

∂q̇j

q̈j

)
+

∂ṙi

∂t
. (5.57)

Now, differentiate Equation (5.55) once with respect to time and obtain

r̈i =
M∑
j=1

(
∂ṙi

∂qj

q̇j +
∂ri

∂qj

q̈j

)
+

∂ṙi

∂t
. (5.58)

Comparing Equation (5.57) to Equation (5.58), one can conclude that

∂ri

∂qj

≡ ∂ṙi

∂q̇j

. (5.59)

�

5.3.1 Viscous Damping

One of the most common mechanisms used to model energy dissipation in dynamics is the
linear viscous damping mechanism, as discussed earlier in Section 2.2. A linear viscous damp-
ing force acting on the ith particle is proportional to the velocity of the particle, and can be
modeled as

Fi = −ciṙi, (5.60)

where ci is the damping coefficient. Therefore, the generalized forces associated with the linear
dissipative damping model are

Qj = −
N∑

i=1

ciṙi

∂ri

∂qj

= −
N∑

i=1

ciṙi

∂ṙi

∂q̇j

, j = 1, 2, 3, . . . ,M. (5.61)

In order to directly include the generalized force associated with linear dissipative damping in
Lagrange’s equation, we define the following dissipative power function:

D =
N∑

i=1

1
2
ciṙi.ṙi. (5.62)

Differentiating the previous equation with respect to q̇j , we get

∂D
∂q̇j

=
N∑

i=1

ciṙi

∂ṙi

∂q̇j

, j = 1, 2, 3, . . . ,M. (5.63)

This implies that Qj = ∂D
∂q̇j

, which permits rewriting Lagrange’s equation in the following
form to account for linear viscous damping directly:

d
dt

(
∂L
∂q̇j

)
+

∂D
∂q̇j

− ∂L
∂qj

= Qj , Qj =
N∑

i=1

Fi.
∂ri

∂qj

, j = 1, 2, 3, . . . ,M (5.64)

Note that D has units of power rather than energy.
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Applying Lagrange’s Equation to Systems Involving Non-conservative
Forces

The following is a general procedure which you can follow to obtain the equations of
motion of a non-conservative system of particles using Lagrange’s equation.

1. Choose the type and number of generalized coordinates qj you want to use to describe
the configuration of the particles in space.

2. Express the velocity NvPi/O of each particle Pi with respect to an inertial point O
in terms of the generalized coordinates and their derivatives.

3. Find the kinetic energy of the system using

T =
N∑

i=1

1
2
mi

NvPi/O.NvPi/O. (5.65)

4. Choose a reference potential energy level (datum) and find the sum of the potential
energy of all particles with respect to the chosen datum.

U =
N∑

i=1

Ui. (5.66)

5. Define the dissipative power of any forces following the linear viscous damping
model using

D =
N∑

i=1

1
2
ciṙi.ṙi. (5.67)

6. Obtain the generalized forces associated with each generalized coordinate using

Qj =
N∑

i=1

Fi.
∂ri

∂qj

or Qj =
N∑

i=1

Fi.
∂ṙi

∂q̇j

. (5.68)

7. Apply Lagrange’s equation along each of the generalized coordinates, qj using

d
dt

(
∂L
∂q̇j

)
+

∂D
∂q̇j

− ∂L
∂qj

= Qj , j = 1, 2, 3, . . . ,M. (5.69)

Example 5.5 Mass–Spring–Damper System with Two Degrees of Freedom

Use Lagrange’s equation to obtain the equations of motion for the system shown Figure 5.7.
This problem can be easily solved using Newton’s second law. However, the problem state-

ment demands using Lagrange’s approach for the purpose of clarifying the process of dealing
with the generalized forces. To this end, we follow the procedure described above:

1. We choose x1 and x2 as the generalized coordinates to describe the motion of the two
masses.
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n2ˆ

n1ˆ x1

m1 m2

F1

k2
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k3

F2

k1

c1 c2 c3

Figure 5.7 Motion of a spring–mass–damper system with two degrees of freedom.

2. The velocity of m1 with respect to an inertial point is ẋ1n̂1 and that of m2 is ẋ2n̂1.
3. The kinetic energy is therefore:

T =
1
2
m1ẋ

2
1 +

1
2
m2ẋ

2
2.

4. The potential energy is only due to the energy stored in the linear springs; there is no change
of elevation with respect to any chosen datum:

U =
1
2
k1x

2
1 +

1
2
k2(x2 − x1)

2 +
1
2
k3x

2
2.

5. The dissipative power of the linear viscous damping forces can be written as

D =
1
2
c1ẋ

2
1 +

1
2
c2(ẋ2 − ẋ1)

2 +
1
2
c3ẋ

2
2.

6. The generalized forces can be obtained by noting that we have two generalized coordinates
(M = 2). Let j = 1 be associated with x1 and j = 2 be associated with x2. Also, we have
two masses, which implies that N = 2. Therefore, we can write:

For j = 1 :

Q1 = F1n̂1.
∂x1

∂x1
n̂1 + F2n̂1.

∂x2

∂x1
n̂1 = F1,

For j = 2 :

Q2 = F1n̂1.
∂x1

∂x2
n̂1 + F2n̂1.

∂x2

∂x2
n̂1 = F2.

7. Defining the LagrangianL = T − U and implementing Lagrange’s equation along the gen-
eralized coordinates q1 = x1 and q2 = x2, we obtain

m1ẍ1 + c1ẋ1 − c2(ẋ2 − ẋ1) + k1x1 − k2(x2 − x1) = F1,

m2ẍ2 + c3ẋ2 + c2(ẋ2 − ẋ1) + k3x2 + k2(x2 − x1) = F2.

Example 5.6 Forced Double Pendulum with Spring

For the system shown in Figure 5.8, the spring has an unstretched length l0 when θ = φ = 0.
The force F1 is always normal to OP1 while F2 is always horizontal. Determine the equations
of motion of the system.
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Figure 5.8 Motion of a double pendulum with a connecting spring.

To describe the system dynamics, we choose the two generalized coordinates θ and φ. We
define the rotating B-frame such that NωB = θ̇b̂3 and the rotating C-frame such that BωC =
φ̇ĉ3. Using the definition of the rotating frames, the velocities of points P1 and P2 with respect
to point O are, respectively,

NvP1/O = lθ̇b̂2,

NvP2/O = −l(θ̇ + φ̇) sin φb̂1 + (lθ̇ + l(θ̇ + φ̇) cos φ)b̂2.

The kinetic energy can therefore be written as

T =
1
2
mNvP1/O.NvP1/O +

1
2
mNvP2/O.NvP2/O,

T =
1
2
ml2θ̇2 +

1
2
m(l2θ̇2 + l2(θ̇ + φ̇)2 + 2l2θ̇(θ̇ + φ̇) cos φ).

The potential energy is due to the energy stored in the spring and the weight of the particles.
To find the potential energy, Us, stored in the spring, we describe its deflection in terms of the
generalized coordinates using δ = l(2 −

√
2(1 + cos φ)). It follows that

Us =
1
2
kδ2 =

1
2
kl2(2 −

√
2(1 + cos φ))2.

By choosing a horizontal line passing through point O as a reference point, the potential energy,
Uw, due to weight, can be written as

Uw = −mgl(2 cos θ + cos(θ + φ)).

It follows that the total potential energy is

U =
1
2
kl2(2 −

√
2(1 + cos φ))2 − mgl(2 cos θ + cos(θ + φ)).
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To determine the generalized forces, we note that two generalized coordinates (M = 2: j =
1 ⇒ θ, j = 2 ⇒ φ) were used to describe the dynamics of the system. Also, there are two
particles; that is, N = 2. The generalized force associated with j = 1 or θ can be written as:

Q1 =
2∑

i=1

Fi.
∂ri

∂θ
= F1b̂2.

∂r1

∂θ
+ F2n̂2.

∂r2

∂θ
,

where ri is the position vector of the point at which each force is applied. Therefore, r1 = lb̂1
and r2 = lb̂1 + lĉ1. Therefore, we can write

∂r1

∂θ
=

∂(lb̂1)
∂θ

= lb̂2,

∂r2

∂θ
=

∂(lb̂1 + l(cos φb̂1 + sin φb̂2)
∂θ

= lb̂2 + l cos φb̂2 − l sinφb̂1,

which yields

Q1 = F1b̂2.lb̂2 + F2n̂2.(lb̂2 + l cos φb̂2 − l sin φb̂1),

Q1 = F1l + F2l cos θ + F2l cos(θ + φ).

When trying to reproduce Q1, some readers may struggle to understand how the derivatives
were calculated. Indeed, this process requires deep intuition into the differentiation of rotating
vectors. To avoid getting into this issue, the reader may resort into describing all the vectors in
the inertial frame. However, this is not advisable since the process of describing all the vectors
in the inertial frame can be algebraically involved. Here, we recommended using the velocity
version of the generalized force description – the“cancellation of dots” formula – which yields

Q1 =
2∑

i=1

Fi.
∂ṙi

∂θ̇

Using the previous equation, we can write

∂ṙ1

∂θ̇
=

∂NvP1/O

∂θ̇
= lb̂2,

∂ṙ2

∂θ̇
=

∂NvP2/O

∂θ̇
= lb̂2 + l cos φb̂2 − l sin φb̂1.

Note that in this case, the process of finding the derivatives is straightforward because θ̇ is
in the direction of ṙ. As such, it is advised to use the second approach unless you are very
comfortable with the first approach.

Similarly, we obtain Q2 using

Q2 =
2∑

i=1

Fi.
∂ṙi

∂φ̇
,
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which yields

Q2 = F1b̂1.
∂

∂φ̇
(lθ̇b̂2) + F2n̂2.

∂

∂φ̇
(−l(θ̇ + φ̇) sin φb̂1 + (lθ̇ + l(θ̇ + φ̇) cos φ)b̂2,

Q2 = F2l cos(θ + φ).

Now, one can implement Lagrange’s equation along the two generalized coordinates to obtain
the equations of motion.

Example 5.7 Hamilton’s Variational Principle

The massless rod of length l shown in Figure 5.9 is connected at one end to a spring of stiffness
k and, at the other end, to a mass m . The ends of the rod are constrained to move in the
smooth grooves shown. Use Hamilton’s extended principle to obtain the equation of motion.
The spring is unstretched when θ = 0.

To implement Hamilton’s extended principle, we need to obtain δL and δW̄ . Since there
are no external or dissipative forces acting on the system, then δW̄ = 0. To obtain δL, we first
obtain T and U .

The velocity of mass m with respect to point O is given by

Nvm/O = −l cos θθ̇n̂2.

The kinetic energy is therefore

T =
1
2
ml2cos2θθ̇2.

The potential energy is

U = Us + Uw

=
1
2
kl2(1 − cos θ)2 − mgl sin θ.

m

l

k

O n1ˆ

n2ˆ

θ

Figure 5.9 Motion of a mass via Hamilton’s variational principle.
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It follows that

L = T − U =
1
2
ml2

(
θ̇2cos2θ − k

m
(1 − cos θ)2 + 2

g

l
sin θ

)
, (5.70)

and
δL =

∂L
∂θ

δθ +
∂L
∂θ̇

δθ̇,

= −ml2(θ̇2 sin θ cos θ +
k

m
(1 − cos θ) sin θ − g

l
cos θ)δθ + ml2θ̇ cos2 θδθ̇.

Using Hamilton’s principle, we obtain
∫ t2

t1

δL dt = 0,

∫ t2

t1

(
θ̇2 sin θ cos θ +

k

m
(1 − cos θ) sin θ − g

l
cos θ)δθ − θ̇ cos2 θδθ̇

)
dt = 0.

Integrating the term involving δθ̇ once by parts, yields

−
∫ t2

t1

θ̇ cos2 θδθ̇dt = −θ̇ cos2 θδθ

∣∣∣∣
t2

t1

+
∫ t2

t1

d
dt

(θ̇ cos2θ)δθdt.

Since δθ vanishes at t1 and t2, the previous equation reduces to

−
∫ t2

t1

θ̇ cos2 θδθ̇dt =
∫ t2

t1

d
dt

(θ̇ cos2 θ)δθdt.

Substituting the previous equation back into Hamilton’s principle yields
∫ t2

t1

(
θ̇2 sin θ cos θ +

k

m
(1 − cos θ) sin θ − g

l
cos θ +

d
dt

(θ̇ cos2 θ)
)

δθdt = 0.

Since δθ is an arbitrary non-zero angle, the only way to force the previous equation to zero is
by letting

d

dt
(θ̇ cos2 θ) + θ̇2 sin θ cos θ +

k

m
(1 − cos θ) sin θ − g

L
cos θ = 0,

which represents the equation of motion of the mass. It is evident that Hamilton’s principle
can be applied directly to obtain the equations of motion. However, this process involved cal-
culating the variation of different quantities and an integration by parts. It is therefore more
convenient to use Lagrange’s equations directly when studying the dynamics of particles and
rigid bodies.

Flipped Classroom Exercise 5.4

Particle P of mass m slides without friction in a pipe that rotates with angle θ relative to
a rotating post. The post rotates at a constant angular velocity Ω. Define r as the distance
from point O to point P and your coordinates such that NωA = Ωâ2, AωB = θ̇b̂3 then
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find the equation of motion of the particle knowing that F (t) is always in the direction
of â1:

b̂1

b̂2

â2

â1 P

O

F(t)r

n̂2

n̂1

θ

Ω

To find the equation of motion, carry out the following steps:

1. Define the generalized coordinates as q1 = r and q2 = θ.
2. Find the velocity of point P with respect to O in the inertial frame.
3. Find the kinetic energy of the particle.
4. Find the potential energy of the particle using a horizontal line passing through point

O as your reference.
5. Find the generalized forces Q1 and Q2, where Q1 and Q2 are, respectively, associated

with the r and θ generalized coordinates.
6. Apply Lagrange’s equations along the coordinates r and θ and show that the equations

of motion are given by:

θ̈ +
(

2ṙ

r
+ Ω2 cos θ sin θ

)
θ̇ + g cos θ = −F (t)

m
sin θ,

r̈ − rθ̇2 − rΩ2cos2θ + g sin θ =
F (t)
m

cos θ.

5.4 Lagrange’s Equations with Constraints

You will have learned in undergraduate mathematics classes the process of optimizing func-
tions subject to some constraints. You will also have learned that the process typically involves
the use of Lagrange multipliers. Here, we review this process and build upon it to derive the
Lagrange equations of motion for dynamical systems subject to constraints. These constraints
can either be holonomic or non-holonomic.
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To this end, consider a function L = L(q1, q2, . . . , qn) subject to a set of holonomic con-
straints of the form fi(q1, q2, . . . , qn), i = 1, 2, . . . ,m. In absence of the constraints, an
extremum of L can be found by setting the gradient of L equal to zero, ∇L = 0. This yields
a set of n equations, which can be solved together for the corresponding set of qi that render
the function L an extremum; that is

∂L

∂qi

= 0, i = 1, 2, . . . , n. (5.71)

In the presence of constraints, the set qi must not only render the function L an extremum,
but must do so while simultaneously satisfying the constraints, fi. This can only occur at the
point/points where L is tangential to all constraints. At such points, the gradient of L must be
parallel to the gradient of fi. This can be expressed in the following mathematical form:

∇L =
m∑

i=1

λi∇fi (5.72)

where λi are scaling constants known as the Lagrange multipliers. Letting G(q1, q2, . . . , qn,
λ1, λ2, . . . , λm) = L −

∑m
i=1 λifi, the previous equation can be rewritten as

∇q1,q2, ... ,qn,λ1,λ2, ... ,λm
G = 0. (5.73)

Equation (5.73) yields n + m algebraic equations, which can be solved together for the
unknowns (q1, q2, . . . , qn, λ1, λ2, . . . , λm).

Example 5.8 Minimizing a Function Subject to a Single Constraint

Find the point (x0, y0, z0) on the plane 2x + y − z − 5 = 0 that is closest to the origin.
The goal of this problem is to find the coordinates of the point (x0, y0, z0) constrained to the

plane 2x + y − z − 5 = 0 that minimizes the distance between the origin and the plane.
The distance between any point in space and the origin is given by d =

√
x2 + y2 + z2.

Since the distance is positive, then the point that minimizes the distance is the same as the point
that minimizes the square of the distance d2 = x2 + y2 + z2. Therefore, we can cast the prob-
lem as minimizing x2 + y2 + z2 = 0 subject to 2x + y − z − 5 = 0. Using Equation (5.73),
we can express the optimization problem as:

∇x,y,z,λG = 0, G = x2 + y2 + z2 + λ(2x + y − z − 5),

which yields the following set of algebraic equations:

∂G

∂x
= 0, 2x + 2λ = 0,

∂G

∂y
= 0, 2y + λ = 0,

∂G

∂z
= 0 2z − λ = 0,

∂G

∂λ
= 0 2x + y − z − 5 = 0.

Solving this set of equations yields (x0, y0, z0) = (5
3 ,

5
6 ,−

5
6 ).
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Example 5.9 Maximizing a Function Subject to Two Constraints

The plane x + y + z = 1 cuts the cylinder x2 + y2 − 1 = 0 to form an ellipse. Find the points
on the ellipse that lie furthest from the origin.

The distance from the origin to any point in space is given by d2 = x2 + y2 + z2. The prob-
lem is therefore to find the point (x0, y0, z0) that maximizes d2 subject to the constraints:
x + y + z = 1 and x2 + y2 − 1 = 0.

Using Equation (5.73), we can write

∇x,y,z,λ1,λ2
G = 0, G = x2 + y2 + z2 + λ1(x + y + z − 1) + λ2(x

2 + y2 − 1),

which yields the following set of algebraic equations:

∂G

∂x
= 0, 2x + 2λ1 + 2λ2x = 0,

∂G

∂y
= 0, 2y + λ1 + 2λ2y = 0,

∂G

∂z
= 0 2z + λ1 = 0,

∂G

∂λ1
= 0 x + y + z − 1 = 0,

∂G

∂λ2
= 0 x2 + y2 − 1 = 0.

Solving the previous set of equations yields the following extrema (0, 1, 0), (1, 0, 0),
(
√

2
2 ,

√
2

2 , 1 −
√

2), (−
√

2
2 ,−

√
2

2 , 1 +
√

2). Using the previous coordinates to calculate the
distance d, we obtain the following values:

(0, 1, 0) ⇒ d = 1,

(1, 0, 0) ⇒ d = 1,

(
√

2
2

,

√
2

2
, 1 −

√
2) ⇒ d2 = 4 − 2

√
2,

(−
√

2
2

,−
√

2
2

, 1 +
√

2) ⇒ d2 = 4 + 2
√

2.

Hence, the first two points are minima and the last point is the global maximum which lies
furthest from the origin.

Now that we have a good understanding of the process of optimization of functions subject
to constraints, we turn our attention to studying the dynamics of particles under the influence
of constraints. To this end, we consider a system of particles subject to K constraints of the
form:

M∑
j=1

clj q̇j + cl = 0, l = 1, 2, . . . ,K, (5.74)

where M is the number of generalized coordinates used to describe the dynamics.
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Recall that the process of finding Lagrange’s equations is a process of minimizing a func-
tional involving the integral of the Lagrangian and the non-conservative work done on/by the
system over an arbitrary period of time; that is

∫ t2

t1

δ(L + W̄)dt = 0. (5.75)

Note that δ in the previous equation is equivalent to the gradient in the case of regular func-
tions. Therefore, now that we have K constraints acting on the system, we must guarantee
that the gradient of the constraints is parallel to the gradient of the functional. This can be
done by augmenting Equation (5.75) with the constraints by using K Lagrange multiplier,
as follows:

∫ t2

t1

δ

⎛
⎝L + W̄ +

⎛
⎝ K∑

l=1

λl

M∑
j=1

clj q̇j + cl

⎞
⎠

⎞
⎠ dt = 0. (5.76)

Taking the variation of the preceding equation and setting the coefficients of δqj to zero inde-
pendently yields

d
dt

(
∂L
∂q̇j

)
+

∂D
∂q̇j

− ∂L
∂qj

= Qj +
K∑

l=1

λlclj , Qj =
N∑

i=1

Fi.
∂ri

∂qj

,

j = 1, 2, 3, . . . ,M

N : Number of particles

M : Number of generalized coordinates

K : Number of constraints

(5.77)

Equation (5.77) represents the most general form of Lagrange’s equation and can be used to
obtain the equations of motion of particles and rigid bodies subject to non-conservative forces
and constraints.

Example 5.10 Simple Pendulum Dynamics

Consider the dynamics of the pendulum expressed in terms of the generalized coordinates x,
y, and θ and consider the relationships x = l sin θ, y = l cos θ as geometric constraints. Find
the equation of motion of the pendulum.

The goal of this example is to illustrate the process of using Lagrange’s equations to deal
with dynamical systems subject to constraints. To this end, we first identify the generalized
coordinates and constraints. The system dynamics are described using three generalized coor-
dinates (M = 3), namely x, y, and θ. The system is subject to two constraints (K = 2), namely
x = l sin θ, and y = l cos θ. As such, the system has a single degree of freedom whose dynam-
ics can be described using a single equation.

Implementing Lagrange’s equations requires knowledge of the kinetic and potential energy
of the system, the generalized forces, and the constraints. The kinetic and potential energy can
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be written as

T =
1
2
m(ẋ2 + ẏ2), U = −mgy.

Since there are no external or damping forces Qj = 0 and D = 0.
To account for the influence of the constraints on the dynamics, we express them in the form

of Equation (5.74); that is dx − l cos θdθ = 0 and dy + l sin θdθ = 0. This yields c11 = 1,
c21 = 0, c12 = 0, c22 = 1, c13 = −l cos θ, and c23 = l sin θ. Note that

• c11 is the coefficient of dx in the first constraint
• c12 is the coefficient of dy in the first constraint
• c13 is the coefficient of dθ in the first constraint
• c21 is the coefficient of dx in the second constraint
• c22 is the coefficient of dy in the second constraint
• c23 is the coefficient of dθ in the second constraint.

It follows from Equation (5.77) that:

x-dynamics:

d
dt

(
∂L
∂ẋ

)
− ∂L

∂x
= c11λ1 + c21λ2, mẍ = λ1,

y-dynamics:

d
dt

(
∂L
∂ẏ

)
− ∂L

∂y
= c12λ1 + c22λ2, mÿ − mg = λ2,

θ-dynamics:

d
dt

(
∂L
∂θ̇

)
− ∂L

∂θ
= c13λ1 + c23λ2, 0 = λ2l sin θ − λ1l cos θ.

Substituting the value of λ1 and λ2 from the first two equations into the third equation and let-
ting x = l sin θ and y = l sin θ, we obtain the well-known equation of motion of the pendulum

θ̈ +
g

l
sin θ = 0. (5.78)

Example 5.11 Constrained Bead

Consider the motion of a bead constrained to move along the path y = x2, which in turn rotates
with a constant angular velocity Ω (Figure 5.10). Find the equation of motion of the bead.

To describe the motion of the bead, we define the rotating A-frame, such that NωA = Ωâ2.
We then express the velocity of the particle in the rotating frame such that:

NvP/O = ẋâ1 + ẏâ2 − xΩâ3.

The kinetic and potential energy can be written as

T =
1
2
m(ẋ2 + ẏ2 + x2Ω2), U = mgy.
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Figure 5.10 Motion of a constrained bead along the path y = x2.

Using the constraint equation y = x2 or dy − 2xdx = 0, yields c11 = −2x and c12 = 1.
Applying Lagrange’s equation along the x and y generalized coordinates, we can write

x-dynamics:

d
dt

(
∂L
∂ẋ

)
− ∂L

∂x
= c11λ, mẍ − Ω2x = −2xλ,

d
dt

(
∂L
∂ẏ

)
− ∂L

∂y
= c12λ mÿ + mg = λ.

Eliminating λ from the previous equation and rearranging yields

(ẍ + 4x2ẍ + 4xẋ2 + 2gx) = Ω2x.

5.4.1 Physical Interpretation of Lagrange Multipliers

The Lagrange multipliers are not only mathematical quantities that allow the optimization of
functions with constraints. They also have a physical meaning, especially when dealing with
dynamical systems through Hamilton’s principle and, consequently, Lagrange’s equation. The
process of accounting for constraints in Lagrange’s equations involves adding the variation
of the term

(∑K
l=1 λl

∑M
j=1 clj q̇j + cl

)
to Hamilton’s extended principle. To be consistent

with other terms in the equation, this term must have units of work/energy. As such, this term
represents the virtual work done by the constraints. In essence, when the system attempts to
violate the constraints ever so slightly, the constraint forces do work to prevent the prescribed
constraints from being violated. Therefore, there is a direct relationship between the Lagrange
multipliers and the constraint forces. We attempt to make this relationship clearer through the
examples below.

Example 5.12 Reaction Force and Lagrange Multipliers

In Figure 5.11, particle m slides on a smooth surface of radius R. Find the reaction force RN

exerted by the surface on the particle using Lagrange’s approach.
We do not have a direct procedure to obtain the reaction force RN using Lagrange’s

equation. This is because the reaction force does not do any work on the particle along
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P

mgR RN

O

θ

m NaP/Ob2̂

m NaP/Ob1
ˆ

b2̂

b1̂

n1ˆ

n2ˆ

Figure 5.11 Finding reaction forces using Lagrange’s approach.

the virtual displacement, and therefore does not appear naturally in Hamilton’s principle.
On the other hand, finding the reaction force using Newton’s second law of dynamics is
straightforward. We start by describing the acceleration of the particle P with respect to point
O as

NaP/O = Rθ̈b̂1 − Rθ̇2b̂2.

Subsequently, we draw the free-body diagram and use it to apply Newton’s second law to
obtain the equation of motion and the reaction RN as follows:

Direction of b̂1:

Fb̂1 = m NaP/O b̂1,

θ̈ − g

R
sin θ = 0.

Direction of b̂2:

Fb̂2 = m NaP/O b̂2,

RN = m(g cos θ − Rθ̇2).

Next, we show how to tackle this problem using Lagrange’s equation. To this end, we first
assume that the reaction force RN does not exist. In such a case, the surface cannot con-
strain the particle to move along the circular surface, and hence, as shown in Figure 5.12, we

P

r

R

O

b2̂

b1̂

n2ˆ

n1ˆ

θ

Figure 5.12 The generalized coordinate r is introduced to release the influence of the constraint force
RN .
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add another generalized coordinate r to represent the particle moving along the radius of the
surface. It follows that the position and velocity of the particle can be written as:

OP = (R − r)b̂2,

NvP/O = (R − r)θ̇b̂1 − ṙb̂2.

The kinetic and potential energy can therefore be written as

T =
1
2
m((R − r)2θ̇2 + ṙ2),

U = mg(R − r) cos θ.

At this point, we introduce the kinematic constraint, r = 0, or dr = 0, to force the particle to
move on the surface. Substituting the kinetic and potential energy expressions and the con-
straint equation into Equation (5.77) yields the following equations:

r-dynamics:

d
dt

(
∂L
∂ṙ

)
− ∂L

∂r
= λ, mRr̈ + m(R − r)θ̇2 − mg cos θ = λ,

θ-dynamics:

d
dt

(
∂L
∂θ̇

)
− ∂L

∂θ
= 0, m(R − r)2θ̈ − 2m(R − r)ṙθ̇ − mg(R − r) sin θ = 0.

Upon obtaining the equations of motion in terms of θ and r, we force the constraint r = 0 back
into the previous equations and obtain

r-dynamics:

m(Rθ̇2 − g cos θ) = λ.

θ-dynamics:

θ̈ − g

R
sin θ = 0.

Comparing the previous equations to those obtained using the Newtonian approach, it becomes
evident that RN = −λ. As such, the Lagrange multiplier is directly related to the constraint
force. In fact, the Lagrange multiplier is nothing but the generalized force resulting from the
constraint force; that is λ = Qr, where

λ = Qr =
N∑

i=1

Fi.
∂ṙi

∂q̇j

= RN b̂2.
∂NvP/O

∂ṙ
= RN b̂2.

∂

∂ṙ
((R − r)θ̇b̂1 − ṙb̂2) = −RN .

This implies that

RN = −λ = m(g cos θ − Rθ̇2),

which is the same answer obtained using the vectorial approach.
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Procedure for Obtaining Constraint and Internal Forces Using Lagrange’s
Equations

The following is a general procedure that can be utilized to obtain constraint and internal
forces using Lagrange’s equations.

1. Remove the constraint forces. For each constraint force removed add a generalized
coordinate to fully represent the motion of the system in the absence of the associated
constraint force.

2. For each constraint force removed, introduce a constraint equation which could be
used to capture the influence of the constraint force.

3. Implement Lagrange’s equation along each generalized coordinate while taking into
account the constraint equations by introducing a Lagrange multiplier for each con-
straint equation.

4. Equate each Lagrange multiplier to the generalized force resulting from the con-
straints force.

5. Solve Lagrange’s equations for the constraint force.

Example 5.13 Obtaining Constraint Forces using Lagrange’s Approach

The system shown in Figure 5.13 consists of two particles of mass (3m,m) and three massless
rods (3l, 2l, d). The rods are pin connected at a distance a below the support, as shown in the
figure. Find the reaction force in the rod d using Lagrange’s approach.

We first notice that, due to the reaction force, the angles of rotation of the two pendula are
equal: θ = φ. As such, to find the constraint force, we release this constraint and allow the two
pendula to move independently via two generalized coordinates θ and φ.

We find the velocity of the pendula by introducing the rotating B-frame such that
NωB = −θ̇ for the first pendulum and NωB = −φ̇ for the second pendulum. It follows that

O

d
a

3l

2l

m

3m

O

θ

n2ˆ

n1ˆ

P1

P2

φ

Figure 5.13 Motion of two constrained pendula.
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the velocities can be written as

NvP1/O = −3lθ̇b̂2,
NvP2/O = −2lφ̇b̂2,

and that the kinetic and potential energy are

T = 6ml2φ̇2 +
9
2
ml2θ̇2,

U = −6mgl cos φ − 3mgl cos θ.

At this point, we re-constrain the system by introducing the constraint θ = φ or dθ − dφ = 0.
We apply Lagrange’s equation and obtain

θ-dynamics:

θ̈ +
1
3

g

l
sin θ =

λ

9ml2
,

φ-dynamics:

φ̈ +
1
2

g

l
sin φ = − λ

12ml2
.

As already described, the Lagrange multiplier is nothing but the generalized force associated
with the constraint force, Fc as shown in Figure 5.14; that is

λ = Qθ = −Fcn̂2.
∂

∂θ̇
(−aθ̇b̂2) = Fca cos θ,

−λ = Qφ = Fcn̂2.
∂

∂φ̇
(−aφ̇b̂2) = −Fca cos φ

P1

θ

O

a
Fc

Figure 5.14 Constraint force, Fc.
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Letting θ = φ and λ = Fca cos θ in the equations of motion for θ and φ, then solving for Fc

we obtain

Fc = − 6l

7a
mg tan θ.

Flipped Classroom Exercise 5.5

The end support of the simple pendulum is forced to move horizontally in a smooth slot,
as shown in the figure. Use Lagrange’s approach to find the tension in the cable.

O Q

l

x

m1
P

n̂1

n̂2

θ

1. Remove the constraint force and let the length of the cable l be time-varying l(t). As
such, you need two generalized coordinates (θ, l) to describe the dynamics.

2. Account for the influence of the constraint force on the dynamics by introducing the
constraint equation l = l0, where l0 is a constant.

3. Implement Lagrange’s equation along the l and θ generalized coordinates. Do not
forget to include the influence of the constraint using a Lagrange multiplier.

4. Set l = l0 in the resulting equations for θ and l.
5. Equate the Lagrange multiplier to the generalized force associated with the l gener-

alized coordinates; that is, λ = Ql.
6. Show that the tension is given by

T = m(g cos θ + lθ̇2 − ẍ sin θ).

5.5 Cyclic Coordinates

A cyclic or ignorable coordinate is a generalized coordinate for which the Lagrangian depends
only on the derivative of the generalized coordinate (generalized velocity) but not the coor-
dinate itself. For instance, consider a conservative system for which the Lagrangian takes
the form

L = L(q1, q2, q4, q6, . . . , qM, q̇1, q̇2, q̇3, q̇4, q̇5, q̇6, . . . , q̇M), (5.79)

where M is the number of generalized coordinates used to describe the configuration of the
system. Since the Lagrangian does not depend on q3 and q5, these generalized coordinates
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a1ˆ

a2̂

n2ˆ

n1ˆ

b1ˆ
b2ˆ

θθ

R

P

O

φφ

Figure 5.15 Motion of a bead on a rotating hoop.

are called cyclic coordinates. For these two cyclic coordinates, applying Lagrange’s equation
yields

d
dt

(
∂L
∂q̇3

)
= 0==⇒ ∂L

∂q̇3
= C3

d
dt

(
∂L
∂q̇5

)
= 0==⇒ ∂L

∂q̇5
= C5,

where C3 and C5 are constants determined from the initial conditions of the system. In general,
for any cyclic coordinate qc, we can write

d
dt

(
∂L
∂q̇c

)
= 0==⇒ ∂L

∂q̇c

= Cc.

The previous equation can be solved for q̇c in terms of Cc and the other system parameters. As
such, any dependence on q̇c can be completely eliminated from the dynamics. Therefore, the
resulting equations governing the motion of the system will have no dependence on qc, and
hence the name ignorable coordinate.

Example 5.14 Cyclic Coordinate

Consider the motion of a bead on a rotating frictionless massless hoop, as shown in Figure 5.15.
The ring rotates with angle φ. Find the equations of motion. Identify the cyclic coordinate and
use it to reduce the number of equations of motion.

Define your rotating coordinates such that NωA = φ̇â2, and AωB = θ̇b̂3. Two generalized
coordinates, θ and φ, are used to describe the dynamics.

The velocity of point P with respect to point O can be written as

NvP/O = Rθ̇b̂1 − Rφ̇ sin θb̂3.

The kinetic energy is

T =
1
2
mNvP/O.NvP/O =

1
2
mR2(θ̇2 + φ̇2sin2θ).
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Choosing the datum to be a horizontal line passing through point O, the potential energy
becomes

U = −mgR cos θ.

The Lagrangian can therefore be expressed as

L =
1
2
mR2(θ̇2 + φ̇2sin2θ) + mgR cos θ.

Note that the Lagrangian does not depend explicitly on φ. As such, φ is an ignorable coordinate.
The equations of motion can be written as:

θ-dynamics:

d
dt

(
∂L
∂θ̇

)
− ∂L

∂θ
= 0,

θ̈ − φ̇2 sin θ cos θ +
g

R
sin θ = 0.

φ-dynamics:

d
dt

(
∂L
∂φ̇

)
= 0,

φ̇2 =
Cφ

mR2 sin2 θ
.

Solving the previous equation for φ̇ and substituting in the first, we obtain

θ̈ −
Cφ

mR2 cot θ +
g

R
sin θ = 0.

Note that the resulting equation has no dependence on the generalized coordinate φ.

Flipped Classroom Exercise 5.6

Consider two masses (M,m), as shown in the figure. Mass M is fixed, while mass m
is free to move in space, with its position defined by the generalized coordinates (r, θ).
The two masses interact due to their mutual gravitational forces. Find the equation of
motion of the moving mass m, in terms of the distance r.

n̂1

n̂2

θ

m

M

r
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To solve this problem, take the following steps:

1. Use mass M as the inertial point and find the velocity of mass m with respect to the
inertial point.

2. Use the velocity of mass m to find the kinetic energy T .
3. Use the gravitational attraction force, F = GMm

r2 , between the particles to determine
the potential energy U = −

∫
Fdr.

4. Implement Lagrange’s equation along the θ generalized coordinate. Show that θ is a
cyclic coordinate.

5. Implement Lagrange’s equation along the r generalized coordinate. Use the informa-
tion that θ is cyclic to reduce the equation of motion into one equation in terms of r.
Show that the equation takes the form:

r̈ − C2
θ

m2r3 +
GM

r2 = 0,

where Cθ is determined from the initial conditions.

5.6 Advantages and Disadvantages of the Analytical Approach

Now that we have learned the vectorial and analytical approaches to dynamics, it is worth
discussing their advantages and disadvantages. In what follows, we summarize the most obvi-
ous advantages and disadvantages of the analytical approach when compared to the vectorial
approach.

Advantages:

• To obtain the equations of motion using the analytical approach one does not have to create
a force balance or calculate the acceleration of a point in space. This is a great advantage
when dealing with complex dynamical systems involving a large number of generalized
coordinates.

• The analytical approach only deals with scalar quantities. As such, the equations are invari-
ant under any coordinate transformation. Application of the vectorial approach, on the other
hand, requires the existence of a Cartesian space in which it is sometimes very difficult to
express the dynamics of the systems.

• Internal forces or any forces that do not do work along a virtual displacement do not appear
in the derivation of the equation of motion. This is a significant advantage over the vectorial
approach when such forces are not of interest.

Disadvantages:

• Using the analytical approach does not require much geometrical reasoning. This inhibits
any physical intuition about the system dynamics until the end, when the equations of motion
are obtained.
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• The process of accounting for external forces in the equation of motion requires finding the
generalized forces associated with the generalized coordinates. This can sometimes be a
difficult task.

• Because internal and constraint forces do not appear naturally when implementing the ana-
lytical approach, one has to revert to indirect, and often sophisticated, methodologies to
obtain these forces.

Exercises

5.1 Find the function y(x) that maximizes/minimizes the following functions:

(a)
∫ b

a (y2(x) − y′2(x))dx.

(b)
∫ b

a (xy′(x) + y′2(x))dx.

(c)
∫ b

a (1 + x)y′2(x)dx.

5.2 The pendulum shown in the Figure 5.16 is made by welding two massless rods at a 90◦

angle to the fixed mass m as shown. Another mass, m
2 , slides along one of the rods

and is connected through a spring of stiffness k to the stationary mass. Assuming that all
surfaces are smooth, find the equation of motion of the system in terms of the generalized
coordinates θ and x.

θ

Q

x

l

km

m/2

n2ˆ

n1ˆ

Figure 5.16 Exercise 5.2

5.3 Mass m is attached to the inner surface of the massless hoop shown in Figure 5.17.
The hoop rotates without slipping on the rough horizontal surface. Find the equation of
motion of the mass.

mθ

R

Figure 5.17 Exercises 5.3, 5.4.
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5.4 For the system described in Exercise 5.3, find the reaction force using Lagrange’s
approach.

5.5 The pendula shown in Figure 5.18 oscillate in the horizontal plane and interact due to
their mutual gravitational attraction. Find their equation of motion.

2l

4l

m

θ

3m

l

φ

Figure 5.18 Exercise 5.5.

5.6 The mass shown in Figure 5.19 slides on the stationary surface shown. Use Lagrange’s
approach to find the reaction force.

M

α

Figure 5.19 Exercise 5.6.

5.7 The massless ring shown in Figure 5.20 is forced to rotate about point O with angular
velocity Ω. A mass m slides along the smooth surface of the ring as the ring rotates. Find
the equation of motion of the mass.

5.8 Show that the function g(y) that extremizes the functional

J =
∫ x2

x1

g(y)

√
1 +

(
∂y

∂x

)2

dx

must satisfy the differential equation

1 +
(

∂y

∂x

)2

= Cg(y)2

where C is an integration constant.
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Ω

θ

R

l

O

m

Figure 5.20 Exercise 5.7.

5.9 The two masses 2m and 3m are attached to the center of the massless disks shown in
Figure 5.21. Find the equations of motion of both masses using Lagrange’s approach.
Assume that the cable is rigid and that all surfaces are smooth.

2m3m

Figure 5.21 Exercise 5.9.

5.10 Consider the motion of a ball inside a cone of half-angle vertex α, as shown in
Figure 5.22. Find the equation of motion of the ball. Are there any cyclic coordinates?
If so, use this information to reduce the number of equations of motion.

α

r θ

Figure 5.22 Exercise 5.10.
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5.11 Consider the motion of two pendula attached through a rigid string of length l, as shown
in Figure 5.23. The left-hand pendulum is given an initial condition and allowed to oscil-
late. Write the equations governing the motion of the system.

θ

mm

Figure 5.23 Exercise 5.11.

5.12 Repeat Exercise 5.11 but with an elastic cable of stiffness k.

5.13 Mass m is connected on one end to a spring of stiffness k and on the other end to a
viscous damper of damping coefficient c. As shown in Figure 5.24, the mass slides on the
smooth rod which, in turn, is free to rotate about the pivot at point O. Find the equations
of motion of the system.

O

m

k

c

θ

Figure 5.24 Exercise 5.13.

5.14 A simple pendulum has a natural period which varies with its amplitude. To overcome
this problem, Huygens designed a pendulum that varies its length in such a way that it
keeps its period constant. As shown in Figure 5.25, he designed the pendulum such that
it wraps partially about a cycloidal obstruction as it rotates. The position of any point on
the cycloid is described by r = R(θ − sin θ)n̂1 + R(cos θ − 1)n̂2. Using a pendulum
cable of length 4R, find the equation of motion of the Huygens pendulum in terms of the
parametric angle θ. Show that the period of the pendulum is independent of the amplitude
of motion.
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m

β

O

n̂2

n̂1O

′

Figure 5.25 Exercise 5.14.

5.15 Two masses each of mass m are connected through a cable of length l and hang over a
smooth massless pulley, as shown in Figure 5.26. One of the masses is released from the
position shown. Find the equations of motion of both masses assuming that they do not
run into each other during their motion.

m

m

Figure 5.26 Exercise 5.15.
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6
Dynamics of Rigid Bodies:
Analytical Approach

In this chapter, we extend the analytical approach to the motion of rigid bodies. We begin
by deriving the kinetic energy expression for rigid bodies and use it in conjunction with
Lagrange’s equation to find the equations of motion for planar and non-planar rigid bodies.

6.1 Kinetic Energy of a Rigid Body

Hamilton’s extended principle and Lagrange’s equation are still valid in the form derived in
Chapter 5 when applied to rigid or even elastic bodies. The only necessary modification lies
in the expression of the kinetic energy of the rigid body, which must contain additional terms
to account for the rotary inertia of the body.

To derive an expression for the kinetic energy of a rigid body, consider Figure 6.1, which
depicts a rigid body of an arbitrary shape. Take a differential element, dm, on the body and
express its position vector as

QP = QO + r. (6.1)

It follows that the velocity NvP/Q of point P with respect to point Q, as observed in the
inertial, N -frame, can be written as

NvP/Q = NvO/Q + NωB × r, (6.2)

where NωB is the angular velocity of the rigid body described in the B-frame. Note that in
Equation (6.2), terms involving ṙ vanish because the body is rigid.

The kinetic energy of the differential element can be written as

T =
1
2
dmNvP/Q.NvP/Q. (6.3)
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Q

O

dm

N

B

r

P

rG

G

Figure 6.1 Kinetic energy of a rigid body.

To obtain the kinetic energy of the rigid body, we integrate Equation (6.3) over the volume V ,
which yields

T =
∫
V

1
2

NvP/Q.NvP/Qdm,

=
∫
V

1
2
(NvO/Q + NωB × r).(NvO/Q + NωB × r)dm. (6.4)

Since the velocity, NvO/Q, does not depend on the location of dm, it can be taken outside the
integral, and the previous equation can be reduced to:

T =
1
2

NvO/Q.NvO/Q

∫
V
dm + NvO/Q.

(
NωB ×

∫
V
rdm

)

+
1
2

∫
V
(NωB × r) · (NωB × r)dm. (6.5)

Using the identity A.(B × C) = B.(C × A), the last term in the previous equation can be
simplified to

1
2

∫
V
(NωB × r).(NωB × r)dm =

1
2

(
NωB .

∫
V
r × (NωB × r)dm

)
. (6.6)

Next, we utilize the identity A × (B × C) = B(A.C) − C(A.B), to completely eliminate
the cross products from the previous equation, and obtain:

1
2

(
NωB .

∫
V
r × (NωB × r)dm

)
=

1
2

NωB .

∫
V
(NωB(r.r) − r.(r.NωB)dm. (6.7)

Substituting r = xb̂1 + yb̂2 + zb̂3, NωB = ω1b̂1 + ω2b̂2 + ω3b̂3 into the previous equation
and simplifying yields

1
2

NωB .

∫
V
(NωB(r.r) − r.(r.NωB))dm =

1
2

NωB .(IO
NωB), (6.8)
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where IO is the moment of inertia matrix about a set of axes whose origin is located at point
O. It follows from Equation (6.5) that the kinetic energy can be expressed as

T =
1
2
m NvO/Q.NvO/Q + NvO/Q.

(
NωB ×

∫
V
rdm

)
+

1
2

NωB .(IO
NωB) (6.9)

Equation (6.9) can be simplified further by choosing point O to coincide with the center of
mass of the rigid body G, for which

∫
rGdm = 0. This yields

T =
1
2
m NvG/Q.NvG/Q +

1
2

NωB .(IG
NωB) (6.10)

where the first term in the kinetic energy expression is due to translational motion, the second
term is due to rotational motion, and IG is the moment of inertia matrix about a set of axes
whose origin is located at the center of mass G. Equation (6.9) can also be simplified if we
choose point O to be a fixed point, S, on the body. In such cases, NvS/Q = 0 and Equation (6.9)
simplifies to:

T =
1
2

NωB .(IS
NωB) (6.11)

where IS is the moment of inertia about a set of axes whose origin is located at the fixed
point, S.

Kinetic Energy of a Rigid Body

The expression of the kinetic energy of a rigid body changes depending on the type of
point used to calculate it.

• For an arbitrary point on the body, O, it can be expressed as

T =
1
2
m NvO/Q.NvO/Q + NvO/Q.

(
NωB ×

∫
V
rdm

)
+

1
2

NωB.(IO
NωB),

where O is a moving point located on the rigid body, Q is an inertial point and IO is
the moment of inertia about a set of axes whose origin is located at point O.

• For the center of mass, G, it can be expressed as

T =
1
2
m NvG/Q.NvG/Q +

1
2

NωB .(IG
NωB),

where IG is the moment of inertia about a set of coordinates whose origin is located
at point G.

• For a fixed point, S, located on the body, it can be expressed as

T =
1
2

NωB .(IS
NωB),
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where IS is the moment of inertia about a set of axes whose origin is located at the fixed
point, S.

Example 6.1 Kinetic Energy of a Rotating Rod

For the system shown in Figure 6.2, find the kinetic energy of the rod, of length l and mass M .

Note that there is no fixed point on the rod. As such, the best way to obtain the kinetic energy
is to use the expression involving the center of mass; that is

T =
1
2
m NvG/Q.NvG/Q +

1
2

NωB .(IG
NωB).

To this end, we need to find NvG/Q, NωB , and IG. To find NvG/Q, we introduce the A-frame
such that NωA = Ωâ2 and the B-frame such that AωB = −θ̇b̂3. Using these frames, the posi-
tion vector from point Q to point G can be described as

QG = Lâ2 + Râ1 +
l

2
b̂2.

The velocity of point G with respect to point Q is

NvG/Q = NωA × (Râ1 + Lâ2) + NωB × l

2
b̂2,

NvG/Q =
l

2
θ̇b̂1 −

(
RΩ +

l

2
sin θΩ

)
b̂3.

n̂2

Q

G

M, l

Ω

R

L

b̂2

b̂1

â1

â2

θ

n̂1

Figure 6.2 Kinetic energy of a rotating rod.



Dynamics of Rigid Bodies: Analytical Approach 165

Now that the velocity of the center of mass has been obtained, we turn our attention to finding
the angular velocity vector, which can be written as

NωB = NωA+ AωB = Ωâ2 − θ̇b̂3 = −Ωsin θb̂1 + Ω cos θb̂2 − θ̇b̂3.

Expressing the angular velocity in the matrix form, NωB = [ω1 ω2 ω3]
T yields ω1 = −Ωsin θ,

ω2 = Ω cos θ, and ω3 = −θ̇. It is worth mentioning that it is best to describe the angular
velocity vector in the body’s rotating frame, in which the moment of inertia is much easier
to obtain.

Finally, the moment of inertia matrix IG is obtained and expressed in the body rotating
B-frame, as

I11G =
1
12

Ml2, I22G = 0 (thin rod), I33G =
1
12

Ml2. (6.12)

Note that in the B-frame, all the products of inertia terms are zero. Therefore, the inertia matrix
can be written as

IG = Ml2

⎛
⎜⎝

1
12 0 0
0 0 0
0 0 1

12

⎞
⎟⎠ .

Now that all the elements needed to obtain the kinetic energy have been defined, we can cal-
culate the translational component of the kinetic energy as

Ttrans =
1
2
MNvG/Q.NvG/Q =

1
2
M

(
RΩ2(R + l sin θ) +

l2

4
sin2θΩ2 +

l2

4
θ̇2

)
.

The rotational component can be written as

Trot =
1
2
Ml2

[
ω1 ω2 ω3

]
⎛
⎜⎝

1
12 0 0
0 0 0
0 0 1

12

⎞
⎟⎠

⎡
⎢⎣

ω1

ω2

ω3

⎤
⎥⎦ =

1
24

ml2(Ω2sin2θ + θ̇2).

It follows that the kinetic energy of the rotating rod is

T =
1
2
M

(
R2Ω2 + RlΩ2 sin θ +

l2

4
sin2θΩ2 +

l2

4
θ̇2

)
+

1
24

ml2(Ω2sin2θ + θ̇2).

Flipped Classroom Exercise 6.1

Consider a cube of mass m and edge a rotating about an axis that passes through its
center of gravity and the mid-points of two of its edges, as shown in the figure. Find the
kinetic energy of the cube.
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G

a

a

a

ω

There are two ways to solve this problem: the first, and not so smart approach, is to
find the moment of inertia about the axis of rotation defined in the problem. This would
require finding the moment of inertia of the cube about a set of axes parallel to its sides
then rotating it by using the proper rotation matrix. The shorter, and more intelligent
approach, is to project the angular velocity vector in the direction of the cube’s principal
axes, then use the principal axes of rotation to obtain the kinetic energy of the body
about point G. In other words, you can follow the following steps:

1. Find the principal moment of inertia matrix of the cube about point G.
2. Project the angular velocity vector in the direction of the principal axes.
3. Use the kinetic energy expression to show that

T =
1
2
ma2ω2.

6.2 Lagrange’s Equation Applied to Rigid Bodies

As described in the last section, Lagrange’s equation in its different forms holds whether we
are dealing with particles or rigid bodies. In what follows, we present several examples to
demonstrate the implementation of Lagrange’s equations on rigid bodies.

Example 6.2 Rotating T-shaped Structure

The system shown in Figure 6.3 consists of two welded rods, each of mass m and length l.
The system is pinned at point O to a column that rotates with a constant angular velocity Ω.
Find the equation of motion of the rod in terms of the angle θ.

To obtain the equation of motion, we define the following frames: NωA = Ωâ2 and NωB =
θ̇b̂3. Using these frames, we find the kinetic energy of the body. Since point O is a fixed point
on the body, we can write

Trigidbody =
1
2

NωB .(IO
NωB),
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l

Ω

O

P

θ

n̂2

n̂1 F(t)

l/ 2

l/ 2

Figure 6.3 Rotating T-shaped rod.

where NωB = NωA + AωB = Ωâ2 + θ̇b̂3 = Ω sin θb̂1 + Ω cos θb̂2 + θ̇b̂3, and

IO = ml2

⎛
⎜⎜⎝

7
12

1
4 0

1
4

1
3 0

0 0 11
12

⎞
⎟⎟⎠ .

It follows that the kinetic energy is

Trigidbody =
ml2Ω2

6

(
7
4
sin2θ + cos2θ

)
+

ml2Ω2

4
sin θ cos θ +

11
24

ml2θ̇2.

Choosing the datum to be a horizontal line passing through point O yields

Urigidbody = mgl

(
1
2

sin θ − cos θ

)
.

The generalized force due the force F (t) can be written as

Qθ = F (t)b̂2.
∂NvP/O

∂θ̇
= F (t)l.

Applying Lagrange’s equation along the θ generalized coordinate yields

11
12

ml2θ̈ + mgl

(
1
2

cos θ + sin θ

)
− ml2Ω2

4

(
cos 2θ +

1
2

sin 2θ

)
= F (t)l.
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Example 6.3 Double Pendulum with Viscous Damping

For the system shown in Figure 6.4, the rod is thin and homogeneous with a mass m and length
l. The external force, F (t), is always perpendicular to the link connecting the mass to the rigid
rod. Use Lagrange’s method to obtain the equations governing the motion of the system.

To obtain the equation of motion, we define the following frames: NωA = θ̇ â3 and NωB =
φ̇ b̂3. Since the system consists of a rigid body and a particle, we need to find the kinetic and
potential energy of each. For the rigid body, we note that point O is a fixed point on the body;
therefore we can write

Trigidbody =
1
2

NωA.(IO
NωA).

Since the motion of the rod involves a single rotation NωA = θ̇, the previous equation can be
simplified to

Trigidbody =
1
2
I33O

NωA.NωA =
1
6
ml2θ̇2.

The kinetic energy of the particle is given by

Tparticle =
1
2
m NvP/O.vP/O,

where you can show that

NvP/O = (lθ̇ + lφ̇ cos(φ − θ))â1 + lφ̇ sin(φ − θ)â2.

It follows that the total kinetic energy of the system can be written as

T =
2
3
ml2θ̇2 +

1
2
ml2φ̇2 + ml2θ̇φ̇ cos(φ − θ).

The potential energy consists of the potential energy of the rigid body and the particle. Choos-
ing our datum to be a horizontal line passing through point O, we can write

Urigidbody = −mg
l

2
cos θ,

l

m

l
m c

F (t)

O

P

n̂1

n̂2

θ

φ

Figure 6.4 Double compound pendulum with viscous damping.
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Uparticle = −mgl cos θ − mgl cos φ,

U = −3
2
mgl cos θ − mgl cos φ.

The power dissipated by the damper is given by

D =
1
2
cṗ2,

where ṗ is the temporal variation of the damper length p = l
√

2(1 + cos(φ − θ)).
The generalized forces due to the force F (t) are given by

Qθ = F (t)b̂1.
∂

∂θ̇
(NvP/O) = F (t)l cos(φ − θ),

Qφ = F (t)b̂1.
∂

∂φ̇
(NvP/O) = F (t)l.

The equation of motion can be written as

d
dt

(
∂L
∂θ̇

)
+

∂D
∂θ̇

− ∂L
∂θ

= Qθ,

d
dt

(
∂L
∂φ̇

)
+

∂D
∂φ̇

− ∂L
∂φ

= Qφ.

Flipped Classroom Exercise 6.2

Consider a thin plate of mass m, height h and width b, which is pinned to a rotating frame
at point O, as shown in the figure. The frame rotates at a constant angular velocity Ω.
Find the equation of motion for the plate.

θ

Ω

O

h

Ω

h

b/2 b/2
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To solve the problem, do the following:

1. Define the following rotating frames: A-frame such that NωA = Ωâ2 and B-frame
AωB = θ̇b̂3.

2. Describe the angular velocity vector, NωB in term of its components ω1, ω2, and ω3.
3. Find the inertia matrix IO in the rotating body, B-frame, about a set of axes whose

origin is located at point O.
4. Use the inertia matrix and the angular velocity vector to find the kinetic energy,

1
2

NωB .(IO
NωB), of the plate and show that it can be written as

T =
1
6
m

(
h2 +

b2

4

)
Ω2sin2θ +

1
24

mb2Ω2cos2θ +
1
6
mh2θ̇2.

5. Show that the potential energy of the plate can be written as

U = −mg
h

2
cos θ.

6. Use Lagrange’s equation to write the equation of motion.

Example 6.4 Rolling Disk

A disk of mass m and radius R rolls without slipping as it unwinds down the cable shown in
Figure 6.5. Find the tension in the cable using Lagrange’s approach.

To find the tension force using Lagrange’s approach, we remove the tension force and add
the generalized coordinate x to fully describe the motion of the disk in the absence of the
constraint force. We then replace the tension force by the constraint equation x = 0 or dx = 0.

Using the generalized coordinates x and φ, we express the kinetic energy of the disk as

T =
1
2
mNvG/O.NvG/O +

1
2
IGφ̇2,

where NvG/O = (ẋ + Rφ̇)n̂1 and IG = 1
2mR2; this yields

T =
1
2
mẋ2 +

3
4
mR2φ̇2 + mRφ̇ẋ.

R
G

+ RG

x

Rφ

T

φ

φ

+

n̂2

n̂1

Figure 6.5 Disk rolling down a cable.
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The potential energy is

U = −mg(x + Rφ).

Using the expression for the kinetic and potential energy and the constraint equation dx = 0,
the equations of motion can be written as

d
dt

(
∂L
∂ẋ

)
− ∂L

∂x
= λ, mẍ + mRφ̈ − mg = λ,

d
dt

(
∂L
∂φ̇

)
− ∂L

∂φ
= 0, φ̈ +

2
3R

ẍ − 2g

3R
= 0.

Letting Qx = λ, where Qx = −T n̂1.
∂ẋ
∂ẋ n̂1 = −T , then setting x = 0 and solving the previous

equations for T , we obtain T = mg
3 .

Example 6.5 Shear Force

A rod of length l and mass m is released from the position shown in Figure 6.6. Use Lagrange’s
approach to find the shear force at point P as a function of the angle, θ.

As described in Chapter 5, to find internal forces using Lagrange’s approach, we remove
the constraint force and add a generalized coordinate to fully represent the motion of the
system in the absence of the constraint force. In this case, removing the shear force at point
P allows the lower part of the rod to slide with respect to the upper part in a direction
parallel to the shear force. This is represented by an additional generalized coordinate
y, as shown in Figure 6.7. We replace the shear force by a constraint equation y = 0, or
dy = 0.

Now we treat the rod as two different rods and find the kinetic and potential energy for each.
For the upper part of the rod, the kinetic energy is simply

T1 =
1
2
IO(NωB .NωB),

O

l

3
2l

3

P

n̂1

b̂1

b̂2

n̂2

θ

Figure 6.6 Thin rod released from rest.



172 Dynamics of Particles and Rigid Bodies

O

2l
3

P

y

G2

V

θ

θ

Figure 6.7 Releasing the shear force.

where IO = 1
3

( 2
3m

) ( 2
3 l

)2 = 8
81ml2 and NωB = −θ̇b̂3; this yields

T1 =
4
81

ml2θ̇2.

For the lower part, the kinetic energy can be obtained using

T2 =
1
2

(
1
3
m

)
NvG2/O. NvG2/O +

1
2
IG2θ̇

2,

where G2 is the center of mass of the lower part. IG2 = 1
324ml2 and NvG2/O can be obtained

as follows:

OG2 = −yb̂1 +
5
6
lb̂2,

NvG2/O =
(
−ẏ +

5
6
lθ̇

)
b̂1 + yθ̇b̂2.

The total kinetic energy of the system becomes

T = T1 + T2 =
1
6
m

(
l2θ̇2 + ẏ2 + y2θ̇2 − 5

3
lẏθ̇

)
.

The potential energy of the system consists of the potential energy of the two rods; that is

U = −mg
l

2
sin θ +

1
3
mgy cos θ.

Using the kinetic and potential energy expressions as well as the constraint equation, the
equations of motion for the θ and y generalized coordinates become:

θ-dynamics:

d
dt

(
∂L
∂θ̇

)
− ∂L

∂θ
= 0,
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1
3
m(l2 + y2)θ̈ +

2
3
myẏθ̇ − 5

18
mlÿ − mg

l

2
cos θ − 1

3
my sin θ = 0.

y-dynamics:

d
dt

(
∂L
∂ẏ

)
− ∂L

∂y
= λ

1
3
m

(
ÿ − 5

6
lθ̈ − yθ̇ + g cos θ

)
= λ.

Letting y, ẏ, ÿ = 0 in the previous equations, and solving for λ, we obtain

λ = − 1
12

mg cos θ.

To find the shear force V , we use the fact that the generalized force Qy associated with the
shear force is equal to the Lagrange multiplier λ; that is,

Qy = λ = V b̂1.
∂

∂ẏ
(NvP/O) = V b̂1.

∂

∂ẏ

((
ẏ +

2
3
lθ̇

)
b̂1 + yθ̇b̂2

)
= V.

As such, V = λ = − 1
12mg cos θ.

Example 6.6 Reaction Force

Particle P of mass m is attached to a ring of mass M and radius R. The ring rolls without
slipping on a horizontal surface, as shown in Figure 6.8. Find the equation of motion of the
system and the reaction force using the Lagrange approach.

We can find the equation of motion and the reaction force simultaneously. To this end, we
remove the constraint (reaction) force RN and introduce a new coordinate y to fully describe
motion of the system in the absence of the constraint force (Figure 6.9). We replace the con-
straint force by a constraint equation dy = 0.

Next, we find the kinetic energy of the system

T = Tring + Tparticle

where

Tring =
1
2
MNvG/O.NvG/O +

1
2
IGφ̇2,

+G

R

O O′

P

b̂2

n̂2

φ

n̂1

b̂1

Figure 6.8 Particle slides over a ring.
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+

R

O

O′

G

P

φ

y

RN

n̂1

n̂2

Figure 6.9 The new coordinate y is introduced to describe motion in the absence of the constraint.

OG = xn̂1 + (R − y)n̂2,

NvG/O = ẋn̂1 − ẏn̂2 = Rφ̇n̂1 − ẏn̂2.

It follows that the kinetic energy of the ring is

Tring = MR2φ̇2 +
1
2
Mẏ2 = MR2φ̇2.

The kinetic energy of the particle is given by T = 1
2m

NvP/O.NvP/O, where

vP/O = Rφ̇(1 + cos φ)n̂1 + (−ẏ − Rφ̇ sin φ)n̂2.

The potential energy of the ring and particle system is given by

U = Mg(R − y) + mg(R − y + R cos φ).

The equations of motion can be written as

φ-dynamics:

d
dt

(
∂L
∂φ̇

)
− ∂L

∂φ
= 0,

Mÿ + 2MR2φ̈ + 2mR2φ̈(1 + cos φ) + mRÿ sinφ − mgR sin φ = 0,

y-dynamics:

d
dt

(
∂L
∂ẏ

)
− ∂L

∂y
= λ,

(m + M)ÿ + mR sin φφ̈ + mR cos φφ̇2 − (m + M)g = −λ.

where λ = Qy = RN n̂2.
∂
∂ẏ (ẋn̂1 − ẏn̂2) = −RN . Enforcing the constraint y = ẏ = ÿ = 0,

we obtain

2R(M + m(1 + cos φ))φ̈ − mg sinφ = 0,

mR sinφφ̈ + mR cos φφ̇2 + (m + M)g = RN .
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The first of these equations is the equation of motion and the second provides the reaction
force.

Flipped Classroom Exercise 6.3

A rod of mass m and length l is released from rest when θ = 0. Use the Lagrange mul-
tiplier approach to obtain an expression for the axial force at point B as a function of θ
only (no θ̇ or θ̈).

To solve this problem, take the following steps:

1. Remove the constraint force and add a generalized coordinate x, to fully describe the
motion of the system in the absence of the constraint force. Removing the axial force
at point P allows the lower part of the rod to move with respect to the upper part in
a direction parallel to the axial force.

O θ P

n̂2

l

O θ

PxNx

n̂1

b̂1

2

l

2
mg

2

1

b̂2

mg
2

1

mg
2

1

2. Add a constraint equation to replace the constraint force.
3. Show that the kinetic energy of the system can be written as

T =
5

192
ml2θ̇2 +

1
4
m

(
ẋ2 +

(
3
4
l + x

)2

θ̇2

)
.

4. Show that the potential energy of the system can be written as

U = −1
8
mgl sin θ − 1

2
mg

(
3l

4
+ x

)
sin θ.

5. Using Lagrange’s equation, write the equation of motion representing the
θ-dynamics. Show that the generalized coordinate Qθ = 0.
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6. Using Lagrange’s equation, write the equation of motion representing the
x-dynamics. Show that the generalized coordinate Qx = 1

2mg sin θ.
7. Setting x = ẋ = ẍ = 0, show that

λ = −3
8
mlθ̇2 − mg sin θ.

8. Calculate the generalized force resulting from the axial load and show that it is equal
to −λ.

9. Using the relation θ̈dθ = θ̇dθ̇, show that the axial load is

Nx =
17
8

mg sin θ.

Exercises

6.1 The cone shown in the Figure 6.10 has mass m, height h, radius r, and half vertex
angle α. It rotates without slipping on the horizontal surface shown, such that its ver-
tex O is fixed at one point and its angular velocity about the b̂1 axis is ω. Find the
kinetic energy of the cone knowing that I11 = 3

10mr2, and I22 = 3
5m(h2 + r2/4) about

point O.

b̂2

b̂1

ωh

O

r

Figure 6.10 Exercise 6.1.

6.2 A hollow sphere of mass m and radius r rolls without slipping on a surface of radius
R, as shown in Figure 6.11. The motion takes place in a single plane. Use the Lagrange
approach to find the angle θ at which the sphere loses contact with the surface if it starts
from rest with a tiny nudge.
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Rθ

O

+
r

φ

G

n̂1

n̂2

b̂1

b̂2

+

Figure 6.11 Exercise 6.2.

6.3 A string is wound over a circular cylinder of mass M . The string passes over a massless
pulley, as shown in Figure 6.12. The other end of the string is attached to a block of mass
m. Assume that the cylinder rolls without slipping, find the tension in the cable using
Lagrange’s approach.

m

R
+

Figure 6.12 Exercise 6.3.

6.4 Figure 6.13 shows a disk of mass M and radius R, which rotates with a constant angular
velocity Ω. Find the equation governing the motion of the particle in the frictionless
groove. The particle has mass m and the spring has an unstretched length l0.

Ω

O

x

h

M

R

+

Figure 6.13 Exercise 6.4.
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6.5 A circular hoop of mass M and radius R oscillates in the vertical plane about point O,
as shown in Figure 6.14. A bead of mass m slides without friction on the hoop. Find the
equation of motion of the bead and the hoop.

O

+
+

O

φR

θ

φ

Figure 6.14 Exercise 6.5.

6.6 Find the equation of motion for the half disk of radius R shown in Figure 6.15. Assume
that motion occurs without slipping.

G

Figure 6.15 Exercise 6.6.

6.7 An isosceles-triangular thin plate of mass m, base a, and height h rotates with constant
angular velocity Ω, as shown in Figure 6.16. The vertex of the triangle is fixed in its
place via a socket-and-ball joint. Determine the angle θ at which the base of the triangle
remains horizontal at all times.

a

hθ

O

Ω

Figure 6.16 Exercise 6.7.
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6.8 A ring of mass M and radius R rolls without slipping on the horizontal surface shown
in Figure 6.17. A particle P of mass m slides on the smooth internal surface of the ring.
Let φ be the angle between the vertical and the line from the axis of the cylinder to the
particle. If the particle is released from rest at φ = π

2 , find the position x of the axis of
the cylinder as function of φ.

R

mφ

M

Figure 6.17 Exercise 6.8.

6.9 A rod of length l and mass m is released from the horizontal position, as shown in
Figure 6.18. Use the Lagrange approach to find the internal moment at point P as a
function of the angle θ.

O θ

l

3

2l

3

P

n̂2

n̂1

b̂1

b̂2

Figure 6.18 Exercise 6.9.

6.10 A rod of mass m and length l slides without friction on the semi-circular surface shown
in Figure 6.19. Determine its equation of motion.
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+O

θ
l

R

Figure 6.19 Exercise 6.10.

6.11 A rectangular plate of mass m and sides 2a and 2b is released from rest in the posi-
tion shown in Figure 6.20. Assuming that oscillations occur in a single plane, find the
equation of motion of the rectangle. What is the angular velocity of the resulting pendu-
lum motion?

2a

2b

O

Figure 6.20 Exercise 6.11.

6.12 A uniform circular disk of radius R and mass m can rotate freely about a fixed horizontal
chord PQ. The chord is at a distance R

4 from the center O of the disk. A particle, also of
mass m, is fixed at the highest point A on the edge of the disk, as shown in Figure 6.21.
The disk is released from the position shown so that it starts rotating about PQ. Find the
equations of motion and the linear speed of the particle as it reaches its lowest position.

+

R
O

m
A

R/4

P Q

Figure 6.21 Exercise 6.12.
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6.13 A rod of mass m and length l is pinned at its center of mass G to the center of massless
rod AB, which is of length 2l. The rod AB is supported by two frictionless bearings and
allowed to rotate about its axis with angle θ, as shown in Figure 6.22. The whole setup
rotates about the vertical axis with a constant angular velocity Ω. Find the equation of
motion of the rod.

G

θ

Ω

A

B

Figure 6.22 Exercise 6.13.

6.14 A top (Figure 6.23) consists of a homogeneous, circular disk of radius R1, mass m, and
a massless axis of length R1/2 perpendicular to the disk and passing through its center,
O. The axis is connected by a joint to point A on the edge of a horizontal circular plate
of radius R2 and mass m. The plate has a constant angular velocity Ω about its axis, and
the top has a constant angular velocity ω, relative to the plate, about its axis. Find the
angle α between the axis of the top and the vertical.

Ω

R1/2

A

R2

α

R1O

ω

Figure 6.23 Exercise 6.14.
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6.15 The massless link OQ is free to rotate about point O with angle θ, as shown in
Figure 6.24. The link is connected to a rod of mass m and length l, which rotates at
angular velocity Ω about the link. Find the equation of motion of the rod.

O

a

l

Ω
θ

Q

Figure 6.24 Exercise 6.15.



7
Momentum

This chapter introduces the linear and angular momenta of particles and rigid bodies. It
discusses the conditions under which they are conserved and illustrates their relationship
with the impulse and angular impulse. The conservation of angular momentum is also used
to derive Euler’s rotational equations. The concept of generalized momenta is presented and
used to derive Hamilton’s canonical equations.

7.1 Linear Momentum

In Chapter 2, we learned that Newton’s second law of dynamics can be expressed mathemat-
ically as Fi = mir̈i, where Fi is the net force vector acting on a particle of mass mi and r̈i

is its acceleration measured with respect to an inertial point. In this form, Newton’s second
law inherently assumes that the mass of the particle does not change with time. However, in
general, this might not be the case. When the mass of the particle changes, Newton’s second
law takes the more general form:

Fi =
d
dt

(miṙi) =
d
dt

(pi), (7.1)

where miṙi = pi is a vectorial quantity known as the linear momentum of the particle. Thus,
in its most general form, Newton’s second law states that the net force acing on a particle is
equal to the time rate of change of its linear momentum.

Integrating the general form of Newton’s equation from some initial time t1 to some final
time, t2, yields

pi(t2) − pi(t1) =
∫ t2

t1

Fidt, (7.2)

where the integral on the right-hand side is called the impulse.
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mi

mj

ṙi

ṙj

fij
fji

Figure 7.1 Conservation of linear momentum of two interacting particles.

When Equation (7.2) is applied to two particles i and j that are interacting due to some
internal forces fij = −fji, but are not subject to any external forces, as shown in Figure 7.1,
we can write:

pi(t2) − pi(t1) =
∫ t2

t1

fijdt, (7.3a)

pj(t2) − pj(t1) = −
∫ t2

t1

fijdt. (7.3b)

Adding the previous set of equations, we obtain

pi(t1) + pj(t1) = pi(t2) + pj(t1). (7.4)

Equation (7.4) states that the sum of the linear momentum of both particles at time t1 is equal
to the sum of their linear momentum at time t2. In other words, in the absence of external
forces, the linear momentum of the two particles is conserved.

For N particles, the linear momentum is the sum of the linear momenta of all particles;
that is

p =
N∑

i=1

miṙi. (7.5)

As such, conservation of linear momentum can be generalized to a system of N particles;
such that

N∑
i=1

pi(t1) =
N∑

i=1

pi(t2) (7.6)

Note that the previous equation is vectorial in nature; in other words, it holds along the three
Cartesian coordinates.

Example 7.1 Particle Fission

A particle of mass M and velocity v n̂1, fissions into two small particles, each of mass M
2 . As

shown in Figure 7.2, one of these masses moves in a direction that makes an angle θ1 with the
n̂1 axis, while the other moves in a direction that makes an angle θ2 with the n̂1 axis. Determine
the velocity of each of the imparting particles.



Momentum 185
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Figure 7.2 Particle fission.

Since there are no external forces acting on the system, one can use conservation of linear
momentum, Equation (7.4), to relate the motion of the particle before and after fission. To this
end, we conserve linear momentum along the n̂1 and n̂2 directions and obtain the following
equations:

pM (t1)n̂1 = p1(t2)n̂1 + p2(t2)n̂1, Mv =
M

2
v1 cos θ1 +

M

2
v2 cos θ2,

pM (t1)n̂2 = p1(t2)n̂2 + p2(t2)n̂2, 0 =
M

2
v1 sin θ1 −

M

2
v2 sin θ2,

where pM is the linear momentum of the particle before fission, p1 and p2 are the linear
momenta of the imparting particles, and t1 and t2 are, respectively, the time immediately before
and after fission. Solving the previous set of equations for v1 and v2 yields

v1 =
2v sin θ2

sin(θ1 + θ2)
,

v2 =
2v sin θ1

sin(θ1 + θ2)
.

Example 7.2 Throwing a Ball off a Stationary Boat

A man of mass m standing on a stationary boat of mass M throws a ball of mass 0.1m with
horizontal velocity, v0. With what speed does the boat move after the man throws the ball?
Assume no friction between the man and the boat.

Using conservation of linear momentum, we can write

pman(t1) + pboat(t1) + pball(t1) = pman(t2) + pboat(t2) + pball(t2),

m(0) + M(0) + 0.1m(0) = 0.1mv0 + (m + M)v,

v = − 0.1mv0

m + M
.

Example 7.3 Rocket Propulsion

Consider a rocket of mass m0 and initial velocity v = 0, which is being propelled in the hor-
izontal direction by ejecting burnt fuel at a constant velocity u measured with respect to the
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m0

t = 0, v = 0
u

dm

m0 − dm
dt

dv

Figure 7.3 Rocket propulsion.

rocket speed v at a rate dm
dt = −α, as shown in Figure 7.3. Find the velocity of the rocket as a

function of time.
Initially, the system is stationary and, as a result, the linear momentum is zero. After time

dt, a mass dm has already been ejected at a velocity equal to dv − u. Therefore, the rocket
has mass m(t) = m0 − dm and moves with a velocity dv.

Applying conservation of linear momentum on the rocket, we have

0 = (m0 − dm)dv + dm(dv − u), m(t)dv − udm = 0,

v(t) =
∫ m(t)

m0

u
dm

m0
, v(t) = u ln

m(t)
m0

.

Since m(t) = m0 − αt, we obtain

v(t) = u ln
m0 − αt

m0
.

7.2 Collision

In general, collisions can be divided into

• elastic collisions, in which the kinetic energy is conserved;
• inelastic collisions, in which part of the kinetic energy is lost as heat, plastic deformation,

and friction.

The amount of energy lost during impact is usually measured via a quantity called the coef-
ficient of restitution, e, which is defined as

e =

√
Kinetic energy after collision
Kinetic energy before collision

=

√
Tafter

Tbefore
. (7.7)

The coefficient of restitution has typical values in the range 0 ≤ e ≤ 1, where e = 0 represents
a purely inelastic collision (for instance, trying to bounce a ball against a surface covered with
a thick layer of sand) and e = 1 represents a purely elastic collision in which the kinetic energy
is conserved.

For a particle bouncing against a stationary surface, we can use Equation (7.7) to reduce the
coefficient of restitution to

e =
va

vb

, (7.8)
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hahb

U = mghb

U = mgha

Figure 7.4 Coefficient of restitution of a ball released from rest at height hb.

where va is the velocity after collision and vb is the velocity before collision. If, as shown in
Figure 7.4, the particle is released from rest at a height hb, the kinetic energy just before impact
can be related to the potential energy via Tbefore = Ubefore = mghb, and the kinetic energy right
after impact can be related to the potential energy at the final height ha via Tafter = Uafter =
mgha. Therefore, using Equation (7.7) we can write:

e =

√
ha

hb

. (7.9)

When the collision involves two particles impacting along a single line (a one-dimensional
collision), the coefficient of restitution can be expressed as

e =
v1a − v2a

v2b − v1b

, (7.10)

where via is the velocity of particle i after collision and vib is the velocity of particle i before
collision.

For two-dimensional collisions of two or more particles, the velocities used for the calcula-
tion of the coefficient of restitution in Equation (7.10) are those collinear to the line of impact:
the line that is normal to the surfaces that are in contact during impact. Figure 7.5 depicts the
line of impact for several impacting bodies.

Example 7.4 Bouncing against the Ground

A particle of mass m is thrown horizontally with an initial velocity v0 at a height h above the
ground, as shown in Figure 7.6. Determine the time required for the ball to stop bouncing off
the ground knowing that the coefficient of restitution between the particle and the ground is e.

Prior to the first bounce off the ground, one can calculate the vertical velocity v1y just before
impact using Newton’s second law and show that it is given by v1y =

√
2gh. Furthermore, the

time t0 that elapses before the ball impacts the ground is t0 =
√

2h
g . Using the definition of
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Figure 7.5 Line of impact for different collisions.
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Figure 7.6 Ball bouncing against the ground.

the coefficient of restitution, we can write

e =
v2y

v1y

, v2y = e
√

2gh,

e =
v3y

v2y

, v3y = e2
√

2gh,

e =
v4y

v3y

, v4y = e3
√

2gh,

e =
v(i+1)y

viy

, v(i+1)y = ei
√

2gh.
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Next, we calculate the time required to complete one cycle, t1, t2, . . . , tn. Applying Newton’s
second law on the particle during the first cycle, we know that

mÿ = mg, ẏ = gt − v2y, y =
g

2
t2 − v2yt.

During a complete cycle, the particle rises from a height h = 0 and returns back to a height
h = 0. Therefore, we can write t1 = 2v2y

g , or, in general, ti = 2v(i+1)y

g . Substituting v(i+1)y =
ei
√

2gh into the expression for ti, we obtain

ti = 2ei

√
2h

g
, i = 1, 2, . . . , n.

As such, the total time can be written as

Ttot = t0 + t1 + . . . + tn =
√

2h

g
+ 2e

√
2h

g
+ . . . + 2en

√
2h

g

Ttot =
√

2h

g
(1 + 2e + 2e2 + . . . + 2en).

The previous series can be expressed in the form

Ttot =

√
2h

g

(
1 + e

1 − e

)
.

Note that the total time is independent of the initial velocity or the mass of the particle. When

e → 0, Ttot →
√

2h
g ; on the other hand, when e → 1, Ttot → ∞. Using h = 1 m and e = 0.9,

one can find that Ttot = 8.58 s.

Example 7.5 Elastic Planar Collision

A billiard ball of mass M and velocity v impacts an identical stationary ball. The balls bounce
off each other in such a way that the incoming ball deflects at a known angle θ from the
horizontal, while the stationary ball deflects at an unknown angle φ, as shown in Figure 7.7.
Assuming a perfectly elastic collision, find the velocity of both particles after impact and the
angle φ.

To solve this problem, we first note that we have three unknowns: the velocity of each
particle after impact (v1, v2) and the angle φ. To find these unknowns, we need three equations.
Two equations result from conservation of linear momentum along the horizontal and vertical
directions, while the third equation comes from the conservation of kinetic energy, since the
collision is a purely elastic one. Using conservation of linear momentum we can write

Mv = Mv1 cos θ + Mv2 cos φ,
0 = Mv1 sin θ − Mv2 sin φ.

Using conservation of kinetic energy, we obtain

1
2
Mv2 =

1
2
Mv2

1 +
1
2
Mv2

2 .

Solving the previous equations yields v1 = v cos θ, v2 = v sin θ, and φ = 90◦ − θ.
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Figure 7.7 Planar elastic collision.
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Figure 7.8 Oblique inelastic impact.

Example 7.6 Oblique Inelastic Collision

Two identical balls of mass M approach each other at equal velocity v and collide as shown
in Figure 7.8. The balls bounce off each other such that one of the balls has a velocity v

2 after
impact. Assuming a coefficient of restitution e = 0.5, find the velocity of the other particle
and the angles φ and ψ that the particles make with the horizontal after impact.

The problem involves three unknowns, φ, ψ and V . To obtain these unknowns, we need
three equations. Two equations come from conserving linear momentum in the n̂1- and
n̂2-directions, while the third equation comes from the relation between the coefficient of
restitution and the relative velocities before and after impact.

Conserving linear momentum in the n̂1-direction yields

2v cos θ =
v

2
cos ψ + V cos φ.

Conserving linear momentum in the n̂2-direction yields
v

2
sinψ = V sin φ.

Using the definition of the coefficient of restitution, we obtain

e =
1
2

=
V sin φ + v

2 sinψ

2v sin θ
.
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Solving the previous equations for ψ, φ and V , we obtain

ψ = θ,

V =
v

2

√
1 + 8 cos2 θ,

φ = arcsin
(

sin θ√
1 + 8 cos2 θ

)
.

Flipped Classroom Exercise 7.1

The figure represents the force exerted by a wall as a tennis ball bounces against it. The
ball of mass m approaches the wall with a velocity v, and bounces in a purely elastic
impact. Find the force Fmax.

F

timet 2t 3t

Fmax

To solve this problem, take the following steps:

1. Calculate the change of linear momentum of the particle.
2. Relate the change of the linear momentum to the impulse expression.
3. Using the given figure, show that Fmax = mv

t .

Linear Momentum of Particles

The linear momentum of a particle is defined as

pi = miṙi

where mi is the mass of the particle and ṙi is its velocity with respect to an inertial
frame. For N particles, the linear momentum is the sum of the linear momenta of all
particles; that is

p =
N∑

i=1

miṙi.

When a force is applied to a particle for a period of time [t1, t2], the resulting force
impulse is defined as

I =
∫ t2

t1

Fidt = pi(t2) − pi(t1).
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If the net force acting on a system of N particles is zero, then the impulse vanishes and
the previous equation becomes

N∑
i=1

pi(t2) =
N∑

i=1

pi(t1).

The previous equation is known as the conservation of linear momentum.
The time change of the linear momentum of a particle is equal to net forces acting on

it; that is,
Fi = ṗi.

The previous equation is the generalized version of Newton’s second law of dynamics,
and can be reduced to its more common form, Fi = mir̈i when the mass of the particle
is constant.

7.3 Angular Momentum of Particles

The angular momentum of a particle is a vector quantity that represents the moment exerted
by its linear momentum about a set of coordinates located at some point in space. For a particle
of mass mi, located at position ri measured from a point O, the angular momentum can be
defined as

LiO = ri × pi = ri × (miṙi), (7.11)

where, as shown in Figure 7.9, ṙi is the velocity of the particle measured with respect to point
O. For N particles, the angular momentum is the vectorial sum of the angular momenta of all
particles; that is,

LO =
N∑

i=1

ri × pi =
N∑

i=1

ri × (mṙi). (7.12)

n̂1

n̂2

O

mi

ri

ṙi

Li

Figure 7.9 Angular momentum of a particle about point O.
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Note that the angular momentum is perpendicular to the position vector r and the velocity ṙ.
Hence, for planar motion of particles, the angular momentum is always perpendicular to the
plane. It is also worth noting that, for motion along a line for which ri and ṙi are parallel, the
angular momentum is zero.

The angular momentum can be related to the net moment exerted by the external forces
acting on the particle about an inertial point. To find this relationship, we differentiate
Equation (7.12) once with respect to time and obtain

dLO

dt
=

N∑
i=1

(
dri

dt
× pi + ri ×

dpi

dt

)
. (7.13)

Noting that pi = mi
dṙi

dt and substituting into the previous equation, we obtain

dLO

dt
=

N∑
i=1

(
dri

dt
× mi

dri

dt
+ ri × mir̈i

)
. (7.14)

The first term in the previous equation vanishes. Then, according to Newton’s second law,
the term mir̈i = Fi, where Fi is the vectorial sum of all external forces acting on particle mi

(internal forces cancel out because they are equal in magnitude and opposite in direction). This
yields:

dLO

dt
=

N∑
i=1

ri × Fi = MO (7.15)

where MO is the sum of external moments about a set of axes whose origin is located at
point O.

Equation (7.15) states that the net change of angular momentum of a system of particles
about a given inertial point O is equal to the moments exerted by all external forces acting on
the system summed about point O. It follows from Equation (7.15) that when the net moment
exerted by all forces about a given point is zero, the angular momentum about this point is
conserved; that is:

dLO

dt
= 0, LO(t1) = LO(t2) (7.16)

Equation (7.16) is referred to as the principle of conservation of angular momentum.

Example 7.7 Spherical Pendulum Revisited

Consider the spherical pendulum shown in Figure 7.10. The pendulum consists of a mass m
and a rigid cable of length r. Use the concept of angular momentum to obtain the equation of
motion of the pendulum.

As stated in Equation (7.15), time variation of the angular momentum about point O is
equal to the moment exerted by all external forces about a set of coordinates located at point
O; that is

dLO

dt
= MO,
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Figure 7.10 A spherical pendulum with rigid cable.

where

dLO

dt
=

d
dt

(OP × mNvP/O) = OP × dvP/O

dt
= OP × aP/O.

Here OP = −rb̂3 and

NaP/O = (rθ̈ − rφ̇2 sin θ cos θ)b̂1 + (2rθ̇φ̇ cos θ sin θ + rφ̈ sin2 θ)b̂2

+ (rθ̇2 + rφ̇2 sin2 θ)b̂3.

Carrying the cross product OP × NaP/O, we obtain

dLO

dt
= m(−2r2θ̇φ̇ cos θ sin θ − r2φ̈ sin θ)b̂1 + m(−rθ̈ + r2φ̇2 sin θ cos θ)b̂2.

The pendulum is subject to only one external force, the weight −mg ĉ3. Therefore, we
have

MO = OP ×−mgĉ3 = −mgr sin θb̂2.

Equating MO to dLO

dt , we obtain the equations of motion for the spherical pendulum as

rθ̈ + g sin θ = rφ̇2 sin θ cos θ,

2rθ̇φ̇ cos θ sin θ + rφ̈ sin θ = 0.

It is worth mentioning that the moment exerted by external forces about the b̂1 axis located at
point O is zero; that is,

dLO

dt
b̂1 = m(−2r2θ̇φ̇ cos θ sin θ − r2φ̈ sin θ)b̂1 = 0.
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The previous equation implies that LO b̂1 = constant, or that the angular momentum about the
b̂1 axis is conserved. This can be used to show that

d
dt

(mrφ̇ sin2 θ) = 0, mrφ̇ sin2 θ = Cφ

where Cφ is a constant obtained from the initial conditions.
One can also show that φ is a cyclic coordinate because the Lagrangian of the system

L = T − U does not depend on the generalized coordinate φ but only depends on the gen-
eralized velocity φ̇. Hence, there is a direct relationship between the conservation of angular
momentum about the b̂1 axis and the presence of a cyclic coordinate. This relationship will
become clearer when we discuss Hamilton’s canonical equations in Section 7.6.

Flipped Classroom Exercise 7.2

A satellite of mass m is launched into a geostationary transfer orbit. At its perigee, the
point where the satellite is closest to the earth, the satellite has an altitude of rp. At
apogee, the point where the satellite is furthest from the earth, the satellite has altitude
ra. Calculate the speed of the satellite at perigee vp, and at apogee, va.

rp

ra C

M m

apogee

perigee

To solve this problem, take the following steps:

1. Treat the earth and the satellites as particles.
2. Use conservation of angular momentum to find a relationship between vp and va.
3. Use conservation of energy to find another relationship between vp and va. Assume

that the kinetic energy of the earth is constant. Note that the satellite is attracted to
the center of the earth following Newton’s law of attraction.

4. Solve the two relationships for va and vp and show that

vp =
2GMmra

rp(rp + ra)
, va =

2GMmrp

ra(rp + ra)
,

where G is the gravitational constant and M is the effective mass of the earth.

7.3.1 Angular Impulse

Similar to the force impulse previously defined for linear momentum, there exists an angular
impulse associated with angular momentum. To describe the relationship between the angular
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impulse and angular momentum for one particle, we start by stating that

Fi =
dpi

dt
. (7.17)

To find the angular momentum about an inertial point O, we take the cross product ri × Fi,
where ri is the position vector between point O and the particle. This yields

ri × Fi = ri ×
dpi

dt
. (7.18)

Integrating the previous equation from t1 to t2, we obtain
∫ t2

t1

ri × Fidt =
∫ t2

t1

ri × dpi, (7.19)

or ∫ t2

t1

MiOdt =
∫ t2

t1

dLi = Li(t2) − Li(t1), (7.20)

or ∫ t2

t1

MiOdt = Li(t2) − Li(t1) (7.21)

where MiO is the moment exerted by the forces acting on the particle about point O. The
integral on the left-hand side of Equation (7.23) is known as the angular impulse.

Next, we assume that two particles i and j are interacting due to some internal forces
fij = −fji, but are not subject to any external forces, as shown in Figure 7.11. We apply
Equation (7.23) to each one of these particles and write

∫ t2

t1

(ri × fij)dt = Li(t2) − Li(t1), (7.22a)

−
∫ t2

t1

(rj × fij)dt = Lj(t2) − Lj(t1). (7.22b)

n̂1

n̂2

O

mi

ri

mjrj

ri – rj

fij

fji

Figure 7.11 Angular impulse of two interacting particles.
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Adding the previous equations we have∫ t2

t1

(ri − rj) × fijdt = Li(t2) − Li(t1) + Lj(t2) − Lj(t1). (7.23)

Note that (ri − rj) is parallel to fij . Equation (7.23) can therefore be reduced to

Li(t1) + Lj(t1) = Li(t1) + Lj(t2). (7.24)

Therefore, we conclude that, in the absence of external forces, the angular momentum of the
particles at time t1 is equal to their angular momentum at time t2. In other words, regardless
of the nature of the angular impulse and the associated internal forces causing it, the angular
momentum is always conserved.

Equation (7.24) can be extended to N particles such that

N∑
i=1

Li(t1) =
N∑

i=1

Li(t2) (7.25)

Example 7.8 Angular Impulse and Momentum

Two massless rods of length l are welded together at their midpoints, perpendicular to each
other, to make the cross shape shown in Figure 7.12. Three particles of mass m are then
attached to the end of the rods. The whole system is suspended at point O using a joint that
permits rotation about the n̂2-axis only. The right-hand mass is struck so that it receives an
impulse of magnitude −In̂3. Find the angular velocity of the system right after impact.

Using Equation (7.23), we can write

r ×
∫ t2

t1

Fdt = LO(t2) − LO(t1),

O

n̂1

n̂2

n̂3

l/2
l/2

l/2

l/2

I
m

m

m

Figure 7.12 A suspended system subject to an impulse.
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where r is the position vector from point O to the point where the impulse is applied,
∫ t2

t1
Fdt =

−In̂3 is the impulse force, and LO(t2) and LO(t1) are, respectively, the angular momentum
of the system about point O before and after impact.

Noting that LO(t1) = 0 since the system is stationary before impact, and applying the pre-
vious equation about the n̂2-axis, we obtain

l

2
n̂1 ×−In̂3 =

l

2
n̂1 × (mΩn̂2 ×

l

2
n̂1) −

l

2
n̂1 × ((mΩn̂2 ×− l

2
n̂1)) = m

l2

2
Ωn̂2,

Ω =
I

ml
,

where Ω is the angular velocity of the system about the n̂2-axis right after impact.

Angular Momentum of Particles

The angular momentum, L, of a particle of mass mi about an inertial point O is
defined as

LiO = ri × miṙi

where ri is the position vector from point O to the particle, and ṙi is the velocity of the
particle measured with respect to point O. For N particles, the angular momentum is
the sum of the angular momenta of all particles; that is,

LO =
N∑

i=1

LiO.

The moment M exerted by a net force acting on a particle about point O can be related
to the angular momentum of the particle via

∫ t2

t1

MiOdt = LiO(t2) − LiO(t1),

where
∫ t2

t1
MiOdt is the angular impulse. Here, the time interval [t1, t2] represents the

time for which the moment is applied.
If the net moment acting on a system of N particles is zero, then the angular impulse

vanishes and the previous equation becomes

N∑
i=1

LiO(t2) =
N∑

i=1

LiO(t1).

The previous equation is known as the conservation of angular momentum.
The time rate of change of the angular momentum about a given point O is equal to

the net moments acting on the same point; that is,

dLO

dt
= MO.
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7.4 Angular Momentum of Rigid Bodies (Planar Motion)

To determine the angular momentum of a rigid body undergoing planar motion, we consider
the arbitrarily-shaped rigid body shown in Figure 7.13. The body is rotating with an angular
velocity NωB and angular acceleration NαB , where the B-frame is a rotating body frame and
the N -frame is an inertial frame.

Without loss of generality, since we are considering planar rigid-body motion, we can
assume that the motion occurs in the (b̂1, b̂2)-plane and that rotations occur only about the b̂3
axis. As such, we can write NωB = ω3b̂3 and NαB = α3b̂3, where ω3 and α3 are, respectively,
the magnitudes of the angular velocity and acceleration of the rigid body about the b̂3 axis.

We take a differential element, dm, located at point P on the body, and describe its position
and velocity with respect to an inertial point Q as

QP = QO + r, (7.26)

NvP/Q = NvO/Q + NωB × r. (7.27)

To obtain the angular momentum of a rigid body, we must specify a point about which it will be
calculated. In what follows, we discuss three such points: the first involves finding the angular
momentum about an axis passing through the center of mass of the body, the second involves a
fixed point on the body, and the third involves finding the angular momentum about an inertial
point in space.

7.4.1 Angular Momentum about an Axis Passing through the Center of Mass

The differential angular momentum exerted by a differential element dm about an axis passing
through point G can be written as

dLG = rG × NvP/Qdm. (7.28)

Q

O

dm

N

B
r

P

rG

G

F1

F2

F3

Fi

Figure 7.13 Coordinate system used for the derivation of the angular momentum expression for rigid
bodies. (See color plate section for the color representation of this figure.)



200 Dynamics of Particles and Rigid Bodies

The total angular momentum of the body about an axis passing through point G can therefore
be obtained by integrating the previous equation over the volume to obtain

LG =
∫
V
rG × NvP/Qdm, (7.29)

which upon substituting Equation (7.27) becomes

LG =
∫
V
rGdm × NvG/Q +

∫
V
rG × (NωB × rG)dm. (7.30)

Since
∫
VrGdm = 0, the previous equation reduces to

LG =
∫
V
rG × (NωB × rG)dm. (7.31)

For planar motion, we can write rG = xGb̂1 + yGb̂2 in the previous equation and obtain

LG =
∫
V
(xGb̂1 + yGb̂2) × (ω3b̂3 × (xGb̂1 + yGb̂2))dm,

LG = ω3

∫
V
(x2

G + y2
G)b̂3 = IGω3b̂3,

(7.32)

where IG is the moment of inertia of the rigid body about the b̂3 axis, normal to the plane and
passing through the center of mass G.

Since, for planar motion, the angular momentum is always pointing in the b̂3 direction, we
drop the vectorial notation for simplicity, and write

LG = IG ω3 (7.33)

where it is inherently assumed that the vectorial terms in the equation are pointing in the b̂3
direction. The previous equation states that, for planar motion, the angular momentum of a
rigid body about an axis passing through its center of mass is equal to its moment of inertia
times its angular velocity.

By virtue of Equation (7.15), the moment exerted by all external forces and moments acting
on the rigid body about point G can be obtained by differentiating Equation (7.33) with respect
to time to obtain

dLG

dt
b̂3 = MGb̂3 = IGω̇3b̂3 + ω3b̂3 × (IGω3)b̂3

dLG

dt
b̂3 = IGω̇3b̂3

(7.34)

where the term ω3b̂3 × (IGω3)b̂3 results from differentiating ω3b̂3, a vector described in the
rotating B-frame, with respect to an inertial observer located in the N -frame. Omitting the
vectorial notation from the previous equation, and letting ω̇3 = α3, where α3 is the angular
acceleration about the b̂3 axis, we obtain

MG = IGα3 (7.35)
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7.4.2 Angular Momentum about an Axis Passing through a Fixed Point
on the Body

A fixed point on the body is another point about which the expression of angular momentum of
a rigid body simplifies extensively. In such a case, the differential angular momentum exerted
by the differential element dm about a fixed point O can be written as

dLO = r × NvP/Odm, (7.36)

where, as shown in Figure 7.13, NvP/O = ω3 × r because point O is fixed. To find the total
angular momentum of the body about the fixed point, we integrate the previous equation over
the volume to obtain

LO =
∫
V
r × (NωB × r)dm. (7.37)

Letting r = xb̂1 + yb̂2 and NωB = ω3b̂3, it can be shown that the term on the right-hand side
of Equation (7.37) is equivalent to IOω3. Here, IO is the moment of inertia about the b̂3 axis
passing through point O. It follows that

LO = IO ω3 (7.38)

Again, the moment exerted by all external forces and moments acting on the rigid body about
a set of axes located at point O can be obtained by differentiating Equation (7.38) once with
respect to time to obtain

MO = IO α3 (7.39)

7.4.3 Angular Momentum about an Axis Passing through an Arbitrary
Inertial Point

By referring to Figure 7.13, we can express the differential angular momentum exerted by the
motion of the differential element dm about an inertial coordinate system located at point Q as

dLQ = (QO + r) × NvP/Qdm. (7.40)

To find the total angular momentum, we integrate the previous equation over the volume and
obtain

LQ =
∫
V
(QO + r) × NvP/Qdm,

LQ = QO × NvO/Q

∫
V
dm + QO ×

(
NωB ×

∫
V
rdm

)

+
∫
V
rdm × NvO/Q +

∫
V
r × (NωB × r)dm.

(7.41)

Choosing point O to coincide with the center of gravity G, we can write

LQ = QG × mNvG/Q + QG ×
(

NωB ×
∫
V
rGdm

)

+
∫
V
rGdm × NvG/Q +

∫
V
rG × (NωB × rG)dm.

(7.42)
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Since
∫
VrGdm = 0, the previous equation reduces to

LQ = QG × mNvG/Q +
∫
V
rG × (NωB × rG)dm. (7.43)

Letting rG = xGb̂1 + yGb̂2 and NωB = ω3b̂3, we can show that the last term in the equation
is equivalent to IG ω3, where IG is the moment of inertia about the b̂3 axis passing through the
center of mass G. Therefore, Equation (7.43) can be written as:

LQb̂3 = QG × mNvG/Q + IG ω3b̂3. (7.44)

Since the vector QG × mNvG/Q also points in the b̂3 direction, we omit the vectorial descrip-
tion, and write the previous equation in the following form:

LQ = QG × mNvG/Q + IG ω3 (7.45)

Hence, for planar motion, the angular momentum of a rigid body about an axis located at
an arbitrary inertial point Q is equal to the angular momentum of its center of mass G about
Q plus its angular momentum about an axis passing through G.

The moment exerted by all external forces and moments acting on the rigid body about point
Q can be obtained by differentiating Equation (7.45) to obtain

dLQ

dt
b̂3 = MQb̂3 = QG × mNaG/Q + ω3b̂3 × IGω3b̂3 + IG ω̇3 b̂3 (7.46)

which can be reduced to

MQ = QG × mNaG/Q + IG α3 (7.47)

Example 7.9 Ball Impacting a Hinged Rod

A ball of mass 2m and velocity v0 impacts a hinged rod of mass m and length l at point R, as
shown in Figure 7.14. Calculate the angular velocity of the rod and the velocity of the ball just
after impact. Assume that the collision is an elastic one and the motion occurs in a horizontal
plane.

Note that there are no external forces acting on the system. Therefore, the angular momen-
tum of the system is conserved. As such, we can write

Lp + Lr(before impact) = Lp + Lr(after impact)

where Lp and Lr are respectively, the angular momentum of the particle and rod about an axis
passing through the fixed point O; that is,

−2l

3
n̂2 × 2mv0n̂1 = −2l

3
n̂2 × 2mvpan̂1 + IO θ̇n̂3
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O

l
3

2l
3

n̂1

n̂2

R
v0

2m

m

Figure 7.14 A ball impacting a hinged rod.

where vpa is the velocity of the particle after impact, θ̇ is the angular velocity of the rod
after impact, and IO = 1

3ml2 is the moment inertia of the rod about point O. Rearranging
the previous equation yields

vpa = v0 −
1
4
lθ̇.

Since the collision is purely elastic, the kinetic energy before and after impact is conserved:

1
2
(2m)v2

0 =
1
2
IO θ̇2 +

1
2
(2m)v2

pa.

Solving the previous two equations together yields

vpa =
5
11

v0, θ̇ =
24
11

v0

l
.

Example 7.10 Sliding to Rolling

Consider a hoop of mass m and radius R that slides over a rough surface with initial velocity
V0. Over time, and due to frictional forces, the ring starts to roll (Figure 7.15). Find the velocity
at which the ring starts rolling. What happens to the obtained velocity if you replace the ring
with a hollow sphere?

This problem can be solved in many different ways. Here we will use conservation of angular
momentum. Note that the line of all forces acting on the body passes through the contact point
O. Therefore, the angular momentum is conserved about a set of coordinates passing through
point O. As such, we can write

LO(t1) = LO(t2).
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R
V0

O

G

Figure 7.15 Transition from sliding to rolling.

Initially the ring slides without rolling, and, as a result, the angular momentum of the ring about
point O is LO(t1) = mRV0. At the point when the ring only rolls about point O, the angular
momentum about point O becomes LO(t2) = IOω, where ω can be related to the velocity Vf

of the center of mass via ω = Vf

R . Also, for the ring, IO = IG + mR2 = 2mR2. This yields

mRV0 = 2mR2 Vf

R
, Vf =

V0

2
.

When the ring is replaced with a hollow sphere, the moment of inertia about the center of mass
becomes IG = 2

3mR2. Therefore, we can write:

mRV0 =
5
3
mR2 Vf

R
, Vf =

3
5
V0.

Thus, the hollow sphere starts rolling at a higher speed.

Flipped Classroom Exercise 7.3

A ball of mass 2m and velocity v0 impacts a free rod of mass m and length l at point R,
as shown in the figure. Calculate the angular velocity of the rod and the velocity of the
ball and the point of impact on the rod just after impact. Assume that the collision is an
elastic one and the motion occurs in a horizontal plane.

R

m

G

l
3

2l
3

v0
2m

n̂1

n̂2
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The problem has three unknowns, namely the angular velocity of the rod θ̇, the veloc-
ity of the particle after impact vpa, and the velocity vra of the point of impact on the rod
after impact. To find these unknowns, take the following steps:

1. Since there are no external forces acting on the system, apply conservation of linear
momentum at the point of impact.

2. Apply conservation of angular momentum about the center of mass.
3. Since the impact is elastic, apply conservation of kinetic energy.
4. Solve the previous three equations together and show that

θ̇ =
24
7

v0

l
, vpa =

4
7
v0, vra =

6
7
v0.

7.5 Angular Momentum of Rigid Bodies (Non-planar Motion)

The process of deriving the angular momentum expression for non-planar motion of rigid
bodies is very similar to that explained in the previous section. The only difference is that the
equations are expressed in a general vectorial form, as outlined below.

7.5.1 Angular Momentum about a Set of Axes Located at the Center of Mass

Referring back to Figure 7.13, the equation governing the angular momentum about an axis
passing through the center of mass is

LG = IG
NωB , (7.48)

where IG is the inertia matrix about point G. To obtain the moment about a set of axes located
at point G, we differentiate the previous equation and obtain

dLG

dt
= MG = NωB × (IG

N ωB) + IG
NαB . (7.49)

Note that, unlike planar body motion, the term NωB × (IG
NωB) does not vanish when

considering non-planar rigid-body motion. It is also worth noting that the previous equation
is nothing but the Euler rotational equation derived in Chapter 3 for non-planar rigid-body
motion.

Upon choosing the set of axes whose origin is located at point G to align with the principal
axis of rotation (the set of axes about which the product of inertia terms vanish) the previous
equation reduces to

M1G = I11Gα1 + (I33G − I22G)ω3ω2,
M2G = I22Gα2 + (I11G − I33G)ω1ω3,
M3G = I33Gα3 + (I22G − I11G)ω1ω2.

(7.50)

where MiG is the moment exerted by the external forces and moments about the ith axis
passing through point G, IiiG is the mass moment of inertia about the ith axis passing through
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point G, ωi is the angular velocity about the ith axis, and αi is the angular acceleration about
the ith axis.

7.5.2 Angular Momentum about a Set of Axes Located at a Fixed Point

The equation governing the angular momentum about a set of axes located at a fixed point on
the body is given by

LO = IO
NωB , (7.51)

where IO is the inertia matrix about point O. To obtain the moment about a set of axes located
at point O, we differentiate the previous equation and obtain

dLO

dt
= MO = NωB × (IO

NωB) + IO
NαB . (7.52)

Again, upon choosing the set of axes whose origin is located at point O to align with the
principal axis of rotation, the previous equation reduces to

M1O = I11Oα1 + (I33O − I22O)ω3ω2,
M2O = I22Oα2 + (I11O − I33O)ω1ω3,
M3O = I33Oα3 + (I22O − I11O)ω1ω2,

(7.53)

where MiO is the moment exerted by the external forces and moments about the ith axis
passing through point O, IiiO is the mass moment of inertia about the ith axis passing through
point O, ωi is the angular velocity about the ith axis, and αi is the angular acceleration about
the ith axis.

7.5.3 Angular Momentum about a Set of Axes Located at an Arbitrary
Inertial Point

The equation governing the angular momentum about a set of axes located at an arbitrary
inertial point Q is given by

LQ = QG × mNvG/Q + IG
NωB . (7.54)

The moment exerted by all external forces and moments acting on the rigid body about point
Q can be obtained by differentiating Equation (7.54), giving:

dLQ

dt
= MQ = QG × mNaG/Q + NωB × (IG

NωB) + IG
NαB . (7.55)

7.5.4 Conservation of Angular Momentum for Rigid Bodies

When the net moments exerted by forces acting on a rigid body about a set of axes located at
an arbitrary point, say O, is zero, one can write

dLO

dt
= 0. (7.56)
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Integrating this with respect to time, we can write

LO = constant (7.57)

or

LO(t1) = LO(t2). (7.58)

Therefore, the angular momentum of rigid bodies is conserved when there are no external
forces or moments acting on them.

Example 7.11 Rotating Disks

As shown in Figure 7.16, two disks, each of mass m, are rotating around the same axis with
equal but opposite angular velocities ω0. The upper disk has a radius r while the lower disk
has a radius 2r. The upper disk slides down and comes into contact with the lower disk. Due to
frictional forces, the two disks start rotating together. What is their angular velocity of rotation?
What would the angular velocity of rotation be if the two disks had the same radius?

To solve this problem we first note that there are no external forces or moments acting on
the system, so the angular momentum is conserved and we can write

L(t1) = L(t2).

Before the two disks come together and start rotating as one rigid body, each disk has a
different angular momentum, given by L1 = 1

2mr2ω0 for disk 1 and L2 = − 1
2m(2r)2ω0

for disk 2. After they come together, they have one angular momentum given by
LT =

( 1
2mr2 + 1

2m(2r)2
)
ωf ; where ωf is the angular velocity of the combined system.

Thus, we can write

1
2
mr2ω0 −

1
2
m(2r)2ω0 =

(
1
2
mr2 +

1
2
m(2r)2

)
ωf .

Solving the previous equation yields ωf = − 3
5ω0. If the two disks have similar radius and

mass, then their angular momentum cancels out and ωf = 0.

ω0

ω0

m

m

r

2r

ωf = ?

t1 t2

2r

Figure 7.16 Angular momentum of rotating disks.
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Example 7.12 Sliding Lollipop

A lollipop of mass m and radius r is radially pierced by a massless stick, as shown in
Figure 7.17. The free end of the stick is pivoted on the smooth ground. The lollipop slides
without rolling on the surface shown, such that the center of the lollipop is always at a distance
R from point Q and rotates at an angular frequency Ω. Find the reaction force between the
ground and the lollipop.

We can solve this problem in two different ways; either using Newton’s translational
equations or using Euler’s rotational equations. We will describe both approaches.

Newton’s second law: To apply Newton’s second law, we first find the acceleration of the
center of mass G with respect to point Q. To this end, we define a new frame, the A-frame,
such that NωA = Ωâ2. Using this definition, the acceleration of point G with respect to point
Q can be written as:

aG/Q = −RΩ2â1

To apply Newton’s equations, we draw a free-body diagram, as shown in Figure 7.18. Summing
forces in the â1 and â2 direction, we can write

Qx = −mRΩ2, Q cos θ = −mRΩ2, Q = −m
√

R2 + r2Ω2,

Qy + RN − mg = 0, RN = mg − Q
r√

R2 + r2
.

Solving the previous two equation for RN yields

RN = mg + mrΩ2.

Euler’s rotational equation: We sum moments about an axis passing through point Q and
write

MQ = QG × mNaG/Q + NωB × IG
NωB + IG

NαB .

Q

r

R

θ

n̂1

n̂2

GΩ

Figure 7.17 Sliding lollipop.

Q

r
θ

G

RNmgQy

Qx

Figure 7.18 Free-body diagram of a sliding lollipop.
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Noting that NαB = 0 and NωB × IG
NωB = 0, we can write

(RNR − mgR)â3 = (Râ1 + râ2) × (−mRΩ2â1), RN = mg + mrΩ2.

Example 7.13 Solid Parallelepiped Impacts an Obstacle

The corner P , of a solid parallelepiped of mass m and dimensions (l, 2l, l) moves with a con-
stant velocity v n̂1 before it hits an obstacle, as shown in Figure 7.19. The impact results
in an impulse −In̂1. Find the velocity of the center of mass and the angular velocity of the
parallelepiped right after impact.

To solve this problem, we first apply the translational impulse equation to the parallelepiped;
that is

p(t2) − p(t1) =
∫ t2

t1

Fdt.

It follows that

mvG − mvn̂1 = −In̂1, vG =
(

v − I

m

)
n̂1.

To obtain the angular velocity after impact, we apply the angular impulse equation about the
center of mass as follows:

LG(t2) − LG(t1) =
∫ t2

t1

MGdt,

which yields

IG11ω1n̂1 + IG22ω2n̂2 + IG33ω3n̂3 = GP × (−In̂1),

where GP = 1
2(ln̂1 + 2ln̂2 + ln̂3). Upon rearranging and solving this for the angular velocity

components, we obtain

ω1 = 0, ω2 =
−2lI

2IG22
, ω3 =

lI

2IG33
,

n̂1

n̂2

n̂3

G

P

v

Figure 7.19 A solid parallelepiped impacting an obstacle.
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where IG22 = 5
12ml2 and IG33 = 1

3ml2. Thus we can write

ω =
12I

5ml
n̂1 +

3I

ml
n̂2.

Example 7.14 Ball Impacting a Door

A ball of mass m and velocity −v0n̂3 impacts the corner of the door of mass αm, as shown
in Figure 7.20. Find the angular velocity of the door right after impact. The coefficient of
restitution between the ball and the door is e = 3

4 .
Since there are no external forces acting on the body, we can use conservation of angular

momentum to solve the problem. Before impact, the ball is the only moving body and it has
an angular momentum of −mav0n̂2 about the hinge. Right after impact, we have:

Lballn̂2 = mavbn̂2,
Ldoorn̂2 = −Idoorω = − 1

3αma2ωn̂2,

where vb is the velocity of the ball right after impact and, Idoor is the moment of inertia of the
door about the n̂2-axis.

Applying conservation of angular momentum, we obtain

vo = −vb +
1
3
αaω.

This involves two unknowns, namely vb and ω, so a second equation is necessary. This equation
is obtained using the coefficient of restitution, which is defined as

e =
vd − vb

−v0
,

n̂1

n̂2

a

b

ω

Figure 7.20 Ball impacting a door.
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where vd = −aωn̂3 is the velocity of the door right after impact. It follows that

vb =
3
4
v0 − aω.

Using the two equations for vb and solving for ω yields

ω =
7
4

v0

a(1 + 1
3α)

.

Flipped Classroom Exercise 7.4

A homogeneous thin plate in the form of a right-angled triangle of mass m can rotate
freely about a fixed ball and socket joint at the right angle O. The perpendicular edges
have lengths l and 2l. Initially, point A is stationary, and the plate rotates with angular
velocity Ω0 about OA. Corner A is suddenly released, while corner B is simultaneously
fixed. Find the new angular velocity Ω1 about OB.

n̂1O

n̂2

l

2l

A

B

To solve this problem, take the followings steps:

1. Check if there are any external forces acting on the system. If not, use conservation
of angular momentum.

2. Find the angular momentum of the plate before point A is released. Do not forget
about the contribution of the product of inertia terms.

3. Find the angular momentum of the plate after point A is fixed. Do not forget about
the contribution of the product of inertia terms.

4. Apply conservation of angular momentum to show that Ω1 = − 1
4Ω0.
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Angular Momentum of Rigid Bodies

The angular momentum of rigid bodies can be obtained about a set of axes located at
any point in space. However, it takes a very simple form when summed about one of the
following points:

1. The center of mass G, for which the angular momentum, LG, takes the form:

LG = IG
NωB ,

where IG is the moment of inertia matrix about point G and NωB is the angular
velocity vector calculated in the body rotating frame. Differentiating the previous
equation with respect to time yields:

MG = NωB × (IG
NωB) + IG

NαB ,

where MG is the net moment acting on point G and NαB is the angular acceleration
vector measured in the body rotating frame.

2. A fixed point on the body, O, for which the angular momentum, LO, takes the form:

LO = IO
NωB ,

where IO is the matrix of moment of inertia about point O. Differentiating the pre-
vious equation with respect to time yields:

MO = NωB × (IO
NωB) + IO

NαB ,

where MO is the net moment acting on point O.

3. An inertial point in space, Q , for which the angular momentum, LQ, takes the form:

LQ = QG × mNvG/Q + IG
NωB ,

where QG is the position vector from point Q to the center of mass G, and NvG/Q is
the velocity of point G with respect to point Q. The moment exerted by all external
forces acting on the rigid body about point Q can be obtained by differentiating the
previous equation, to obtain

MQ = QG × mNaG/Q + NωB × (IG
NωB) + IG

NαB ,

where NaG/Q is the acceleration of point G with respect to point Q.
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7.6 Generalized Momenta

Similar to the generalized coordinates and generalized forces we used in Chapter 5 to describe
Lagrange’s equations, there also exist generalized momenta pj , which can be defined as:

pj =
L
q̇j

(7.59)

where L is the system’s Lagrangian and qj is the generalized coordinate associated with the
generalized momentum. As an example, consider the horizontal motion of a particle along
a straight line for which the generalized coordinate is q = x and for which the Lagrangian
is L = 1

2mẋ2. The generalized momentum of this particle is given by px = L
ẋ = mẋ, which

is nothing but the linear momentum of the particle. Similarly, the Lagrangian of a particle of
mass m in circular motion of radius R in a horizontal plane can be expressed as L = 1

2mR2θ̇2.
Using θ as the generalized coordinate to describe the motion of the particle, one finds that
the generalized momentum of the particle is pθ = mR2θ̇, which is equivalent to the angular
momentum of the particle.

In 1835, Hamilton introduced a reformulation of Lagrange’s equation based on the use of
generalized momenta. The main difference between the Hamilton equation and Lagrange’s
is that the latter yields a set of differential equations, usually second order, described in terms
of the position, velocity, and acceleration of the system; the former yields a set of first-order
differential equations described in terms of the position, velocity, and generalized momenta
of the system.

To express the dynamics of the system in Hamilton’s form, we first introduce the following
quantity:

H(qj , pj , t) =
M∑
j=1

pj q̇j − L(qj , q̇j , t), (7.60)

where H is called the Hamiltonian, qj are the generalized coordinates, and pj are the general-
ized momenta. Differentiating Equation (7.60) once with respect to qj , we obtain

∂H
∂qj

= − ∂L
∂qj

. (7.61)

Using Lagrange’s equation for a conservative system, the term on the right-hand side of the
previous equation can be written as

∂L
∂qj

=
d
dt

(
∂L
∂q̇j

)
. (7.62)

By virtue of Equation (7.59), the previous equation becomes

∂L
∂qj

=
d
dt

(
∂L
∂q̇j

)
= ṗj . (7.63)
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Substituting the previous equation back into Equation (7.61) yields

∂H
∂qj

= −ṗj (7.64)

Taking the partial derivative of Equation (7.60) with respect to pi yields

∂H
∂pj

= q̇j (7.65)

Equations (7.64) and (7.65) are known as Hamilton’s canonical equations and can be used
directly to describe the motion of a system in terms of its position, velocity, and generalized
momenta. In addition to the previous equations, it is also interesting to see that taking a partial
derivative of the Hamiltonian described by Equation (7.60) with respect to time, yields the
interesting result

∂H
∂t

= −∂L
∂t

. (7.66)

It turns out that, under certain conditions that will be described next, the Hamiltonian H
is equal to the total energy of the system; in other words, H = T + U , where T and U are,
respectively, the kinetic and potential energy of the system. To find these conditions, consider
the kinetic energy of a system of N particles each of mass mi, described in terms of their
position vector ri measured with respect to an inertial point

T =
1
2

N∑
i=1

miṙi.ṙi. (7.67)

Next, let the position vector ri be described in terms of M generalized coordinates; that is,
r = r(q1, q2, . . . , qM) without dependence on time t. The velocity of the ith particle can there-
fore be written as

ṙi =
M∑
j=1

∂ri

∂qj

q̇j . (7.68)

It follows that

T =
1
2

N∑
i=1

M∑
j=1

mi

(
∂ri

∂qj

q̇j

)
.

(
∂ri

∂qj

q̇j

)
. (7.69)

Differentiating the previous equation with respect to q̇j and multiplying by q̇j , yields

M∑
j=1

∂T
∂q̇j

q̇j =
N∑

i=1

M∑
j=1

mi

(
∂ri

∂qj

q̇j

)
.

(
∂ri

∂qj

q̇j

)
= 2T . (7.70)
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Assuming that the potential energy U is only a function of the generalized coordinates, qj but
not their derivatives, q̇j – i.e. U = U(qj) – then using the definition of the Hamiltonian

H(qj , pj , t) =
M∑
j=1

∂L
∂q̇j

q̇j − L(qj , q̇j , t), (7.71)

we can write

H(qj , pj , t) =
M∑
j=1

∂T
∂q̇j

q̇j − T + U . (7.72)

Substituting Equation (7.70) into the Equation (7.72), we obtain

H(qj , pj , t) = 2T − T + U = T + U . (7.73)

Note that the conclusion that the Hamiltonian is the total energy of the system is valid only
when:

• the position of the system of particles does not depend explicitly on time; that is,
r = r(q1, q2, . . . , qM); otherwise, Equation (7.68) does not hold;

• the potential energy U is only a function of the generalized coordinated; otherwise,
∂L
∂q̇j

�= ∂T
∂q̇j

;
• the system is conservative; otherwise the total energy of the system is not conserved.

Example 7.15 Accelerating Particle

A particle of mass m is constrained to move on the massless rod shown in Figure 7.21. The
rod is accelerating vertically against gravity with a constant acceleration a n̂2 measured with
respect to the inertial frame. Find the Hamiltonian of the system. Is it equal to the total energy?
If so why? If not, why not?

n̂1

n̂2

O

P

a

x

y

Figure 7.21 Motion of a particle on a vertically accelerating rod.
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First, we obtain the Lagrangian of the system L, which is given by

L =
1
2
mNvP/O.NvP/O − mgy,

where vP/O = ẋn̂1 + ẏn̂2, ÿ = a, ẏ = at, and y = at2/2 (assuming zero initial conditions).
It follows that

L =
1
2
m(ẋ2 + a2t2) − mga

t2

2
.

The Hamiltonian of the system is

H =
m

2
(ẋ2 − a2t2) + mga

t2

2
.

Note that this is not equal to the total energy T + U = 1
2m(ẋ2 + a2t2) + mga t2

2 . This is
because the position of the particle depends explicitly on time: OP = xn̂1 + at2/2n̂2.

Example 7.16 Simple Pendulum

Write the Lagrangian and Hamiltonian of the motion of a simple pendulum (Figure 7.22).
Show that the Hamiltonian is the total energy of the system. Describe the equations of motion
in Hamilton’s canonical form.

For the simple pendulum, the kinetic and potential energies can be written as

T =
1
2
ml2θ̇2, U = −mgl cos θ.

It follows that the Lagrangian can be written as

L = T − U =
1
2
ml2θ̇2 + mgl cos θ,

and that the Hamiltonian is

H =
∂L
∂θ̇

θ̇ − L = pθ θ̇ − mgl cos θ − 1
2
ml2θ̇2.

m

θ l

O

Figure 7.22 Motion of a simple pendulum.
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Since pθ = ml2θ̇, the previous equation reduces to

H = −mgl cos θ +
1
2
ml2θ̇2,

which is the total energy of the pendulum. To obtain the equations of motion in the canonical
form, we eliminate the dependence on θ̇ from the Hamiltonian and obtain

H(θ, pθ) = −mgl cos θ +
p2

θ

2ml2
.

Using the previous equation, the equation of motion can be written as

∂H
∂θ

= −ṗθ, ṗθ = −mgl sin θ,

∂H
∂pθ

= θ̇, pθ = ml2θ̇.

A very interesting result that directly emanates from the application of Hamilton’s equation
to a system involving a cyclic or ignorable coordinate is that the generalized momentum
associated with that coordinate is conserved. Recall that, for an ignorable coordinate qj , the
Lagrangian depends only on q̇j but not on qj itself. By the definition of the Hamiltonian, it
follows that the Hamiltonian also depends only on q̇j but not on qj itself. Thus, when applying
Hamilton’s canonical equation to an ignorable coordinate, we obtain

ṗj = 0 or pj = constant. (7.74)

Example 7.17 Cyclic Coordinate

Consider the motion of a particle of mass m interacting with a point O through a central force
such that its potential energy is given by U(r) (Figure 7.23). Using polar coordinates (r, θ)
to describe the motion of the particle, obtain the equations of motion in Hamilton’s canonical
form. Are there any cyclic coordinates?

n̂1

n̂2

O

P

r

θ

b̂1b̂2

Figure 7.23 Motion of a particle in a central field.
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The velocity of the particle can be written as NvP/O = ṙb̂1 + rθ̇b̂2. Thus, the Lagrangian is

L =
1
2
m(ṙ2 + r2θ̇2) − U(r).

It follows that the Hamiltonian can be written as

H =
1
2
m(ṙ2 + r2θ̇2) + U(r).

Eliminating the dependence on ṙ and θ̇ from the Hamiltonian yields

H =
1

2m
p2

r +
1

2mr2 p2
θ + Ur.

Using Hamilton’s canonical equations, we obtain

∂H
∂r

= −ṗr, ṗr =
1

6mr3 p2
θ −

∂U
∂r

,

∂H
∂pr

= ṙ, pr = mṙ,

∂H
∂θ

= −ṗθ, ṗθ = 0, pθ = constant,

∂H
∂pθ

= θ̇, pθ = mr2θ̇.

It is obvious that θ is a cyclic coordinate for which the generalized momentum, here the angular
momentum of the particle m, is conserved; that is, mr2θ̇ = c.

Flipped Classroom Exercise 7.5

For the gantry crane shown in the figure, assume that m1 = m2, then find the equation
of motion of the system using Hamilton’s canonical equations.

lθ

O
Q

P m1

m2

x

n̂1

n̂2

To solve this problem, take the following steps:

1. Find the kinetic and potential energy of the system.
2. Find the Lagrangian of the system.
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3. Using the Lagrangian, find the Hamiltonian and check whether it is equal to the total
energy of the system.

4. Find the generalized angular momenta, px and pθ.
5. Eliminate the dependence of the Hamiltonian on ẋ and θ̇ by expressing them in terms

of px and pθ.
6. Apply Hamilton’s canonical equation on the Hamiltonian obtained in the previous

step.

Hamilton’s Canonical Equations

Using Hamilton’s canonical equations, the dynamics of a system of particles or rigid
bodies can be analyzed using a set of first-order differential equations described in terms
of the generalized coordinates qj , their derivatives q̇j , and generalized momenta pj .
These equations are given by

∂H
∂qj

= −ṗj ,

∂H
∂pj

= q̇j ,

(7.75)

where H is known as the Hamiltonian and is defined as

H(qj , pj , t) =
M∑
j=1

pj q̇j − L(qj , q̇j , t). (7.76)

The Hamiltonian reduces to the total energy of the system H = T + U when

• the position of the system of particles does not depend explicitly on time; that is,
r = r(q1, q2, . . . , qM);

• the potential energy U is only a function of the generalized coordinates;
• the system is conservative.

Exercises

7.1 A uniform disk of mass M and radius R rotates with angular velocity ω (Figure 7.24).
At one point, a piece of mass 0.1M breaks off the disk and flies vertically upward. Find
(a) the maximum height of the flying piece, and (b) the angular velocity of the disk after
the piece breaks off.
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R

O

0.1M

Figure 7.24 Exercise 7.1.

7.2 A centrifuge consists of four cylindrical containers. Each container has mass m and
radius a and is placed at a distance l from the axis of the centrifuge, as shown in
Figure 7.25. A torque τ is applied about the vertical axis of the centrifuge. Find the
time required to increase the angular velocity of the system from zero to ω.

ω

l
l

l
l

τ

Figure 7.25 Exercise 7.2.

7.3 A constant force F is applied horizontally at the top of the disk of mass M and radius
R, as shown in Figure 7.26. Show that the angular momentum of the particle about the
point of contact varies linearly with time.

R

M

F

Figure 7.26 Exercise 7.3.
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7.4 A string is wrapped several times around a cylinder of mass M and radius R. A block
of mass m is tied to the string and placed on a support such that the tension in the string
is still zero (Figure 7.27). The block is raised to a height h and the support is removed.
The block is then released. Find the velocity of the block m, just after the string has
become taut.

R

O

M

Figure 7.27 Exercise 7.4.

7.5 A uniform disk of mass m and radius R is free to rotate about point O. A particle of
mass m strikes it at point P after falling vertically down from a distance h above the
center of the wheel. The mass sticks to the wheel at the position shown in Figure 7.28.
Find the maximum angular velocity of the wheel.

RO

θ0
m

m

h

Figure 7.28 Exercise 7.5.

7.6 A meteorite of mass m strikes the Earth at the equator. Assume that the Earth is a uniform
sphere of mass M and radius R. If the length of the day was T s before the meteorite
struck, by how much does it change after the strike occurs?
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7.7 A square block of mass m and side b slides with a constant velocity v on a smooth
horizontal plane, as shown Figure 7.29. It hits a ridge at point O. What is the angular
speed of the block after it hits the ridge?

b

b

m

O

Figure 7.29 Exercise 7.7.

7.8 A square gate ABCD with sides of length a can rotate freely about line AB
(Figure 7.30). The gate is initially standing vertically, but is slightly perturbed and falls.
When AD becomes horizontal, the corner D hits a fixed support O and gets stuck.
Assuming that corner B loses contact simultaneously (without impact forces), and that
the gate starts to rotate about AO with some angular velocity, ω. Find ω.

a

a

A

B

C

D

O

ω

Figure 7.30 Exercise 7.8.

7.9 A disk of mass m and radius R is hanging via a universal joint at point A, as shown
in Figure 7.31. The disk is struck at point P (the angle between line AO and OP is a
right angle) by a ball of mass m and velocity v0. The ball sticks to the disk and they
move together. Determine the angular rotation of motion and the reaction impulse at
point A.

7.10 An electric motor of mass M rests on two narrow strips that are attached to a horizontal
table that turns with a constant angular velocity Ω, as shown in Figure 7.32. The strips
are perpendicular to the plane shown in the figure and are at distances a and b from a
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v0

R

O P

ω

m

m

A

Figure 7.31 Exercise 7.9.

vertical line passing through the center of mass of the motor. The rotor turns relative to the
stator with a constant angular velocity ωr counter-clockwise. The rotor is assumed to have
equal moments of inertia, Jr, about the horizontal and vertical lines passing through its center
of mass. Find the maximum allowed Ω before the rotor starts lifting off the strips.

G

Ω

ωr

a b

Figure 7.32 Exercise 7.10.

7.11 A massless rod AB of length 2a can rotate freely about a vertical axis passing through
point O and remains horizontal at all times (Figure 7.33). A particle of mass m is attached
at end B, while, at the other end, a disk of mass m and radius 2a is attached. The wheel
rotates with negligible friction about the axis AB, which is normal to the disk and passes
through point O. The disk remains in contact with a flat rough horizontal floor. Initially,
the system is set into motion by giving the disk an initial angular velocity 4ω0 around the
axis AB, and by giving the axis AB an initial angular velocity ω0. At the beginning, the
wheel slips, but eventually friction forces make it roll without slipping. Find the angular
velocities of the wheel and of the axis when the disk starts rolling without slipping.
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a

a

2a

2a

A

Bm
m

ω0

4ω0
O

Figure 7.33 Exercise 7.11.

7.12 A rod of mass m and length l is pinned at its center of mass G to the massless rod AB.
The rod AB is supported by two frictionless bearings and allowed to rotate about its axis
with a constant angular velocity ω, as shown in Figure 7.34. The whole setup rotates
about the vertical axis with a constant angular velocity Ω. Find the moments acting on
the rod as a result of this motion.

G

Ω

A

B

ωt

Figure 7.34 Exercise 7.12.

7.13 The rod of mass m and length l has its end A moving at a constant velocity v0 along the
horizontal axis (Figure 7.35). Assuming that there is no friction between the rod and any
of the surfaces, find the reaction forces at A and B as a function of the angle θ.
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θ A

B

v0

h

Figure 7.35 Exercise 7.13.

7.14 The mixer shown in Figure 7.36 makes an angle θ0 with the vertical, has mass m and
moments of inertia I11G, I22G, and I33G around its center of mass G, as calculated in the
body rotating B-frame. The mixer rotates with constant angular velocity Ω about the b̂2
coordinate and with varying angular velocity α(t) about the b̂1 axis. Find the reactions
at point A and point B.

Ω

α(t)

A

B

G b̂1

b̂2

l1

l2

O
l1

Figure 7.36 Exercise 7.14.



226 Dynamics of Particles and Rigid Bodies

7.15 The gear wheel shown in Figure 7.37 is being retracted as it rotates with angular velocity
Ω about its rotating axis. Find the reactions at the bearing A at the instant when the
landing gear makes an angle θ about the vertical. Assume that the wheel can be modeled
as a disk of mass m, radius R, and thickness w.

Ω
a

O

θ

b

A

w

Figure 7.37 Exercise 7.15.

7.16 Consider a bead which slides without friction on a hoop, as shown in Figure 7.38. The
hoop is constrained to rotate at a constant angular velocity Ω. Derive the equation of
motion for the bead using Hamilton’s canonical equations.

R

P

O

θ

Ω

Figure 7.38 Exercise 7.17.



8
Motion of Charged Bodies
in an Electric Field

This chapter focuses on modeling the motion of charged particles and rigid bodies under the
influence of electrostatic and electromagnetic forces. It first introduces the fundamental con-
cepts of electrostatics and electromagnetism – force, field, potential, flux and so on – then
uses these concepts to derive the equations governing the motion of charged particles and rigid
bodies for different scenarios. Using a number of solved examples, this chapter also aims at
introducing the various important applications where modeling the interaction of particles and
rigid bodies with electrostatic and electromagnetic forces can be used in actuation, sensing,
and energy generation.

8.1 Electrostatics

8.1.1 Electrostatic Forces

During elementary physics classes, you probably learned about electrostatic forces through a
commonly performed experiment in which the teacher rubs a glass rod against a piece of silk,
then brings it close to a lightweight conductor. Magically, the rod attracts the conductor. Such
attraction forces occur because the glass rod becomes positively charged as it loses electrons
when rubbed against the silk sheet. As a result, when the rod is brought close to the conductor,
the free electrons in the conductor are attracted to the glass while the positive charges are
repelled by it. This process polarizes the material, resulting in an attraction force known as the
Coulomb force of attraction.

Such attraction forces also occur, but to a lesser extent, if the rod is brought close to a
non-conducting material, which does not carry any free electrons. This is because, in the pres-
ence of the positive charges on the glass rod, orbital electrons around the nucleus tend to slow
down and spend a longer time in the vicinity of the positive charges, resulting in an electric
induction in the non-conducting material.

Dynamics of Particles and Rigid Bodies: A Self-Learning Approach, First Edition. Mohammed F. Daqaq.
© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/daqaq/dynamics

http://www.wiley.com/go/daqaq/dynamics


228 Dynamics of Particles and Rigid Bodies

In 1784, French physicist Charles Augustin de Coulomb published his law of attraction,
which predicts the attraction force between two charges of different polarity. He demonstrated
that the attraction force F12 can be described by the following equation [1]:

F12 =
1

4πε

q1q2

‖r‖2 r̂ =
1

4πε

q1q2

‖r‖3 r (8.1)

where, as shown in Figure 8.1a, q1 and q2 represent the charges of the interacting particles,
r and ‖r‖ are, respectively, the position vector and the distance from q1 to q2, r̂ is the unit
vector in the direction of r, and ε is the electric permittivity of the space enclosing the charged
particles. Upon changing the sign of one of the charges in Equation (8.1), the direction of the
force is reversed.

In Equation (8.1), the charges are measured in Coulombs (C), which is an extremely large
quantity of charge. To put it in perspective, the charge of an electron is only 1.6 × 10−19 C.

For more than two charges, it is possible to apply the principle of superposition to find the
net force on a given charge. As shown in Figure 8.1b, the force on the ith charge due to N
charges can be written as

F =
N∑

j=1

Fij . (8.2)

It is worth noting that Coulomb law of attraction looks very similar to Newton’s law of
gravitation as described in Chapter 2, with the masses of the particles replacing their charges
and the gravitational constant replacing the permittivity term 1

4πε .

Example 8.1 Ratio between Electrostatic and Gravitational Forces

Find the ratio between the electrostatic and gravitational forces for two protons separated by
a distance d.

The repulsive electrostatic force between the two protons placed at a distance d is given by

Fel =
1

4πε

q2

d2 ,

where ε = 8.854 × 10−12 C2/(N.m2) for free space and q = 1.6 × 10−19 C. Substituting the
numerical values of q and ε in the previous equation yields

Fel =
2.3 × 10−28

d2 N.

(a) (b)

F21

F12

q1

q2

r

F1i

F2i

Fji

ri1

rij
ri2

+qi

+qj

+q1

–q2

Figure 8.1 Coulomb forces between charged particles (refer to text for details).
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The gravitational force on the other hand is given by

Fm = G
m2

d2 ,

where m = 1.7 × 10−27 kg and the gravitational constant G = 6.7 × 10−11m3/(kg.s2). Sub-
stituting the numerical values of m and G in the previous equation yields

Fm =
1.9 × 10−64

d2 N.

Thus, Fel/Fm ≈ 1036. This clearly implies that, compared to the electric force, the gravita-
tional force is very weak at the atomic scale.

8.1.2 Electric Field

The electric field EP at a point P due to a charge Q can be obtained by assuming that there is
a positive test charge +q at P , calculating the Coulomb force exerted by Q on q, then dividing
the Coulomb force by the test charge q; that is,

EP =
FQq

q
=

1
4πε

Q

‖r‖2 r̂ (8.3)

In other words, as shown in Figure 8.2, the electric field can be defined as the electric force
per unit charge. The direction of the electric field is always in the direction of the Coulomb
force. The electric field at point P due to a collection of N charges is the vectorial sum of the
electric field at point P due to each charge.

Example 8.2 Zero Electric Field

Consider two charges +2q and −q placed on a line and separated by a distance d as shown in
Figure 8.3. Find the point along the line where the electric field is zero.

P
+q

Q

Ep =
FQq

q

FQq

Figure 8.2 Electric field at point P due to a positive charge Q.
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+2q –qd

x

n2ˆ

n1ˆ

Figure 8.3 Zero electric field.

To find the point/points along the line where the electric field is zero, we first find the electric
field at a distance x from the first charge, which is given by

E+2q =
1

4πε

2q

x2 n̂1

Second, we find the electric field at the same point but resulting from the second charge. This
can be written as

E−q = − 1
4πε

q

(x − d)2 n̂1.

At the point where the electric field vanishes, we have

E+2q + E−q =
2
x2 − 1

(x − d)2 = 0.

The previous equation yields two solutions for x, namely x0 = (2 ±
√

2)d. As such, there are
two points on the line at which the electric field is zero. These points are depicted by × in
Figure 8.4, which illustrates the electric field emanating from the two charges, +2q and −q.

Example 8.3 Electric Dipole

An electric dipole consists of two charges equal in magnitude and opposite in direction placed
at a distance d. Find the electric field at a point p located a distance y from the center of the
dipole, as shown in Figure 8.5. What is the electric field when y � d?

To find the electric field, we apply the principle of superposition and add the electric fields
resulting from each one of the charges forming the dipole; that is

E+ =
1

4πε

q

(y2 + d2

4 )3/2

(
d

2
n̂1 + yn̂2

)
,

E− = − 1
4πε

q

(y2 + d2

4 )3/2

(
−d

2
n̂1 + yn̂2

)
.

Adding the previous equations yields

Ep =
1

4πε

qd(
y2 + d2

4

)3/2 n̂1,

It is interesting to note that the electric field at point p is only in the n̂1 direction.
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0

–0.6

–0.4

–0.2

0.0

0.2

0.4

0.6

1 2 3
x

y
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Figure 8.4 Electric field lines due to the charges +2q and −q. (See color plate section for the color
representation of this figure.)

O d/2d/2

p

y

n2ˆ

n1ˆ

Figure 8.5 Electric field of an electric dipole.

When y � d, the previous equation reduces to

Ep =
1

4πε

qd

y3 n̂1.

This implies that, far away from the electric dipole, the electric field decays proportional to
1/y3. This is much faster than the decay rate associated with a single charge where the electric
field decays as 1/y2, as given by Equation (8.3).
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8.1.3 Electric Flux

The electric flux is a measure of the flow of the electric field through a unit area. It is a scalar
quantity defined as

Φ =
∫∫

σ(t)
E(r, t).dA (8.4)

where E(r, t) is the electric field at some position r and time t, σ(t) is the surface through
which the electric lines flow, which can be time varying, and dA is a differential element of
area on the surface σ(t). Note that the dot product implies that only electric field lines parallel
to the normal to the differential element dA contribute to the electric flux. The unit of the
electric flux is Nm2/C.

As shown in Figure 8.6, for a uniform, time-invariant electric field and a stationary surface
σ(t) = σ, the previous equation reduces to

Φ = E.A = EA cos θ, (8.5)

where θ is the angle between the electric field and the normal to the surface.

Example 8.4 Electric Flux of a Unit Charge

Find the electric flux generated by a unit charge +q.
To find the electric flux resulting from a charge, we need to calculate the flow of the electric

field lines through a surface enclosing the charge. To this end, we draw a sphere of radius R
around the charge and calculate the flux through the sphere. We note that the electric field lines
of the charge are always normal to the enclosing spherical surface, as shown in Figure 8.7, so
the electric field is always parallel to the normal to the area.

Since, as shown in Figure 8.7, for a given R the electric field, E = Q
4πεR2 r̂, is constant, the

integral in Equation (8.4) reduces to Φ = EA, where A = 4πR2 is the surface area of the
sphere. This yields

Φ =
Q

ε
,

which means that the electric flux is independent of the radius R. This is expected since the
number of electric fields lines passing through the spherical surface is independent of the radius
of the chosen surface.

dA

θ

σ
E

Figure 8.6 Electric flux through a stationary surface.
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R

+qE

r̂

Gauss surface

Figure 8.7 Electric flux of a unit charge.

It is worth noting that, in the previous example, it would have not mattered if we chose the
surface to be of any other shape, so long as it was closed and completely engulfed the charge.
Furthermore, if we have multiple charges inside the surface, then the electric flux through the
surface is the sum of the flux of all of the charges; that is

∮
E.dA =

N∑
i=1

Qi

ε
(8.6)

where N is the total number of charges and Qi is the charge of each particle inside the surface.
Equation (8.6) is due to Carl Friedrich Gauss, who originally stated it in 1813 [2]. It is now
known as Gauss’s law or Gauss’s flux theorem.

Example 8.5 Electric Field of a Charged Sphere

Consider a sphere of radius R that carries a uniformly-distributed charge +Q on its surface, as
shown in Figure 8.8. Use Gauss’s law to find the electric field distribution inside and outside
the sphere.

To solve the problem, we must first note that, due to the uniform distribution of the charge,
the electric field lines are radial, spreading from the surface of the sphere inwards or outwards.

R

Q

r

R

r

R

r < R r > R

Figure 8.8 Electric field in the vicinity of a charged sphere.
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As such, if we choose Gauss’s surface to be a concentric sphere, the integral on the left-hand
side of Equation (8.6) simplifies to EA. To this end, we find the electric field inside the charged
sphere by using a concentric sphere of radius r < R to represent the Gauss surface. It follows
from Equation (8.6) that

4πr2E =
N∑

i=1

Qi

ε
.

It follows that, since there are no charges inside the chosen Gauss surface, the electric field
vanishes inside the sphere.

To find the electric field outside the sphere, we use a concentric sphere of radius r > R to
represent the Gaussian surface. It follows that

4πr2E =
N∑

i=1

Qi

ε
=

Q

ε
.

Hence, the electric field outside the surface is given by E = Q
4πεr2 . This yields

E =

{
0, r < R

Q
4πεr2 , r ≥ R

Flipped Classroom Exercise 8.1

Find the electric field at a distance y from an infinite sheet carrying a charge density
σ = Q/A. Here, Q represents the total charge on the sheet and A is its area.

To solve this problem, take the following steps:

1. Define the Gaussian surface as a cylinder the sides of which are perpendicular to the
charged sheet. Let the height of the cylinder above and below the surface be the same
and equal to y.

2. Calculate the charge inside the cylinder.
3. Use Gauss’s law to find the electric field, noting that the electric field is perpendicular

to the surface and hence there are no electric field lines passing through the sides of
the cylinder.

4. Show that the electric field is E = σ
2ε .

8.1.4 Electrostatic Potential Energy

To explain the concept of the electrostatic potential energy, we consider two positive charges
+q, as shown in Figure 8.9. We place one of the charges at some point in space, and try to bring
the other charge from very far away (∞) and place it at a distance R from the first charge. To
achieve this task, we obviously need to do work against the repulsive force exerted by the
stationary charge on the moving charge. The necessary work is given by

W =
∫ R

∞
F.dr. (8.7)



Motion of Charged Bodies in an Electric Field 235

+q

+q
∞

R
dr FelF

Figure 8.9 Electrostatic potential energy.

Since the force exerted, F, is opposite to the repulsive electric force F12, then we have F =
−F12 and Equation (8.7) can be rewritten as

W =
∫ ∞

R

F12.dr. (8.8)

Upon substituting for F12 using Coulomb’s law, we obtain

W =
1

4πε

q1q2

R
. (8.9)

If q1 and q2 are of the same sign, the work done is positive work; otherwise it is negative.
The electrostatic potential energy stored in the charge is equal to the work done to bring the
charge to its position; in other words, W = U . Note that, similar to any conservative field, the
potential energy remains the same regardless of the path taken; that is, it is only a function of
the start and end position of the charge.

For a collection of N charges, the total potential energy is equal to the sum of the potential
energy needed to bring each charge to a given point in the vicinity of the other charges; that is

U =
1
2

N∑
i=1

qi

N (i�=j)∑
j=1

1
4πε

qiqj

rij

, (8.10)

where rij is the distance between the charges qi and qj . The factor of 1
2 in Equation (8.10)

demonstrates that the potential energy is shared mutually between the two charges.

8.1.5 Electric Potential (Voltage)

The electric potential is defined as the electrostatic potential energy per unit charge. The
relationship between the electrostatic potential energy and electric potential is similar to the
relationship between the electrostatic force and the electric field, in that the latter is equal to
the former divided by a test charge q. In other words, the electric potential VP at a point P in
space is given by

VP =
∫ ∞

R

F12

q
.dr =

∫ ∞

R

EP .dr (8.11)

where q is a positive test charge. The electric potential is commonly referred to as the voltage
and is measured in joules per coulomb (J/C) or volts.

It follows from Equation (8.3) that, for a positive charge Q, the electric potential VP at a
point P located at a distance R from the charge is given by

VP =
Q

4πεR
. (8.12)
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Now, consider two points in space, A and B, which are separated by a distance R. The
voltage associated with these points can be expressed as

VA =
∫ ∞

A

E.dr, VB =
∫ ∞

B

E.dr, (8.13)

where E is the electric field in the space containing A and B. It follows that,

VA − VB = −
∫ A

B

E.dr (8.14)

Equation (8.14) is valid independent of the path taken to go between points A and B. For a
closed loop – that is, going from point A to point A – the integral vanishes, yielding

∮
E.dr = 0 (8.15)

which implies that the voltage drop across a closed loop is always equal to zero (Kirchoff’s
voltage law).

Equation (8.14) can also be expressed in a differential form by letting VA − VB = dV and
assuming that the electric field is in the direction of r only. This yields

dV = −
∫ A

B

Edr or E = −dV
dr

(8.16)

Equation (8.16) can be generalized to any set of coordinates and any electric field by replacing
the derivative of the voltage with respect to r with the gradient of the voltage with respect to
the coordinates used to describe the electric field; that is

E = −∇V (8.17)

where ∇V represents the gradient of the electric potential. This result yields the more common
unit of the electric field of volts per meter (V/m).

Note that, similar to a gravitational field, where particles go from high to low potentials, a
positively-charged particle moves spontaneously from high electric potential (a high voltage)
to a low electric potential (a low voltage). A negatively-charged particle, on the other hand,
moves spontaneously from a low to a high voltage.

Example 8.6 Charged Sphere

Calculate the voltage at a point located at a distance r from the center of a positively-charged
sphere of radius R. Find the voltage when R > r and R < r.

In Example 8.5, we obtained the electric field for a positively-charged sphere as

E =

{
0, r < R

Q
4πεr2 , r ≥ R

Using the equation relating the voltage to the electric field, V =
∫ ∞

r E.dr, we obtain:
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For r < R:

V(r) =
∫ R

r

(0)dr +
∫ ∞

R

Q

4πεr2 dr =
Q

4πεR
,

For r ≥ R:

V(r) =
∫ ∞

r

Q

4πεr2 dr =
Q

4πεr
,

Therefore, the voltage is given by

V =

{
Q

4πεR , r < R
Q

4πεr , r ≥ R.

8.1.6 Capacitance

The capacitance is defined as the ability of a body to store charge. The capacitance of a given
body is a function of its geometry and electric permittivity, a material property that reflects the
ability of the material to store charge. Mathematically, the capacitance is defined as

C =
q

V , (8.18)

where q is the charge stored in the body and V is the electric potential necessary to store the
charge. In other words, if a larger electric potential is needed to store a unit charge in a given
body, the body has lower capacitance. The unit of capacitance is C/V, commonly referred to
as a farad.

Example 8.7 Capacitance of Two Parallel Plates

Consider the parallel plate capacitor shown in Figure 8.10. It consists of one positively charged
plate and one negatively charged plate with charge density σ0. The plates are separated by a
distance d 
 w, where w is the length of the plates. Find (a) the electric field between the
plates, and (b) the electric capacitance.

In Flipped Classroom Exercise 8.1, we found that the electric field of an infinitely long
plate is given by E = σ

2ε . When putting two plates of different charge polarity close together,
the electric field becomes the vectorial sum of the electric field resulting from each plate. As
shown in Figure 8.11, the electric field of each plate adds between the two plates and cancels

σ0

d

w

r

Figure 8.10 A parallel plate capacitor.
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Figure 8.11 The electric field of a parallel plate capacitor.

outside the two plates; that is

Eoutside = 0, Einside =
σ

ε
n̂1,

The voltage at a distance r between the two plates measured from the top plate is given by
V =

∫
E.dr. This yields

V =
σ

ε
r.

Hence, the total voltage difference between the two plates is given by

V =
σ

ε
d.

To find the capacitance, we use

C =
q

V =
εA

d
.

Example 8.8 Capacitance of Two Coaxial Cylinders

A capacitor is composed of an inner cylinder of radius a enclosed by an outer cylinder of radius
b, as depicted in Figure 8.12. Assuming that the cylinders have a charge per unit length σ, and
length L, find the capacitance of the system.

To find the capacitance, C = q/V , we first need to find the electric potential V(r) as a func-
tion of the radius. To this end, we first find the electric field by defining a Gaussian surface as
a coaxial cylinder of radius a < r < b and length L. Using Gauss’s flux theorem, we can write

∮
E.dA =

N∑
i=1

Qi

ε
.

Note that the electric field lines are perpendicular to the cylindrical surface, as shown in
Figure 8.12. Therefore, E and dA are parallel. It follows that the previous equation simplifies to

E(2πrL) = −σL

ε
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a

b

σ

b1̂

Figure 8.12 A cylindrical capacitor.

or

E = − σ

2πεr
b̂1 a < r < b.

Using the previous equation, the voltage between the two cylinders can be calculated as

V(r) − V(a) = −
∫ r

a

E.dr =
∫ r

a

σ

2πεr
b̂1.drb̂1,

where V(a) is the voltage on the surface of the inner cylinder. This yields

V(r) − V(a) =
σ

2πε
ln

r

a
.

The voltage difference between the outer and inner cylinders is therefore

V(b) − V(a) =
σ

2πε
ln

b

a
,

and the capacitance is

C =
q

V(b) − V(a)
=

2πε

ln b
a

.

8.1.7 Motion in an Electric Field

The knowledge gained so far in this chapter will now be used to model the motion of charged
particles and rigid bodies in an electric field. To this end, we present next a series of examples
involving the interaction of an electric field with a dynamical system.

Example 8.9 Motion of Charged Simple Pendulum in Uniform Electric Field

Obtain the equation of motion of a positively-charged pendulum moving in a uniform electric
field for the two cases shown in Figure 8.13.

To find the equation of motion, we implement Newton’s second law. To this end, we define
the B-frame such that NωB = θ̇n̂3, and use it to obtain the acceleration of the charged particle,
which can be written as Nam/O = −lθ̇2b̂1 + lθ̈b̂2.
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Figure 8.13 Simple pendulum oscillating in a uniform field.
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mNaP/Ob1
ˆ

T

mg

Figure 8.14 Free-body diagram of a charged pendulum in a uniform electric field: (a) pointing in the
horizontal direction; (b) pointing in the vertical direction.

For case (a) involving a horizontal field, we sum forces in the b̂2 direction, as shown in
Figure 8.14a, and obtain the following equation of motion:

θ̈ +
g

l
sin θ =

qE0

ml
cos θ.

For the vertical field, we sum forces in the b̂2 direction, as shown in Figure 8.14b, and find

θ̈ +
(

g

l
+

qE0

ml

)
sin θ = 0.
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Example 8.10 Motion of a Proton in a Uniform Electric Field

A proton is released from rest at a point A in space where the voltage is VA = 100 V. Find its
velocity as it approaches point B, of zero voltage.

To solve this problem we use energy balance. To this end, we write

UA + TA = UB + TB ,

where UA = qVA, TA = 0, UB = 0, and TB = 1
2mv2

B . Using the charge and mass of the pro-
ton, q = 1.6 × 10−19 C and m = 1.7 × 10−27 kg, we find vB = 1.37 × 105m/s.

Example 8.11 Motion of an Electric Dipole in a Uniform Electric Field

Find the equation of motion of an electric dipole placed in a uniform electric field, E = E0, as
shown in Figure 8.15. Each of the particles forming the dipole has a charge q and mass m.

Due to the electric field, the charges are subject to the following equal but opposite forces:

F+ = qE0n̂1, F− = −qE0n̂1.

To find the equation of motion, we sum moments about the center of mass O and obtain

MO = IO θ̈,

− qdE0 sin θn̂3 = −m
d2

2
θ̈n̂3,

θ̈ − 2
qE0

md
sin θ = 0.

Example 8.12 Motion of a Charge in the Electric Field of a Dipole

A particle of mass m and charge +q moves in the electric field of the dipole of charge Q placed
on the n̂3-axis, as shown in Figure 8.16. Find the equation governing its motion.

To find the equation of motion of the particle, we first define the rotating frames: the C-frame
such that NωC = φ̇n̂3, and the B-frame such that CωB = −θ̇ĉ2. We also use the three gen-
eralized coordinates (θ, φ, r) to describe the dynamics. Using these definitions, we find the
acceleration of the particle in space as follows:

NaP/O = (rθ̈ + 2ṙθ̇ − rφ̇2 sin θ cos θ)b̂1

+ (2rθ̇φ̇ sin θ cos θ + rφ̈ sin θ + 2ṙφ̇ sin θ)b̂2

− (r̈ − rθ̇2 − rφ̇2sin2θ)b̂3.

d/2
d/2

E0

O

Figure 8.15 Motion of an electric dipole in a uniform electric field.
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Figure 8.16 Motion of a charge in the electric field of a dipole.

There are two forces acting on the particle: its weight −mgn̂3 and the electric force QE due
to the dipole. Here E is the electric field of the dipole at point p and can be obtained using

E+ =
Q

4πε

(
d
2 n̂3 − rb̂3

)
‖o+p‖3 ,

E− = − Q

4πε

(
−d
2 n̂3 − rb̂3

)
‖o−p‖3 .

Assuming that d
2 
 r, we can make the approximation that ‖o+p‖ ≈ ‖o−p‖ ≈ r. Thus, we

can write

E+ =
Q

4πε

(
d
2 n̂3 − rb̂3

)
r3 , E− = − Q

4πε

(
−d
2 n̂3 − rb̂3

)
r3 .

E = E+ + E− =
Q

4πε

dn̂3

r3 =
Q

4πε

d sin θb̂1 + d cos θb̂3

r3 .

The electric force exerted by the electric field on the charged particle can therefore be written as

Fel = qE =
Qq

4πε

d sin θb̂1 + d cos θ1b̂3

r3 .

Next, we apply Newton’s second law along the three generalized coordinates used to describe
the motion of the charge, obtaining

rθ̈ + 2ṙθ̇ − rφ̇2 sin θ cos θ + g sin θ =
Qq

4πεm

d sin θ

r3 ,

2rθ̇φ̇ sin θ cos θ + rφ̈ sin θ + 2ṙφ̇ sin θ = 0,

r̈ − rθ̇2 − rφ̇2sin2θ = − Qq

4πεm

d cos θ

r3 + g cos θ.
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Note that the φ is a cyclic coordinate, and so can be eliminated from the dynamics by using
the initial conditions.

Example 8.13 Motion of an Electron Inside a Cylindrical Capacitance

The space between a pair of coaxial cylindrical conductors is evacuated. The radius of the
inner cylinder is a, and the radius of the outer cylinder is b, as shown in Figure 8.17. The
outer cylinder, called the anode, is given a positive potential Vo relative to the inner cylinder.
We study the dynamics of electrons, with mass m and charge −e, that are released from the
surface of the inner cylinder:

(a) An electron is set free with negligible velocity at the surface of the inner cylinder. Deter-
mine its speed vb when it hits the anode.

(b) If the electron is released with any arbitrary velocity, find the equation governing its
motion.

(a) With negligible velocity An electron will move spontaneously from lower towards higher
voltages. Its kinetic energy, and thereby velocity at the anode, can be obtained using an energy
balance:

Ta + Ua = Tb + Ub,

The kinetic energy is zero at a and takes its maximum value of Tb = 1/2mv2
b at b. The potential

energy can be determined by choosing the outer cylinder as a datum, in which case, the poten-
tial energy at any point a ≤ r ≤ b is equal to U(r) = −e(V(r) − Vo). Therefore, the potential
energy at a is equal to Ua = −e(V(a) − Vo) = eVo, and is equal to zero at b. This yields

vb =

√
2eVo

m
.

Vo

n1ˆ

n2ˆ

b1̂

b2̂

b

a

r

θ

Figure 8.17 Motion of an electron inside a cylindrical capacitor.
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(b) With arbitrary velocity To find the equation of motion, we need to find the potential
energy of the electron at any point r between the two cylinders. The potential energy is given by

U(r) = −e(V(r) − Vo).

where V(r) = −
∫ r

a E.dr. The electric field between the two cylinders was obtained using
Gauss’s law in Example 8.8, and was shown to be E = − σ

2πεr b̂1. However, since in this
example we do not know the charge distribution, σ, on the cylinders, we assume that the
electric field takes the form

E = −C1

r
b̂1,

where C1 is a constant that depends on the charge distribution. Integrating the previous
equation yields

V(r) − V(a) = −
∫ r

a

E.dr = −C1 ln r + C1 ln a = −C1 ln
r

a
.

The constant C1 is obtained using the boundary conditions V(b) = Vo. It follows that

V(r) = Vo

ln(r/a)
ln(b/a)

,

and

U(r) = −eVo

(
ln(r/a)
ln(b/a)

− Vo

)
.

To find the equation of motion, we apply Lagrange’s equations, knowing that the kinetic energy
of the particle is given by

T =
1
2
mṙ2 +

1
2
mr2θ̇2.

Using L = T − U , we can write

d
dt

(
∂L
∂ṙ

)
− ∂L

∂r
= 0,

r̈ +
eVo

ma ln(a/b)
1
r
− rθ̇2 = 0,

d
dt

(
∂L
∂θ̇

)
− ∂L

∂θ
= 0,

mr2θ̇ = constant.

Note that θ is a cyclic coordinate.

Flipped Classroom Exercise 8.2

Find the equation of motion of the electric tripole placed in a uniform electric field
E = E0. Each of the tripole particles has a charge q and mass m.
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d/2
d/2

d/2

E0

To solve this problem, take the following steps:

1. Define the degrees of freedom needed to fully describe the dynamics of the system.
2. Apply Newton’s second law to capture the dynamics of the translational motion of

the tripole.
3. Find the center of mass of the system.
4. Sum moments about the center of mass of the particles.
5. Show that the equations of motion can be written as

ẍ =
qE0

3m
, θ̈ =

3qE0

4md

(
sin θ +

1
3

cos θ

)
,

where x is the position of the center of mass in the horizontal direction, and θ is the
angle that the center of mass makes with the horizontal.

Example 8.14 Capacitive Micro-electromechanical Switch

A micro-electromechanical switch is a very small device (of sub-millimeter dimensions) used
as a very high-frequency (GHz) mechanical on-off switch in an electric circuit. The device
consists of two parallel plates separated initially by a distance d, as shown in Figure 8.18.
The lower plate is stationary and is commonly referred to as the electrode. The upper plate is
suspended through an elastic element, a spring, and can be actuated by applying an electric
potential (voltage) between the electrode and the moving plate. Assume that the moving plate
is rigid and has mass m, and that the spring has stiffness k, find the equation of motion of the
moving plate.

We will solve this problem using Lagrange’s equations. The generalized coordinate describ-
ing the motion of the plate is y and the velocity of its center of gravity with respect to a fixed
point is ẏ. The kinetic energy is therefore T = 1

2mẏ2, while the potential energy is that due to
the spring, Us = 1

2ky2, and the electrostatic potential energy Ue.

− − − − − − − −
yd

k

Figure 8.18 A capacitive micro-electromechanical switch.
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To obtain the electrostatic potential energy stored between the plates due to the electrostatic
field, we note that, in general, for a point charge q, the electrostatic potential energy stored
when moving the charge across an electric potential V is simply Ue = qV . Hence, for the
plate, we can take a differential charge dq and write

dUe = Vdq.

However, q = CV , which leads to

dUe =
q

C
dq.

The total potential energy is therefore

Ue =
∫ Q

0

q

C
dq =

1
2

Q2

C
=

1
2
CV2,

where C = εA
d−y . Here, A is the area of the plate and d − y is the distance between the two

parallel plates. So the potential energy is

Ue =
1
2
V2 εA

d − y
.

Next, we use Lagrange’s equation for conservative fields and write

d
dt

(
∂L
∂ẏ

)
− ∂L

∂y
= 0,

where L = T − Us − Ue. This yields

mÿ + ky =
1
2
V2 εA

(d − y)2 .

Summary

In the first part of this chapter, we introduced the following concepts:

• The electrostatic force: The electrostatic force, F12 between two charges, q1 and q2,
of different polarities is described by Coulomb equation:

F12 =
1

4πε

q1q2

‖r‖2 r̂ =
1

4πε

q1q2

‖r‖3 r,

where r and ‖r‖ are, respectively, the position vector and the distance from q1 to q2,
r̂ is the unit vector in the direction of r, and ε is the electric permittivity of the space
enclosing the charged particles.

• The electric field: The electric field at a point in space due to a positive charge Q is
the electric force exerted by Q on a positive test charge q, divided by the test charge
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q; that is,

E =
F
q

=
1

4πε

Q

‖r‖2 r̂. (8.19)

• Gauss’s flux theorem: The electric field, E, due to N charges each of charge Qi can
be obtained via

∮
E.dA =

N∑
i=1

Qi

ε
,

where dA is the vector normal to any arbitrary surface enclosing Qi.
• Electrostatic potential energy: The electrostatic potential energy stored between two

charges of similar polarity separated by a distance R is given by

U =
∫ ∞

R

F12.dr,

where F12 is the Coulomb repulsive force between the charges.
• Electrostatic potential (voltage): The electrostatic potential (voltage) at a given point

P in space is defined as the electrostatic potential energy per unit charge q.

VP =
U
q

=
∫ ∞

R

F12

q
.dr =

∫ ∞

R

E.dr,

The relationship between the electric field and the voltage can also be represented
in the more general differential form:

E = −∇V,

where ∇ represents the gradient.

8.2 Electromagnetism

8.2.1 Electromagnetic Force

When discussing electrostatic forces, we showed that the force F(r, t) on a stationary charge
q in an electric field, E(r, t), is equal to F = qE(r, t). In the presence of an external magnetic
field, B(r, t), this relation can be generalized further to

F(r, t) = qE(r, t) + qNvP/O × B(r, t) (8.20)

where NvP/O is the velocity of the particle P with respect to an inertial point O.
Equation (8.20) is known as the Lorentz law after the Dutch physicist Hendrik Lorentz,
who derived it in this general form in 1895 [3]. The first term on the right-hand side of
Equation (8.20) accounts for the influence of the electric filed, while the second term accounts
for the influence of the magnetic field.
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Figure 8.19 Direction of the electromagnetic force acting on a charged particle.

Unlike the electrostatic force, which can affect a stationary particle, thereby changing its
velocity, the magnetic force exerted by the magnetic field can only act on a moving particle.
Furthermore, the magnetic force is perpendicular to the velocity of the particle, and therefore
cannot exert any work. As a result, the magnetic force can only change the particle’s direction;
it cannot change its kinetic energy.

To find the direction of the electromagnetic force, consider the motion of a particle of charge
+q in a uniform magnetic field B pointing out of the page, as shown in Figure 8.19. The electro-
magnetic force F is perpendicular to the velocity of the particle and the magnetic field, and is in
the direction shown in the figure. This direction can be determined using the right-hand rule for
positively-charged particles. Specifically, as shown in Figure 8.19, if you point your thumb in
the direction of the velocity vector and the rest of your fingers in the direction of the magnetic
field, then the force points in a direction perpendicular to your palm. For a negatively-charged
particle, you just need to invert the direction obtained for a positively-charged one.

Example 8.15 Planar Motion of Charged Particle in a Uniform Magnetic Field

Consider the planar motion of a positively-charged particle +q of mass m in a uniform mag-
netic field Bn̂3, as depicted in Figure 8.20. The particle is initially located at r = x0n̂1 + y0n̂2,
and is given an initial velocity v = vx0n̂1 + vy0n̂2. Find the path of the particle as a function

of time and show that it is a circle of radius R = mv
qB , where v =

√
v2

x0 + v2
y0. Show that the

center of the circle is located at rc =
(
x0 −

mvy0
qB

)
n̂1 +

(
y0 + mvx0

qB

)
n̂2.

To find the equation of motion of the particle, we apply Newton’s second law. To this end,
we express the position, velocity, and acceleration in the Cartesian frame as follows:

OP = xn̂1 + yn̂2,
NvP/O = ẋn̂1 + ẏn̂2,

NaP/O = ẍn̂1 + ÿn̂2.

When neglecting gravity, the only force acting on the body is the magnetic component of the
Lorentz force F = q(ẋn̂1 + ẏn̂2) × Bn̂3. Summing forces in the n̂1- and n̂2-directions yields

mẍ = −qBẏ, mÿ = qBẋ.

These two linearly-coupled differential equations can be solved together to obtain

x(t) = −A1 sin(Ωt) + A2 cos(Ωt) + A3,

y(t) = A1 cos(Ωt) + A2 sin(Ωt) + A4,
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Figure 8.20 Right-hand rule to determine the force acting on a positively-charged particle.

where Ω = qB
m is the frequency of motion (also known as the cyclotrone frequency) and

A1, A2, A3, A4 are constants that can be obtained from the initial conditions. Upon substituting
the initial conditions, we get

x(t) =
mvx0

qB
sin(Ωt) +

mvy0

qB
cos(Ωt) + x0 −

mvy0

qB
,

y(t) = −mvx0

qB
cos(Ωt) +

mvy0

qB
sin(Ωt) + y0 +

mvx0

qB
.

Squaring and adding these two equations yields(
x − x0 +

mvy0

qB

)2

+
(

y − y0 −
mvx0

qB

)2

=
m2

q2B2 (v2
x0 + v2

y0).

This is the equation of a circle of radius R =
m
√

v2
x0+v2

y0

qB which is centered at
(
x0 −

mvy0
qB ,

y0 + mvx0
qB

)
. Note that the radius of the circle increases with the magnitude of the linear

momentum of the particle mv and decrease as qB increases. The radius R is commonly
referred to as the Larmor radius.

Example 8.16 Three-dimensional Motion of a Charged Particle in a Uniform Magnetic
Field

Consider the general motion of a positively charged particle +q of mass m in a uniform mag-
netic field Bn̂3. The particle is initially located at r0 = x0n̂1 + y0n̂2 + z0n̂3, and is given an
initial velocity v0 = vx0n̂1 + vy0n̂2 + vz0n̂3. Neglecting gravity, find the path of the particle
as a function of time.

To find the equation of motion of the particle, we apply Newton’s second law. To this end,
we express the position, velocity, and acceleration in the Cartesian frame as follows:

OP = xn̂1 + yn̂2 + zn̂3,

NvP/O = ẋn̂1 + ẏn̂2 + z̈n̂3,

NaP/O = ẍn̂1 + ÿn̂2 + z̈n̂3.
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Figure 8.21 Helical motion of a particle in a uniform magnetic field.

When neglecting gravity, the only force acting on the body is the Lorentz force F = q(ẋn̂1 +
ẏn̂2 + ẏn̂2) × Bn̂3. Summing forces in the n̂1, n̂2, n̂3 directions yields

mẍ = −qBẏ, mÿ = qBẋ, mz̈ = 0.

Note that the first two equations are the same as those obtained in the previous example,
meaning that the motion of the particle is still a circle when projected into the x–y plane.
Nonetheless, the third equation, which describes the z-dynamics, can be solved to obtain
z(t) = vz0t + z0. This implies that the position of the particle in the n̂3-direction changes
linearly with time, leading to a helical motion of the particle, as shown in Figure 8.21.

Flipped Classroom Exercise 8.3

Repeat the previous example to find the path of the particle when you include the grav-
itational forces in the negative z direction. What will the shape of the path look like?

To solve this problem, you need to repeat the exact steps of Example 8.16.

Example 8.17 Mass Spectrometer

A mass spectrometer is a device which can be used to separate the uranium isotopes U235 and
U238 for enrichment purposes. As shown in Figure 8.22, the device operates by injecting a
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Figure 8.22 Mass spectrometer used for separating uranium isotopes.

mixture of the two isotopes at a high velocity and applying a uniform magnetic field perpen-
dicular to their motion. If the two isotopes enter the spectrometer with equal velocities, what
is the ratio of the radii of their circular paths? Assume that the spectrometer is designed such
that singly-ionized uranium ions pass first through a 500 m/s velocity selector, and then into a
2.85 T magnetic field. Find the diameter of the arc traced out by the U235 and U238.

We have already shown in Example 8.15, the radius of the circular motion of a charged
particle in a magnetic field is equal to R = mv

qB . Therefore, under the same applied conditions,
the ratio of the radii is equal to the ratio between the masses of the uranium atoms; that
is, R235/R238 = m235/m238 = 235/238 ≈ 0.9874. The diameter traced by the U235 is
D235 = 2R235 = 2235×1.66×1027×500

1.602×1019×2.85 = 0.82 mm, while the diameter traced by the U235 is
D238 = D235/0.9874 ≈ 0.83 mm

Example 8.18 Planar Motion of a Charged Particle in Crossed Electric and Magnetic
Fields

Find the equations of motion of a positively-charged particle of mass m in crossed electric and
magnetic fields, as shown in Figure 8.23. Solve the resulting equation assuming zero initial
conditions and plot the path of the particle.

n1ˆ

n2ˆ

O

P

B0

E0

Figure 8.23 Motion of a charged particle in crossed electric and magnetic fields.
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Figure 8.24 Cycloidal motion of a charged particle in a cross field.

To solve this problem, we use Newton’s second law of dynamics. To this end, we first express
the velocity and acceleration of the particle in the Cartesian frame as

NvP/O = ẋn̂1 + ẏn̂2,
NaP/O = ẍn̂1 + ÿn̂2.

The only force acting on the particle is that due to the magnetic and electric fields, which can
be written as

F = qE0n̂2 + qNvP/O ×−B0n̂3.

Applying Newton’s second law along the two directions of motion, we obtain the following
equations of motion:

mẍ + qB0ẏ = 0,

mÿ − qB0ẋ = qE0.

These two linearly-coupled differential equations can be solved analytically to obtain:

x(t) =
mE0

qB2
0

sin
(

qB0

m
t

)
− E0

B0
t,

y(t) =
mE0

qB2
0

(
1 − cos

(
qB0

m
t

))
.

The motion described by these equations is a cycloid, as shown in Figure 8.24.

Flipped Classroom Exercise 8.4

Consider the motion of an elastic pendulum consisting of a positively charged particle of
mass m and a spring of stiffness k in a uniform magnetic field B, as shown in the figure.
Assume that the unstretched length of the spring is r0, find the equation of motion of
the pendulum.
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To find the equation of motion, take the following steps:

1. Find the velocity and acceleration of the particle NvP/O and NaP/O.
2. Find the force exerted by the magnetic field on the particle.
3. Use Newton’s second law to show that the equations of motion take the form

((r0 + r)θ̈ + 2ṙθ̇) + g sin θ +
qB

m
ṙ = 0,

(r̈ − (r0 + r)θ̇2) +
k

m
r − g cos θ − (r0 + r)

m
qθ̇ = 0.

8.2.2 Forces on a Current-carrying Conductor

We have already shown that a charge moving in a magnetic field will be subject to a
force described by Equation (8.20). Since a current is the time rate change of charge, a
current-carrying conductor placed in a magnetic field will also be subject to a force. To obtain
an expression for this force, we consider an arbitrarily-shaped conductor carrying a current I
placed in a magnetic field B, as shown in the Figure 8.25.

+dq

v

B

dl

I

Figure 8.25 A schematic of a current-carrying conductor placed in a magnetic field B.
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Consider a differential charge +dq in the conductor moving with a velocity v. According to
Lorentz’s law, the differential force acting on the charge can be written as

dF = dqv × B. (8.21)

Since the current passing through the wire is I = dq/dt, we can write

dF = Ivdt × B, (8.22)

where vdt = dl. Here, dl is the differential element in the direction of the wire. This yields

dF = Idl × B. (8.23)

Integrating over the length of the conductor yields

F =
∫ l

0
Idl × B (8.24)

For a straight wire of length l, placed in uniform magnetic field B, the previous equation
reduces to

F = IlB sin θ. (8.25)

Example 8.19 Current Meter

One configuration of a current meter, also known as an ammeter, is shown in Figure 8.26. A
current I passes through a current loop placed in a uniform magnetic field B. The magnetic
field exerts a force on segments AB and DC of the loop. Using the right-hand rule, it can be
shown that the forces are equal in magnitude but opposite in direction, resulting in a torque
around the n̂3-axis as shown in Figure 8.26. This causes the loop to rotate around the n̂3-axis,
until it is balanced by the restoring force in the torsional spring shown in the figure. This
results in a steady-state rotation angle. The rotation angle is then calibrated to indicate the
current passing through the loop.

I

B

F

F

θ
A

B

C

D k

O

n2ˆ

n1ˆn3ˆ

Figure 8.26 Operation concept of a current meter (ammeter).
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Consider a loop made of four segments, each of length l and mass m. Find the equation of
motion of the wire loop when a current I passes through it. What is the steady-state rotation
angle assuming there is a torsional viscous damper of damping coefficient c acting on the
suspension point?

To find the equation of motion, we sum moments about an axis passing through point O
and write

M3O = I33O θ̈.

The moments acting on the wire are due to the electromagnetic force Me = Bl2In̂3 and that
due to the restoring force in the torsional spring Ms = −kθn̂3 and viscous damping Md =
−cθ̇n̂3. The moment of inertia about point O is given byI33O = 2

3ml2. This yields

θ̈ +
3
2

c

ml2
θ̇ +

3
2

k

ml2
θ =

3B

2m
I.

To find the steady-state rotation angle, we set θ̈ = θ̇ = 0. This yields

θss =
Bl2

k
I.

As such, by knowing B, l, and k one can use the previous equation to obtain the current
associated with any given steady-state rotation angle θss.

8.2.3 Electromagnetic Coupling

In 1820, the Danish scientist Hans Christian Ørsted discovered the first connection between
electricity and magnetism when he noticed that a magnetized needle changes its direction when
placed in the vicinity of a conductor carrying a current [4]. He concluded that this behavior
must be due to a magnetic field generated by the motion of the current in the conductor.

The orientation of magnetized needles in the vicinity of a wire carrying a current is shown in
Figure 8.27. The magnetic field forms a closed loop around the wire, with the wire at its center.
The direction of the magnetic field is in the counter-clockwise direction when the current flows
out of the page. This can be determined by directing your thumb in the direction of the current
and curling the rest of the fingers. The direction of rotation is the direction of the induced
magnetic field.

I

N S

I

B

Figure 8.27 Magnetic field lines form a closed loop around a current-carrying conductor.
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In 1820, French physicists Jean-Baptiste Biot and Félix Savart related the current I passing
through a conductor to the induced magnetic field B. They showed that the differential mag-
netic field dB at a point P induced by the motion of a current I through a differential wire of
length dl is given by:

dB =
μ

4π

Idl × r
‖r‖3 =

μ

4π

Idl × r̂

‖r‖2 (8.26)

where μ is the magnetic permeability of the medium containing the conductor, r is the position
vector from dl to P , ‖r‖ is the length of r, and r̂ = r/‖r‖ is the unit vector in the direction
of r.

When implementing the Biot–Savart law on an infinitely-long straight wire, as shown in
Figure 8.28, the total magnetic field induced at point P can be obtained as

B =
μI

4π

∫ ∞

−∞

dl‖r‖ sin θ

‖r‖3 =
μI

4π

∫ ∞

−∞

dlR

(l2 + R2)3/2 =
μI

2πR
. (8.27)

Therefore, the magnitude of the magnetic field at a distant R from an infinitely long wire is
B = μI

2πR .

Example 8.20 Magnetic Field at the Center of a Circular Conductor

Find the magnetic field at the center of a circular wire of radius R carrying a current of mag-
nitude I , as depicted in Figure 8.29.

dl

r

P

l

R

I θ

Figure 8.28 Magnetic field induced at point P by a current I flowing through a conductor of length l.

R

dl

r

b2̂ b1̂

Figure 8.29 Magnetic field at the center of a circular conductor.
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Using the Biot-Savart law, we write

B =
μI

4π

∫
dl × r
‖r‖3 .

However, dl × r = dl Rb̂2 because dl is always normal to r. Since dl = Rdθ, it follows that

B =
μI

4π

∫ 2π

0

R2

R3 dθ =
μI

2R
b̂2.

Flipped Classroom Exercise 8.5

Find the magnetic field at point P located at a distance a from a finite wire of length l
carrying a current of magnitude I , as shown in the figure.

P

r

θ

dl

a
−θ1

θ2

I

n2ˆ

n1ˆ

To solve this problem, we need to use the Biot–Savart law to find dB at point a. To
this end, do the following:

1. Draw a vector r from any point on the wire to point P . Define the angle between the
vector r and the straight vertical line a as θ.

2. Show that dl × r = dl cos θn̂3.
3. Show that dl = a sec2θdθ.
4. Substitute back into the Biot–Savart law, and show that

B =
μI

4πa

∫
cos θdθn̂3.

5. Depending on the location of point P , you can define the limits of the integral as −θ1,
θ2, as shown in the figure. Show that B reduces to

B =
μI

4πa
(sin θ2 + sin θ1)n̂3.

8.2.4 Ampere’s Law

In the previous section, we showed, using the Biot–Savart law, that the magnetic field induced
at a point P due to the motion of a current I , in an infinite wire is given by B = μI

2πR , where R
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R

I

dl

Figure 8.30 Magnetic field along a closed circle of radius R.

is the vertical distance between the wire and point P . This result implies that the magnetic field
is invariant on a circle of radius R around the wire. Based on this understanding (Figure 8.30),
we can write ∮

B.dl = 2πRB, (8.28)

where B is the constant magnitude of the magnetic field along a circle of radius R. Using
Equation (8.27) for an infinitely long wire, we can write 2πRB = μI . This yields∮

B.dl = μI. (8.29)

Equation (8.29) states that the integral of the magnetic field along a closed loop is propor-
tional to the current enclosed by the loop. André-Marie Ampère was the first to realize that
this is not only valid for a circular path but is equivalently valid for any closed loop enclosing
a current I , provided that the electric field inside the loop is time invariant; that is, dE

dt = 0. For
instance, for the system shown in Figure 8.31, we can write∮

B.dl = μ(I1 − I2 − I3). (8.30)

As such, in general, Ampere’s law can be written as:

∮
B.dl = μIenclosed (8.31)

I1
I2

I3

Figure 8.31 Magnetic field along a closed loop enclosing a current.
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Figure 8.32 Variation of the magnetic field induced by a cylindrical wire carrying a current I .

Note that Ampere’s law share many similarities with Gauss’s law for electric fields, as set out
in Equation (8.6). In particular, when comparing Equation (8.31) to Equation (8.6), we can
clearly see that the magnetic field in Ampere’s law replaces the electric field in Gauss’s law,
and that the enclosed current replaces the enclosed charge in Gauss’s law.

Example 8.21 Magnetic Field inside a Wire

Consider an infinite wire of a cylindrical shape, of radius R and carrying a current I . Find the
magnetic field B at radius r < R measured from the center of the wire.

Using Ampere’s law, we can write∮
B.dl = μIenclosed,

where Ienclosed is the current enclosed by the circle of radius r. Assume a constant current
density in the wire can be written Ienclosed = I(r2/R2). It follows that

2πrB = μI
r2

R2 ,

or

B =
μI

2π

r

R2 .

Figure 8.32 depicts variation of the magnetic field inside and outside a cylindrical wire of
radius R. Note that the magnetic field increases linearly with r inside the wire and is inversely
proportional to r outside the wire.

Example 8.22 Magnetic Field inside a Solenoid

Calculate the magnetic field inside a solenoid of length L, radius R, and number of turns N ,
carrying a current I , as shown in Figure 8.33. Assume that R ≪ L.

To solve this problem, we need to realize that the magnetic field inside a solenoid is nearly
constant when the loops are very close together and R ≪ L. It is also true that the magnetic
field outside the solenoid is very small and can be neglected.

Taking a cross section of the solenoid, as shown in Figure 8.33, then choosing the closed
loop abcd, we can use Ampere’s law to write∮

B.dl = μIenclosed,

∫ b

a

B.dl +
∫ c

b

B.dl +
∫ d

c

B.dl +
∫ a

d

B.dl = μIenclosed,
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Figure 8.33 Magnetic field inside a solenoid of length L and carrying a current I .

Note that the second and fourth integrals are zero because B is perpendicular to dl along bc
and da. Furthermore, the third integral is zero because the magnetic field is negligible outside
the solenoid. As such, we are left with

∫ b

a

B.dl = μIenclosed,

B =
μNI

L
.

Example 8.23 Conductor Moving in the Magnetic Field of a Stationary Conductor

Consider the motion of a conductor, of mass m and length l, in the magnetic field of another
stationary conductor, of infinite length. The conductors are placed in the horizontal plane at
a distance r from each other. One of the conductors carries current I1 while the other carries
current I2, as shown in Figure 8.34. The moving wire is connected to a spring of stiffness k.
Find the equation of motion of the moving conductor.

To find the equation of motion, we first obtain the force exerted by the stationary conductor
on the moving conductor. According to Lorentz’s law, the force is given by

F = I2l2 × B,

where I2 is the magnitude of the current in the moving wire, l2 = −ln̂2, and B is the magnetic
field generated by the stationary wire. As per the Biot–Savart law, the magnetic field in the
plane shown at a distance r from the stationary wire is given by

B =
μI1

2πr
n̂3,

As such, the force can be written as:

F = −I2ln̂2 ×
μI1

2πr
n̂3 =

−μlI1I2

2πr
n̂1.
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Figure 8.34 Motion of a finite conductor in the magnetic field of an infinite conductor.

Next, we apply Newton’s second law on the moving wire and obtain

mẍ + kx +
μlI1I2

2π(x − a)
= 0,

where x is the position of the moving wire as measured with respect to an inertial point.

Flipped Classroom Exercise 8.6

Find the equation of motion of a particle of mass m and charge q oscillating in the
magnetic field of an infinite wire carrying a current I . The particle is connected through
an elastic link of stiffness k and unstretched length l0 to point O. Assume that motion
occurs in the horizontal plane.

To solve this problem, take the following steps:

1. Define the rotating B-frame, such that NωB = θ̇n̂3.
2. Use the Biot–Savart equation to show that the magnetic field acting on the particle is

equal to B = − μI
4π(h−(l0+r) sin θ) n̂3.

3. Use the Lorentz equation to determine the magnetic force acting on the particle. Note
that the magnetic force has two components: in the b̂1 and b̂2 directions.
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4. Find the acceleration of the particle NaP/O.
5. Apply Newton’s second law to find the equations of motion of the particle.

O

P

k

I

θ

h

n2ˆ

n1ˆ

8.2.5 Faraday’s Law of Induction

In 1831, 12 years after Ørsted illustrated that a current-carrying conductor produces a magnetic
field, Michael Faraday investigated whether a magnetic field can produce a current in a coil.
To this end, he experimented with a coil placed adjacent to a solenoid. He noticed that when
the magnetic field was steady, no current flowed in the coil. However, whenever he opened
or closed the switch in the circuit connected to the solenoid, a current would flow into the
adjacent coil. He concluded that an electric field can be induced by a change in the magnetic
field, a phenomenon known today as electromagnetic induction [5].

The direction of the resulting current in the wire loop is such that it produces a magnetic field
that opposes the change in the external magnetic field. In other words, as shown in Figure 8.35,
when the magnetic field increases, a current flows into the loop in a counter-clockwise direction
such that it produces a magnetic field that opposes the increase in the external field. On the
other hand, when the magnet moves away from the loop, the current flows in the clockwise
direction because it must produce a magnetic field that compensates for the reduction in the
external field. The process of finding the direction of the current is due to the Russian physicist
Emil Lentz, and is known as Lentz’s law [6].

Since the change of magnetic flux generates a current in a closed loop then there must be a
potential difference across the loop to allow the current to flow. This potential difference, E ,
is known as the back electromotive force (EMF) and is given by

E = −dΦ
dt

(8.32)
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External field decreasesExternal field increases

Figure 8.35 Direction of the current induced in a wire loop as result of the change of magnetic field.

where Φ is known as the magnetic flux and is defined as

Φ =
∫∫

σ(t)
B(r, t).dA. (8.33)

Here, B(r, t) is the magnetic field, σ(t) is the surface enclosed by the wire loop (in general
it can be time varying), and dA is a differential element of area on the surface σ(t). Note
that the dot product implies that only magnetic field lines parallel to the normal to the surface
contribute to the magnetic flux. Therefore, the back EMF is not only proportional to the rate
of change of the magnetic field but also to the area enclosed by the wire loop.

To simplify our understanding of Equation (8.33), consider the flat constant surface σ
formed by the boundaries of a thin wire, as shown in Figure 8.36. A uniform magnetic field B
intersects the surface at a constant angle θ relative to the normal to the surface dA. Since σ(t)
is constant and B is uniform in space and time, the integral in Equation (8.33) simplifies to

Φ = B.A = BA cos θ. (8.34)

dA
Thin wire

θ
σ

E

Figure 8.36 Magnetic flux through a thin wire loop.
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Figure 8.37 Possible scenarios through which a current can be induced in a closed loop following
changes in the magnetic flux.

For this simplified case, the back EMF can be written as

E = −dΦ
dt

= −
(

dB

dt
A cos θ + B

dA

dt
cos θ − BA sin θ

dθ

dt

)
. (8.35)

It is evident from that a back EMF, and thereby a current, can flow in a closed loop when either

• the magnetic field changes, dB
dt �= 0

• the area enclosed by the wire loop changes, dA
dt �= 0

• the angle between the magnetic field and the normal to the area changes, dθ
dt �= 0

• or any combination of these.

Figure 8.37 demonstrates the three possible scenarios for current generation in a closed loop
following changes in the magnetic flux.

Example 8.24 Induction due to Change in Area

A square loop with sides of length l is placed in a uniform magnetic field B that points into the
page. The loop is pulled from its two edges and turned into a rhombus, as shown in Figure 8.38.
Assuming that the total resistance of the loop is R, find the average induced current in the loop
and its direction. Plot the variation of the current with ψ.
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ψ

Figure 8.38 Current induced in a variable-angle rhombus.

To find the current, we first find the magnetic flux through the loop

Φ = B.A = BA cos θ.

Assuming A is positive, pointing out of the page, then θ = π and A = l2 sin ψ. To find the
back EMF, we differentiate the previous equation once with respect to time and obtain

dΦ
dt

= Bl2 cos ψψ̇.

As the rhombus is pulled, ψ increases, which means that ψ̇ > 0. Furthermore, since 0 ≤ ψ ≤
π, then cos ψ ≤ 0, which implies that dΦ

dt < 0 or that Φ is decreasing. As such, the direction of
the current should be such that it produces a magnetic field that compensates for the reduction
in the external field, so the current will be clockwise. The magnitude of the current is

I =
E
R

=
Bl2

R
cos ψψ̇.

It is interesting to note that the current goes to zero when ψ = π
2 .

Example 8.25 Power-generating Conductor

The conductor of mass m and length l shown in Figure 8.39 is subject to an initial velocity
ẋ(0) = v0 to the left, as shown. Find:

(a) the direction of the induced current in the circuit;
(b) the magnitude of the induced voltage;
(c) the equation of motion of the conductor;
(d) the velocity v(t).

R

B

x

v0

Figure 8.39 Motion of a conductor in a magnetic field.
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(a) Direction of the induced current We need to determine whether Φ is increasing or
decreasing. To this end, we need to find the sign of dΦ

dt . Since B and the angle between the
normal to the area and B both remain unchanged, the change in area governs the change in the
magnetic flux. Thus, we can write

dΦ
dt

= B
dA

dt
cos θ.

Assuming that the normal to the area points out of the page, then θ = π and cos θ = −1, which
implies

dΦ
dt

= −B
dA

dt
.

Since the area is increasing, dA
dt > 0, when the wire moves in the direction of x, then dΦ

dt <
0. This implies that Φ is decreasing. Therefore, the direction of the current is such that it
compensates for the reduced flux. In other words, the current has to be in the counter-clockwise
direction.

(b) Magnitude of the induced voltage The back EMF is given by

E = −dΦ
dt

= B
dA

dt
= Bl

dx

dt
.

(c) Equation of motion We apply Newton’s second law on the conductor and write

mẍ = −F,

where F = BlI is the force on the conductor due to the applied field. For the circuit dynamics,
we apply Kirchoff’s law and obtain

−E + IR = 0, I =
Bl

R

dx

dt
.

Substituting the expression for I in Newton’s equation, yields

ẍ = −B2l2

mR
ẋ.

(d) Velocity Letting v = ẋ, we obtain

v̇ = −B2l2

mR
v.

This is a first-order linear differential equation whose solution can be written as

v(t) = v0exp−τt,

where τ = B2l2

mR . Thus, upon receiving the initial condition, the wire comes to rest exponen-
tially under the influence of the magnetic force.
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Figure 8.40 A vibration-based electromagnetic energy harvester.

Example 8.26 Vibration Energy Harvester

Figure 8.40 is a schematic of an electromagnetic energy harvester, a tool to collect energy from
external vibrations. It consists of a conductor of length l and mass m sliding on conducting
rails. When the conductor is subject to an external base excitation xb, it starts oscillating on
top of the rails, resulting in a change in the loop area. Assuming that the total resistance of the
conductor and rail is R and that the inductance of the loop is negligible, derive a model for the
dynamics of the harvester.

Assume that the normal to the area A is pointing out of the page and that the wire deflection is
positive to the right. Based on these assumptions, the direction of the current can be determined
to be in the counter-clockwise direction. As such, the force acting on the conductor due to the
magnetic field is to the left. Next, apply Newton’s second law on the conductor and Kirchhoff’s
voltage law across the closed circuit loop to obtain

mẍ + c(ẋ + ẋb) + k(x + xb) = −BlI, I =
Bl

R
ẋ.

Letting xr = x + xb, we obtain

mẍr + (c + α)ẋr + kxr = mẍb, I =
Bl

R
(ẋr − ẋb),

where α = B2l2

R . Knowing the nature of the base excitation xb(t), the above equations can be
solved for xr and I . The power harvested and dissipated in the load, R, can be obtained via
P = I2R.

Flipped Classroom Exercise 8.7

Find the equation of motion of a wire of mass m, sliding on an inclined surface, as
shown in the figure. The wire, which is connected to a spring of stiffness k, slides on
two conducting rails connected to a resistive load R.

To solve this problem, take the following steps:

1. Find the magnetic flux through the wire loop formed by the sliding wire.
2. Determine the direction and magnitude of the current in the loop.
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3. Determine the direction and magnitude of the electromagnetic force acting on the
wire.

4. Apply Newton’s second law to the wire and Kirchoff’s voltage law across the closed
circuit loop to determine the equations of motion of the wire.

B

θ

k
l

R

8.3 Lagrangian Formulation for Electrical Elements

In order to use Lagrange’s approach to model the dynamics of electro-mechanical systems,
it is essential to learn how to define the energy associated with electrical elements. The three
electrical components that constantly appear in electrical systems are the resistor, capacitor,
and inductor. If we choose the charge q as our generalized coordinate, then one can describe
Lagrange’s equation for non-conservative electrical systems as follows:

d
dt

(
∂L
∂q̇

)
− ∂L

∂q
+

∂D
∂q̇

= 0. (8.36)

In what follows, we obtain the definition of the Lagrangian L and the dissipative function D
for the three most common electrical elements.

8.3.1 Capacitor

Much like a spring in a mechanical system, a capacitor is a device that stores electric potential
energy as a charge in an electric circuit. The total charge stored in a capacitor is q = CV , where
C is its capacitance and V is the voltage drop across it.

The energy stored in the capacitor can be obtained by using the energy stored in a differential
charge and integrating it over the total charge; that is,

dUe = Vdq =
q

C
dq. (8.37)

Integrating the previous equation over the total charge, we obtain

Ue =
1
2

q2

C
. (8.38)



Motion of Charged Bodies in an Electric Field 269

8.3.2 Inductor

The inductor is analogous to the mass in a mechanical system. The inductor serves to oppose
any changes in the circuit current by transforming electric energy into a magnetic field or
vice versa. Specifically, when the current passing through the inductor changes, it produces a
voltage (a back EMF) across its terminals that opposes the change in current that created it.

The voltage drop V , across the inductor, can be related to the current I passing through
it using

V = L
dI

dt
, (8.39)

where L is the inductance. Since the inductor opposes any changes in the circuit current, a
voltage source connected in series with the inductor must do work against the inductor to
increase its terminal voltage. The work is given by

W =
∫

Pdt =
∫

VIdt =
∫

LI
dI

dt
dt =

∫
LIdI =

1
2
LI2. (8.40)

The work done by the source W is equal to the energy stored in the inductor Te, which in
turn can be represented as a kinetic energy expression using Lagrange’s equations. This is
because the effect of the inductor on the circuit dynamics is analogous to that of the inertia in
a mechanical system. It follows that the electric energy stored in the inductor is

Te =
1
2
LI2 =

1
2
Lq̇2. (8.41)

8.3.3 Resistor

Much like a viscous damper in mechanical systems, a resistor is an energy dissipative element.
It dissipates electrical energy as heat, causing a voltage drop across it. According to Ohm’s
law, the voltage drop V across a resistive element R can be related to the current I passing
through it via

V = IR. (8.42)

To include the energy dissipated by the resistor in Lagrange’s equation, we define the power
dissipation function

De =
1
2
Rq̇2 (8.43)

and treat the resistor in the same way we treat the viscous damper in mechanical systems.

Example 8.27 Circuit Dynamics using Lagrange’s Equation

Use Lagrange’s approach to find the equation governing the dynamics of the current in the
series RLC circuit shown in Figure 8.41.
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Figure 8.41 Dynamics of the current I in an RLC circuit.

To find the equation of motion, we state the energy for each circuit element in terms of the
charge q.

• The energy stored in the inductor is given by Te = 1
2Lq̇2

• The electrical potential energy stored in the capacitor is Ue = 1
2

q2

C
• The power dissipated by the resistor is De = 1

2Rq̇2

• The energy generated by the source is Us = −qVin(t).

Note the negative sign used to describe the energy generated by the source. This is
because the source is doing work to generate the current. The Lagrangian is therefore,
L = Te − Ue − Us. Using Lagrange’s equation, we obtain

d
dt

(
∂L
∂q̇

)
− ∂L

∂q
+

∂D
∂q̇

= 0,

Lq̈ + Rq̇ +
q

C
= Vin(t).

Expressing the previous equation in terms of I , we obtain

LÏ + Rİ +
1
C

I = V̇in(t).

Example 8.28 Capacitive Microphone

A capacitive microphone consists of a moving charged plate placed at a distance d from and
parallel to a fixed plate (electrode) forming a capacitor, as shown in Figure 8.42. When the
moving plate is subjected to acoustic waves, it vibrates and thereby changes the effective
capacitance of the system. This process generates a current in the circuit and this can be used
to amplify the sound applied. Find the equations of motion describing the deflection x of the
plate and the charge q in the circuit using Lagrange’s equation.

To find the equation of motion, we define our generalized coordinates as the deflection x
and the charge q. We then state the energy associated with each element in the system. The
kinetic energy and kinetic energy-like terms are, respectively, due to the inertia of the moving
plate and the electric energy stored in the inductor; that is

T =
1
2
mẋ2 +

1
2
Lq̇2.
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Figure 8.42 Schematic of a capacitive microphone.

The total potential energy is due to the mechanical energy stored in the spring, the electric
energy stored in the capacitor, and the energy generated by the voltage source; that is

U =
1
2
kx2 +

1
2C

q2 − qV(t),

where C = εA
d−x . Here, A is the area of the plates and ε is the electric permittivity of the space

between the capacitor plates.
The total dissipated power is due to mechanical and electrical losses, and is given by

D =
1
2
cẋ2 +

1
2
Rq̇2.

It follows that the Lagrangian can be written as

L =
1
2
Lq̇2 +

1
2
mẋ2 − 1

2
kx2 − d − x

2εA
q2 + qV(t).

Using Lagrange’s equation, we obtain the following equation for the mechanical sub-system:

d
dt

(
∂L
∂ẋ

)
− ∂L

∂x
+

∂D
∂ẋ

= f(t)n̂2.
dẋ

dẋ
n̂2,

mẍ + cẋ + kx − q2

2εA
= f(t),

where the term on the right-hand side of the equation represents the generalized force due to
the force f(t). For the electrical sub-system, we can write

d
dt

(
∂L
∂q̇

)
− ∂L

∂q
+

∂D
∂q̇

= 0,

Lq̈ + Rq̇ +
q(d − x)

εA
= V(t).

Summary

In what follows, we summarize the main concepts of electromagnetism.

• The Lorentz force: The general force F acting on a charged particle q moving under
the influence of electric and magnetic fields can be written as

F(r, t) = qE(r, t) + qNvP/O × B(r, t),
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where r is the position vector of the particle in space, E(r, t) is the electric field,
B(r, t) is the magnetic field, and NvP/O is the velocity of the particle P with respect
to an inertial point O.

• Force on a current-carrying conductor: The force F acting on a current-carrying con-
ductor placed in a magnetic field B is given by

F =
∫ l

0
Idl × B,

where l is the length of the conductor, dl is a differential vector in the direction of l,
and I is the magnitude of the current in the conductor. For a straight wire placed in a
uniform magnetic field, B, the previous equation reduces to

F = BlI sin θ.

• Biot–Savart law: The Biot–Savart law states that the differential magnetic field dB at
point P induced by the motion of a current I through a differential wire dl is given by

dB =
μ

4π

Idl × r
‖r‖3 = d

μ

4π

Idl × r̂

‖r‖2 .

• Ampere’s law: Ampere’s law states that the circulation of the induced magnetic field B
about a closed loop enclosing a current Ienclosed is proportional to the current enclosed
by the loop; that is ∮

B.dl = μIenclosed,

where μ is the magnetic permeability of the space containing the conductors. Note
that this equation is valid only when the electric field inside the loop is time invariant;
that is dE

dt = 0.
• Faraday’s law of induction: Any change in the magnetic flux Φ through a surface

enclosed by a wire loop generates a current in the loop. The generated current in the
loop is due to an induced voltage difference E across two points on the loop. The
voltage difference is known as the back EMF and is related to the change of flux via

E = −dΦ
dt

.

• Lagrange’s equation for electrical systems: By using the charge q as a generalized
coordinate, one can utilize Lagrange’s equation to obtain the equations governing the
dynamics of an electrical system. To this end, we define the following functions to
describe the energy stored and power dissipated in electrical elements:

– Capacitor: The capacitor is an energy storage element which has an electric poten-
tial energy function Ue = 1

2C q2, where C is the capacitance.
– Inductor: Much like an inertial mass in a mechanical system, the inductor trans-

forms electric energy into magnetic field and vice versa. The electric energy stored
in the inductor is therefore kinetic-like energy and is given by Te = 1

2Lq̇2, where
L is the inductance.
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– Resistor: The resistor is an energy dissipative element for which we can define a
power dissipation function of the form De = 1

2Rq̇2, where R is the resistance.

8.4 Maxwell’s Equations

Everything we have learned so far in this chapter can be summarized into the four,
widely-celebrated Maxwell equations. In this section, we will derive these equations based
on the knowledge already gained in this chapter.

8.4.1 Maxwell’s First Equation

Maxwell’s first equation is based on Gauss’s law, which states that the electric flux through a
closed surface is proportional to the charge enclosed by the surface; that is

∮
E.dA =

N∑
i=1

Qi

ε
, (8.44)

where E is the electric field, dA is a unit vector normal to the flux area, Qi are the charges
enclosed by the surface, N is the number of charges, and ε is the permittivity of the space.
Assuming that the charge enclosed Qi is distributed over a volume V , we can write

Qi =
∫

V

ρdV, (8.45)

where ρ is the charge per unit volume. It follows that∮
E.dA =

1
ε

∫
V

ρdV, (8.46)

Using Gauss’s (divergence) theorem, the term on the left-hand side of the equation can be
rewritten as ∮

E.dA =
∫

V

∇.EdV, (8.47)

Substituting the previous equation back into Equation (8.46) yields Maxwell’s first equation.

∇.E =
ρ

ε
(8.48)

8.4.2 Maxwell’s Second Equation

Maxwell’s second equation states that there are no magnetic monopoles. In other words, mag-
nets can only exist as a dipole. As such, the total magnetic flux through a closed surface is zero
because all the magnetic fields lines leaving the north pole of the magnet will come back and
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enter the south pole. Thus, we can write∮
B.dA = 0. (8.49)

Using Gauss’s divergence theorem, the previous equation can be simplified to∫
∇.BdV = 0, (8.50)

or
∇.B = 0 (8.51)

This is known as Maxwell’s second equation.

8.4.3 Maxwell’s Third Equation

Maxwell’s third equation originates from Faraday’s law of induction, which states that the
voltage E induced in a closed loop is proportional to the rate of change of the magnetic flux Φ
that the loop encloses; that is,

E = −dΦ
dt

= − d
dt

∫
σ

B.dA, (8.52)

where B is the magnetic field and σ is the area enclosed by the loop. Using the common
knowledge that the voltage induced in the loop is given by

E =
∮

E.dr, (8.53)

where dr is a differential element in the circuit loop, and using the previous two equations, we
can write ∮

E.dr = − d
dt

∫
σ

B.dA. (8.54)

Using Stokes theorem, the integral on the left-hand side can be manipulated such that∮
(∇× E).dA = − d

dt

∫
σ

B.dA. (8.55)

It follows that

∇× E = −dB
dt

(8.56)

The previous equation is known as Maxwell’s third equation.

8.4.4 Maxwell’s Fourth Equation

Maxwell’s fourth equation originates from Ampere’s law described in Section 8.2.4 which
states that the circulation of the magnetic field along a closed loop is proportional to the electric
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current enclosed by the loop; i.e. ∮
B.dl = μIenclosed. (8.57)

Defining the enclosed current in terms of the electric current density, J, per unit area enclosed
by the loop, we can write

Ienclosed =
∫

σ

J.dA. (8.58)

Applying Stokes’ theorem on the left-hand side of Ampere’s law, we can write∫
σ

(∇× B).dA = μ

∫
σ

J.dA. (8.59)

It follows that

∇× B = μJ. (8.60)

This equation has a major issue, which only becomes apparent when taking its divergence to
obtain

∇.(∇× B) = μ∇.J,

∇.J = 0.
(8.61)

When the divergence of J is zero, the electric current flowing into any region is always equal
to the electric current flowing out of the region; in other words there is no divergence. This
seems reasonable until we place a capacitor in a closed circuit loop. A capacitor in its simple
form consists of two parallel plates separated by air. As such, in principle, a capacitor should
not allow a current to pass through it. This means that the divergence of J across the capacitor
plates should not be zero because whatever current is entering the positive side of the capacitor
plate should not be able to pass through the air barrier. Nevertheless, we have learned in circuit
theory that a time-varying current does indeed flow through the capacitor.

In 1865, Maxwell realized that that current can flow through the capacitor as a result of the
change of the electric field inside the capacitor. Therefore, he amended the right-hand side of
Equation (8.60) as:

∇× B = μ

(
J + ε

dE
dt

)
(8.62)

where the added term reflects currents generated due to the change in the electric field.
In summary, Maxwell’s fourth equation states that the circulation of the magnetic field about

a closed loop is proportional to the electric current enclosed by it, plus currents induced due
to the time rate of change of the electric field that the loop encloses.

8.5 Lagrangian Formulation of the Lorentz Force

The reason for introducing Maxwell’s four equations was not only to summarize theories of
electromagnetism in an elegant way, but also to permit the derivation of a Lagrangian formu-
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lation of the Lorentz force, which takes the general form

F(r, t) = qE(r, t) + qNvP/O × B(r, t). (8.63)

In order to derive a potential energy expression to represent the Lorentz force, we should be
able to write the force as the negative gradient of some scalar potential function Uem; that is,

F(r, t) = −∇Uem. (8.64)

This can be easily done for the electrostatic component of the force, because the electric field
is simply the gradient of the electric potential, which is a scalar quantity: E = −∇V . On the
other hand, the magnetic component of the force cannot be easily described in terms of the
gradient of a scalar potential because it depends on the velocity of the charge NvP/O.

In what follows, we present an analysis that uses Maxwell’s equations to derive a Lagrangian
associated with the Lorentz force.

By virtue of Maxwell’s second equation, ∇.B = 0, we can express the magnetic field as the
curl of some vectorial potential function G; that is,

B = ∇× G, (8.65)

Using Maxwell’s third equation, we can also write

∇× E = − ∂

∂t
(∇× G), (8.66)

or

∇×
(

E +
∂G
∂t

)
= 0. (8.67)

This implies that we can represent the term in brackets as the negative gradient of some scalar
potential function Ψ such that

−∇Ψ =
(

E +
∂G
∂t

)
. (8.68)

Using this to eliminate E from the Lorentz force, we obtain

F(r, t) = q

(
−∇Ψ − ∂G

∂t
+NvP/O × (∇× G)

)
. (8.69)

Next, we use the identity A × (B × C) = B(A.C) − C(A.B) to simplify the last term of the
equation and obtain

F(r, t) = q

(
−∇Ψ − ∂G

∂t
+ ∇(NvP/O.G) − G(NvP/O.∇)

)
. (8.70)

Note that

dG
dt

=
∂G
∂t

+ G(NvP/O.∇), (8.71)
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which further implies that

F = q

(
−∇(Ψ−NvP/O.G) − dG

dt

)
. (8.72)

Assuming the system has no constraints, we can use the Cartesian coordinates (x1, x2, x3) to
replace the generalized coordinates. This allows the previous equation to be written in the
Cartesian form:

Fi =
d
dt

(−qGi) − q
∂

∂xi

(Ψ−NvP/O.G), i = 1, 2, 3. (8.73)

Next, we define a velocity-dependent potential function Uem of the form

Uem = qΨ − qNvP/O.G (8.74)

and substitute it into Lagrange’s equation to obtain the following electromagnetic force
expression:

Fi =
d
dt

(
∂Uem

∂ẋi

)
− ∂Uem

∂xi

. (8.75)

Substituting Equation (8.74) into Equation (8.75) leads to Equation (8.73). This implies that
Equation (8.74) is indeed the actual velocity-dependent scalar potential of the Lorentz force.

Example 8.29 Motion of a Particle in a Magnetic Field

Use Lagrange’s equations to find the general equation of motion for a particle in a uniform
magnetic field B, where the vector field G is given by G = − 1

2r × B.
We first note that, in the absence of electrostatic field, the electrostatic component Ψ of the

electromagnetic potential vanishes. Furthermore, for the assumed vector field G = − 1
2r × B,

we can use the established definition of the Lagrangian of a particle in a magnetic field to write

L = T − Uem =
1
2
mṙ2 + qNvP/O.G =

1
2
mṙ2 − 1

2
q.(r × B).

Applying Lagrange’s equation along the three Cartesian coordinates (x1, x2, x3), we can write

d
dt

(
∂L
∂ẋi

)
− ∂L

∂xi

= 0, i = 1, 2, 3,

where

d
dt

(
∂L
∂ẋi

)
= mẍi −

q

2
(NvP/O × B)i, i = 1, 2, 3,

∂L
∂xi

=
q

2
(vP/O × B)i, i = 1, 2, 3.

It follows that

mẍi = q(vP/O × B)i, i = 1, 2, 3,
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or

mr̈ = q(vP/O × B).

This implies that the mass times the acceleration of the particle is equal to the magnetic com-
ponent of the Lorentz force, a fact that would have been easily realized when using Newton’s
second law of dynamics.

Example 8.30 Motion of a Conductor in a Magnetic Field

A conductor of mass m and length l, as shown Figure 8.43, is immersed in a constant uniform
magnetic field B = −B0n̂3. The motion of the wire is constrained by a spring of stiffness k
and a linear viscous damper of damping coefficient c. Find the equation of motion of the wire
and the current in the circuit using Lagrange’s approach.

To use Lagrange’s equation, we need first to define all the energy fields present in the sys-
tem using the two generalized coordinates, namely x (wire displacement) and q (charge). The
kinetic energy T is only due to the motion of the wire and is given by T = 1

2mẋ2. There are
two dissipative energy fields: the first is due to the mechanical viscous damping Dm = 1

2cẋ
2

and the second is due to the electrical damping in the resistor De = 1
2Rq̇2. There are also two

potential energy storing elements: the spring Um = 1
2kx2 and the electromagnetic field Uem.

For a current-carrying conductor, the potential energy stored in the electromagnetic field
can be written as

Uem = lI.G.

This follows directly from Equation (8.74). Since the magnetic field is pointing in the
n̂3-direction, the correct choice of the vector potential is G = B0xn̂2. It follows that

Uem = l(In̂2).(B0xn̂2) = B0lIx = Blq̇x.

Next, we express the Lagrangian as

L = T − U =
1
2
mẋ2 − 1

2
kx2 + Blq̇x

R

B

x

k

c

n2ˆ

n1ˆ

Figure 8.43 Motion of current-carrying conductor in a magnetic field.
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The total power dissipation is given by

D =
1
2
cẋ2 +

1
2
Rq̇2.

The electro-mechanical equations can be obtained using Lagrange’s equations as

d
dt

(
∂L
∂ẋ

)
− ∂L

∂x
+

∂D
∂ẋ

= 0,

mẍ + cẋ + kx = −BlI,

d
dt

(
∂L
∂q̇

)
− ∂L

∂q
+

∂D
∂q̇

= 0,

− Blẋ + Rq̇ = 0, I =
Blẋ

R
.

Exercises

8.1 A cyclotron is a device used to accelerate electrons by applying magnetic and elec-
tric fields. The device works by emitting an electron with initial velocity v0 in an electric
field E0, as shown in Figure 8.44. The electron accelerates under the influence of the elec-
tric field up to a point where it enters a D-shaped region in which a uniform magnetic
field B0n̂3 is applied. The field serves to move the electron along a circular path down to
the point where it re-enters the electric field. At this point, the electric field reverses direc-
tion and accelerates the particle again. The process continues until the electron reaches
the desired speed. Find the frequency at which the electric field needs to switch direction
to achieve the desired effect.

E0

B0
B0

Figure 8.44 Exercise 8.1.

8.2 We want to study the motion of an electron of mass m and charge q in the space between a
pair of coaxial cylindrical conductors (cylindrical capacitance) as shown in Figure 8.45.
The space between the cylinders is evacuated. The radius of the inner cylinder is a, and
the radius of the outer cylinder is b. A static homogeneous magnetic field B0 is applied
parallel to the cylinder axis, directed out of the plane of the figure.

An electron is released from the surface of the inner cylinder with an initial velocity v0
in the radial direction. For magnetic fields larger than a critical value, Bcr, the electron
will not reach the outer cylinder. Show that Bcr = 2bmv0

q(b2−a2) .
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a

b

θ

VoB0

n2ˆ

n1ˆ

b2̂

b1̂

Figure 8.45 Exercise 8.2.

8.3 For the setup discussed in the Exercise 8.2, we apply a voltage V0 at the outer cylinder
in addition to the already existing uniform magnetic field B0n̂3. The electron is released
with negligible velocity in the radial direction. Show that the quantity L − 1

2qB
2
0r

2 is
conserved where L is the angular momentum of the particle.

Again, for magnetic fields larger than a critical value Bcr, the electron will not reach
the outer cylinder. Show that, in the presence of the voltage V0, the critical magnetic
field above which the electron does not reach the outer cylinder is given by Bcr =

2b
(b2−a2)

√
2mV0

q .

8.4 A particle of mass m and charge q is suspended on a string of length l, which is fixed at
point O (Figure 8.46). Under the point of suspension, there is an infinite plane grounded
conductor. When θ = 0, the distance between the particle and ground is d. Assuming that
oscillation occurs in the horizontal place, find the equation of motion of the pendulum.

m q

θ
l

O

Figure 8.46 Exercise 8.4.

8.5 A beam of protons enters a uniform magnetic field B at a velocity v0, making an angle
θ with the field (Figure 8.47). Show that the beam will move in a helical path in the field
with a radius Rh = mv0 sin θ

qB and a pitch Ph = 2πmv0 cos θ
qB .
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θ
B

v0

Figure 8.47 Exercise 8.5.

8.6 A charged particle of mass m and charge q moves in a sector of magnetic field of uniform
density B and width d, as shown in Figure 8.48. Show that the angle θ at which the
particle exits the magnetic field is given by θ = arcsin qbd

mv .

d

v

θ

Figure 8.48 Exercise 8.6.

8.7 A charged particle of mass m and charge q is accelerated by a potential voltage V0 and
enters a magnetic field at an angle θ, as shown in Figure 8.49. Find the time it will take
the particle to exit the field.

θ

B

q

Figure 8.49 Exercise 8.7.

8.8 Two long parallel wires each of mass m were initially placed adjacent to each other. As
shown in Figure 8.50, the wires are suspended by two cables of length l. What happens
when currents of equal magnitude and opposite direction flow into the wires? Find their
equations of motion.

O

O

I
I

θ

θ

l
l

l
l

Figure 8.50 Exercise 8.8.
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8.9 Consider the motion of a conductor strip, of mass m, length l, and width d, in the mag-
netic field of another stationary conductor of infinite length, as shown in Figure 8.51.
The conductors are placed in the horizontal plane at a distance r. One of the conductors
carries current I1 while the other carries current I2. The moving strip is connected to a
spring of stiffness k. Find the equation of motion of the strip.

k

I2

I1

m, l

r
d

Figure 8.51 Exercise 8.9.

8.10 A horizontal wire of mass m and length l is placed on top of two conductors that are
connected to a circuit, as shown in Figure 8.52. The switch in the circuit is closed for a
small time δt. Find the maximum height that the wire jumps.

+ −R

m, l

V

I

B

Figure 8.52 Exercise 8.10.

8.11 A horizontal wire of mass m and length l is suspended by two massless rods, each of
length d. The rods are hinged such that they are allowed to rotate around the axis shown
in Figure 8.53. The whole setup is placed at a distance r from a wire of infinite length.
Find the equation of motion of the rod when it is given a small initial angular velocity
about the axis of rotation.

8.12 A rectangular loop of wire of mass m, width w, length l, and resistance R is moving in
and out of a uniform magnetic field −B0n̂3, as shown in Figure 8.54. Find the equation
of motion of the loop and the equation governing the current in the circuit.
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I2

I1

m, l

r

d

d

Figure 8.53 Exercise 8.11.

R
k

c

w

l

B0

n2ˆ

n1ˆ

Figure 8.54 Exercise 8.12.

k

k

B

2m

m

l

conductor
pulley

Figure 8.55 Exercise 8.13.
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8.13 A conducting bar of mass m and resistance R is pulled in the horizontal direction across
two frictionless parallel rails a distance l apart by an elastic string. The string passes over
a frictionless pulley and is connected to a block of mass 2m, as shown in Figure 8.55. A
uniform magnetic field is applied vertically downward. Find the equation of motion of
the bar and the current in the closed circuit loop.

8.14 Use Lagrange’s equation to find the equation governing the voltage dynamics for the
parallel RLC circuit shown in Figure 8.56.

CLR

+

−

I V

Figure 8.56 Exercise 8.14.
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9
Introduction to Analysis Tools

Chapters 2–8 focused on a single objective: finding the equations governing the motion of a
system consisting of particles and rigid bodies, a process commonly known as mathematical
modeling. Nonetheless, while models constitute the fundamental basis upon which everything
else is built, the process of fully understanding and controlling the dynamic behavior of a
system cannot be fully realized without analyzing its response, a process commonly known as
mathematical analysis.

As you may have noticed in the previous chapters, models of particles and rigid bodies in
motion are described by one or more non-linear ordinary differential equations. As such, ana-
lyzing the dynamic behavior of a system of particles and/or rigid bodies necessitates learning
the tools commonly used to analyze non-linear differential equations. This subject will be the
core of this chapter. The analysis of non-linear differential equations can be divided into local
and global categories. In local analysis, we inspect the dynamics of the system in the vicinity of
some important points where it is possible to implement analytical tools. In a global analysis,
we try to draw a global picture of the dynamics using numerical techniques.

The reader should bear in mind that this chapter is only introductory in nature; the analysis
of non-linear differential equations is a wide subject, and cannot be covered in a single chapter.
For more details, interested readers should consult the book by Nayfeh and Balachandran [1]
or that by Strogatz [2].

9.1 Basic Definitions

A system of ordinary differential equations has one or more dependent variables and a
single independent variable. The dependent variables are called dependent because their
evolution depends on some other variables, while the independent variables are those whose
evolution does not depend on anything else. The process of solving a non-linear differential

Dynamics of Particles and Rigid Bodies: A Self-Learning Approach, First Edition. Mohammed F. Daqaq.
© 2019 John Wiley & Sons Ltd. Published 2019 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/daqaq/dynamics
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equation entails finding how the dependent variable evolves with the independent variable.
For example, in the equation of a simple pendulum

θ̈ +
g

l
sin θ = 0, (9.1)

θ is the dependent variable, while time – which is contained within the derivative – is the
independent variable. The process of solving Equation (9.1) entails finding the dependence
of θ on time; in other words, θ(t). Generally, for models involving the dynamic behavior of
particles and rigid bodies, time is always the only independent variable because Newton’s
second law governs the temporal variation of these systems, while the spatial variation is not
of interest.

Ordinary differential equations can be generally classified into linear and non-linear. All
the terms in a linear differential equation vary linearly with the dependent variable, while a
non-linear differential equation contains terms that have non-linear dependence on the depen-
dent variable. For instance, Equation (9.1) is non-linear because the term sin θ is a non-linear
function of the dependent variable θ. Ordinary differential equations can also be classified
according to their order, which represents the order of the highest derivative in the equation.
Thus, Equation (9.1) is of the second order.

Non-linear ordinary differential equations can be classified into autonomous and
non-autonomous. Autonomous equations are those in which time does not appear explicitly
(appears only as part of the derivative of the dependent variables), whereas non-autonomous
equations are the ones in which time appears explicitly. For example, Equation (9.1) is an
autonomous differential equation because time only appears as part of the derivative.

The asymptotic behavior of a set of differential equations as t → ∞ is known as the
steady-state response. Such response could be bounded or unbounded, static or dynamic.
Prior to reaching the steady-state, the behavior of a dynamic system is called transient.

Any set of higher-order (order greater than one) non-linear differential equations can be
expressed in the general form

ẋ = G(x), (9.2)

where x ∈ R
n is known as the state vector; G ∈ R

n is known as the vector field. For example,
Equation (9.1) can be transformed into the general form of Equation (9.2) by letting x1 = θ,
x2 = θ̇, which yields

ẋ1 = x2,

ẋ2 = −g

l
sin x1.

(9.3)

Thus, we can write

ẋ = G(x), where x =
[

x1
x2

]
, G(x) =

[
x2

−g

l
sin x1

]
. (9.4)

Even non-autonomous differential equations can be expressed in the form of Equation (9.2).
For instance, consider the system

ẍ + ẋ + x3 = cos(3t). (9.5)
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Let x1 = x, x2 = ẋ, and x3 = t. This yields

ẋ = G(x), where x =

⎡
⎢⎣

x1

x2

x3

⎤
⎥⎦ G(x) =

⎡
⎢⎣

x2

−x2 − x3
2 + cos 3x3

1

⎤
⎥⎦ . (9.6)

9.2 Equilibrium Solutions of Dynamical Systems

An important aspect of the response of a dynamical system is its steady-state behavior. We are
always interested to understand the characteristics of the response after a sufficiently long time.
Does this system approach a static point or does it continue to move? Is the response bounded,
or does it grow without bounds? Many such questions can only be answered if we learn how
to find the equilibrium points of the system; in other words, the final static configuration of the
system.

Since the equilibrium solutions represent the static behavior of the system, they refer to
the points where ẋ = 0, or where the vector field vanishes. These points can be obtained by
solving

G(x0) = 0, (9.7)

where x0 represent the vector of equilibrium points. Equation (9.7) represents a set of n alge-
braic equations that can be solved together for the vector x0. The equilibrium solutions can
also be referred to as fixed points, stationary solutions, critical points, constant solutions, and
steady-state solutions.

As a physical example, let us find the equilibrium points of a pendulum. To this end, we set
G(x0) = 0. This yields x2 = 0, sin x1 = 0. It follows then that the equilibrium solutions are
(x10, x20) = ((i − 1)π, 0), i = 1, 2, . . . ,∞. In terms of the original dynamics, these solutions
are (θ0, θ̇0) = ((i − 1)π, 0), i = 1, 2. Physically, any equilibrium point beyond i = 2 is just a
repetition of one of the first two equilibrium points, as shown in Figure 9.1.

θ0 = 0 θ0 = π

Figure 9.1 Equilibrium configurations of a simple pendulum.
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Example 9.1 Equilibrium Points of a Rotating Rigid Body

Find the equilibrium points of the rotating T-shaped rod modeled in Example 3.10.
The equation of motion is found to take the following form:

θ̈ +
(

16
27

g

l
− 79

81
Ω2 cos θ

)
sin θ = 0.

In the general form of Equation (9.2), the state vector and the vector field can be written as

x =

[
x1

x2

]
G(x) =

[
x2

−
( 16

27
g
l −

79
81Ω

2 cos x1
)
sin x1

]
.

Setting the vector field to zero, we obtain the following equilibrium points:

(x10, x20) = (θ0, θ̇0) = ((i − 1)π, 0), i = 1, 2, . . . ,∞,

(x10, x20) = (θ0, θ̇0) = (± arccos
48
79

g

lΩ2 , 0), Ω2 ≥ 48
79

g

l
.

This implies that there are four possibly realizable equilibrium solutions. Two of these are
independent of the angular velocity of rotation and correspond to θ0 = 0 and θ0 = π, while
the third and fourth correspond to an equilibrium angle whose magnitude increases with the
angular velocity of rotation θ0 = ± arccos 48

79
g

lΩ2 and only exist when Ω2 ≥ 48
79

g
l . Note that

we used the expression “possibly” realizable because some equilibrium solutions cannot be
physically realized, as will be discussed next.

9.3 Stability and Classification of Equilibrium Solutions

The equilibrium solutions of a given dynamical system represent the steady-state points at
which the trajectories of a dynamical system may eventually settle after a sufficiently long
time. Nonetheless, what determines whether the dynamic trajectories can actually end up at
these points is the type of the equilibrium solution: mainly whether it is stable or unstable. A
stable equilibrium point will attract any dynamic trajectories initiated close to it and hence can
be called an attractor. In contrast, an unstable equilibrium point repels any dynamic trajecto-
ries, no matter how close they are to it. As such, these are often called repellors. For non-linear
systems with multiple stable equilibrium points, the final destination of the dynamic trajecto-
ries is determined by the set of initial conditions that lead to one equilibrium point versus
another. These set of initial conditions are commonly referred to as the basin of attraction of
a given equilibrium point.

To determine whether an equilibrium point is stable or not, we agitate the system slightly
around the equilibrium by introducing a small perturbation. We then investigate the dynamic
of the perturbation itself after a sufficiently long time. If the perturbation dies out, then the
equilibrium point is stable; otherwise it is unstable. In other words, to assess the stability of a
given equilibrium solution, we let

x(t) = x0 + y(t), (9.8)

where x0 is the equilibrium solution and y(t) is the introduced perturbation. Substituting
Equation (9.8) into Equation (9.2), we obtain

ẏ(t) = G(x0 + y(t)). (9.9)
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Assuming that the vector field G is continuous and twice differentiable, and since the
perturbation is small by definition, we can expand Equation (9.9) in a Taylor series around
x0. This yields

ẏ = G(x0) + DxG(x0)y(t) + O(y2), (9.10)

where

DxG(x0) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂G1

∂x1

∂G1

∂x2
. . .

∂G1

∂xn

∂G2

∂x1

∂G2

∂x2
. . .

∂G2

∂xn

...
...

...
...
...

...

∂Gn

∂x1

∂Gn

∂x2
. . .

∂Gn

∂xn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
x=x0

, (9.11)

and O(y2) represents the order of y2. By virtue of Equation (9.7), the term G(x0) vanishes,
so Equation (9.10) reduces to

ẏ ≈ DxG(x0)y ≈ Ay, (9.12)

where terms of order O(y2) are assumed to be sufficiently small to be neglected. Here, A is the
matrix of partial derivatives evaluated at the equilibrium points, also known as the Jacobian
matrix.

Our goal next is to determine if every component in the perturbation vector y(t) decays to
zero with time. If this is the case, then the associated equilibrium point is stable. To this end,
we first note that the matrix A has constant entries. As such, Equation (9.12) represents a set of
linearly-coupled ordinary differential equations whose solution can be written in the general
form:

y(t) = etAy0, (9.13)

where y0 ∈ R
n is the vector of initial conditions at t = 0. Examining Equation (9.13), it

becomes evident that the entities of matrix A play a critical role in characterizing whether
the exponential function etAy0 decays to zero as time evolves. However, this role is not yet
clear. To clarify this role, let us introduce the transformation

y = Pz, (9.14)

where P ∈ R
n×n is a non-singular matrix. Substituting Equation (9.14) into Equation (9.12)

yields

Pż = APz, (9.15)

or

ż = P−1APz. (9.16)

The matrix P−1AP can be diagonalized when the geometric multiplicity and algebraic multi-
plicity coincide; in other words, there is a linearly independent eigenvector for each eigenvalue
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even if the eigenvalues are not distinct. If this condition is satisfied, one can choose P such that
P−1AP is a diagonal matrix with the diagonal terms being the eigenvalues of A. The matrix
P that can realize this diagonalization is that consisting of the right eigenvectors of A as the
columns of P. As such, one can write

ż = Λz, (9.17)

where

Λ =

⎡
⎢⎢⎢⎢⎢⎣

λ1 0 0 . . . 0
0 λ2 0 . . . 0
0 0 λ3 . . . 0
...

...
...

...
...

0 0 0 . . . λn

⎤
⎥⎥⎥⎥⎥⎦

.

Here λi are the eigenvalues of A. Using Equations (9.13)–(9.15) and (9.18), one can write

y(t) = PetΛP−1y0. (9.18)

Since Λ is diagonal, Equation (9.18) can be further simplified to

y(t) = P

⎡
⎢⎢⎣

eλ1t 0 0 . . . 0
0 eλ2t 0 . . . 0
0 0 eλ3t . . . 0
0 0 0 . . . eλnt

⎤
⎥⎥⎦P−1y0. (9.19)

Examining Equation (9.19), it becomes clear that:

• y(t) → 0 as t → ∞ if and only if all eigenvalues λi of the matrix A have negative real
parts;

• y(t) → ∞ as t → ∞ if at least one eigenvalue has a positive real part.

As a consequence, an equilibrium solution is locally asymptotically stable if all the eigenval-
ues of the Jacobian matrix evaluated at the equilibrium points have negative real parts (located
in the left-hand side of the complex plane). It is unstable if at least one eigenvalue has a positive
real part (located on the right-hand side of the complex plane).

It is worth noting that, even if the eigenvalues of the Jacobian matrix are not distinct, there
still exists a matrix P such that P−1AP = J, where J is a Jordan canonical matrix with
off-diagonal entries. This matrix can also be used to study the stability of the system.

The equilibrium solutions can be classified according to the location of the eigenvalues
λk = ζk ± ıωk in the complex plane:

Hyperbolic An equilibrium solution is hyperbolic when all the eigenvalues of the Jacobian
matrix have non-zero real parts. Based on the nature of the eigenvalues, a hyperbolic fixed
point can be divided into three major types:

• Sink, if all ζk < 0. A sink is also called a stable focus if at least one eigenvalue has ωk �= 0,
and is called a stable node if all ωk = 0.

• Source, if all ζk > 0. A source is also called an unstable focus if at least one eigenvalue has
ωk �= 0, and is called an unstable node if all ωk = 0.

• Saddle, if some ζk > 0 and some ζk < 0.
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Non-hyperbolic An equilibrium solution is non-hyperbolic if at least one eigenvalue has
a zero real part. A non-hyperbolic fixed point is unstable if one or more of the eigenvalues
has a positive real part and is neutrally stable if the rest of the eigenvalues have negative
real parts. If all the eigenvalues are purely imaginary a non-hyperbolic fixed point is called a
center.

Equilibrium Points

Finding the equilibrium points of dynamical systems and analyzing their stability is
one of the most common techniques to analyze the local behavior of a system. Despite
being a local analysis, it is often possible to establish a good understanding of the global
dynamics of a system by classifying its equilibrium points.

Example 9.2 Classification of Equilibrium Solutions of a Simple Pendulum

Classify the stability and type of the equilibrium solutions of the simple pendulum considered
in Example 9.1. The equation of motion of the simple pendulum is given by

θ̈ +
g

l
sin θ = 0.

Rewriting Equation (9.2) in the general form:
{

ẋ1 = x2
ẋ2 = − g

l sinx1

we find the equilibrium solutions as (x10, x20) = ((i − 1)π, 0), i = 1, 2, . . . ,∞. To classify
the stability and types of these solutions, we construct the Jacobian matrix as

A =
[

0 1
− g

l cos x10 0

]
,

for which the eigenvalues can be obtained by solving the equation

|A − λiI| = 0,

Solving the previous equation yields the following eigenvalues:

λ1,2 = ±ı

√
g

l
cos x10,

where ı2 = −1. Substituting x10 = (i − 1)π into Equation (9.2) yields

λ1,2 = ±ı

√
g

l
cos(i − 1)π, i = 1, 2, 3, . . . ,∞.

Note that when i is odd, λ1,2 = ±ı
√

g
l , meaning the fixed point is a neutrally stable center. On

the other hand, when i is even, or when the pendulum is in the upright position, λ1,2 = ±
√

g
l ,

meaning the fixed point is an unstable saddle.
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The resulting classification makes sense since, if you give the pendulum a small perturbation
about θ0 = 0, it will continue to oscillate forever (no dissipation is included in the model). On
the other hand, if you give the pendulum a small perturbation about the upright position, the
dynamic trajectories will quickly diverge away from that position.

Example 9.3 Classification of the Equilibrium Solutions of a Rotating Rod

Classify the equilibrium points of the rotating T-shaped rod modeled in Example 3.10. The
equation of motion is given by

θ̈ +
(

16
27

g

l
− 79

81
Ω2 cos θ

)
sin θ = 0.

The state vector and the vector field can be written as

x =

[
x1

x2

]
G(x) =

[
x2

−
( 16

27
g
l −

79
81Ω

2 cos x1
)
sinx1

]
.

Setting the vector field to zero, we obtain the following equilibrium points:

(x10, x20) = (θ0, θ̇0) = ((i − 1)π, 0), i = 1, 2, . . . ,∞

(x10, x20) = (θ0, θ̇0) = (± arccos
48
79

g

lΩ2 , 0) Ω2 ≥ 48
79

g

l
.

To analyze the stability of the resulting equilibrium points, we find the Jacobian matrix

A =

[
0 1

1
81

(
79Ω2 cos 2x10 − 48g

l cos x10
)

0

]
,

for which the eigenvalues can be obtained by solving the equation

|A − λiI| = 0.

This yields the following eigenvalues:

λ1,2 = ±
√

−79lΩ2 − 48g cos x10 + 158lΩ2 cos2 x10

9
√

l
,

Therefore:

• for x10 = (i − 1)π and i odd,

λ1,2 = ±
√

79lΩ2 − 48g

9
√

l
.

which implies that when Ω2 > 48g
79l and i is odd, x10 = (i − 1)π is a saddle; otherwise, it is

a center.
• for x10 = (i − 1)π, and i even,

λ1,2 = ±
√

79lΩ2 + 48g

9
√

l
,

so for x10 = (i − 1)π, and i even, which represents the upright position of the rod, it is
always an unstable saddle.
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• for x10 = arccos
( 48

79
g

lΩ2

)
, Ω2 > 48

79
g
l ,

λ1,2 = ±

√
−79lΩ2 + 2304g2

79lΩ2

9
√

l

It follows that, when Ω2 ≥ 48
79

g
l which is the condition necessary for this equilibrium posi-

tion to exist, λ1,2 are purely imaginary numbers. Therefore, x10 = arccos
( 48

79
g

lΩ2

)
is a center.

Example 9.4 Classification of Equilibrium Solutions of a Simple Pendulum with
Damping

Let us reconsider the simple pendulum but with an additional torsional viscous damper at the
pivot. The addition of the damper changes the equation of motion to the form

θ̈ +
c

ml2
θ̇ +

g

l
sin θ = 0,

where c is the damping coefficient. Rewriting the previous equation in the general form:⎧⎨
⎩

ẋ1 = x2
ẋ2 = − c

ml2 x2 − g
l sin x1

x1 = θ

we find the equilibrium solutions as (x10, x20) = ((i − 1)π, 0), i = 1, 2, . . . ,∞. Note that the
equilibrium solutions do not change with the addition of the damper.

To classify the stability and types of these solutions, we construct the Jacobian matrix:

A =
[

0 1
− g

l cos x10 − c
ml2

]
.

The eigenvalues can be obtained by solving the equation

|A − λiI| = 0.

Solving the previous equation for λi yields the following eigenvalues:

λ1,2 = ±1
2

(
− c

ml2
±

√
c2

ml2
+

4g cos x10

l

)
.

Hence, when i is odd and c2

ml2 > 4g
l , λ12 are both real and negative, which implies that the

fixed point is a stable node. On the other hand, when i is odd and c2

ml2 < 4g
l , λ12 are complex

conjugates with negative real parts, so the fixed point is a stable focus. When i is even, λ1,2
are real with opposite signs, so the fixed point is an unstable saddle.

Example 9.5 Particle Sliding on A Smooth Surface

Consider the motion of two particles connected through a cable of length l, as shown in
Figure 9.2. The first particle of mass m is allowed to slide in the radial and tangential directions
on the smooth surface, while the second particle of mass αm moves in the vertical direction
under the influence of gravity. At time t = 0 and r = ri, the first particle was subjected to an
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r

θ

n̂1

n̂2

n̂3

m

αm

O

P1

P2

Figure 9.2 Two particles connected through a rigid cable of length l.

initial angular velocity ω0n̂2. Find the steady-state position of the first particle - in other words,
the value of r – after a very long time. Is this position a stable position?

To solve this problem, we first obtain the equations of motion of the system using Newton’s
second law. To this end, we define a rotating B-frame such that NωB = θ̇b̂2, and write the
acceleration of both particles with respect to point O as

NaP1/O = (r̈ − rθ̇2)b̂1 + (rθ̈ − 2ṙθ̇)b̂3,
NaP2/O = r̈b̂2.

Applying Newton’s second law to both particles, we can write

Fb̂1 = mNaP1/O b̂1, T = −mr̈ + mrθ̇2,

Fb̂3 = mNaP1/O b̂3, rθ̈ − 2ṙθ̇ = 0,

Fb̂2 = αmNaP2/O b̂2, T − αmg = αmr̈.

This yields the following equations of motion:

(1 + α)r̈ − rθ̇2 + αg = 0,

rθ̈ − 2ṙθ̇ = 0.

Note that the second of these can be integrated to obtain θ̇ = cθr
2, where cθ is the constant of

integration. This can be obtained by using the initial condition θ̇(ri) = ω0, and yields

θ̇ = ω0

(
r

ri

)2

.

Using this equation, we can eliminate the angle θ from the dynamics, which, in turn, implies
that θ is a cyclic coordinate. The dynamics of the system can then be reduced to

r̈ − ω2
0

r4
i (1 + α2)

r3 + αg = 0.
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To obtain the equilibrium points, we put the previous equation in the general form:

ẋ1 = x2,

ẋ2 =
ω2

0

r4
i (1 + α2)

x3
1 − αg.

This yields the equilibrium solution (x10, x20) =

((
α(1 + α2)gr4

i

ω2
0

)1/3

, 0

)
. The stability of

this steady-state solution can be assessed by constructing the Jacobian matrix:

A =

[
0 1

3x2
10ω

2
0

(1+α2)r4
i

0

]
,

for which the eigenvalues can be obtained by solving the equation

|A − λiI| = 0.

The resulting eigenvalues are

λ1,2 = ±
√

3x2
10ω

2
0

(1 + α2)r4
i

.

Since the term under the square root is always positive, the equilibrium position r0 = x10 is
an unstable saddle.

Flipped Classroom Exercise 9.1

For the system shown in the figure, find the equilibria and classify them. Use l = 9.81 m,
k = 1 N/m, m = 1 kg, and c = 1/9.81 kg/sec. Assume that the moving block to which
the spring and damper are connected is massless, and that all interacting surfaces are
smooth.

m

θ

l

k

O
c

g
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To solve this problem, take the following steps:

1. Use θ as the generalized coordinate, then find the equation of motion of the system.
Show that it takes the form:

θ̈cos2θ − θ̇2 cos θ sin θ +
cl

m
sin θθ̇ +

k

m
(1 − cos θ) sin θ − g

l
cos θ = 0.

2. Put the equation in the general form ẋ = G(x) by letting x1 = θ, and x2 = θ̇.
3. Find the equilibrium points by letting ẋ2 = 0, ẋ1 = 0. Show that the equilibrium

points are: (x10, x20) = (−0.47, 0), (x10, x20) = (0.88, 0). Note that the answers are
presented in radians.

4. Construct the Jacobian matrix and find the eigenvalues.
5. Show that the first equilibirum point is an unstable focus, while the second equilib-

rium point is a stable focus.

9.4 Phase-plane Representation of the Dynamics

One insightful way of representing and analyzing the dynamics of non-linear systems is by
drawing the dynamic trajectories in the phase plane. In a phase plane, we define a region in the
space of (x, ẋ), then draw the trajectories of the dynamics starting from a large set of initial
conditions. This results in a unique graphical representation of the dynamics that can be used
to draw conclusion about the global behavior of the system.

To learn more about the phase-plane representation, we divide the analysis into two parts.
First, we deal with conservative systems for which the phase space can be constructed graph-
ically using analytical tools. Subsequently, we study non-conservative systems, for which
numerical techniques are required. Since, the phase-plane representation of systems contain-
ing more than one degree of freedom is not very insightful, the discussions will only be limited
to systems involving a single degree of freedom.

9.4.1 Conservative Systems

We learned in Chapter 5 that, for a conservative dynamical system, the sum of the kinetic and
potential energy is constant; that is

T (q̇, q) + U(q) = H, (9.20)

where q is some generalized coordinate used to describe the dynamics, T (q̇, q) is the kinetic
energy, U(q) is the potential energy, which for most systems can be assumed to be a function
of q only, and H is a constant denoting the Hamiltonian of the system.

In general, Equation (9.20) can be solved for q̇ in terms of q for different values of H. For
the simple and common case when T = 1

2αq̇2, where α > 0 is a constant, one can solve for q̇
and obtain

q̇ = ± 2
α

√
H− U(q). (9.21)
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Figure 9.3 Phase-plane representation of a concave up potential function. (See color plate section for
the color representation of this figure.)

Thus, for a given energy level H and a known potential energy function, U(q), Equation (9.21)
can be solved for q̇ and used to plot the dynamic trajectories in the (q̇, q) plane for different
initial energy levels (initial conditions). Such a plot is known as the phase plane.

To illustrate this procedure, we construct the phase-plane representation for the generic con-
cave potential energy function shown in Figure 9.3. The phase plane of the system dynamics
in the (q̇, q) plane can be generated by first selecting a low energy level, H1, and plotting q̇
versus q using Equation (9.21). The plus and minus sign in the equation lead to two trajecto-
ries for each value of H. The process is then repeated for higher energy levels H2, H3, . . . ,
Hn, resulting in the phase plane shown in Figure 9.3. For a quick sketch of the phase-plane
representation, one can roughly approximate the shape of the trajectories of q̇ from the graph
without obtaining an exact value.

To find the direction of the trajectories in the phase space, we differentiate Equation (9.21)
with respect to q and obtain

αq̇
dq̇

dq
= −dU

dq
, α > 0. (9.22)
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This equation can be used to deduce the following:

1. When q̇ > 0 and dU
∂q > 0, dq̇

dq < 0, meaning q̇ is decreasing with q and hence the trajectories
point to the left.

2. When q̇ > 0 and dU
∂q < 0, then dq̇

dq > 0, meaning q̇ is increasing with q and hence the
trajectories point to the right.

3. When q̇ < 0 and dU
∂q > 0, then dq̇

dq > 0, meaning q̇ is decreasing with q and hence the tra-
jectories point to the right.

4. When q̇ < 0 and dU
∂q < 0, then dq̇

dq < 0, meaning q̇ is decreasing with q and hence the
trajectories point to the left.

The resulting phase plane is shown in Figure 9.3, where it can be seen that there is an equi-
librium point at (q0, q̇0) = (0, 0). The presence of an equilibrium point at (q0, q̇0) = (0, 0) can
also be deduced by inspecting the potential energy function and noting that it takes its maxi-
mum value at q0 = 0. An extremum (minimum or maxmium) in the potential energy function
is an equilibrium point of the system because, at the equilibrium point, dU

dq = −G(q0) = 0.
The potential energy function can also be used to conclude that the equilibrium point is unsta-
ble because any perturbation to the dynamic trajectories represented here by the motion of a
ball on the potential energy surface will diverge away from the equilibrium point.

In the phase plane, any trajectories passing close to q0 are repelled away from it. As such, the
fixed point, (q̇0, q0) = (0, 0), is an unstable repellor. Further inspection of Figure 9.3 reveals
that the motion trajectories near (0, 0) form a saddle shape, meaning the equilibrium point is a
saddle. It is also worth mentioning that there are two trajectories (manifolds) passing through
the saddle. The one that enters the saddle is called a stable manifold while the one which exits
the saddle is called an unstable manifold.

As a second example, we consider constructing the phase-space representation of the
twin-well potential function shown in Figure 9.4. The potential function has three extrema:
one local maximum and two global minima. These extrema correspond to the three
equilibrium points of the system. The local maximum corresponds to an unstable fixed point
because any perturbation to a ball placed on it will cause the ball to slide down to one of the
wells on either side of the maximum. The local minima are marginally stable centers because
if we give a ball placed at the bottom of the well a small perturbation it will continue to
oscillate forever with a magnitude proportional to the initial energy level.

The phase-plane representation of the dynamics highlights the three fixed points; the one in
the middle is an unstable saddle, as clearly evidenced by the shape of the trajectories passing
through it. The ones on either side of the saddle are marginally stable centers, as evidenced by
the shape of the trajectories around them.

The dynamic trajectories, highlighted in red, which leave the saddle point and come back to
it are called homo-clinic orbits. In Figure 9.4, there are two homo-clinic orbits on either side of
the saddle. The union of these orbits is called a separatrix because it separates initial conditions
leading to qualitatively different dynamic responses. Inside the separatrix, all initial conditions
lead to motions inside one well, also known as intra-well motion. Outside the separatrix, all
initial conditions lead to motions between the two wells, also known as inter-well motions.
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Figure 9.4 Phase-plane representation of a twin-well potential function. (See color plate section for
the color representation of this figure.)

Example 9.6 Phase-plane Representation of Simple Pendulum Motion

Draw the phase plane representation of the motion of a simple pendulum. Use g
l = 1.

For the simple pendulum, the potential energy function is U(θ) = g
l cos θ. This can be

used to plot the phase-plane representation of the dynamics, as shown in Figure 9.5. As you
can see, there are an infinite number of equilibrium points. Those that are at 0, 2π, 4π, . . .
are marginally stable centers, while those that are π, 3π, 5π, . . . are unstable saddles. The
trajectories highlighted in red, which leave one saddle and enter another saddle, are called
hetero-clinic orbits. The union of these hetero-clinic orbits is also called a separatrix because
it separates regions of initial conditions that lead to qualitatively different dynamic behav-
iors. Here, initial conditions inside the separatrix lead to oscillations around θ0 = 0, while
initial conditions outside the separatrix lead to full rotational motion of the pendulum about
its pivot.
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Figure 9.5 Phase-plane representation of simple pendulum motion. (See color plate section for the
color representation of this figure.)

Example 9.7 Conductor Moving in the Magnetic Field of a Stationary Conductor

Consider the motion of a conductor of mass m, and length l in the magnetic field of another
stationary conductor of infinite length. The conductors are placed in the horizontal plane at a
distance r, as shown in Figure 9.6. One of the conductors carries current I1 while the other
carries current I2. The moving wire is connected to a spring of stiffness k. Find the equilibrium
solutions of the system, classify them and draw the phase plane for different values of the
design parameter.

In Example 8.23, we found the equation of motion as

mẍ + kx +
μlI1I2

2π(x − a)
= 0, x �= a.

To simplify the subsequent analysis, we non-dimensionalize the previous equation by letting

x = x/a and t = ωnτ , where ωn =
√

k
m . This yields

ẍ + x +
μlI1I2

2πa2k

1
x − 1

= 0, x �= 1
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Figure 9.6 Motion of a finite conductor in the magnetic field of an infinite conductor.

where the overdots are derivatives with respect to the non-dimensional time τ . Letting
Δ = μlI1I2

2πa2k , we obtain the following non-dimensional equation:

ẍ + x − Δ
1 − x

= 0, x �= a.

The equilibrium solutions of the system can be found as

(x10, x20) =
(

1
2
(1 ±

√
1 − 4Δ), 0

)
, Δ ≤ 1

4
.

To classify the equilibrium solutions, we find the Jacobian matrix and calculate the
eigenvalues as

λ1,2 = ±
√√√√ Δ(

1
2 ±

√
1
4 − Δ

)2 − 1.

By inspecting the eigenvalues, we notice that the stability of the fixed points is dependent on
the parameter Δ. As such, we divide the domain of Δ into the following subdomains:

• Δ < 0: In this case, the currents I1 and I2 are in the same direction. There are two fixed
points – one greater than zero and the other less than zero – meaning that the moving wire
could settle at one of two points located on either side of the stationary wire. The eigenval-
ues λ1,2 associated with both fixed points are purely imaginary complex conjugates, so the
equilibrium points are centers. In other words, if we give the wire a small initial condition
about one of these equilibrium points, the wire will continue to oscillate around it.
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Figure 9.7 Potential energy function and phase plane representation of the moving wire for Δ = −1.

To obtain the phase plane, the potential energy function of the system is first obtained by
integrating the restoring force, which yields

U(x) =
1
2
x2 + Δ ln|1 − x|.

Using the potential energy function, the phase-plane representation is illustrated in
Figure 9.7 for the case Δ = −1.

• Δ = 0: In this case, there is only one fixed point: x10 = 0. This is expected because when
Δ = 0 at least one of the wires does not carry any current, thereby eliminating the magnetic
force altogether. Therefore, the only force is that associated with the restoring spring. For
x10 = 0, the eigenvalues λ1,2 are equal to ±ı meaning x10 = 0 is a center, as shown in
Figure 9.8.

• 0 < Δ < 1
4 : In this case, the currents flow in the same direction and there are two positive

equilibrium solutions. When x10 = 1
2 +

√
1
4 − Δ, λ1,2 are complex conjugates with zero

real parts, and so the fixed point is a center. On the other hand, when x10 = 1
2 −

√
1
4 − Δ,

λ1,2 are real with opposite signs, meaning the equilibrium point is a saddle. The potential
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Figure 9.8 Potential energy function and phase-plane representation of the moving wire for Δ = 0.

energy function and the phase-plane representations are illustrated in Figure 9.9 for the case
Δ = 0.2. The phase plane reveals that the dynamic trajectories go to infinity for some initial
conditions and rotate about the center for a smaller set of initial conditions.

• Δ = 1
4 : When Δ = 1

4 , there is only one equilibrium point: x10 = 1
2 . The eigenvalues associ-

ated with this fixed point are λ1,2 = 0, so the fixed point is hyperbolic and one cannot judge
its nature and stability using the linearized equations. Note that at Δ = 1

4 , dU
dx = d2U

dx2 = 0,
meaning the fixed point represents an inflection point in the vector field. In this case, the
fixed point is called a cusp (see Figure 9.10).

• Δ > 1
4 : When Δ > 1

4 , the fixed points do not exist.

9.4.2 Non-conservative Systems

For non-conservative systems, the sum of the kinetic and potential energy of the system is
not constant. As such, it is often very difficult to construct the phase-plane representation by
using the energy-levels approach discussed previously for conservative systems. In such cases,
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Figure 9.9 Potential energy function and phase plane representation of the moving wire for Δ = 0.2.

one reverts to using numerical techniques in order to generate the phase space. One powerful
open-access numerical tool is called pplane9 [3]. This graphical user interface system runs
under Matlab and provides a numerical tool to generate the phase plane of dynamical systems.
Another approach is based on using the StreamPlot function in the software Mathematica.

Example 9.8 Phase-plane of a Damped Simple Pendulum

Construct the phase-plane representation of the damped simple pendulum whose equation of
motion can be written as

θ̈ +
c

ml2
θ̇ +

g

l
sin θ = 0.

Use g/l = 1 rad/sec, c = 1 kg/sec, and m = 1 kg.
We use Mathematica to plot the phase-plane representation. To this end, we first express the

dynamics in the general form: {
ẋ1 = x2
ẋ2 = − c

ml2 x2 − g
l sinx1

Subsequently, we use the following simple code in Mathematica to plot the phase plane.
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Figure 9.10 Potential energy function and phase-plane representation of the moving wire for
Δ = 0.25.

In1=: StreamPlot[{x2, -Sin[x1] - x2}, {x1, -2 Pi,
2 Pi}, {x2, -2, 2 }, FrameLabel → {"x", "ẋ"},
LabelStyle → (FontSize → 18), StreamColorFunction
→ ColorData["HTML", "MidnightBlue"], StreamPoints →
Fine]

This yields the phase plane shown in Figure 9.11.
Note that the location of the fixed points does not change when adding damping to the sys-

tem; only the nature of the trajectories around them changes. For the pendulum, the marginally-
stable center changes into a stable node and the saddles remain unchanged by the addition of
damping. The stable mainfolds entering the two saddles (red lines) create a region in the phase
plane where all initial conditions lead to the stable node. This region is called the basin of
attraction of the stable node.

Example 9.9 Rotating T-shaped Rod with Damping

Reconsider Example 3.10, but this time we include a torsional damper of damping coefficient
c at the pivot. Construct the phase-plane representation of the dynamics for the following two
cases: Ω2 < 48

79
g
l and Ω2 < 48

79
g
l .
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Figure 9.11 Phase-plane representation of the damped simple pendulum. (See color plate section for
the color representation of this figure.)

When adding a torsional damper at the pivot, the equation of motion is modified as

θ̈ +
c

ml2
θ̇ +

(
16
27

g

l
− 79

81
Ω2 cos θ

)
sin θ = 0.

Note that the addition of the damper does not change the equilibrium points, but only changes
their stability characteristics. To draw the phase-plane representation for the case Ω2 < 48

79
g
l ,

we choose g/l = 1, c = 1 m = 1, and Ω2 = 0.5. Using these numerical values, we construct
the phase-plane representation using Mathematica’s StreamPlot command as follows:

In1=: StreamPlot[{x2, ( 16
27 - 0.5 79

81 Cos[x1]) Sin[x1]-
x2}, {x1, -1.1 Pi, 1.1 Pi}, {x2, -2, 2 }, FrameLabel
→ {"x", "ẋ"}, LabelStyle → (FontSize → 18), Stream-
ColorFunction → ColorData {"HTML", "MidnightBlue"},
StreamPoints → Fine]

This yields the phase-plane representation shown in Figure 9.12, which shows that the trivial
equilibrium solution occurring at θ0 switched from being a center when there is no damping
(Example 1.3) to become a stable node when damping is added. The basin of attraction of this
stable node lies between the stable manifolds of the saddles at θ0 = π and θ0 = −π.

To draw the phase-plane representation for the case Ω2 > 48
79

g
l , we choose g/l = 1,

c = 1, m = 1, and Ω2 = 1. Using these numerical values, we construct the phase-plane
representation using Mathematica. The resulting phase plane is shown in Figure 9.12, which
illustrates that the saddles did not change their stability characteristics when damping was
applied. On the other hand, the equilibrium solutions θ0 = ± arccos

( 48g
79lΩ2

)
switched from

being centers when there was no damping to become stable nodes when damping was added.
Again, the basin of attraction of the stable nodes is determined by the stable manifolds of the
saddles.
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Figure 9.12 Phase-plane representation of a damped rotating T-shaped rod. (See color plate section
for the color representation of this figure.)

Flipped Classroom Exercise 9.2

For the micro-mechanical switch discussed in Example 8.14, use the following numer-
ical values: 1

2
εA
k = 4.45 × 10−16 m3/V2, d = 1 mm, and find the equilibrium states of

the switch for:

(i) V = 100 V
(ii) V = 200 V

(iii) V = 400 V
(iv) V = 580 V.

For each case, assess the stability of the equilibrium points and draw the phase-plane
representation.

To solve this problem, take the following steps:

1. Use the equation of motion derived in Example 8.14.
2. Put the equation in the general form ẋ = G(x) by letting x1 = y, and x2 = ẏ.
3. Find the equilibrium points by letting ẋ2 = 0, ẋ1 = 0. Show that, except for the fourth

case involving V = 580 V, there are three equilibrium points, one of which is always
unrealizable because it is larger than the gap width d. For V = 580 V, there is only
one unrealizable equilibrium point.

4. Assess the stability of the resulting points and show that the equilibrium point that
has the smaller magnitude is always a center, while the larger equilibrium is always
a saddle.

5. Construct the phase plane for each case using the potential energy of the system.
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9.5 Bifurcation of Equilibrium Solutions

To bifurcate is to divide or fork into two branches. The word bifurcation was first used by the
French mathematician Poincaré, who was studying how equilibrium solutions change (divide
and fork) as a certain parameter of interest is varied in a given dynamical system. For instance,
one might be interested in understanding how changing the angular velocity Ω influences the
equilibrium solutions in Example 8.9, or in understanding how the damping coefficient c influ-
ences the stability of the equilibrium solutions of the simple pendulum. To this end, one would
vary these parameters and inspect their influence on the system’s equilibria. In such a sce-
nario, we refer to Ω and c as bifurcation parameters. We also refer to the point at which an
equilibrium solutions changes behavior as the bifurcation point.

A bifurcation can also occur when more than one parameter changes simultaneously. Thus,
the co-dimension of the bifurcation is dependent on the number of control parameters that
need to be varied in order for the bifurcation to occur. For example, a bifurcation that occurs
when m bifurcation parameters are varied is called a codimension-m bifurcation.

In general, bifurcations of equilibrium solutions can be classified into two major categories:
static and dynamic. In a static bifurcation, one or more equilibrium solutions bifurcate into
other equilibrium solutions at the bifurcation point. In other words, a static configuration gives
way to another static configuration. Depending on the nature of the bifurcation, the resulting
equilibrium solutions can be stable or unstable, and can have equal or different numbers of
equilibrium solutions compared to the original.

In a dynamic bifurcation, however, an equilibrium solution gives way to a dynamic response;
that is, a static configuration gives way to a dynamic motion at steady state. The resulting
dynamic response can be periodic or aperiodic depending on the type of the bifurcation.

9.5.1 Static Bifurcations

Consider the bifurcation of the equilibrium solutions of

ẋ = G(x, μ), (9.23)

under variations of the bifurcation parameter μ in the x–μ state-control space. A static bifur-
cation is said to occur at (x0, μc) if the following conditions are satisfied:

• G(x0, μc) = 0
• the Jacobian matrix DxF has a zero eigenvalue while all of its other eigenvalues have

non-zero real parts at (x0, μc).

The first condition is used to ensure that x0 is an equilibrium point of the vector field G
at μc, while the second condition guarantees that this fixed point is non-hyperbolic. In the
following, we consider the classification of static bifurcations.

Saddle-node bifurcation Consider the first-order non-linear ordinary differential equation

ẋ = μ − x2, (9.24)

where μ is a scalar bifurcation parameter. The equilibrium points of the system can be obtained
by solving

μ − x2
0 = 0 or x0 = ±√

μ, μ > 0, (9.25)
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Figure 9.13 Schematic representation of a saddle-node bifurcation. Dashed lines represent unstable
solutions.

Note that when μ is less than zero, x0 is undefined. The stability of the fixed points can be
assessed by finding the eigenvalues of the Jacobian of Equation (9.24) evaluated at the roots,
Equation (9.25). This yields

λ1,2 = −2x0.

It follows that when μ = 0, x0 = 0 and λ1,2 = 0, meaning that (x0 = 0, μc = 0) is a bifurca-
tion point. To check the type of the bifurcation, we assess the existence and stability of the
fixed points as a function of the bifurcation parameter, μ.

• At x0 =
√

μ, λ = −2
√

μ, meaning this root is stable.
• At x0 = −√

μ, λ = 2
√

μ, meaning this root is unstable.

Next, we plot these results in the state-control parameter space (x–μ space) to generate the
bifurcation diagram shown in Figure 9.13. We note that at the point (x0 = 0, μc = 0), there is
a qualitative change in the equilibrium points of the system. To be specific, the branch of stable
solutions (nodes) collides with the branch of unstable solutions (saddles) and they destroy each
other, resulting in what we call a saddle-node bifurcation.

Pitchfork Bifurcation Consider the first-order differential equation

ẋ = μx + αx3, α > 0, (9.26)

where μ is a scalar bifurcation parameter. The equilibrium points of the system can be obtained
as x0 = 0 (trivial equilibrium point) and x0 = ±

√
−μ

α (non-trivial equilibrium points). Note
that the trivial equilibrium point is defined everywhere, while the non-trivial equilibrium points
are only defined when μ < 0. Next, we find the eigenvalues

λ = μ + 3αx2
0. (9.27)
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Figure 9.14 Schematic representation of (a) a sub-critical pitchfork bifurcation and (b) a super-critical
pitchfork bifurcation. Dashed lines represent unstable solutions.

Using Equation (9.27), we find

• At x0 = 0, λ = μ.
• At x0 = ±

√
−μ

α , λ = −2μ.

Consequently, the trivial equilibrium point x0 = 0 is stable when μ < 0 and unstable
when μ > 0. On the other hand, the non-trivial solutions exist only when μ < 0, and they
are unstable. Using this understanding, we can construct the bifurcation diagram shown
in Figure 9.14a. As μ is decreased towards μc = 0, the unstable trivial solution, x0 = 0,
regains stability at μc = 0. Furthermore, the unstable solutions x0 = ±

√
−μ

α branch out
at (x0 = 0, μc = 0). These solutions remain unstable as μ is decreased further, resulting in
the bifurcation behavior shown in Figure 9.14a. Such bifurcation behavior is known as a
sub-critical pitchfork bifurcation.

When we restrict α to be negative, the non-trivial solutions are only defined when μ > 0, and
they are stable. The resulting bifurcation diagram for α < 0 is shown in Figure 9.14b, where it
can be clearly seen that as μ is increased, the stable trivial solution, x0 = 0, becomes unstable
at μc = 0. Furthermore, the non-trivial stable solutions branch out at (x0 = 0, μc = 0). These
solutions remain stable as μ is increased further. Such bifurcation behavior is known as a
super-critical pitchfork bifurcation.

Transcritical Bifurcation Consider the system

ẋ = μx − x2, (9.28)

where μ is a scalar bifurcation parameter. For this system, the fixed points are x0 = 0 (trivial),
and x0 = μ (non-trivial). The eigenvalue can be written as λ = μ − 2x0 :

• At x0 = 0, λ = μ.
• At x0 = μ, λ = −μ.

In this case, both fixed points are defined everywhere in the space of μ. The trivial solution
is stable when μ < 0 and unstable when μ > 0. On the other hand, the non-trivial solution
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μ

μ
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bifurcation

x0

Figure 9.15 Schematic representation of a transcritical bifurcation. Dashed lines are used to represent
unstable solutions.

is stable when μ < 0 and unstable when μ > 0. As such, the two solutions collide at the
bifurcation point and exchange stability. This bifurcation behavior is known as a transcritical
bifurcation, and is shown in Figure 9.15.

Example 9.10 Transcritical Bifurcation

Consider the system

ẋ = x − μx(1 − x),

where μ is a scalar bifurcation parameter. Discuss the bifurcation which occurs at μ = 1.
We find the fixed points of the system by letting ẋ = 0 and obtaining

x01 = 0, x02 =
μ − 1

μ
.

The eigenvalues can be obtained as λ = 1 − μ + 2μx0. Hence, for x01, λ = 1 − μ. It follows
that x01 is stable when μ > 1 and is unstable otherwise. On the other hand, for x02, λ = 1 −
μ + 2

√
μ(μ − 1). It follows that x02 is unstable when μ > 1 and is stable otherwise. The

bifurcation diagram is shown in Figure 9.16, illustrating that the two equilibrium points collide
and exchange stability at (x0, μc) = (0, 1). Therefore, there is a transcritical bifurcation at
μ = 1.

Example 9.11 Rotating T-shaped Rod

For the damped rotating T-shaped rod considered in Example 9.3, examine the bifurcation at
Ω2

cr = 48
79

g
l .

As mentioned before, the equilibrium points do not depend on the damping coefficient and
were obtained in Example 9.3 as:

(x10, x20) = (θ0, θ̇0) = ((i − 1)π, 0), i = 1, 2, . . . ,∞,

(x10, x20) = (θ0, θ̇0) = (± arccos
48
79

g

lΩ2 , 0), Ω2 ≥ 48
79

g

l
.
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μ
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μ − 1
μ

Figure 9.16 A transcritical bifurcation at μ = 1.

Since, for the first fixed point, anything beyond i = 2 is just a repetition of the same physical
equilibrium points, we only consider the following equilibrium points:

(x10, x20) = (θ0, θ̇0) = (0, 0),
(x10, x20) = (θ0, θ̇0) = (π, 0),

(x10, x20) = (θ0, θ̇0) = (± arccos
48
79

g

lΩ2 , 0), Ω2 ≥ 48
79

g

l
.

It can be clearly seen that the first two equilibrium points are independent of Ω, while the third
and fourth points depend on Ω and only exist when Ω2 ≥ 48

79
g
l .

To determine the stability of the fixed points, we construct the Jacobian matrix

A =
[

0 1
1
81

(
79Ω2 cos 2x10 − 48g

l cos x10
)

− c
ml

]
.

The eigenvalues can be obtained by solving the equation

|A − λiI| = 0.

The eigenvalues associated with the trivial fixed point (0, 0) are

λ1,2 =
1
2

(
− c

ml
±

√
316Ω2

81
− 64g

27l
+

c2

m2l2

)
.

Since the damping coefficient c > 0, the fixed point (0, 0) is

• stable when 316Ω2

81 − 64g
27l < 0, or Ω2 < 48

79
g
l ,

• unstable when 316Ω2

81 − 64g
27l > 0, or Ω2 > 48

79
g
l .

The eigenvalues associated with the equilibrium points (± arccos 48
79

g
lΩ2 , 0) are

λ1,2 =
1
2

(
− c

ml
±

√
316Ω2

81
− 1024g

711l2Ω2 +
c2

m2l2

)
.

Note that when Ω2 = 48
79

g
l , the eigenvalues are λ1,2 = 0, so the equilibrium points,

(± arccos 48
79

g
lΩ2 , 0)
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Figure 9.17 Super-critical pitchfork bifurcation occurring at Ω2
cr = 48

79
g
l
.

• are stable when Ω2 > 48
79

g
l

• do not exist when Ω2 < 48
79

g
l .

Plotting the variation of the equilibrium points with the bifurcation parameter Ω2, as
shown in Figure 9.17, it becomes evident that Ω2

cr = 48
79

g
l represents a super-critical pitchfork

bifurcation.

Example 9.12 Conductor Moving in the Magnetic Field of a Stationary Conductor

Consider the equation of motion for the conductor moving in the magnetic field of another
stationary wire. The equation of motion was derived in Example 9.7 as:

ẍ + x − Δ
1 − x

= 0.

Let us add a damping term ẋ such that the equations become

ẍ + ẋ + x − Δ
1 − x

= 0.

Examine the bifurcation at Δ = 1
4 .

We first note that when Δ > 1
4 , there are no fixed points. For 0 < Δ < 1

4 , there are two fixed

points, namely x10 = 1
2 ±

√
1
4 − Δ. The stability of these two fixed points can be assessed by

finding the eigenvalues of the Jacobian matrix of the system. These are given by:

λ1,2 = −
√

4Δ(x10 − 1)2 − 3(x10 − 1)4

2(x10 − 1)2 .

For the equilibrium point, x10 = 1
2 +

√
1
4 − Δ, λ1,2 are negative and positive real numbers,

so this equilibrium point is a saddle. On the other hand, for the equilibrium point x10 = 1
2 −√

1
4 − Δ, λ1,2 are complex conjugates with negative real parts, and so the fixed points are

stable foci. The bifurcation diagram is shown in Figure 9.18 illustrating that the bifurcation is
of the saddle-node type.
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Figure 9.18 Saddle-node bifurcation occurring at Δ = 1
4 .

Flipped Classroom Exercise 9.3

Examine the bifurcation that the system

ẋ = μ + x − ln(1 + x)

undergoes as the parameter μ is varied.
To solve this problem, take the following steps:

1. As you try to find the fixed points, you will quickly realize that you will not be able
to find them analytically. As such, you should revert to a graphical approach, where
you plot the function ln(1 + x) against μ + x for different values of μ.

2. Identify the point μc where the two functions are tangential to each other. How many
fixed points are there when μ > μc and when μ < μc?

3. Find the eigenvalue of the system as function of the equilibrium points. Deduce which
points are stable and which points are not.

4. Show that there is a saddle-node bifurcation when μc = 0.

Flipped Classroom Exercise 9.4

Examine the bifurcation that the system

ẋ = x +
μx

1 + x2

undergoes as the parameter μ is varied.
To solve this problem, take the following steps:

1. Find the equilibrium points of the system. Show that there are three equilibrium
points. What are they?
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2. Find the eigenvalues associated with each fixed point.
3. Using the resulting eigenvalues, show that there is a sub-critical pitchfork bifurcation

at μ = −1.

9.5.2 Dynamic (Hopf) Bifurcation

At a static bifurcation point, equilibrium solutions can lose or gain stability and can appear
or disappear. At a dynamic (Hopf) bifurcation, however, an equilibrium point gives way to a
dynamic solution. To better understand what a Hopf bifurcation is, consider a physical example
where a mechanical damped oscillator is subjected to a fluid stream as shown in Figure 9.19.
The oscillator is given an initial condition in the presence of the moving fluid. When the flow
speed past the oscillator U is below a critical value, known as the galloping speed, Ucr, the
oscillator returns to its equilibrium state no matter how it is perturbed (Figure 9.19a). We can
therefore say that the equilibrium state of the oscillator is stable. On the other hand, when the
flow speed increases beyond the critical galloping speed, U > Ucr, any initial condition causes
the oscillator to undergo large-amplitude sustained periodic motions, as shown in Figure 9.19b.
Therefore, we can say that, at the critical galloping speed Ucr, the stable equilibrium state loses
stability and gives way to a periodic response. This phenomenon, also known as the galloping
instability, represents a Hopf bifurcation point. Hopf bifurcations are known to occur in many
dynamical systems, including aeroelastic structures such as aircraft wings, where they produce
flutter. They also produce galloping in cables and undesirable vibrational “chatter” in rotating
machine tools.

For the dynamical system ẋ = G(x, μ), a Hopf bifurcation is said to occur at (x0, μc) when
the following conditions are satisfied:

• F(x0, μc) = 0.
• The Jacobian has a pair of purely imaginary eigenvalues ±ıω, while all of its other eigen-

values have non-zero real parts at (x0, μc).
• The eigenvalues must cross the imaginary axis and not only arrive there and reverse direc-

tion. In other words, they must have a non-zero speed when crossing the imaginary axis.
This can be guaranteed by letting the analytic continuation of the pair of imaginary eigen-
values be ζ ± ıω. For (x0, μc) to be a Hopf bifurcation, ( dζ

dμ ) �= 0 at μ = μc. This condition
is commonly known as the transversality condition.

Figure 9.20 illustrates the three conditions necessary for a Hopf bifurcation to occur.
Mathematically, a Hopf bifurcation can be represented using the dynamics of the system

given by the following equations:

ṙ = μr − r3, θ̇ = ω + br2,

where r and θ are generalized polar coordinates. Here, the dynamics of r are independent
of those associated with θ, so one can examine the equilibrium points associated with
the r-dynamics independently. These equilibrium solutions are given by r01 = 0 and
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Figure 9.19 Galloping instability is an example of a Hopf bifurcation.
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Figure 9.20 Location of the eigenvalues associated with the equilibrium point as a function of the
bifurcation parameter μ for a Hopf bifurcation.

r02,03 = ±√
μ, μ > 0. The associated eigenvalues are

λ1,2 = μ − 3r2
0.

It follows that the equilibrium point r01 is stable when μ < 0 and unstable when μ > 0. On the
other hand, the equilibria r02,03 are stable when μ > 0 and do not exist when μ > 0. There-
fore, as shown in Figure 9.21, the equilibrium points associated with the r-dynamics exhibit a
super-critical pitchfork bifurcation at μc = 0.

When including the θ-dynamics in the analysis, one can directly show that θ(t) = (ω +
br2

0)t + θ0 at the equilibrium points, which implies that θ varies linearly with time for a given
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Figure 9.21 Super-critical pitchfork bifurcation in the (r0, μ) space.

equilibrium point r0. As such, upon including the θ dynamics, (r0, θ) is no longer a static
configuration, but is actually a closed circular orbit of radius r0, as shown in Figure 9.22.
This means that at μc = 0, the static equilibrium point r01 = 0 gives way to a periodic orbit
whose radius is given by the magnitude of the non-trivial solutions, thereby announcing the
occurrence of a super-critical Hopf bifurcation at μc = 0.

It is also possible to arrive at a similar conclusion when projecting the dynamics into the
Cartesian coordinate system by introducing the transformations x = r cos θ and y = r sin θ.
This yields

ẋ = μx − ωy, ẏ = ωx + μy,

for which the equilibrium point is (x0, y0) = (0, 0). Constructing the Jacobian matrix and find-
ing the eigenvalues, we obtain

λ1,2 = μ ± ıω,

It follows that at μc = 0, there rea two purely imaginary eigenvalues ±ıω (the first two condi-
tions for a Hopf bifurcation). To check for the third and final condition, we differentiate the real
part of λ1,2 with respect to the bifurcation parameter μ and evaluate the derivative at μ = μc,
which yields a value of one. Therefore, the eigenvalues have a non-zero speed crossing of the
imaginary axis, which means that there is a Hopf bifurcation at (x0, y0) = (0, 0) and μc = 0.

Similar to the sub-critical pitchfork bifurcation, there is also a sub-critical Hopf bifurcation
in which an unstable periodic solution collides with a stable equilibrium solution, as shown in
Figure 9.23.

Example 9.13 Subcritical Hopf Bifurcation

Show that the system

ṙ = μr + r3 − r5, θ̇ = ω + br2,

has a sub-critical Hopf bifurcation at μc = 0.
To solve this problem, we first note that the r-dynamics are decoupled from the θ-dynamics.

As a result, we can analyze the bifurcation in terms of the variable r. Once we prove that the
r-dynamics undergo a sub-critical pirchfork bifurcation at μc = 0, we can infer that (r, θ)
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Figure 9.22 Super-critical Hopf bifurcation in the (r0, μ) space.
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Figure 9.23 Sub-critical Hopf bifurcation in the (r0, μ) space.

undergoes a Hopf bifurcation at μc = 0. To this end, we find the equilibrium points of the
system by letting ṙ = 0. This yields five equilibrium points:

r1
0 = 0,

r2,3
0 = ±

√
1 −

√
1 + 4μ
2

, −1
4
≤ μ ≤ 0,

r4,5
0 = ±

√
1 +

√
1 + 4μ
2

, μ ≥ −1
4
.

The Jacobian associated with the r-dynamics can be written as

J = μ + 3r2
0 − 5r4

0.

For r1
0 , J = μ, so r1

0 = 0 is stable when μ < 0 and unstable otherwise. For r2,3
0 ,

J = −1 − 4μ +
√

1 + 4μ, so r2,3
0 are unstable when − 1

4 < μ < 0 and do not exist other-
wise. This implies that there is a sub-critical pitchfork bifurcation at μc = 0, as shown in
Figure 9.24. A sub-critical pitchfork bifurcation occurring in the space of r and μ is equivalent
to a sub-critical Hopf bifurcation occurring in the space of r, θ, and μ.
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Figure 9.24 A sub-critical pitchfork bifurcation in the (r-μ) parameter space.

Example 9.14 Watt Governor System

Consider the Watt governor system shown in Figure 9.25. The governor is used to control the
flow rate of steam from a boiler to a steam engine so as to maintain a constant rotational speed
Ω at the load. The system works as follows: the output shaft of the engine is connected through
a bevel gear system of ratio α to the governor. This causes the governor’s axle to rotate at an
angular velocity θ̇ = αΩ. When the rotational speed of the axle increases beyond a desired

steam in

engine

valve
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arm
l

flywheel

axle

shaft
gears

arm
l

l l

O

Ω

θ

φ

I

m/2m/2

τe

τLoad

b̂1
b̂2

â2

â1

n̂1

n̂2

â2

Figure 9.25 A schematic of a Watt governor.



320 Dynamics of Particles and Rigid Bodies

value, the arms of the governor, each of length l, rise. This pulls the valve upwards via a sleeve
that supports the arms and slides along the governor’s axle. This process controls the torque
τe at the engine side, where the relation between the engine torque and the angle φ can be
assumed to follow the form τe = τ0 cos φ. Here, τe is zero when φ = π/2.

Assume that the total mass of the system is dominated by the mass of the fly wheel, which
has a moment of inertia I and the mass of the particles m

2 at the end of the governor’s arms.
Also assume that when the arms rise, there is a counter-torque on the arms due to damping,
which is given by τdamp = cl2φ̇, where c is a viscous damping coefficient.

(a) Show that the equation of motion of the system can be written as

φ̈ − α2Ω2 cos φ sin φ +
g

l
sin θ +

c

m
φ̇ = 0,

IΩ̇ = τ0 cos φ − τload,

where τload is the torque at the load side.

(b) Normalize the equations using x = φ, y =
√

l
g φ̇, z = α

√
l
g Ω, t =

√
l
g .

(c) Show that the system exhibits a Hopf bifurcation for some combination of the design
parameters.

(a) Equation of motion To describe the kinematics of the system, we first define the
A-frame such that NωA = θ̇â2 and the B-frame such that AωB = φ̇b̂3 (see Figure 9.26). Sub-
sequently, we use Euler rotational equations to find the equation of motion; that is, we use the
equation

M3O = I33Oα3 + (I11O − I22O)ω1ω2,

where all the quantities are described in the B-frame such that

NωB = NωB = θ̇ sinφb̂1 + θ̇ cos φb̂2 + φ̇b̂3, or
ω1 = θ̇ sinφ, ω2 = θ̇ cos φ, ω3 = φ̇, α3 = φ̈.

The moments of inertia and moment are

I11O = ml2, I22O = 0, I22O = 0,

M3O = −mgl sin φ − cl2φ̇.

Note that the torque at the gear does not produce a moment in the b̂3 direction. It follows that

φ̈ − θ̇2 sinφ cos φ +
g

l
sin φ +

c

m
φ̇ = 0.

Using the gear ratio α, one can write θ̇ = αΩ, which yields

φ̈ − α2Ω2 sinφ cos φ +
g

l
sin φ +

c

m
φ̇ = 0.

To find the equation of motion of the flywheel, we carry out a torque balance. We neglect the
torque exerted by the governor on the shaft, assuming it is negligible. This yields

IΩ̇ = τ0 cos φ − τload.
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(b) Normalization Using the normalization scheme represented in the problem statement,
the equation of motion can be written as:

x′ = y,
y′ = z2 sin x cos x − sin x − ζy,
z′ = β(cos x − ρ),

where the prime is a derivative with respect to the normalized time τ , ζ = c
m

√
l
g > 0, β =

αlτ0
gI > 0, and ρ = τload

τ0
, 0 < ρ < 1.

(c) Hopf bifurcation We first find the equilibrium solutions of the system by letting x′ =
y′ = z′ = 0, which yields the following equilibrium solutions:

(x0, y0, z0) = (cos−1ρ, 0,± 1
√

ρ
).

The Jacobian matrix evaluated at the first fixed points (cos−1ρ, 0, 1√
ρ ) yields

J =

⎡
⎢⎣

0 1 0
ρ2−1

ρ −ζ 2
√

ρ
√

1 − ρ2

−β
√

1 − ρ2 0 0

⎤
⎥⎦ .

The eigenvalues are then obtained using the following characteristic equation:

λ3 + ζλ2 +
1 − ρ2

ρ
λ + 2β

√
ρ(1 − ρ2) = 0.

Since this is a cubic equation, it is very difficult to find insightful expressions for the eigen-
values. One way to assess the sign of the eigenvalues without actually finding them is by
constructing the Routh–Hurwitz array. The reader can refer to the book by Ogata for more
detail [4].

λ3 1
1 − ρ2

ρ
λ2 ζ 2β

√
ρ(1 − ρ2)

λ1
ζ
(1 − ρ2)

ρ
− 2β

√
ρ(1 − ρ2)

μ
0

λ0 2β
√

ρ(1 − ρ2)

According to the Routh–Hurwitz criterion, all the eigenvalues will have negative real parts
when the following conditions are satisfied:

ζ > 0, 1−ρ2

ρ (ζ − 2βρ
3
2 ) > 0, 2β

√
ρ(1 − ρ2) > 0.

The first and third conditions are satisfied by construction. This implies that when the second
condition is violated, the system changes stability at the critical value

ζc = 2βρ
3
2 .

It follows that a bifurcation must exist at ζc = 2βρ
3
2 . Nevertheless, it is not straightforward to

show that ζc corresponds to a Hopf bifurcation without actually finding the eigenvalues, and
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showing that there is a pair of purely imaginary eigenvalues at ζc while the rest have non-zero
real parts.

One way to circumvent this problem is to assume that, at the critical value ζc, there exists a
Hopf bifurcation and then try to prove otherwise. To this end, we assume there are two purely
imaginary eigenvalues at ζc while the third eigenvalue is real; that is,

λ1 = ıω, λ2 = −ıω, λ3 = γ.

Using the assumed roots, the characteristic equation can be constructed as

(λ − ıω)(λ + ıω)(λ − γ) = 0

or

λ3 − γλ2 + ω2λ − αω2 = 0.

Comparing the previous equation to the original characteristic equation one finds that

γ = −ζ, ω2 =
1 − ρ2

ρ
, γω2 = −2β

√
ρ(1 − ρ2)

or

ω2 =
1 − ρ2

ρ
, αω2 =

2β
√

ρ(1 − ρ2)
ζ

.

It follows that

1 − ρ2

ρ
=

2β
√

ρ(1 − ρ2)
ζ

,

or

(ζ − 2βρ
3
2 )

1 − ρ2

ρ
= 0.

Since 0 < ρ < 1, the previous equation can only be satisfied when ζ = 2βρ
3
2 . As such, we

have proven that at ζ = ζc, there is a pair of purely imaginary eigenvalues ±ıω while the third
eigenvalue is real.

This conclusion is not enough to prove the existence of a Hopf bifurcation. We still need to
check whether the transversality condition is satisfied at ζ = ζc. As such, we let the analytic
continuation of the eigenvalues ±ıω be λ1, λ2. We differentiate all the terms in the character-
istic equation with respect to ζ, then substitute ζ = ζc in the outcome to obtain

dλ1,2

dζ
=

1 ± ıζcω

2(1 + ζ2
c

ω2 )
.

Because the real parts of dλ1,2
dζ are non-zero, the transversality condition is satisfied. As a con-

sequence, the Watt governor undergoes a Hopf bifurcation at (cos−1ρ, 0, 1√
ρ , ζ = ζc).

Next, we consider the other fixed point, namely (x0, y0, z0)=(cos−1ρ, 0,− 1√
ρ ). In this case,

the characteristic equation can be written as

λ3 + ζλ2 +
1 − ρ2

ρ
λ − 2β

√
ρ(1 − ρ2) = 0.
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Using the Routh-Hurwitz criterion, the conditions for eigenvalues with negative real parts are

ζ > 0, (ζ + 2βρ
3
2 )

1 − ρ2

ρ
> 0, −β

√
ρ(1 − ρ2) > 0.

Since ζ, β > 0 and 0 < ρ < 1, the third condition will never be satisfied. As such, the fixed
point (cos−1ρ, 0, −1√

ρ ) is always unstable.

9.6 Basins of Attraction

The basin of attraction of a stable equilibrium solution represents the set of all initial conditions
in the phase plane that eventually lead to the equilibrium point. In the presence of multiple
stable equilibrium states, a graphical representation of the basin of attraction in the phase space
is very insightful in understanding the regions of initial conditions that lead to one stable state
versus another.

The process of finding the basin of attraction of a non-linear dynamical system involves
integrating the equation of motion for a large number of initial conditions then grouping all
initial conditions that lead to each equilibrium point together. Each group of initial conditions
can then be represented graphically in the phase space using different colors, resulting in a
colorful map with boundaries that demarcate the different basins of attraction.

As an example, consider the phase-plane representation of the rotating T-rod with damping,
as discussed in Example 1.9 for the case when Ω2 > 48g

79l . The map is shown in Figure 9.26.
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0.0. θ
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–1.0

–1.5
–4 –2 0

θ

2 4
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Figure 9.26 Basins of attraction of the equilibrium solutions of the rotating T-shaped rod for Ω2 > 48g
79l

.
(See color plate section for the color representation of this figure.)
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It was generated using Dynamics, which is a powerful open-source software developed by
Nusse and Yorke at the University of Maryland [5]. The map clearly illustrates the basin of
attraction for each of the stable equilibria (θ0, θ̇0) = (± arccos 48

79
g

lΩ2 , 0), marked N1 and N2
on the figure.

Exercises

9.1 Show that the system
v̈ + 3v + 6v2 + 4v3 + v4 = 0,

has a center at v = 0 and a saddle at v = −1.

9.2 Find the fixed points of the system

ẋ = x + e−y, ẏ = −y,
and classify them.

9.3 Find the equilibrium angle of the system discussed in Example 5.4. Is it stable or unsta-
ble?

9.4 Analyze the stability of the equilibrium points of the electric dipole discussed in
Example 8.11.

9.5 Analyze the stability of the equilibrium points of the electric tripole discussed in Flipped
Classroom Exercise 8.2.

9.6 Sketch the phase-plane representation and classify the fixed points of the following
system

ẍ = ax + bx3,

for a = 1, b = −1. What happens to the phase-plane representation if we add the term
−ẋ to the right-hand side of the equation? Sketch it again.

9.7 Consider the system of equations:

ẋ1 = x1(3 − x1 − 2x2), ẋ2 = x2(2 − x1 − x2),

where x1, x2 ≥ 0.

(a) Find the fixed points of the system and classify them.
(b) Using the results you obtained in (a), sketch the phase-plane representation in the

x1, x2 space. Remember that x, y ≥ 0. On the sketch show the stable and unstable
manifolds.

9.8 Consider the following dynamical system:

ẋ = rx − sin x, x ≥ 0,
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Answer the following:

(a) In the limiting case when r = 0, find the fixed points and classify them.
(b) In the limiting case when r � 1, find the fixed points and classify them.
(c) Discuss the bifurcations that occur when 0 < r < ∞. Hint: Try to graphically con-

struct the functions rx and sinx and investigate the nature of the intersections and
tangents.

9.9 Discuss the bifurcation that takes place at (x, y, μ) = (0, 0, 0) for the system:

ẋ = y, ẏ = −x + μy − x2y.

9.10 Discuss the bifurcation that the system

ẋ = μx − sinhx,

undergoes as μ is varied. Hint: sinhx = 1
2(e

x − e−x); try to graphically construct the
functions and look at the intersections and the tangents to solve the problem.

9.11 Discuss the bifurcation of the fixed points of the following system when μ is varied:

ẋ = μ − 3x2.

9.12 Show that the system

ẋ = rx − xex,

exhibits a bifurcation at r = 1. What type of bifurcation is it?

9.13 Show that the equation of motion for a simple pendulum forced to rotate around its axis
at a fixed rate Ω can be written as

θ̈ + (1 − Λ cos θ) sin θ = 0, Λ =
Ω2l

g
,

where l is the length of the pendulum and g is the gravitational acceleration. Find the
fixed points and assess their stability. Sketch the phase plane of the system for Λ < 1,
Λ = 1, and Λ > 1. What type of bifurcation occurs at Λ = 1?

9.14 Show that

ẋ = x(1 − x2) − α(1 − e−βx),

undergoes a transcritical bifurcation.

9.15 Show that the micro-mechanical switch of Example 8.14 with numerical
parameters 1

2
εA
k = 4.45 × 10−16 m3/V2, d = 1 mm exhibits a saddle-node bifurcation

at V ≈ 578 V.
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A
Acceleration, 14
Ammeter, 254
Ampere, 258

law, 257, 272
Archimedes, 55
Attractor, 288

B
Back electromotive force, 262
Basin of attraction, 305, 323
Bernoulli, Johann, 117
Bifurcation, 308

dynamic, 308
Hopf, 315
pitchfork, 309
saddle-node, 308
static, 308
transcritical, 310

Biot–Savart law, 256, 272
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C
Calculus of variations, 117
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Center, 291
Center of mass, 55
Centrifuge, 220
Chimney, 82
Coefficient of restitution, 186
Coin, 99
Collision

elastic, 186, 189
inelastic, 186, 190
two-dimensional, 187

Cone, 25, 98, 157
Constrained bead, 24, 35, 145
Constraint, 103

acatastatic, 105
catastatic, 105
force, 149
holonomic, 104
Lagrange equation, 141
non-holonomic, 104
Pfaffian, 105
rheonomic, 105
scleronomic, 105

Coordinate
Cartesian, 28, 105
cyclic, 151, 217, 244
cylindrical, 18
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Coordinate (continued)
generalized, 105, 132, 151
ignorable, 151
spherical, 22

Coulomb
force, 227
law of friction, 40

Crane, 44, 109, 218
Cycloid, 35, 121, 158, 252
Cyclotrone frequency, 249

D
d’Alembert, 124
Damper, 295
Diagonalization, 290
Drag, 50
Dynamics

particles, 27
rigid bodies, 55

non-planar, 83
planar, 69

system of particles, 43

E
Earth rotation, 33
Electric

dipole, 230, 241
field, 229
flux, 232
motor, 223
permittivity, 228

Electromagnetic
coupling, 255
energy harvester, 267
field, 278
force, 247
induction, 262

Electrostatic
force, 227, 246, 248
potential, 235, 247
potential energy, 234, 246, 247

Equilibrium solution, 287
Euler, 28

rotational equations, 85, 205
Euler–Lagrange equation, 119

F
Faraday, 262, 272, 274

law, 262
Fixed point, 287

Force
internal, 70, 75
reaction, 146, 173
shear, 171

Frame
inertial, 1
rotating, 2

Friction, 40
kinetic coefficient, 40, 50,

98
static coefficient, 40

G
Galloping, 315
Gauss

law, 233, 259
surface, 234

Gear wheel, 226
Generalized

forces, 132
momenta, 213

H
Hamilton, 213

canonical equations, 214
Hamiltonian, 213, 296
Helix, 19

helical motion, 250
Huygens, 62
Huygens–Steiner theorem,

62
Hyperbolic, 290

I
Impulse

angular, 195
linear, 183, 191

Inductor, 269

J
Jacobian, 289

K
Kinematics

jerk, 22
particles, 1, 8

Kinetic energy
particle, 124
rigid body, 161

Kirchoff law, 266
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L
Lagrange, 124

equation, 126, 131, 161, 213, 245,
268, 272

equation rigid bodies, 166
multiplier, 141, 146, 175

Lagrangian, 126
Larmor radius, 249
Lentz, 262

law, 262
Lorentz, 247

force, 271

M
Magnetic

field, 248, 259, 300, 313
flux, 262
permeability, 256

Mass spectrometer, 250
Maupertuis, 123
Maxwell equations, 273
Meteorite, 221
Micro-electromechanical switch, 245, 307
Microphone, 270
Mixer, 225
Moment, 71
Moment of inertia

mass, 57
principal, 57
product, 58

Momentum
angular, 192
linear, 183

Motion
inter-well, 298
intra-well, 298

N
Newton

gravitational law, 47, 153, 156, 228
second law, 27, 43, 123, 131, 183,

208, 249
third law, 43

Non-hyperbolic, 291

O
Ohm’s law, 269
Orbit

hetero-clinic, 299
homo-clinic, 298

Ordinary differential equation
autonomous, 286
linear, 286
non-autonomous, 286
non-linear, 286
order, 286

Ørsted, 255

P
Parallel axis theorem, 61
Pendulum

compound, 57, 75
double, 51, 95, 104, 127, 136, 168
elastic, 252
inclined, 128
simple, 2, 15, 29, 103, 144, 151, 158, 216, 286,

291, 299
damped, 293, 304
electric field, 239

spherical, 37, 130, 193
Phase plane, 296
Potential energy, 124

twin-well, 298
Power generation, 265
Precession, 90, 93
Principal axes, 66
Principle

conservation of angular momentum , 193
d’Alembert, 124
d’Alembert–Lagrange, 124
Hamilton extended, 132, 161
Hamilton variational, 125, 139
least action, 123

Projectile motion, 30

R
Rayleigh damping, 37
Repellor, 288
Resistor, 269
Rocket

propulsion, 185
tracking, 17

Rolling
disk, 95, 170
hoop, 203
ring, 98

Rotating
disk, 36, 52, 219
disks, 207
hoop, 50, 129, 152, 155, 226
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Rotating (continued)
pipe, 53
rod, 164
T-shaped structure, 87, 166, 288, 292, 305

Rotation
inertia matrix, 65
matrix, 4, 7

S
Saddle, 290
Satellite, 195
Separatrix, 298
Sink, 290
Sliding lollipop, 208
Solenoid, 259
Source, 290
Spring, 37, 136, 295
Stability, 288
Steady-state, 286

Steiner, 62
Stiffness, 37
System

conservative, 123, 296
non-conservative, 131, 303

T
Transient, 286

V
Velocity, 8

generalized, 151
Virtual

displacement, 110, 124, 131
work, 113, 132

Viscous damping, 37, 134, 168

W
Watt governor, 319
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Figure I.1 Aristotle.
Source: https://en
.wikipedia.org/wiki/
Aristotle.

Figure I.2 Isaac Newton.
Source: https://en.wikipedia
.org/wiki/Isaac_Newton.
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Figure I.3 Leonhard Euler.
Source: https://en.wikipedia.org
/wiki/Leonhard_Euler.

Figure I.4 Joseph-Louis Lagrange.
Source: http://ro.math.wikia.com
/wiki/Teorema_lui_Lagrange.
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Figure 1.2 A 1-2-3 rotation performed to orient the N -frame in the unit coordinates of the B-frame.
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